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MAJOR BASED ELECTIVE I (A)
OPERATIONS RESEARCH
Objectives:
1. To introduce the various techniques of Operations Research.
2. To make the students solve real life problems in Business and Management
UNIT I

. Linear programming problem - Mathematical formulation — Illustrations on
Mathematical formulation on Linear Programming Problems — Graphical solution
method - some exceptional cases - Canonical and standard forms of Linear
Programming Problem - Simplex method.

UNIT 11

. Use of Artificial Variables (Big M method - Two phase method) — Duality in Linear
Programming - General primal-dual pair - Formulating a Dual problem - Primal-dual
pair in matrix form -Dual simplex method.

UNIT III

. Transportation problem - LP formulation of the TP - Solution of a TP - Finding an initial
basic feasible solution (NWCM - LCM -VAM) — Degeneracy in TP - Transportation
Algorithm (MODI Method) - Assignment problem - Solution methods of assignment
problem — special cases in assignment problem.

UNIT IV

. Queuing theory - Queuing system - Classification of Queuing models - Poisson Queuing
systems Model I (M/M/1)(co/FIFO) only - Games and Strategies — Two person zero sum
- Some basic terms - the maximin-minimax principle -Games without saddle points-
Mixed strategies - graphic solution 2xn and mx2 games.

UNITV

. PERT and CPM — Basic components — logical sequencing - Rules of network
construction- Critical path analysis - Probability considerations in PERT.

Book for Study:

. Kanti Swarup, P.K. Gupta and ManMohan, Operations Research, 13th edition, Sultan
Chand and Sons, 2007.

Unit 1: Chapter 2 Sec 2.1 to 2.4, Chapter 3 Sec 3.1 to 3.5, Chapter 4 Sec 4.1 , 4.3

Unit 2: Chapter 4 Sec 4.4, Chapter 5 Sec 5.1t0 5.4,5.9

Unit 3: Chapter 10 Sec 10.1, 10.2, 10.8, 10.9, 10.12, 10.13, Chapter 11 Sec 11.1 to 11.4
Unit 4: Chapter 21 Sec 21.1,21.2,21.7 to 21.9, Chapter 17 Sec 17.1 to 17.6

Unit 5: Chapter 25 Sec 25.1 to 25.4, 25.6, 25.7

Book for Reference:

. 1. Sundaresan.V, Ganapathy Subramanian. K.S. and Ganesan.K, Resource Management
Techniques, A.R. Publications, 2002.

. 2. Taha H.A., Operations Research: An introduction, 7th edition, Pearson Prentice Hall,
2002.
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. INTRODUCTION \

21!10
qow of customers ‘fro‘l(n 1\f1f1n1te/l)f}q1te population towards the service facility forms a queue (waiting
) on account of’ acl. Sl ility to serve them all at a time. The queues may be of persons
qaiting at 3 BRR I DIITIC "ot "at ‘railway' booking¥office, ‘these may be of machines waiting to be
aired OF of ships in the harbour waiting to be unloaded or of letters arriving at a typist’s desk. In
ihe absence of a .perfect. balance between the service facilities and the customers, waiting is required
either of the service facilities or for the customer’s arrival.

By the term ‘customer we mean the arriving unit that requires some service to be performed. The

customer may bfe'of persons, machines, vehicles, parts, etc. Queues (waiting line) stands for a number
of customers waiting to be serviced. The queue does not include the customer bein

serviced. The process
or system that performs the serv 2 :

services to the customer is termed by service channel or service faciliry.
The subject of queueing is not directly concerned with optimization (maximisation or

minimization). Ratl_\er‘ it attempts to explore, understand, and compare various queueing situations and
thus indirectly achieves optimization approximately.

21:2. QUEUEING SYSTEM

The mechanism of a queueing process is very simple. Customers arrive at a service counter and are
attended to by one or more of the servers. As soon as a customer is served, it departs from the system.
Thus a queueing system can be described as consisting of customers arriving for service, waiting for
service if it i1s not immediate, and leaving the system after being served.

