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CORE COURSE X

REAL ANALYSIS

Objectives: To enable the students to

1. Understand the real number system and countable concepts in real number system
2. Provide a Comprehensive idea about the real number system.

3. Understand the concepts of Continuity, Differentiation and Riemann Integrals

4. Learn Rolle’s Theorem and apply the Rolle’s theorem concepts.

UNITI

. Real Number system — Field axioms —Order relation in R. Absolute value of a real
number & its properties —Supremum & Infimum of a set — Order completeness property
— Countable & uncountable sets.

UNIT 11

. Continuous functions —Limit of a Function — Algebra of Limits — Continuity of a
function —Types of discontinuities — Elementary properties of continuous functions —
Uniform continuity of a function.

UNIT III

. Differentiability of a function —Derivability & Continuity —Algebra of derivatives —
Inverse Function Theorem — Daurboux*s Theorem on derivatives.

UNIT IV

. Rolle’s Theorem —Mean Value Theorems on derivatives- Taylor’s Theorem with
remainder- Power series expansion .

UNITV

. Riemann integration —definition — Daurboux’s theorem —conditions for integrability —
Integrability of continuous & monotonic functions - Integral functions —Properties of
Integrable functions - Continuity & derivability of integral functions — The Fundamental
Theorem of Calculus and the First Mean Value Theorem.

TEXT BOOK(S)

1. M.K,Singhal & Asha Rani Singhal , A First Course in Real Analysis, R.Chand & Co., June
1997 Edition

2. Shanthi Narayan, A Course of Mathematical Analysis, S. Chand & Co., 1995

. UNIT —1I - Chapter 1 of [1]

. UNIT —1II - Chapter 5 of [1]

. UNIT — III - Chapter 6 — Sec 1 to 5 of [1]

. UNIT — IV - Chapter 8 — Sec 1 to 6 of [1]

. UNIT -V - Chapter 6 — Sec 6.2, 6.3, 6.5, 6.7, 6.9 of [2]
REFERENCE(S)

1. Goldberge, Richard R, Methods of Real Analysis, Oxford & IBHP Publishing Co., New
Delhi, 1970.
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A7

8.7. LIMITS AT INFINITY AND INFINITE LIMITS. DEFINITIONS

(Kanpur, 200))
(i) A function fis said to tend to [ as x — oo if given € > 0, there exists a positive numbes }

k such that | f(x) = | < € whenever x > k

Also then we write lim f(x)=1
X —oo

(ii) A function f is said to tend to [ as x — — oo if given € > 0, there exists a positive
number k such that | f(x) = [ | < € whenever x < — k.

or fi(x) > lasx — o

Also then we write lim f(x)=1[1 or f(x) > lasx > -
X — — o0
(iii) A function f is said to tend to o as x tends to a, if given k > 0, however large, there
exists a positive number & such that f(x) > k whenever 0 < | x —a | < 3.
Also then we write lim f(x) =e or f(x) > easxa
X=d
(iv) A function f is said to tend to — oo as x tends to a, if given k£ > 0, however large, there
exists a positive number 8 such that f(x) < - k whenever 0 < | x — oo | < d
Also then we write lim f(x) =-e or f(x)—> —caxl
X—=a

(v) A function f is said to tend to o as x — o if given k > 0, however large, there exists

a positive number K such that f(x) > k whenever x > K
Also then we write lim f(x) = o or f(x) > o0 as x = o0,
X —» o

(vi) A function fis said to tend to — o as x — o if given k > 0, however large, there exist
a positive number K such that f(x) < — kK whenever x > K

Also then we write lim f(x)=—-o or f(x)—> -—wasx2"
X =) oo

; : ? ‘ 1t
(vif) A function f is said to tend to o0 as x — — oo, if given k > 0, however large. the
exists a positive number K such that f(x) > kK whenever x < - K

Also then we write lim f(x) =o or f(x)—> ccasx ™ =
X — =00

L - . . ﬂ
(viii) A function f is said to tend to — o0 as x — - oo, if given k > 0, however large, ey

exists a positive number K such that f(x) < = k whenever x < - K.
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We now begin the study of the most important class of functions that arises in real analysis:
the class of continuous functions. The term “continuous™ has been used since the time of
Newton to refer to the motion of bodies or to describe an unbroken curve, but it was not
made precise until the nineteenth century. Work of Bernhard Bolzano in 1817 and Augustin-
Louis Cauchy in 1821 identified continuity as a very significant property of functions and
proposed definitions, but since the concept is tied to that of limit, it was the careful work of
Karl Weierstrass in the 1870s that brought proper understanding to the idea of continuity.

We will first define the notions of continuity at a point and continuity on a set, and then
show that various combinations of continuous functions give rise to continuous functions.
Then in Section 5.3 we establish the fundamental properties that make continuous functions
so important. For instance, we will prove that a continuous function on a closed bounded
interval must attain a maximum and a minimum value. We also prove that a continuous
function must take on every value intermediate to any two values it attains. These properties
and others are not possessed by general functions, as various examples illustrate, and thus
they distinguish continuous functions as a very special class of functions.

In Section 5.4 we introduce the very important notion of uniform continuity. The
distinction between continuity and uniform continuity is somewhat subtle and was not fully
appreciated until the work of Weierstrass and the mathematicians of his era, but it proved to

.




?;l Weierstrass

Karl Weierstrass (=WeierstraB) (1815-1897) was born in Westphalia, Ger- e s
many. His father, a customs officer in a salt works, insisted that he study
law and public finance at the University of Bonn, but he had more interest
in drinking and fencing, and left Bonn without receiving a diploma. He then .
enrolled in the Academy of Miinster where he studied mathematics with . -
Christoph Gudermann. From 1841-1854 he taught at various gymnasia in & -
Prussia. Despite the fact that he had no contact with the mathematical world §
during this time, he worked hard on mathematical research and was able
to publish a few papers, one of which attracted considerable attention. Indeed, thc University of
Konigsberg gave him an honorary doctoral degree for this work in 1855. The next year, he secured
positions at the Industrial Institute of Berlin and the University of Berlin. He remained at Berlin
until his death. \

A methodical and painstaking scholar, Weierstrass distrusted intuition and worked to put
everything on a firm and logical foundation. He did fundamental work on the foundations of
arithmetic and analysis, on complex analysis, the calculus of variations, and algebraic geometry.
Due to his meticulous preparation, he was an extremely popular lecturer; it was not unusual for
him to speak about advanced mathematical topics to audiences of more than 250. Among his
auditors are counted Georg Cantor, Sonya Kovalevsky, Gosta Mittag-Leffler, Max Planck, Otto
Hélder, David Hilbert, and Oskar Bolza (who had many American doctoral students). Through
his writings and his lectures, Weierstrass had a profound influence on contemporary mathematics.




5.1.1 Definition Let A C R, let f:A— R andletc € A. We say that f is contin

at c if, given any number ¢ > 0 there exists § > 0 such that if x is any point of A satisfying

|x —c| < &, then | f(x) — f(o)] < e.
If f fails to be continuous at ¢, then we say that f is discontinuous at c. ¥ -

As with the definition of limit, the definition of continuity at a point can be formulat at
very nicely in terms of neighborhoods. This is done in the next result. We leave
verification as an important exercise for the reader. See Figure 5.1.1.

Volf () {f(c) Velf (c)) {

N\~

Y

B et e e e e s

Figure 5.1.1 Given V,(f(c)), a nenghborhood v (c) ls to be dete ﬁ i ' i_.
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8.13. FUNCTION OF A FUNCTION. COMPOSITES OF FUNCTIONS
Let f and g be two functions such that
Domain f = [a, b] and domain of g = [a, B]
We suppose that the range of the function g is a sub-set of the domain of the

i.e., Range g = domain f;
Now 1 € [q, B]

= g(f) € Range g — g (1) € Domain f — f (g (¢)) has a meaning.
We have thus a new real valued function with [a, B] as its domain.

This new function is called a function of function and is also denoted as f o ga
the composite of S and g. Thus, we have

(fog) (1) =1 (g(r)).

phasized that the composite function f0 g hgs 4 meaning if and only if the
Is a sub-set of the domain of the SJunction i ;

EXERCISE
as follows -

S =vx vx>o £8(¥) = X%4 Pryngosins

Show that (fog)(x) = J(xz +1).

What is the domain of the function f o g 2
R S T R N 1)

of the function g

L. Let f, g be two functions defined

=T +5))
give explicit definitions of /0 g and g 0 f giving also theijr domaing
3. Let i) =201 g(x) =x*
Showthatfog:goff

4. Let S =Vx,  gx)=1/2 _
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| ROLLE’S THEOREM

The following theorem, known as Rolle’s theorem, is one of the
simplest yet one of the most important theorems of real analysis. It is at
the root of all mean value theorems, Taylor’s theorem and Maclaruin’s
theorem which we propose to discuss in the present chapter.

Theorem 1-1. Let f be a function defined on [a, b] such that

(i) fis continuous on [a, b] ; |
(ir) fis derivable on ]a, b ; »

(i) f(a) = f(b).

Then there exists a real number ¢ between a and b such that
fi)=0. |

Proof. Sincefis continuous on [a, b], and since every function that
iscontinuous on a closed interval is bounded therein, therefore, f must be
bounded on [a, b]. Let supf=M, inf f=m.

Two different cases arise :

(1) M = m. Then fis constant over [a, b] and consequently,

f'(x) =0, for all x in [a, b].

(2) M # m. Since f(a) = f(b), therefore, at least one of the numbers
Mand m is different from f(a) and therefore, also from f(b). For the sake
of definiteness, assume that M # f(a).

Since every function that is continuous on a closed interval attains
its Supremum, therefore, there exists some real number ¢ in [a, b], such
thatf(c) = M. Further, since f(a) # M # f(b). therefore, c is different from
both ¢ and p. This means that ¢ lies in the open interval ]a, b[.

Since f(c) is the supremum of fon [a, b], therefore,

f (x) < f(c) for all x in [a, b]. 1D

In Particular,

fle-h) < f(o),



for all positive real numbers & such that ¢ - A lies in [a, b].
This means that

fle—h)=f(c) >0,
—-h
for all positive real numbers h such that ¢ — 4 lies in [a, b).

Taking limits ash — 0 and observing that since £’ (x) exists at each
point of ]a, b[, and therefore, in particular at x = c, we have
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From (ii), (iii) and (iv), we find that f"(c) = 0. W
The case M = f(a) # m can be disposed of in the same manner as

above.

Remark. Rolle’s theorem ensures us about the existence of at
least one real number ¢ such that f’(c) = 0. It does not say anything
about the existence or otherwise of more than ne such number. As we

shall see in problems, for a given f, there may exist several numbers ¢
such that f"(¢c) = 0.