The general framework of a queueing system is shown in Fig. 21.1 :

Served customers
leaving

| Qi oo e

Arriving customers :

Waiting customers Queue discipline

Fig. 21.1. Queueing System

21:3. ELEMENTS OF A QUEUEING SYSTEM

The basic elements of a queueing system are as follows :

L. Input (or Arrival) Process. This element of queueing system is concerned with the pattern in
Which the customers arrive for service. Input source can be described by following three factors :



o ; lfthe total number of potential customers réquirin
ource is said to be finite. On the other. hand, .1f potentia] custon,
tlys-grge in number, then the input source is considered to pe R

R : i"ﬁm'te.
, customers may arrive at the service f.ac111t.y 1111] batc(?es of fixed size Or of yayi ;
 one. In the case when more than one arrival is allowed to enter the System i, Ole gy,
th ‘.sy‘stem does not necessarily mean entering into service), the inpuyt jg

e said tq oce :“F(lusly
LA : families visiting restaurants, Inp
ches. Ships discharging cargo at a dock, g CIC. are the examy Uk

Ples oy

& servige ,

 Pattern of arrivals. Customers may arrive in the system at known (regy]ar or ofh
s or they may arrive in a random way. .In. case the arrival times are known with Certainy,
eing problems are categorized as determmlstl.c models.‘On the othe_r hand, if the time bet»‘Vee
uccessive arrivals (inter-arrival times) is uncertain, the arrival patte.rr? IS measured by Either meen
&r al rate or inter-arrival time. These are characterised by the probability distribution associateg w::
this random process. The most common stochastic queueing models assun

. e that arriva] rate folloy 4
oisson distribution and/or the inter-arrival times follow an exponential distribution,

~ (¢) Customers’ behaviour. 1t is also necessary to know
- the system. A customer may decide to wait no matter how lo

EMWige)

the reaction of.a customer upon enteriy
ng the queue becomes (patient customer)
enter it (impatient customer). Machines
s of patient customers. For impatient

s, (i) if a customer decides not to enter the queue because of its length,
(i) if a customer enters the

- he is said to have reneged.

he 1s said to have balked.

queue, but after some time loses patience and decides to leave, then

queue to another (providing similar/different services) forhis
d to have Jockeyed for position.

d regarding the in

d as transient.

: end
ners are selected for service ‘;IE‘FS) |
(FIFO) lmmon queue discipline is the “first come, first serve_d (dero ,

) TWe under which the customers are serviced in the strict Of

ich't
: “I 5 3 5% 5 tO wh]Ch
serviced firgt. 4Stin, first out” (LIFO) rule according

: se
h according to which the arrivals ar
€ System; anq

0 ) ) er !

1y are giyep t?.e'l’vicf twg types : (i) Pre-emptive priority. ,Undwer-.
d ('re_empted)etover the low priority customers. That 15, l:(;i e

N 23 the higy. . ST Service for g priority customer. T

io lsh;@?w Customer has been served.
Bt Bhest priority customer goes ahea®
" of the service of the cur -

» B0




i 'by the same server, such as a computer with para
Jice system in this case is termed as bulk service system.

the case of parallel cl?annels “fastest server rule” (FSR) is adopted. For its discussion we
”;thﬂt the customers arrive before‘parallel service channels. If only one service channel is free,
jcoming Customer 1s .aSSlgnCd to free service channel. But it will be more efficient to assume
incoming customer is to be assigned a server of largest service rate among the free ones.
"~ gevice facilities can be of the following types :
,d'{a“) Single queue-one server, z'..e., one queue-one service channel, wherein the customer waits till
e service point is ready to take him in for servicing.

(b) Single queue-several servers wherein the customers wait in a single qu :ue until one of the
gnvice channels is ready to take them in for servicing.

(c) Several queues-one server wherein there are several queues and the customer may join any
one of ‘these but there is only one service channel.