- <

e - - - - -




2. LAGRANGE’S MEAN VALUE THEOREM

Theorem 2-1. Let f be a function defined on [q, b], Such e
(i) fis continuous on [a, b),
and (ii) fis derivable on la, bl.
Then there exists a real number ¢ € Ja, b[ such that
fb)-f@) =kb-a) f'(c). .
Proof. Let F be a function defined on [a, b] by Setting
F(x) = f(x) + Ax, for all x in [aq, ],
Where A is a constant to be suitably chosen.
Now, |
(1) Since f is- continuous on [a, b] and the function XS x|
continuous on [a, b}, therefore, F is continuous on [gq, b].
(2) Also, since fis derivable on la, b[ and the functiop X Ay

iy
derivable on ]a, b, therefore, F is derivable on la, bJ. |
(3) Let us choose A so that F(a) = F(b). This gives us

(b)- £ (a) |
-A= ) b—c{a . ..(ii) |

l
From (1), (2) and (3) above, we find that F satisfies all the condi-
tions of Rolle’s theorem on [a, b}, and consequently,

number c in Ja, 5[ such that F’(c) =0. From (1), this g

}

there exists a real
ives

ff@+A=0, .G
From (ii) and (iii), we have (on equating the values of A)

f(B) - f(a)

A b AC) N
‘ b-a
ie., Fb)-fl@)=(b-a) £ (). . O

Remark. Ifinthe above theorem, we take p = g + h, then c can be

written as a + 6h, where 6 is some real number such that 0 < 8< 1.
Lagrange’s theorem:-then reads as follows -

Let f be defined and continuyous on [d, a + h] and derivable on
la, a + h[. Then for some real number ¢ 0<6< 1,
f(a+h)~f(a)=hf"(a + 6h). _
Corollary. [f f is defined ang continuous on [a, b] and is d¢-

rivable on la, bl, and if f’(x) = 0 for all x in a, b{, then fix) hafa
constant value throughout [a, b].

Proof. Letc b‘any point of la, b]. Then



Mean Valye Theorems 321

(i) fis continuous on [a,c]; -
(i) fis derivable on ]a, cf.
since f satisfies all the conditions of Lagrange’s mean value tﬁeO-

emon [a, ¢]s therefore, there exists a real number d between a and c such

that :
) f(©)~f(a) = (c - a) £’ (d).
( since f’(x) =0 forallxin]a, b, therefore,in particular, f’(d) =0,
and consequently f(c) —f(a) = 0. Since c is any point of ]a, b], therefore,
| itfollows that f(x) = f(a) for all x in ]a, b].
Hence f(x) has a constant value throughout [a, b]. O
Remark. The hypothesis of Lagrange’s theorem cannot be weak-
ened. To see this, consider the following examples :
1. Letfbe the function defined on [1, 2] by setting

|
l : fQ)=2,
|

|
{ | f(x) = x%, whenever | <x <2,
f)=1.

: It can be easily seen that fis continuous as well as derivable on
.1, 2[ but is not continuous at x = 1 and at x = 2. That is, the fiest of the

! two conditions is violated.
| f@-£O) __,
21 ’

£’ (x) = 2x, whenever 1 <x < 2

Also,

so that f’(x) is positive for all xin]1, 2[.

Thus M 2f’(x) for any x in ]1, 2[.

2-1
2. Let f be the function defined on [~ 1, 2] by setting

fix)=1x\, forallxin[-1,2].
2], and derivable at all points of

Here f is continuous on [- 1, e at all p
d of the two conditions 18 violated).

1,20 except at x = 0 (so that secon
Now Fr=-1,ifxel- 100

=1, if x € ]0, 2[

f@-4ED 1,

Also,
2—-(-1)
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. > 2[.
 f@-fED , r(x) forany xin ] 1,
so that ——————-' 1) f

retation of Lagrange’s theorem

Lagrange’s mean value theorem says (Fig. 7.
ffat some suitable point betweena andp
on the graph with abscissae ¢

2-1. Geometrical interp

Interpreted geometrically,
2) that the tangent to the g.ra.ph 0 :
is parallel to the chord joining thevpomts

and b.

Y

Y

A} A

B
C3
B ‘. =
A C . A C2
f(a) f(b) .
Ofa c b > X Of a ¢ C; C3 Ca bﬁx
Fig. 7-2.

Example 1. Finda ‘¢’ of Lagrange’s mean value theorem if
f&x)=x(x-1) x-2),a=0,b= %

Solution. @) =x(x-1)(x - 2) |
=0 f()=4(E-)(4-2) =2 .
Also, ) =3x%-6x+2 (2)

Putting a =0, = % -

f®)=f@)= (b~ a) £’ (c),

we have from (1) and (2),

%=%(3cz—6c+2),

or 122 - 24c + 5 =




P
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i 6+V2]
*6 .

6+

21 , )
Since -———6—— lies outside ]O%[ therefore, this value of ¢ has to

e discarded.
Hence the required value of ¢ is(6— ~/-27)/6.

Example 2. Let f be defined and continuous on [a — h, a + h],

ad derivable on Ja — h, a + h[. Prove that there is a real number 8

between 0 and | for which
fla+h)=2f(a) + f(a—h)=h{f"(a+ 6h)- f’(a- 6h)}.
. Solution. Let F be the function defined on [0, 1] by setting
| F(t) = f(a + ht) + f(a - hr), for all 1 € [0, 1].
i Then F is continuous on [0, 1] and derivable on [0, 1[. By
' Lagrange’s mean value theorem, there exists a number 8 between 0 and 1
' such that

F(1) = F(0) = (1 = 0) F’(6),
e, fla+h)+fla—h)-2f(a)=h{f (@a+8h) - f"(@a=06h)

PROBLEMS

L Verify the hypotheses and the conclusion of Lagrange’s mean va.lue
theorem for the functionf defined on [a, b) in each of the following
Cases :

@) fx)=x;a=-2,b=1

(b) fx)=1/x;a=1,b=4.

(¢) f(x) = x" (n being a positive integer
@) f(x)=cosx;a=0,b=n/2

2 Examine the validity of the hypotheses an
_Lagrange’s mean value theorem for the functi
In €ach of the following cases :

@ f)=Ixl;a=-2,b=1
®) f(x) = 1/x ca=-1,b=2
(c) f(-\')=x”3 ca=- 1, b=

(d)f(X)=]+x2/3'a=—8,b=l. .
* Fing the number (numbers) 6 that appears in the C.ODCIUSIOI.l of
Agrange’s mean value theorem in each of the following cases -

);a:—],b=].

d the conclusion of
on fdefined on [a, b]

3

va—



3. CAUCHY’S MEAN VALUE THEOREM

Theorem 3-1. Letfand g be functions defined on |a, b] such that

(i) fand g are continuous on [a, b],
(ii) fand g are derivable on la, b[, and

(iii) g’(x) does not vanish at any point of la, bl.
Then there exists a real number ¢ € la, b such that

f(b)=fla) _ f(c)
gb)-gla)  g'(c) -
Proof. Letus first observe that as a consequence of condition (i)

o 8(6{) # g(b). For, if g(a) were equal to g(b), then the function g would
satisfy all the conditions of Rolle’s theorem, and consequently for someX

in Ja, b[ we would have g’(x) =0.
Consider the function F defined on [a, b] by setting
F(x) = fix) + Ag(x), for all x in [a, b], ()
where A 1s a constant to be suitably chosen. Now
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sincef and g are continuous on [a, b}, therefore, F is continuous on

Also, since f and g are derivable on ]a,bl[, therefore, F is derivable

@
on Ja, bl.
(3) Let us choose A so that F(a) = F(b). This gives us

— A= f_(_bl__f(i) ()
Qf(b)—g(a) ) —
gvision by 8(b) — g(a) being permissible since we have already shown

ihat g(b) # 8(@)-
From (1), (2) and (3), we find that F satisfies all the conditions of

Rolle’s theorem oON [a, b), and consequently, there exists a real number ¢
Ja, bl such that F’(c) =0. From (i), this gives

fe)+Ag'(c)=0.

or _A= f; 8 ‘ ...(iii)

division by g’(c) being peﬁﬁissible si

(1)

in

nce g’ (x) is not zero for any x in

f la, b.

From (ii) and (iii), we have
/
f)-fla_ 110 0
’ 2(b)—gla) &)
Remarks. 1. If weputb=4 4 i, then ¢ can be written as @ + 6h
where §is some real number such that0 <@<1.The above theorem then
reads as follows : '
Iffand g are continuous on [a, a
and if g’ (x) does not vanish for any x in la,
real number @ between 0 and 1, such that

+h)andare derivableonla,a + h,
a + h|, then there exists a

fla+h)=f@ _ f'(a+6h)
g(a+h)—8a) g'(a+6h)
hen Cauchy’s mean value

th 2. If we take g(x) =, for allxin [a, bl.t '
torem yields Lagrange’s mean value theorem as a particular case.

: 3. The reader might be tempted to prove Cauchy’s mean‘value theo-
:‘»m by applying Lagrange’s mean value theorem to the funct{ons.f andg.
¢an be easily seen that the desired result cannot be obtained in this

My, .
mner. In fact, we would thus obtain that
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Example 2. Let f be defined and continuous on [a — h, a + h],
nd derivable on Ja — h, a + h[. Prove that there is a real number 6
betveen 0 and 1 for which

fla+ hy-2f(a) + f(a—h) = h{ f’(a+ 6h)— f'(a—-6h)).
Solution. Let F be the function defined on [0, 1] by setting =
F(t) = f(a + ht) + f(a - ht), for all ¢ € [0, 1].
e F is continuous on [0, 1] and derivable on [0, 1[. By

sufﬁ‘;ge’s Mean value theorem, there exists a number 6 between 0 and 1
at

F(1) - F(0) = (1 - 0) F’(0),
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3. CAUCHY’S MEAN VALUE THEOREM

Theorem 3-1. Let fand g be functions defined on |a, b such that
(i) fand g are continuous on |a, b],
(ii) fand g are derivable on la, b[, and

(iii) g’(x) does not vanish at any point of la, b[.
Then there exists a real number ¢ € la, b| such that

f(b)=fla) _ f'()
gb)-gla)  g'(c) -
Proof. Let us first observe that as a consequence of condition (i),

g(a) # g(b). For, if g(a) were equal to g(b), then the function g would
satisfy all the conditions of Rolle’s theorem, and consequently for somex

i Ja, b[ we would have g’(x) = 0.
Consider the function F defined on [a, b] by setting
_ F(x) = f(x) + Ag(x), for all x in [a, b}, -
where A is a constant to be suitably chosen. Now




gincef and g are continuous on [a, b], therefore, F is continuous on

(1)
(a, b]-
2) Also, since

on Ja, bl.
Let us choose A so that F(a) = F(b). This gives us

_f(b)-1(a) ’
T 6)-sla) O

(a) being permissible since we have already shown

f and g are derivable on ]a,b[, therefore, F is derivable

(3)

division by g(b)y—8
hat g(b) # 8(a)-
From (1), (2) an
Rolle’s theorem OnN [a, b], and €
a, b[ such that F’(c) =0. From (i), this gives

£7(0) +Ag () =0,

d (3), we find that F satisfies all the conditions of
onsequently, there exists a real number ¢

in)

. a9 i)
g’(c)
division by g’(c) being per\rﬁissible since g’(x) is not zero for any x in
la, b[. |
From (ii) and (iii), we have

i/
fb)y-fla) _ fe) O

g(b)—gla) g'(c)
Remarks. 1. If we putb=a % h_ then ¢ can be written as a + 6h

where §is some real number such that 0 <6< 1. The above theorem then

reads as follows :

Iffand g are continuous on [a,a+h] andare derivable onla,a + hl,
ind if ¢(x) does not vanish for any X in la, a + hl, then there exists a
.
el number @ between 0 and 1, such that

]a,

fa+h)-f@a _ f'(a+6h)
gla +h)— g(a) g'(a'+ Gh)
xin [a, b], then Cauchy’s mean value

" 2. If we take g(x) =X, for all : .
sorem yields Lagrange’s mean value theorem as a partlculal case.

. 3. The reader might be tempted to prove Cauchy’s mean.value theo-
lfm' by applying Lagrange’s mean value theorem to the functl.onsf' a"‘:f_’ ~
€an be easily seen that the desired result cannot be obtained in thi$

Q .
her. In f act, we would thus obtain that
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fb)-fa) _ f'()
gb)-g(a) g'(c2)
where a < ¢, < b, a < ¢, < b. Note that here ¢, is not necessarily equal

to ¢,. |
Theorem 3-2. (Generalised Mean Value Theorem). If f, g and h are

continuous on [a, b] and derivable on ]a, b, then there exists a number
c in la, b[ such that

f () g'(c) h'(c)
f(a) g (a) h(a) | =0.
| f(b) g(b) h(b)
Proof. Consider the function F defined by setting
f(x) g(x) h(x)
F(x) = | f(a) g(a) h(a) (1)
f(b) g(b) h(b)

for all x in [a, b]. |

Since each of the functions, f, g and A is continuous on [a, b] and
derivable on ]a, b[, therefore, F is also continuous on [a, b] and derivable
on la, b[. Also, F(a) = F(b) = 0. Thus F satisfies all the conditions of
Rolle’s theorem on [a, b]. Consequently, there exists ¢ in ]a, b[ such that

F’ (¢)=0.

| f(%) g’  n(
Since F’(x) = | f(a) g(a) h(a)
f(b) g(b) h(b)

therefore, the result follows. D
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Remarks. 1. If we put b = a + h, then ¢ can be written as a + 6h
where 81s some real number such that 0 <8< 1. The above theorem then

reads as follows :
Iffand g are continuous on [a, a + h)and are derivableon]la,a + h|,

wnd if g’(x) does not vanish for ahy x in la, a + h|, then there exists a
real number 0 between 0 and 1, such that

fla+h)-f(a) _ f'(a+8h)
gla+h)—g(a) g'(a’+9h)
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Thejorem 3-2. (Generalised Mean Va
continuous on [a, b) and derivable on

c in la, b( such that

lue Theorem). If 1, g and h are
la, b[, then there exists 4 number

=0.

f(c) g’'(c) h'(c)
f(a) g (a) h(a)
f(b) g(b) h(b)
Proof. Consider the function F defined by setting
f(x) g (x) h(x)
F(x) = | f(a) g(a) h(a)
f(b) g(b) h(b)

for all x in [a, b_]- _
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Corollaries. 1. Taking the function h to be the constant ﬁmcti:;,,J '
defined by setting h(x) = 1, for all x in [a, b), the above theorem reduces
to Cauchy’s mean value theorem.

2. Taking the functions g and h as defined by g(x) = x, hix) = |
for all x in [a, b], the above theorem reduces 1o Lagrange’s mean value
theorem.

Example 3. Assuming that f’’ (x) exists for all x in [a, b], show
that

b—c .-

=
Ace) - fla) Py f(b) i

where ¢ and £ both lies in [a, b].

Solution. Let us first observe that if the result to be proved be
multiplied throughout by (b —a) and the terms be re-arranged, then it can
be shown to be equivalent to

-4 (c—a)(c—b) f7 (&) =0,
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(1) suggests that we must consider the function F defined by set-
ting

S e I T
B)="|  «a b Xod s A a b i« Baen ()
fla) f(b) fix) &+, bk |

Where A is a constant to be so chosen that
F(e) =0: - (39
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Since F(a) = F(b) = 0, and since F’(x) exists in [a, b], therefore, F

satisfies the conditions of Rolle’s theorem in each of the intervals
[a, c]and [c, b]. Consequently, there exists real numbers &, and &, such

thata< & < c< & < b,and F'(§) =0, F'(&) =0.

| NOW, F,(x):

]
a

I
b

0
l

fla): fth) ~f (x)

- A

l

a
"

as

5
b
b2

0
1

D

.(4)
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Again, since by (3), F(c) =0, therefore,
| I l 1 |
a b ¢ 1= =f%(&) a T BRAHe =% 6)
fla) f(b) f(c) al i 5
Where we have substituted the value of A as obtained in (5).

~ Wehave thus shown that (1) holds and this is equivalent to the rela-
. ondesired to be proved.




Example 4. [f f’' be continuous on [a, b] a,,,uf,-"' '
la, b[, then prove that ’

| fb) - fta)—(b—a) (f'(@)+ [/ (b)) = ( 1‘2‘1)

for some real number d between a and b.
Solution. Let g be the function defined on [a, b] by settmg

g) =flx)-fla)- 5 x-a) ([ @+ f' ()} +Ax-a
for all x in [a, b), where A is a constant to be suitably chosen.
Now (1) . g is continuous on [a, b] ;

(2) g is derivable on ]Ja, b[ ;
(3) Let A be so chosen that g(a) = g(b). Since g(a) =0, theref

this means that A is such that
fib) ~fa) - L (b—a) { /(@) + [ (b)) +Ab=a)'=0.
The function g now satisfies all the conditions of Rolle’s theorer

[a, b] and therefore, there exists a real number ¢ between a and b, s
that '

g'(c)=0
ie., L (£ - f@) -+ (c-a) f7(c) + 3A (c~a)' =0

e Let h be the function defined on [a, ¢] by setting
) =5 ([0 = [ (@) - 5 (x=a) £ (x) +3A (x- a)",

for all xin [a, c]. Now .
(1") ks continuous on [a, c] ;
(2') hisderivable on Ja, [ ;
(3") h(c) =0 by (ii), so that h(c) = h(a).
The functionh now satisfies all the conditions of Rolle’s theo
[a, c] and therefore, ’there exists a real number d(a < d < ¢ < b), sul
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Example 4. [f f’' be continuous on [a, b] and derivable on
la, b[, then prove that
' , =t gz
fby - flay = (b—a) {f' (@) + f'(B)} = =—7 (),

for some real number d between a and b.
Solution. Let g be the function defined on [a, b] by setting

g =fx)-fla) -+ (x—a) { f' @+ f' (X))} +Ax-a)’,

for all x in [a, b], where A 1s a constant to be suitably chosen.
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Now (1) . g is continuous on [a, b] ;

(2) g isderivable on ]a, b[ ;

(3) Let A be so chosen that g(a) = g(b). Since g(a) = 0, therefore,
this means that A is such that

ftb) = fla) =+ (b—a) { f'(a) + [’ ()} + A(b - a)’=0..()

The function g now satisfies all the conditions of Rolle’s theorem in
[a, b] and therefore, there exists a real number ¢ between a and b, suct
that

g'(c) =0,
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Let 4 be the function defined on [a, c] by setting
hx)=L{f/)-f@)-+ (x-a) f"(x)+3A x-a), ..

for all x in [a, c]. Now L~
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(1")  his continuous on [a, c] ;

(2°) his derivable on Ja, [ ;

(3°) h (c) =0 by (ii), so that h(c) = h(a).

The function h now satisfies all the conditions of Rolle’s theoremn
[a, c] and therefore, there exists a real number d(a <d < c < b), such that

hi(d) =0
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Example 3. If f(0) = 0 gng F7 (%) exists on [0, e [, show that

2 J(x)
fr(x) - T ST, 0< by (1)

und deduce that if £ (x) is positive foy
grictly increases in ]0, oo [,
Solution.  The relation (1) can pe re-

Positiv 2 valyes of x, then f(x)/x

arranged in the form

&) = xf"(x) + > X (€ = 0. .(2)
We may, therefore, consider the function F, defined by setting
F(x) = fix) - xf’(x) + 5 AX%, ..(3)

| where A is a constant to be suitably chosen.

Let ¢ be any positive real number, Choosing A in (3) so that
F(c) =0,

we find that F satisfies the hypothesis of Rolle's theorem on [0, ¢].
Therefore, there exists x such that 0<¢é<cand F'($)=0.

Since Fr(x)==xf"x + Ax,
| therefore, F’ (&) =0 yields
A= fr(é). | ...(4)
Also, F(c) =0 yields
. | R
fle)—cf'(c) + ? Ac” = 0. ...(5)

From (4) and (5), we have
e
fley=cf )+ 5 cf"(§ =0,

bl’ f,(C)— f(C) - % Cf“(é)- (6)

c

Since (6) is true for each ¢ > 0, therefore, (1) is established. Also, if
be defined by setting



G(x) = f(x)/x, whenever x > 0, then
xf(x)— f(x 1 .,
Assuming that £’’ (x) >0 whenever x > 0, it follows that G’ (x) >0,

whenever x > 0.
If x, and x, be any two positive real numbers such that x, <x, then
by applying the mean value theorem to G in [x, x,] it follows that

G(xy) = G(x)) = (x; — x;) G" (M),

where 7) 1s some real number in Jx,, x,[.

Since G’ (n) > 0, therefore, it follows that
G(xy) < G(x)).
Hence f(x)/x is strictly increasing in ] 0, oo [.