(d) Several servers. When there are several service channels available to provide service, much
depends upon their arrangements. They may be arranged in parallel or in series or a more complex
wombination of both, depending on the design of the system’s service mechanism.

By parallel channels, we mean a number of channels providing identical service facilities.
further, customers may wait in a single queue until one of the service channels is ready to serve. as
in a barber shop where many chairs are considered as different service channels: or customers may
form separate queues in front of each service channel as in the case of super markets.

For series channels, a customer must pass through all the service channels in sequence before
e is completed. The situations may be seen in public offices where parts of the service are done
Wdifferent service counters.

4 Capacity of the System. The source from which customers are generated may be finite or
lllfimte A finite source limits the customers arriving for service. i.e., there is a finite limit to the
;"‘Rﬂﬂ\}m queue size. The queue can also be viewed as one with forced balking where a customer 1s
i;I:ed 10 balk if he arrives at a time when queue size is at its limit. Alternatively, an infinite source
l0reyer o z G ;
-‘,;fs"lel' abundant” as in the case of telephone calls arriving at a telephone exchange

hat are of general interest for the

€ operati isti a queueing system, t
perational characteristics of a g g 3 1o dosiom & neW SyStcnl BIees

.°f the performance of an existing queueing system an

: L is the average number of
mumber of cusiomers in the system denoied by E((i';)fz:: the number of customers Wh

1€ system, both waiting and in service. Here, n stan

b

ueue denoted by E (m) or L,,vs the

ber of customers in the q _
' ; i.e.. excluding the W

Here m = 1N —




4, Expected waiting time in queue denoted by .E (w) lor W, i 3

y &wsmmer in the queue before the commencement. of his service. |
£ 5. The server utilizaiion factor (or busy period) denoted by P (= A/W) s the —-— .
- that a server actually spends with the customers. Here, A stands for the average numbe, i sohme
arriving per unit of time and p stands for the average number of customers completing SErviog pern;?l
of time.

~ The server utilization factor is also known as traffic intensity or the clearing ratjo,

21:5. DETERMINISTIC QUEUEING SYSTEM

A queueing system wherein the customers arrive at regular imervgls
customer is known and constant, is known as a dererministic queueing

Let the customers come at the teller counter of a bank for withdrawl every 3 minutes, Ths e |
interval between the arrival of any two successive customers, that is the inter-arrival time, i exaclly
3 minutes. Further, suppose that the incharge of that particular teller takes exactly 3 minutes to sene
a customer. This implies that the arrival and service rates are both equal to 20 customers per hour, I
this situation there shall never be a queue and the inch

and the service time for each
system.

|

|

arge ol the teller shall always be busy with |

serving work. :

|

h" Now suppobe instead, that the incharge of the teller can serve 30 customers per hour, i.e., hefales |
b4 2 miautes to serve a customer and then has t

've only 15 customers per hour, i.e., etk
in this situation he would be always busy and the queue lengﬂ;

i t with the passage of time. This implies that when the sew;lcl.
rate is less than the arrival rate, the seryice facility cannot cope with all the arrivals and eventt b)
the system leads to an explogive situation. In such situations, the problem can be resowedays |
gnl)]vldmg additional seryice facilities, like opening parallel counle’rs. We can summarize the 800
ollows :

4 minutes to serve a customer. Clearly,
will increase continuously without limj

(i) iff )'»1.> W, the waiting line (queue
7y acility would always pe bus Vi i | |
(@) if A <, there sp >"8y and the service system will eventually fail. ine

| 5
& S iHowever. it is aq atal: ice raes!