G'(x) =

PROBLEMS

1. Calculate a value of ¢ for which

fb)=f(a) _ f'(c)
gb)—gla)  g'(c)
for each of the following pairs of functions :
(a) f(x)=sinx, g(x)=cosx;a=-m?2,b=0.
b) f) =€, gx)=€¢;a=0,b=1.
©) fO)=x*gx)=x;a=0,b=1.
@y fx)=x*gx)=x*;a=2b=4. m
2. Give a geometrical interpretation of Cauchy’s mean value theof"no[
3. If f"(x) and g’(x) exist for all x in [a, b], and if g’ (¥) 4°% o

vanish anywhere in Ja, b[, then prove that for somec between?
b,

J=fa) _ f(e)
fF®) =ge) ~ g'(e)

. )
[Hint. Apply Rolle’s theorem to the function fg — f(a)8 -6 (b)f
4. Show that '

M,‘f(a)~(b—mf'(n\ £27( .\




5. TAYLOR’S SERIES

Havmg seen that under certain conditions, the value of a functionf
at a point x-can be approximated by polynomials of the form
(x—a)"™"

|
(n—1)! f"" (@), J
' f

a very natural questions arises as to whether we can express fix) 3 -
infinite series in the form l

fla)+ (x—a) f'(a)+ ..+




(x _ a)lr—l
(n=-1)!
and if so, under what conditions. This questions may be split up into the

following :
(i) Under what conditions is each term of the series (1)-defined ?
(i) Under what conditions does the series (1) converge ?
(i)  Under what conditions is the sum of the series (1) equal to
fix)?
We shall now examine each of the above questions.
() Each term of the series (1) is defined iff f"(a) exists for each

positive integer n.
(i) Assuming that f"(a) exists for each positive integer n, let us

write

Aa)+(x—a) f'@+..+ @+ .., ..

n-1
S,=fla)+ (x—-a) f'(a)+ ... + %f L@, .(2)

. Suppose that f satisfies the conditions of Taylor’s theorem'in an
interval [a — h, a + h], so that for each x € [a-h, a+h],

. -
fix) = fa) + (x - a) f'(a)+..+ L%L f"'l (@) +R,,..(3)

(n=1)!
Where R, is the remainder after n terms.
From (2) and (3), we have
S, =f(x) - R, .(4)
From (4), we find that <S,> converges iff lim R, exists and conse-

Quently, the series (1) converges iff lim R, exists.
Nn—yoo

(i) Agsy ming that the series (1) converges, we find from (4) that

n—co ) <
No“’ﬂx) = lim R, =f(x)iff lim R, =0, showing that the series (1)
’ n—eo

N—roo

Cony,
Crges 0 f(x) provided lim R, =0.
Nn—yeco

,S"'?“"ing up the above discussion, we have the following result :
f..(') a function f be defined on an interval [a — h, a + h}, ,

a*hfu) Jor each positive integer n, f" (c) exists for all c in ]a - h,
“ ,}E'l R, (x)=0 for eachxin[a—-h, a + h),



then for each x € [a - h, a + h),

fx) = fla) + (x - a) f’(a) + (X;‘:)— f@+..
(x_a)n—l - '
+ Tl)!f "(@) + ... ..(5)

Also, we then say that the series is the expansion of f(x) in 3
Taylor’s series around the point a. We also sometimes say that (5) is the
expression for f (x) as a power series in (x —a).

If we put @ = 0 in the above result, then we have the fo
result :

If (i) fbe defined on an interval [- A, h],

(it)  for each positive integer n, f"(c) exists for all ¢ in |- h, k[,

(fit)  lim R, (x) =0, for each x in [~ h, h],

n—eo
then for each x in [- A, A],

llowing

n-1\
fO)=f0) +x £/ (0) + ... + (nx_ N 70 + .. )
The series (6) is called Maclaurin’s expansion of f(x).
Remark. In the above discussion, one may consider, any form®f
remainder R, that is, either Lagrange’s form or Cauchy’s form.

6. POWER SERIES EXPANSIONS OF SOME STANDARD
FUNCTIONS

We shall now consider Maclaurin’s series expansions of the func-
tions €', sin x, cos x, (1 + x)" and log (1 + x).

- (a) e'. Let f(x) = ¢, for all xe R,
Then f"(x) = ¢, for all xe R.

Thus for each positive integer n, f" is defined in the interval [-h: hl

.« . e ’ re.
whatever positive real number 4 may be. Also, writing Lagrange$
mainder after n terms, we have

n

R, (x)= l'— f"(6x), where Bis a real number between 0 and 1,
n!

n
— L eo'\‘.
n!




We shall now show that whatever x may be, lim R, (x) =0.
n—oo

For this purpose, it is enough to show that e®* is bounded in [~ A, 4],

n

and hm = O,

n—oe n!

whatever x may be.
Since 0 < 6 < 1 and xe [~ h, h], therefore | 8 x | < h, and conse-

quently, 0 < e®* < ¢”, whence ¢* is bounded.
n

X
Let us write a,= , forallne N.
a
]
Then - X
a, n+l
a
50 that lim —L =o.
n—oo a

n

From above, it follows that lim a, exists and equals zero.

n—oo

Now lim R,(x) = e ( lim x_) =0,
N—)o0 n—ee 1 .
Thus we find that whatever h may be, the function f has a
alaurin’s serjes expansion for each x in [~ h, k). This implies that for

the given function, we have
n-1

fx) = fO) + xf'(O) + . + (;‘_ /O )

for all xe R,
Subslituting fix) =€ f'(x) = e', we have

2 n—=1

e"'=|+x;,._£+.__+ ud + .. forallx eR
2! (n-D!
®)  sin x. Let f(x) = sin x, for all x eR.
e . n .
n f"(x) = sin (x+—'22——), for all x e R.

graTh“S foreachne N, f" is defined in every interval [-h, h]. Writing
N8€’S remainder after n terms, we have

R,(x) = f—' f"(6x), where 0 < < 1,




n

= —sin
|

Now for all x e R,

n

n—e nN!

Therefore, lim R, (x) = 0.

n—yoo

IR, (x) IS

0x+—"—n—).

n

X
n!

lim "—'=0, as in (a), (

AN

Thus we find the whatever 4 may be, the ffinctign f has a Maclaur-
in’s series expansion for each x in [— i, h]. Thigi es that for the given

function, we have

FO=f0)+xf"(0)+..+

n—|

—— {054 e D)

for all xe R. Substituting f(x) = sin x, f"(0) = sin n_27r_ in (2), we have

3

. X
sinx=x ——
3!

+——..., forall xeR

xS

5!

xn

R,(x) =

n!
n

n!
ow for all xe R

IR,(x) | <

n

. X ;
and lim — =0, as in (a).
n—poo N !

(c) cos x. Let f(x) = cos x, for all xe R.
Then f"(x) = cos (x+—nz£), for all xe R.

Thus for each ne N, f" is defined in every interval [~ h, h]. Writing
agrange’s remainder after n terms, we have

f"(6x), where 0 < < 1,

X nn
== 6 X+ _)
Ccos ( ) .

xll

n!




Therefore Im R, (x) =

JN—oo

Thus we find that whatever h may be, the function f has a
Maclaruin’s series expansion for each x in [= A, h]. This implies that for
the given function, we have

7 n

Ax) = f(0) + x f (0)+ 2. f”(0)+ 4 i'—_f"(0)+ ...... (2)

for al| xe R.

o nmw o
Substituting f(x) = cos x, f"(0) = cos —, in (2), we have

2 4

cosx=1-—2—+ — ..., for all xe R.
21 4




N 4
6. POWER SERIES EXPANSIONS OF SOME STANDARD
FUNCTIONS

We shall now consider Maclaurin’s series expansions of the func.
tions €', sin x, cos x, (1 + x)™ and log (1 + x).

- (@) €. Let f(x) = €, for all xe R.
Then f"(x) = €', for all xeR.

Thus for each positive integern, f" is defined in the interval [, h),
whatever positive real number 4 may be. Also, writing Lagrange’s re-
mainder after n terms, we have

n

R, (x)= _x_' f"(6x), where Ois a real number between 0 and 1,
n'




we shall now show that whatever x may be, lim R,(x)=0.
nN—oo

or this purpose, it is enough to show thate®* is bounded in [- 4, h),

n

X
llm _— = Oj
N‘d noe n!

t
e Since 0 < 6 < 1 and xe [ h, h], therefore | 6 x | < h, and conse-
quently 0 < e < ", whence e* is bounded.
x"
Let us write a, = ? for all ne N.

an+| - X h

- W A
: an+l | \ /?
| =0 _ ‘

From above, it follows that lim a, exists and equals zero. @r\
n—oo
P X"
Now lim R,(x)=e™| lim—|=0.
/1—o0 n—e N '

Thus we find that whatever h may be, the function f has a
Maclaurin’s series expansion for each x in [~ h, h). This implies that for

the given function, we have

xll

n-1
(ﬁ_l)!f ©)+.. .1

fix)=f0)+ xf'(0) +.. +

for all xe R.
Substituting f(x) = €", f"(x) = e', we have

. 2 n-1|
\:‘=|+x+f—+...+ A +..forallxeR
2!

(n=1)!
(b) sin x. Let f(x) = sin x, for all x € R. 4
Then £f"(x) = sin (x+ 225-), for all x €R.

Thus for each ne N, f" is defined in every interval [~ h, h). Writing
ange’s remainder after n terms, we have

R, (x) = —i—'"— f"(6x), where0< <1,




= X sin(0x+ﬂ).
n! 2
Now for all x e R,

n

X
n!

IR, (x) IS

n

and lim 2—=0, as in (a),

n—oe n!

Therefore, lim R, (x) =0.

n—oo
Thus we find the whatever & may be, the function f has a Maclaur.

in’s series expansion for each x in [— A, k). This implies that for the given
function, we have

)

n—1

F@=f0)+xf ) + ... + ——— " 0) + ... .Q2
(n=-1)! )
. ) » . nmw .
for all xe R. Substituting f(x) = sin x, f"(0) = s»{ > n (2), we h\e

2 x

sinx=x ——+ ——.
31 5!

(c) cos x. Let f(x) = cos x, for all xe R.

vey

Then f"(x) = cos (x+ %) for all xeR.

Thus for each ne N, f" is defined in every interval [- A, A]. Writing
Lagrange’s remainder after n terms, we have

n

R,(x) = : - f"(6x), where 0 < 8 < 1, |
!
n! 2 y
Now for all xe R !
IR, (x) | <2,
n!

n

. X :
and lim — =0, as in (a).
oo N !



" 343
Therefore lim R (x) =
n—oo

Thus we find that whatevyer h

: . may be’ the funct;
Maclaruin’s Series expansion for each x in [ j, h] Thisl?cnoll-] f has a
e given function, we have v implies that for

2
B , X , ) n
fix) = f0) + x f A P £7(0) +

_ n!
for all xe R.

Substituting f{x) = cos x, 0} =005 2L in (2), we have

2 4
= =X & !
\josx = | X - T for all xe R,

(@) (1 +x)", distinguishin
integer and is not a positive int

g between the cases when mis a positive
eger. If mis a positive inte
f) =1+ x)™
forall xe R, we find that for each ne N, f"(x) exists for all xe R, and that
whenever n > m, f"(x) = 0 for all xe R

Thus R, (x) = 0, whenever n > m.

Hence lim R (x) =0, and for alf xe R, we have

ger, then letting

fx) = f0) + x £/ (0) + ... + % 17(0),

since the other terms all vanish. .
Substituting the values of f(x), f(0), f"(0), we have

Ifm is a positive irztegqr, then

m(m-1) 2

(40" = 14 mr+ ——

| forall xeR

i is not a positive integer and
Let us now consider the case when n: is P
1. In this case, we find that if we write 1
fix)=(1 +x)", whenever x # =—1,

m-—n

f“(x)=m(m—1)(m—-n+1)(l+x) ,
Whene\,erx¢=_l.

+ .. +x"

|x|<

thep

itive i " is defined
From the above we find that for each positive integern, f™ is defin |
h, h] for each h between 0 and 1. |

in [




I e e

ey

S

Writing Cauchy’s remainder after n terms, we have

n n-1
R, (x) = x (1=} f"(6x), where 0 < <1,

(n=-1)!
_X=8)"T 1y (m—ns1) (14 8x) "7
(n=-1)!
n—|
B mm-=1)....(m—n+1) x"( 1-6 ) (14 @x)"!
- (n—1)! 1+6x

We shall show thatif | x| < 1, then R, (x) > 0 asn — oo, Let us
assume that for the rest of the discussion, | x| < 1.
Let us observe that

@ lim m(m—l)....(m—-n+l)x,,=0.

nes (n—1)!

In fact, writing

_m(m=1)...(m=n+1) o

= (n—1)! ’
a,, (m=n)x
we have ol ——
a, n
" a
so that lim 2L = _ x,
n—oo a"

Since Ix| < 1, therefore, from the above, it follows that

lim a,=0.
N—o0

n—|
) 1-6
i) 1 =0.
00n£2(1+9xj

In fact, since0 <6< 1 and -1 < x < 1, therefore,
1-6
1+6x

1

0<

<1,

and consequently,




iii) If m> 1, then

- (1+00" "<=1xI)y""".
> rom () (i) and (iii), we find that for all xin ]- 1, 1[,
| lim R,(x) =0.

ach / between 0 and 1, the function f has

we find that for e
h, h). This implies that for the

Thus .
'g series expansion for all xe [-

Maclaurin :
given function,

n=1

g X i
fix) =M0) + xf'(0)+ ...+ mf L) + ...,

rall xin )= 1. 10

Substituting the values of f(x), £0), f(0), ...,f"" (0), we have

— B
If mis not a positive integer, then
mum-— 1 )
(1+x)"=1+mx+ —(—2—|—)- X F s

N m(m— l)...(|m—n+l) o+
n!

whenever — 1 < x < 1.

(e) log (1 +x).
Let f(x) =log (1 + x), whenever — l1<x< 1.

a n—1 _ |
Then f"(x) = O =D . whenever x> — 1.
(1+x)"
WC shall consider the following cases :
() LetO< x< I.Writing Lagrange’s remainder after n terms,

we

|

i have

! n

| R =2— f"(6),

‘ n n|

ii _._’f_'l.(_' ey =1
% n'! (]+9X)" ’
| _ent(x Y
L " n 1+6x

l ce 0 < x<1,0< @< 1, therefore,

! 0< & < l.

h 1+6x




IR, 1< i and 15 0 as n — oo. Therefore,
n n

lim R, = 0.

n—yoeo
"
(fl) Let -1 < x <0. Since in this case

- need
0x Ot be |gy,

than unity, therefore, we may not be able to show easily that R, < "
n — oo by considering Lagrange’s remainder. Writing Cauchy’s remay,
der, we have '

x’l

R, =
(n=1)!

n-|
=(_ 1)"-1)(" 1_6 . |
' 1+60x 1+6x’

Since |x|< 1, therefore,

(1-6)"""f'(6x),

n—|
=0 | 2 1L sodh ( 1_6) 1
< 1, so that <1,
1+6x [\ 1+6.x
d 1 1
an e
I+0x| 1| |
Consequently,
IR,II<|L, |
- 1= | |

and this implies that lim R, =0, since | x| < 1.
n—oo

From (i) and (ii) above we find that if — 1 <x < 1, then lim R,=0
n—yee
Hence
n—|

fO=LO)+xf ) + ...+ =— 1 0) + ...
(n=1)!" .

whenever - 1 <x < 1. .
Substituting the values of f(x), f(0), £’ (0), ..., /™" (0), ..., we ha

d



2 2
X
lOg(l +X)=x- —5— +X_3_ ..., whenever— 1 <x < 1.

The following example shows that Taylor series corresponding to a
fnction f May converge and yet it may not be, possible to have a series

expansion for the function.
gxample 7. The function f defined on R by

fx) = e x 20,

.

f0) =0,

possesses CONLINUOLLS derivativ

ewpanded as a Maclaurin’s series.
Proof. Step 1. We shall first show that for each positive integer

n,f'(x) is defined whenever x # 0 and is of the form alE p(1/x), where
p(1/x) is a polynomial in 1/x. We shall prove this by induction on n.

es of all orders for all xe R but cannot be

First, Fr) == e ifx20,
X

sothat f’(x) is of the form e"”"'2 p(l) '
x

Now let us assume that for some positive integer k, f k(x) is of the

YY)
form ¢™1%” p(1/x). ; |
_/x?
Thenf’“" (x) = gx—{e 4 P(}‘)},
2 1 —l/.\'2 —I/.t'2 ,( 1 ) d ( 1 )
== p|l — + — ==
X3 p( x)e ¢ P\% ) dx\ x
st | 2 1 1 (1
)
Wh , X X X X .
ee p' (1/x) is the derivative of p(1/X) with respect to 1/x; and is there-

0
®.2 polynomial in 1/x. , '
We thus find that F&1(x) is the product of ¢~'** and some polyno-

Mia] i Ur.
By the principle of finite induction, it follows that for eac‘tlx ?ositive
0 and is of the form " ** p(1/x).

eSrtn,f "(x) is defined wheneverx # : U,
definedep 2. We shall show that for each positive integer 1, £"(0) is
and that £"(0) = 0. We shall prove this also by induction on 7.

f(x)+fO)
X

integ

First, £7(0) = lim , provided the limit exists,

x>0




—1/x?
— lim-) € '
\'—‘)O x

= 0 (see step 3).

Now let us assume that for some positive integer k, f%(0) is deflned
and that f ) =0.

- k- £5(0
Then, f *'(0) = lim f ()= f(0)

x>0 X

, ) —
- lrgl'(l) {e L xpolynomlalm;},

= ( (see step 3).

Thus f* *'(0) is defined and £* *'(0) = 0.
By the principle of finite induction it follows that for each positive
integer n, f"(0) is defined, and that £ "(0) =

Thus, by steps 1 and 2, for each posmve integer n, f "(x) is defined
for all xe R.

Step 3. We shall show that

x—=0

lim{e'”"2 X a polynomial in l} = 0.
X

For this, it is enough to show that for each positive integer n,

hm (x n —l/X) -
x—0

Let k be any fixed positive integer. Then

' [/xz 1 1 k+1
L) e > — |
© (k+1)! (xz) ’

—2k —1/y2

or O<x™™e™ < k+1)122
-2k —1/x?

or lx ™% e < tk+ D) 11X,

: 2k -1k
showing that x™* ™' _5 0 a5 x - 0.

) AL, (l‘i‘é (x4 T (1'"}, X) (l"T(') x2k g,
=0, by (i).

From (i) and (i), we find that )jny, (" e 2 0_for each posit®
X0 ’ .

integern, and consequently,

- -



limde~ """ x a polynomial in Ly
xr—0 X e

Step 4. From steps 1-3, we find that for each positive integer n.
lim f"(x) = 1im{e"""’ x a polynomial in l},
x—0 x—=0 X
=0,
=f£"(0),

sothat f " is continuous at x = 0.
Step S. Maclaurin’s series for fis

£(0) +xf'(0) + - + f—'-f"(O) % o

n

X
T+ —0+...
n!

which is not equal to ¢~ ¥ except for x = 0.

Thus f cannot be expanded as Maclaurin’s series.
Remark. The graphof the functionf discussed in the above exam-

- Pleis as shown below :

=0+x0+..




6. If D,, D, be two divisions such that D, > D,, we shall say the division
D, is finer than the division D,.

7. Norm. The length of the greatest of all the sub-intervals [x, _ |, x,] of a
division D will be called the norm of D and denoted by | D |.

8. The sums S, s corresponding to a division D will be denoted by the
symbols S (D) and s (D) respectively. Clearly,

. S (D) 2 s (D),

for all divisions D of [a, b).
9. Oscillatory Sum. We have

SD)-sD)y=EM3, -LTmd =ZM -m)d = 20,9,

where O, denotes the oscillation of the function in the sub-interval §. The sum
Z0,5, which is called the oscillatory sum is denoted by w (D).

As the oscillation O, cannot be negative, it follows that each oscillatory
sum consists of the sum of a finite number of non-negative terms.

EXAMPLES

1. Iffis defined on [0, 1] by f (x) = x v x € [0, I}, then prove that
fe R [0, 1], and

1 1
I f(x)dx =t (Poorvanchal 91; Garhwal 97)

r n
s “ymnns = =il
n n
r—

Let the sub-intervals be I, = [—, L], forr=1,2,..nIf S bethe
n n
length of this interval /, then

’ ,

Sol. Let any partition of [0, 1] be D = {0 = g
n

L
n

SN

r 1
§ e ESm—
n n

S

Also, if M_ and m_be respectively the supremum and infimum of the

r r—=1
function fin I, then M = o and m_= R as f (x) = x.

s@= 3 us, =3 (04)
r=1

nn

(1 + l) ()}
n

S G G




Also, S(D) = 2": mrsr = i (r-l)l
n n

- nlz[%(n-l)(n-ln)]:%i':%l)

_ 1,
= (1= i)

o1 1
= lim -2- 1+— =E (lli)

And I l f(x)dx = sup.[s(D)]

= lim 1 (1 = l) = % (V)

n—o 2 n

From (i) and (iv), we find that

fro - [ras

0
I 1
Hence f € R [0, 1] and fo f () dx==.
2. Show that a constant function is Reimann-integrable.
(Poorv. 93)
Sol. Let a function f be defined on [a, b] by f (x) = ¢, v x € [a b],
where ¢ is a constant.

Let any partition of [a, b] be D = {a = X, X}, Xps «es Xpp wos Xp = b}
Let its sub-intervals be I, = [x,_,, x,] forr = 1, 2, ..., .
If &, be the length of this interval I, then

3 = X, =X, _ .



Let M_and m, be respectively the supremum and infimum of the
t‘unctlonfml thenM =c,m, —c,asf(x)—c v x€ (a b)

S(D) = ZMs_ Y cfx - x,_1)

r=1
= c[(xl—xo)+(x2—x|)+...+(xn—xn_|)] &

=cx,—-x)=c (b — a) = constant.

And s(D) = Z z':: ( )

= ¢ (b - a) = constant.
b
[ f(x)dx = infimum S (D)
= c(b-a)
b
and Lf(x)dx = sup.[s(D)]

Hence [ f(x)dx = ) f(x)dx=c(b-a)
and so f € R [a, b), i.e., the function f is R-integrable and

[[fx)ax = c@-a.

3. Iff (x) be defined on [0, I] as follows —
fx) =1, when x is rational

= — 1, when x is irrational
then prove that f is not Riemann integrable over [0, 1.
Sol. Let any partition of [0, 1] be D = {0 = Xg, X}y X voes Xpp woes X = 1}.
Let its sub-interval be I, = [x, _ s x,), forr=1,2,..,n
Clearly, M, = 1 and m_= - 1.

S = iMr8r=i l'(xr-'xr—l)

I
M-
%
S
"
M-
—
|
et
—
=
B
=
~
N

And s (D)

jo f(x)dx = inf. {s (D)} =1



1
and J:)f(x)dx = sup. {s (D)) =-1

J;Tf(x)dx - J"f(x)dx

0

. Hence f ¢ R [0, 1], as the necessary and sufficient condition' of
Rlemann-integrability is not satisfied.

EXERCISES
1 If

0, where x is rational,
Jf@x = L
1, where x is irrational
show that f is not integrable in any interval.

(Lucknow 95; Garhwal 90)
2. Show that

Lbk dx = Lbk dx =k (b - a),

where k is a constant.

(This proves that every constant function is integrable.)
3. A function f is bounded in [a, b]; show that

b
a

0 J::”~’J’(J‘)d*r = kff():)dx, J:kf(X)dJr:kj f (x) dx,

where k is a positive constant.

(i) f'@‘(r)dukﬂf(x)dn j:kf(x)dx=kff(x)dx.

where k is a negative constant.

Deduce that if f is bounded and integrable over [a, b) then so is kf, where k
is a constant, and that

rb--.;l\ & = rb



6. If D,, D, be two divisions such that D, > D;, we shall say the division
D, is finer than the division D,.

7. Norm. The length of the greatest of all.the sub-intervals [x, _, x,] of a
division D will be called the norm of D and denoted by | D .

8. The sums S, s corresponding to a division D will be denotcd by the
symbols S (D) and s (D) respectively. Clearly,

. S (D) 2 s (D),
for all divisions D of [a, b].
9. Oscillatory Sum. We have
SMD)y-sD)y=EMS, - Imd =L M, -m) 9, = 20,9,
where O, denotes the oscillation of the function in the sub-interval §,. The sum
20 8 whlch is called the oscillatory sum is denoted by w (D).

As the oscillation O, cannot be negative, it follows that each oscillatory
sum consists of the sum of a finite number of non-negative terms.

EXAMPLES

1. Iffisdefinedon [0, I1byf(x)=x Vv X € [0, 1], then prove that
fe R [0, 1], and

1 1
J. f(x)dx =3 (Poorvanchal 91; Garhwal 97)

__1}
n n

Let the sub-intervals be I, = [r_—_l —] forr=1,2, .., n. Ifg, be the

n n
length of this interval /,, then

_r_r-t 1
- n n n

Also, if M, and m,_be respectively the supremum and infimum of the

S |-
SN

Sol. Let any partition of [0, 1] be D = {O = 9,
n

r r-1
function f in [, then M, = ~ and m = —=, as f(x)=x

s(D)=2, M8, =), (ﬁ%)

]
NI"‘
™M=

~

]
N"“
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. N .



where ¢ is a constant.

n 2 (r-1 A 1
po e s e ()

- niz[%(n—l)(n—l+l)]=%£n%l)

]

N | —
N
|
S |-
N

(i)
T
Again, IO f(Wdx = inf.[§D)]
I l(l +l el i)
= anw 2 n) "3 (i
And j(: f(x)dx = sup.spy) O
1 | ! !
= nanLE(l —'—')— 5 (V)
From (iii) and (iv), we find that \J
J-l dx T i | o
0 / - jo f -5

Hence f€ R [0, 1] and _[: f(x)dxz%.

2. Show that a constant function is Reimann-integrable.

(Poorv. 93)

Sol. Let a function f be defined on la, B by f(x) = ¢, v x € [a, b],

Let any partition of [a, b) be D =
Let its sub-intervals be I =
If 3, be the length of this i

(a=x, Xps Xgy oy Xy ooy X, = b)
1%, xlforr=1,2 .. n

nterval /, then

8’, = xr -— _xr_ I




I‘.et M_, and m_be respectively the supremum and infimum of the
function fin I, then M, =c,m_=c,as f(x) =c v x € (a, b)

S(D) = ZM& -3¢ (x, = x,1)

r=1

= [(x, - Xp) + (X —X) + ... + (x, = X, _ )]

c(x,-xg)=c (b - a) = constant.

And s(D) = 2m,8,=Zc(x,—x,_|)
r=1 r=1
= ¢ (b - a) = constant.
[0 f(x)dx = infimum S (D)

=c(b-a)
and Ib sup. [s (D)]

Hence Jff(x)dx = jf )dx=c(b-a)

and so f € R [a, b], i.e., the function f is R-integrable and

<,

2
&
I

J:f(x)dx = c(b-a).
3. Iff (x) be defined on [0, 1] as follows —

fx) =1, when x is rational
= — I, when x is irrational
then prove that f is not Riemann integrable over [0, 1].
Sol. Let any partition of [0, 1] be D = {0 = xg, X}, Xp, ooy Xps vos X = 1}.
Let its sub-interval be I = [x, _ |, x,], forr=1,2,.
Clearly, M, =1 and m, = - 1.

S(D) = ZM,8,=Z": l.(x,—x,_,)

I
™M=
3

O
b

]
™M=

—

|
=

—

=

-

|
|
=

~
N—

And s (D)

Ion(x)dx = inf. §D)) =1 |




and J:f(x)dx = sup. {s(D)} =-1

T 1
[, reax = [ f(x)as
Hence f ¢ R [0, 1], as the necessary and sufficient condition: of
Riemann-integrability is not satisfied.
EXERCISES'

. - \(\ \)

0, where x is rational,
f® = 1, where x is irrational

show that f is not integrable in any interval. (Lucknow 95; Garhwal 90)
2. Show that

fkdx = Lbkd.x=k(b—a),

where & is a constant,
(This proves that every constant function is integrable.)
3. A function f is bounded in [a, b]; show that

) [ (e e £ (s [ dxkjf(x

where k is a positive constant.

i fkf(x)dmj:f(x)dx, [vea=i[ (e

where k is a negative constant.

Deduce that if f is bounded and integrable over [q, b] then so is kf, where k
is a constant, and that

j”;gé(x),i,:kf”,(x)dx

(If M, m_be the bounds of fin §_then kM km, (km, kM ) are the bounds
of kf in 8 where k is positive, (k is negative), T

4. A bounded function f is integrable over
of £, show that [a. b] and M, m are the bounds

b
mb-a) < Lf(x)dst(b-a).




6.3. DARBOUX’S THEOREM

To every € > 0, there corresponds & > 0 such that

SO < [ f(x)dr+e (Poorv. 91, 93)

a

VY Dwith| D1<3d.

Lemma. Let \f(x)ls kY x €la, b)
Let & be a positive number and D, a division of [a, b] such that
| D, |<8.

Let D, be a division of [a, b) consisting of all the points of D, and
at the most some p more.

Then we shall show that
S (D,)-2pkd < S(Dy) < S (Dy)-
In particular, it will follow that
D,>D,=S(D,)<S (Dy).

Firstly suppose that p = 1 so that only one interval, say 8, of D, is

divided into two intervals, say &', and 8" . LetM,, M’ , M", be the suprema
of fin 8, &', 8" respectively.

We have
S (D)) - S (Dy)

M - (M & + M5
M. -M)d, +M -M) [

for 5, =8 +8",

Now ‘f(x)\Sk,Vxe[a,b]
= _k<M', <M, <k
= 0<M, - M', <2k

Similarly we have
0<M, -M", <2k
It follows that
0<S(D,)~ S (D;) 2k (8, +8",) =2k, <2UB.

Now supposing that each additional point is introduced one by one,
we obtain the result.




We now prove the main theorem.
As f is bounded, there exists k > 0, such that

lf(x)lSkae[a,b].

b
Since L f(x)dx

is the infimum of the set of upper sums S, there exists a division

D, {a= X0s Xy Xps ooy Xy, X, = b}

b
such that S(D,)<J f(x)d.x+§.
The points of D, are (p + 1) in number.

Let & be the positive number such that
1
2k (p e 1) d = 38.

Let D be any division with norm less than or equal to §.

Let D, be the division consisting of the points of D, as well as those
of D. Applying the lemma to the divisions D and D,, we have

S(D)-2(p- k8 <5 (D) <5 (D)

Also D, 5D, = §(D,)<S(D,).
Thus we obtain

Hence the result.



Let ]f(x)lSkae[a,b]

Let d be a posmve number and D, a division of [a, b] such that
| D, |<8.

Let D, be a division of [a, b] consisting of all the points of D; and
~at the most some p more.

Then we shall show that
S(D,)-2pks <S(D,)< S (D,).
In particular, it will follow that
D,> D, =5(D,)<S(D,).

Firstly suppose that p = 1 so that only one interval, say 5,, of D, is
divided into two intervals, say &', and 6", LetM ,M', M" be the suprema
of fin §, &', 8" respectively.

We have
S (D,) - S (D,

8;- £ (M'r 6'r + M,-"S,-")
M, - M) 8, + (M, - M")§",

for 8,: 8'r+ 5"r
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Now If(x)\Sk,‘v’xe[a,b]

=, —k<M' <M, <k

= 0<M, - M, <2k

Similarly we have
0<M, -M", <2k
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0<S(D,) - 5(D,) <2 (8", +8",) =25, < 2.

Now supposing that each additional point is introduced one by one

we obtain the result.




o ’""'é ;-3 ; A g% B, _.n;;:fm,m}
the set of upper sums S, there exists a division

)T wolory 1
D, {a=xo,x,,x2,....x,,_,,xp = }

s(u,)<L"f(x)dx+-§-.

~ The points of D, are (p + 1) in number.
Let & be the positive number such that

1
2k (p -1 o= 58.

Let D be any division with norm less than or equal to .

Let D, be the division consisting of the points of D, as well as those
of D. Applying the lemma to the divisions D and D,, we have

S(D)-2(p-1)kd <5 (D,)< S (D).
Also Pyo.D; =S (D,)< 8 (D).
Thus we obtain

%]

(D)-2(p-1)k8<S(D,)

(D)

%]
IA

2(p-1)k+S (D))




This proof is similar to that of the corresponding result on that upper
integral proved above.
Note. Darboux’s theorem may be symbolically exhibited as follows :

b

nms(D):J' f(x)dx, limS(D)szf (x) dx,

a

when the norm | D | tends to zero.

Cor. 1. For every bounded function f

[ reacz[ 1@

so that the upper integral 2 the lower integral.

If possible, let

Ib f(x)d.x<J.:f(x)dx.

a

Let, k be any number lying between the upper and lower integrals.

Now there exists by Darboux’s theorem, a positive number 8] such
that for every division whose norm i1s < 8],

i g @

Also, there exists a positive number 82 such that for every division
whose norm is < 9,

s>k

If, 8, be any positive number smaller than 8, as well as d,, then for
every division whose norm is < o, we have

S< k <s=5 8.€48
which is not true.
Hence the result.
Cor. 1L
S (D)) <s (D,
even when D,, D, are two different divisions.
This at once follows from the cor. 1 above.




6.5. CONDITIONS FOR INTEGRABILITY

6.5.1. First Form

A necessary and sufficient condition for the integrability of a bounded
Junction f is, that to every € > 0, there corresponds a 8 > 0 such that for
every division D, whose norm is < §, the oscillatory sum w (D) is < €.

(Garhwal 92, 93, 95, Poorv. 91; Rohilkhand 90, 94)

The condition is necessary. The bounded function f bemg mtegrable
we have

['7 ()= f:f(x)dt= [[7(ax
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Let € be any positive number. B

r. By Darboux’s theorem, there €Xxists
>0 such that for every division D

whose norm is < §,

P S(D)<ff(X)dx+§=ff(X)dx+§,
s(D)>Lbf(x)dx—§=Lb £ (x)dr <.
- j:f(x)dx-§<s(o)ss(u)<ja"f(x)dx+§
= w(D)=S(D)-s(D)<e

for every division D whose norm is <.

The condition is sufficient. Let € be a
a division D such that

S(D)-s (D)=[S(D)— J-Bf (x) dx]+ [ff (x) dx Lbf (x) dx]

+[j:f(x)dx—s(u)]<e.

ny positive number. There exists

Since each one of the three numbers

s(D)—ff(x)dx, Jff(x)dx-j:f (x) dx, _[bf (x) dx -5 (D)

is non-negative, we see that

;
g
-
-

RS WRss v 5 eon b b
- | H| f(x)dx-['f(x)dr<e.
S ¥ - v
As 'e'\'is‘;arrviirbi&wposiﬁve number, we see that the non-negative
m» W Vol
fm!ﬁﬂvlﬁxi‘p-%w" kLo -
i ‘M@a@“%»&f'(x)dl— j:f (x)dx,

-




6.7.2. Integrability of the Sum, Difference, Product and Qubtient of
Integrable Functions

Before taking up the main question, we state and prove a simple

lemma.
Lemma. The oscillation of a bounded function f in an interval

[a, b] is the supremum of the set of numbers
{1£(@)-£(8)]:.B e[a ]}
Let m, M be the bounds of fin [a, b]. We have
m<f(o)f@)<sM;iaBe[as]
= |f(0)-f(B)|sM-m IR ¢ )

and as such M — m is an upper bound of the set in question.

Let € > 0 be given. .
Since M is the supremum of f, there exists a, [a, b] such that

M >f(al)>M—%8- )

Since m is the infimum of f, there exists PB; e[a, b] such that

n\ a(ﬁx)<m'+%5- -.(3)

From (2) and (3), we have
fla)-fB)>M-m-e

= If(a,)-—f(B,)IZf(a,)—f(B,)>M—m—8.

There exist therefore a pair of numbers a;, B, such that




| £ o)~ £ B))|>M-m—e, (4)

where € > 0 is arbitrary, so that no number less than M — m is an upper
bound of the set in question.

From (1) and (4), it follows that M — m is the supremum of the set of
numbers

{{£(0)-7®)|: a.p efab]}
6.7.3. Integrability of the Sum and Difference
If f and g are two functions both bounded and integrable in [a, b]
then ftg are also bounded and integrable in [a, b], and
b b b
L [£ ()t (x)]de= 1 (x)axt [ g (x)a.
(Garhwal 90, 91, 93; Poorv. 91)
Let
D {a T W I ST A b}
by any division of [a, b].
Let
Mr" m"; Mr”’ m,"; Mr' m,

be the bounds of f, g and f+ g in §, = [x,_,, x,]. If &}, &, be any two points
of 3,, we have

\[f (@2) + g (@2)] - [£ (@) + g (@))]] | £ (a2) - f(an)}*lg CARTICH]
<(M,' -m,)+(M," = m")

= Mr —-m, < (Mr' - mr') + (Mr e mr")' A1)

Let € > 0 be a given number.

Since f, g are integrable, there exists 5 > 0 such that for every division
of norm < §, the oscillatory sums of f and g are both less than 7 &

2

We now suppose that D is a division with norm < §, so that for D, W€
have from (1),

' 1 1._¢
z(M,“m,)ﬁ,SE(Mr- ,')8,+2(M,"—m,")8,<Ee+_2‘s )

g



i.e., the oscillatory sum Z (M, —m,)38, of f+ g for the division D is less
than €. Thus f + g is integrable in [a, b]. Now to prove that

J:,b[f (x)+8(x)]dx=Lbf(x)dx+ng (x) d.

Let € be a positive number.

Since f, g are integrable, there exists d > 0 such that for every division
of norm < & and for every § € &,

£8(5)5, - [ £ (x)as

€
<—.
2

2f(&)8, - [ 1(x)as

€
< gt

2
It follows that

<E.

(76 e(e )]s, [ [ () [n(e) ]

Thus we obtain

b b
L [f (x) +g (x)]dx =J;f(x)dx +I:g(x)dx(§6_4)
The case of difference may be similarly discussed.

6.7.4. Integrability of Product

If f, g are two functions, both bounded and integrable in [a, b), then
their product fg is also bounded and integrable in [a, b].

(Garhwal 90, Poorv. 92)

Since f, g are bounded, there exists k, such that
'f(x)lSk,lg(x)ISk,Vxe[a,b],

:>|f(x)g(x)|.<_k2.Vxe[a,b]

Thus fg is bounded.
Let

D{a = XO. x', xz, ceey Xp |0 X,, B b}

be any division of [a, b]. Let

Mr', m"; M'"' mr";Mr’"lp



!

be the boundswof'f-g and fg in 8, = [*.-1,%,]. We have V a,.a, €8,
floa)glaz) = flo)g(e) = glaa)[ fle2) - £(ay)]+ fla fglarz) - glay)]
| £ (@2) 8 (02) - £ (1) g ()| <] & (22) = £ (1)
| + ()] & (a2) - g ()]

<k(M',-m')+k(M", —m",

= (M, —m.)<k(M,'-m/')+k(M," —m"). (1)

Now let € be any positive number.

Since f, g are integrable, there exists 8 > 0, such that for every division
of norm < §, the oscillatory sums of f and g are both < £/2k. We now
suppose that D is a division of norm <9, so that for D, we have, from (1).

% (M, -m,)8, <kZ(M,' =m,’)8, +KE(M," ~m,")8,
<k(e/2k)+k(e/2k)=¢,

so that the oscillatory sum X (M, —m,)5, <e.

Hence fg is integrable in [a, b].
Ex. Show by means of an example that the product of two non-integrable
functions may be integrable.

6.7.S. Integrability of Quotient

If f, g are two functions, both bounded and integrable in [a, b] and
there exists a number, t > 0, such that 1 g (x) 1 2t yx € [a, b), then
f/g is bounded and integrable in [a, b).

There exist positive numbers k and ¢ such that v x € [a, b)
|f(x)|$k. lg(x)lsk,lg(x)|2t.
Thus v x € [a, b] |
) |f(x)/g(x)|5k/t = f/g isbounded.
Let

D {a = X0y Xy ceer Ky 1y Xy eey Xy = b}

be a division of [a, b] and let M,’.m ‘', M,", m ", M,, m, be the bounds

g




Off; g’ﬂg in 8, = er-l’xr]- Now Val,az Ear’ we have

8 (o) [f (@) = £ (@))] - (o) 8 (@2) - & ()]
g(a,)g(az) l

<(k122)| £ (02) = £ ()] + (k/1) | 8 () - 8 ()

(/%) (M, = m) 4 (k147) (1,7 = m,

= (M, -m,)< (k/tz) (M, - m,’)+ (k/tz) (M," -=m,")....(1)

Let, now € be any positive number.

Since f, g are integrable, there exists a number 6 > 0 such that for every
division D of norm < §, the oscillatory sums for f, g are both less than
t%€/2k. Thus for division D of norm < §, we have from (1)

(M, -m,)8, <(k/*) (M, =m,)8, +(k/*)Z(M,"~m,")8,

<(k/t2)(t2a/2k)+(k/tz)(tza/Zk)=s.
Hence f/g is bounded and integrable in [a, b).

6.7.6. Integrability of the Modulus of an Integrable Function

If f is bounded and integrable in [a, b, then | f| is also bounded and
integrable in [a, b). (Poorv. 90)

Since there exists a positive number k such that V x e[a. b] ' f(x) | <k,
the function | f | is bounded.

Let € be any positive number.
Since f is integrable, there exists a division
D {a = Xgs Xs X9y eees Xy s Xpoeees X = b}
Such that the corresponding oscillatory sum for f is < €.

Let M,’,m'; M, , m, be respectively the bounds of f and | f | in
6" = [xr._ 1 xr]-

Now v o,,a, €§,, we have

£ (2)|-|£ @)]]| sIf (@) £ ()
<M,/ -m,’<

= M -m <M,/ -m'’

- m——

N et o
3



This gives
Z(M' _m’)s’ SZ(M" —mr')sr <E,
— 2:(Mf_’nr)sr <E.

Hence | f | is integrable in [a, b].
Remarks. The conversepf this result is not true. If we take

_ |- 1when x is rational,
f& [— 1, when x is irrational,

b b
then [[£()ac=(o-a) [ £ () ax=~(6-0)
so that f is not integrable.
But since | f (x) | = 1 v x, therefore
b
j |7 ()] dx exists and is equal to (b - a).

6.7.7. Definition
The meaning of

[ e

where b < a.
If f be bounded and integrable in [b, a] where a > b, then, by def,,

I:f(x)dx=—j:f(x)dx.

Also by def., I: f'(x)dx =0.

results about integrals obtained in §§ 6.6,

1 that the it
L oy B et al to the lower limit.

6.7 hold true when the upper limit is less than or equ
Note. The reader may carefully note that the statement :

I: f (x) dx exists

means that f is bounded and integrable in [a, b}.

R



6.7.5. Integrability of Quotient

If f. & are two functions, both bounded and integrable in [a, b)
there exists a number, t > 0, such that | g (x) | 2t wx € [a, b), then
/g is bounded and integrable in |a, b).

There exist positive numbers k and r such that v x € [a, b)

|f(1)|$k. |g(x)|5k.|g(x)|2!.
Thus v x € |a, b)

If(-‘)/g(x)lsut = f/g is bounded.
Let

D{a=xo-x,.....x,_,.x,....,x“=b} ’

be a division of [a, b] and let M,",m.";M.",m."; M,, m, be the




Gfﬁ 89”‘ in 8'3 [x'-llx'} Now Val'az ear. we have P .,‘v f

g(a.)[f(az)-f(a.)]-f(a.)[ga,)-s(a.g‘

g(a) g (a;)
s(knz)|f(a,)-f(a,)|+(u:=)|g(a,)-g(a.)|
<(kre*) (M, =m, )+ (k122) (M, " = m,")

S (M, =m,)<(k!2*)(M," = m,")+ (k/e2) (M," = m,")...(1)

Let, now € be any positive number,

Since f, g are integrable, there exists a number 8 > 0 such that for every
division D of norm < §, the oscillatory sums for f, g are both less than
t’e/2k. Thus for division D of norm < 8, we have from (1)

fla;) fla)
glaz) g()

E(M,-m,)8, <(k/i*) (M, =m,)8, +(k/®)E(M," - m,*)8,

<(k/e)(rPer2k) + (k /%) (e 1 2K) = e.
Hence f/g is bounded and integrable in [a, b).

6.7.6. Integrability of the Modulus of an Integrable Function

If f is bounded and integrable in (a, b), then | f1is also bounded and
integrable in [a, b). (Poorv. 90)

Since there exists a positive number k such that V x e[a, b]lf (X)l <k,
the function | f | is bounded.

Let € be any positive number.
Since f is integrable, there exists a division
D {a = X0 X1s Xs ooy Xy o 1y Xy evey Xy = b}
such that the corresponding oscillatory sum for f is < €.

Let M,".m,".M,,m, be respectively the bounds of f and | £ | in
8’ % [I’_ I’ X'].

Now Va,a, €§,, wehave

17 ()| -1 (@) ]| ] 2a) = (@)}

SM" el mr'

- = M,-m <sM,-m,k’




This gives
Z(M,-m,)8, <Z(M,’-m,)8, <k,
= Z(M,-m,)5, <e.

Hence | f | is integrable in [a, b).
Remarks. The converse of this result is not true. If we take

1 when x is rational,
x) = AT A
f @) [— I, when x is irrational,

then

; b
J.:f(x)dx=(b—a),jaf(x)dx:_(b_a)
so that f is not integrable.

But since | f (x) | = 1 v x, therefore

b

L If(«‘)|d~t exists and is equal to (b - g

6.7.7. Definition
The meaning of

b
L f (x)dx,
where b < a.
If f be bounded and integrable in [b, a] where a > b, then, by

j:f(x)dx=-ff(x)dx.

Also by def., f f(x)dx=0.

It is easy to show that the results about integrals obtained in §
6.7 hold true when the upper limit is less than or equal to the lower

Note. The reader may carefully note that the statement :

I:f (x)dxcxists

means that f is bounded and integrable in [a, b).



bounds of f in [a, b], then

o
..

3

i"‘ .
k,_

Theorem. If f is bounded and m(egnblem[a. b].dl,n«dﬁ

m(b-a)< [/ (x)dx< M (b-a)if b2a

: Uk

b
m(b—a)sz(x)dxzM(b-a)ibea.(Audubadgy)
For a = b, the result is trivial.

If b > a, then for any division D, we have

m(b—a)sj:f(x)deS(D)SM(b-a) (§ 6.2)

= m(b—a)sj:f(x)dxsu(b-a)

If b < a, ie., a> b, then, as proved above,

m(a—b)sS(D)sj:f(.r)dst(a—b)
e —m(a-b)z-j:f(x)dxz-u(a-b)

= m(b-a)zj:f(.:)dxzu(b-a).

Hence the results.
Cor. 1. Iffis bounded and integrable in |a, b), then there exists a
number, |, lying between the bounds of f such that

I f(x)dx=p(b- a). (Garhwal 93, Ajmer 99)
Cor. 2. Iffis continuous in |a, b), then there exists a number, ¢,

lying between a and b such that

Ibf(x)d.x:(b—a)f(c).

(Allahabad 99; Lucknow 92; Garhwal 94, 97)

Cor. 3. Iffis bounded and integrable in [a. bl,
such that ¥ x €[a.b}|f (R =k

i ‘ff(x)d!|5*|b-°l
For a = b, the result is trivial.




- - ] i 7 i X o ",0
We have Vxe[a.b].
-k< f(x)<k,
so that if M, m be the bounds of fin [a, b],

—ksm<f(x)<SM<k ¥ x€la,b] (1)

Let b > a. Therefore, from 1,
b
~k(b-a)<m(b-a)<['f (x)dx<M(b-a)<k(b-a)

b
e Lf(x)dx <k|b-al

Let b < a. We have, from above

jb £ (x)dx

Cor. 4. If f is bounded and integrable in (a, b] and
Y xefab] f(x)20,

Sk|a—b|:|‘|‘bf(x)dx

<k|b-al

b 20, whenb2q
hen [79acf20 wenba

<0, whenb<a.

For b = a, the result is trivial.

Now f(x)20V x €[a,b] = m>0.
Let b > a. We have

b
ff(x)dxz'n(b-a)?o- 2*(b-a)20
Let b < a. We have, as proved above,

I:f(x)dxzo.

= Lbf(x)dx=-ff(x)dxso.
Cor. 5. If

I:f(x)dx, fg(x)dx




both exist, then
b b
f2g = I[(.x)dxzj g(x)dx whenb2a,

b b
f2p = If(x)dxsj g (x)dx whenb<a.
Under the given condition [f (x) — g (x)] is integrable and 2 0,
Vv x e[a. b].
Therefore
b
J [j'(.x)—g(,x)]dt 20 or £0,

according as b 2aorb <a

[fu‘)m ~J':g(.l)d,l}20 or <0,

according as b 2aor b < a.
Hence the result
Cor. 6. If

[15 ()] as

exists, then

S

U:f(.x)d.x jab|/(,‘-)|¢x

It has been shown in § 6.7.6, page 217 that

Lb I/(x)ld.x

exists. We have V x e[a. b].

-|f ()]s £ ()s] 7 (@)

If b 2 a, we have

[ aes [ 1@ as [ |7 (]d Geor

|ff(x)dx|sf|f(x)|dx=|f|f(g)|¢;l

If b < a, we have, as proved above,

b a
‘af(x)dxsdb f(x)|dx|,
b b

= .af(x)dx < ), f(x)|dx



7. PROPERTIES OF INTEGRABLE FUNCTIONS

6.1.1. If a bounded function f is integrable in [a, b], then it is also

gmegrable in [a, c] and [c, b] where c is a point of [a, b].
W e



Conversely, if f is bounded and integrable in [a, c], [c. b), then it is
also integrable in [a, b).

Also in either case

ff(x)dX=J:f(x)dx+ff(x)dx.a<c<b.

(Garhwal 98; Kumaon 97, 98; Allahabad 98)
Suppose that f is bounded and integrable in [a, b).
Let € be a positive number.
There exists 8 > 0 such that for each division of [a, b] whose norm is

< §, the oscillatory sum is < €. Let D be a division of [a, b] such that
ceDand I DI<H.

The oscillatory sum for the division D breaks itself into two parts,
respectively consisting of the terms which arise from the sub-intervals

[a, ¢] and [c, b]. Since the terms of an oscillatory sum are all positive, each
part must itself be < €. Hence f is integrable both in [a, ¢] and [c, b).

Let now, f be obtained and integrable in [a, c] and [¢, b).

Let € be a positive number. There exist divisions of [a, c] and [c, b)
such that the corresponding oscillatory sums are < /2. The divisions of
[a, ] and [c, b] give rise to a division of [a, b] for which the oscillatory
sum is < (¢/2 + €/2) = e. Hence f is integrable in [a, b).

The relationship of equality is to be proved now.

Let € be a positive number.

As fis simultaneously integrable in [q, c], [c. b] and (a, b), there exists
8 > 0 such that for divisions of norm < 8, and of which ¢, is a point, we

have
(fc,f(i,)&, 'I:f(x)dx <-§, (cﬁ)f(g,)ﬁ,-ff(x)¢,,<§

- where the meanings of the symbols 3 f(&,)8,, etc. are obvious.
¥ -:‘ . : (Q‘) 2 o

2 @8, = = 5 @3,

4 .
o o
v
o~ (y»
»
N i
> -
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e e,



b $ b 77k 1l ARA TS
[7@ac-[ f(x)ax=[ Fl)ar=0:""
€ being an positive number.

Cor. Iffis bounded and‘integrable in [a, b], then it is also bounded
and integrable in [0, B] where a < a < B < b.

fis mtegrable in [a, b] = fis mtegrable in [a, B]
= fis integrable in [oL, B]



6.9.1. First Mean Value Theorem
If

Lbf (x) dx and jab(p (x) dx,

both exist and ¢ (x) keeps the same sign, positive or negative, throughout

the interval of integration, then there exists a number, y, lying between
the bounds of f such that

b b
;£ ()0 (x) e = u[ o ax 1)
First suppose that ¢ (x) is positive V x e[a, b]. If M, m be the bounds
of f, we have V x e[a, b]
<f(x)sMm

= mo (x) < f (x) @ (x) < M ¢ (x), forp(x)20V x.
Thus

Bicaind "



mJ'go dx<Jf d.x<MJ x)dx if b>a

mjab<p(x)dxsz(x) )dx>MJ x)dx if b<a

In either case we see that there exists a number p, lying between M
and m, such that (1) is true. Hence the result.

The case when ¢ is negative may be similarly disposed off.

Cor. In addition to the conditions of the theorem, if f is continuous

also, then there exists a number, &, belonging to the domain of integration
such that

[1x)e@ax=r () [ o(x)ar

a
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- Proof ‘of thé theorem. Firstly, we prove the following :
o« e A S
b b
j f(x)dx and j v (x) dx
a a

both exist. \y is monotonically decreasing and positive in [a, b}, then there
exists a point, € € [a, b] such that

R jbf (x) v (x)dx =y (q) f f (x) dx

Y.

(This result is due to Bonnett).

D{ﬂ:Xo,xl,...,x = xr,.., xn =b}

1 of [a, b). Let M,, m_be the bounds of fin 3, =fz. 5k
» when r # 1, be any point of §. :






_4 2 (V\y""‘)('Y
Y =\
ﬁ }'\P’f@lﬁ&t\ 2 '5'(4;‘() (Sy 4 é Ox
~ h—-.\ ‘




where O, =(M, — m,) is the oscillation of fin § .

!
Now, j i (X) dx, being a continuous function (§ 4.6.1, § 4.6.2) with

t as variable, is ' bounded. Let C, D be its bounds. Therefore we have

r==n r=p r=n
C-> 05,<) f(5)8,<D+) 03,
: r=1 r=1 r=1
In the statement of the Abel’s lemma, we put, as is justifiable,
Vr =f(§r)5rv a =y (gr);

k=C-%20,6,, K=D+X0,5,,
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& @y @d=ny(a)

where | is some number between C and D.
The continuous function

r

[ 7 (x)ax
must assume, for some £ € [qa, b] the value pu which lies between its bounds
C, D. (Cor. 2 to § 4.6.4). Thus we obtain

[r@v@ =y [ 7 ()

We now turn to the theorem proper.

Let @ be monoionically decreasing so that the function v where

V(X)) =9 (x) - ¢ (b)
is monotonically decreasing and positive.

There exists, therefore, a number, §, between a and b, such that
1000 @) ar=[o @ -0 @] [ 7 ()
= Lbf (x) 9 (x) dx = ¢ (a) f f(x) dx

“P(”){

Let ¢ be monotonically increasing so that, - @, is monotonically
decreasing,
There exists, therefore, b

y the preceding, a number £ between a and
b, such that

t
|
|
I

ff(x)[-w(x)]dx=-<p(a)f f(x)dx-<p(b)j"f(x)d,,

§
- ff(x)tp(x)dx=<9(a)ff(x)dxw(b)f:f(i)dt-

‘Thus we have completely established the second mean value theorem.

i :ﬁl. The reader may easily show that the theorem holds good even if




6.9.1. First Mean Value Theorem
If
b b
J. f(x)dxandf ¢ (x) dx,
both exist and ¢ (x) keeps the same sign, positive or negative, throughout

the interval of integration, then there exists a number, |, lying between
the bounds of f such that

i1 @e () dr=p ['o (x)ax ¥

First suppose that ¢ (x) is positive V x e[a, b]. If M, m be the bounds
of f, we have V x e[a, b]



qu; dx<Jj dx<MJ x)dx if b>a

me(p(x)dx?_Lbf(x) )dx>MJ x)dx if b<a

In either case we see that there exists a number p, lying between M
and m, such that (1) 1s true. Hence the result.

The case when ¢ is negative may be similarly disposed off.

Cor. In addition to the conditions of the theorem, if fis continuous

also, then there exists a number, &, belonging to the domain of integration
such that

[10ex)ax=7() [0 (x)as

a
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