’ mﬁt;d l[tii‘:cteiiz}llyitl?t VlSéla]lZe that the condition of uniform arrival and uniform Ser\:zeunc' ; “c f
‘ g 'ty. General| - ¥ e TN iable 2 st
Variable arival raes g servy’ the arrivals and servicing time are both varia robabll!;

8IS imes are the more roalist tons,
: € realistic assump
are based op these assumptions,

i



n

mS) govermng this type of queues are stated beloyy - queues are derived, The basu:

ing intervals are statistically independent, that i is, the

. The probability of more than one arrival b

of two or more arrivals during the small time ;
|

process

7]

€tween time ¢ anq ti
me  + At is o (Af); that i
nterval At js ﬂegllglble (Ar); that is, the

Po (A1) + Py (ar) + 0 (Ar) =
m 3. The probability that an arrival occurs between time fand time ¢ + At is equal to A A + o (Ary
Pl(AI)—AAr+o(Ax) ) '

‘tha qonstant and is independent of the tota] number of arrjya]

At
terms such that i -JJ
ﬂ@@}) represents the term AITO P

”')'mibution of Arrivals (Pure Birth Process)

.mmdel in which only arrivals are counted ‘and no de
. udels. Stated in terms of queueing, birth-death processes

znmases the arrival (referred as birth) in the system and de
ysenviced customer from the system.

Let P, (1) denote the probability of n arrivals in a time interval of length ¢ (both waiting and in

enice), where n > 0 is an integer. Then P, (t + Af) being the probability of n arrivals in a time
nerval of length ¢ + A (making use of axiom 1) is as follows :

parture takes place are called pure birth
usually arise when an additional customer
creases by departure (referred as death) of

P,(t + Ar) = P{ n arrivals in time ¢ and one arrival in time At}

+ P{(n—1) arrivals in time ¢t and one arrival in time At}
+ P{(n-2) arrivals in time ¢ and two arrivals in time At}

+ ...+ P{no arrival in time ¢t and n arrivals in time Ar}, for n > |
Making use of axiom 2 and axiom 3, this difference equation reduces to
P,(t + At) = P, (1) P, (Af) + P,_; (t) P, (A1) + o (AD)
=P,(0[1 —AAt-0(AN] + P () {AAr + 0(A1)} + o (Ad)
e the Jag term, o (A7), represents the terms
P[(n-k) arrivals in time ¢ and k arrivals in time Ar) 2 <=

Th : )
€ aboye €quation can be re-written as

P,(t + A1) = P, (f) = ~AAL-P, (1) + MAL- P, (1) + 0 (A))

Dwndmg itby Az on both sides and then taking the limit as Ar — 0, the equation reduces to

. (A
%Pn () = =AP,(t) + AP, (), n=2 1 )

the case whep n=0, s
= 1 — LAt — o (At
P,(t + At) = P, (1) Py (Af) = Po (1) [ : i b
8 the terms and then dividing on both sides by At taking the limit as Ar — 0, w

_d_ =—A Pov(t)
dt Po (1)

: ; ke use of the
" "+ 1 differential-difference equations given in (A) and (B), we ma

SN
0@ D= Z P02




'm‘!lllpl*ymg the differential-difference equations given ip (B) ang

y and then taking summation over n from 0 to =, we get

=
I

=

=
-A
=

~
|

=20z 1) + Azo(z, 1.

d:MZ’ N=Az-1)9(, 1),

An obvnous solution of this differential €quation is
¢(Z, [) = Ce)\(;—l)”
Where C IS an arbitrary constant.
To determine the value of C, we use the initial condition that there is no arrival by time ¢ 0
and this gjves

0@ 0) =P, (0) + Z P, (0) zn

=7
Now, P,(0) = forn > | Therefore Ci=nl
Hence, 0@z ) = hz=1),
~ Now

d
(e,

A0
S5 d? |
O 0.0, T2 Bt s Sl |
dn 7
dzn¢(z' t)lz*O =SnlP (n |
Uemg the vajue of 0@, 1) as given in €quation (C), e get E
B (D) v ‘
o el g Pri) = uy e
Py = 571y e I
as 21 ) Bol() = et
The genery) formy,, therefore, is " i ‘
2 1 ‘
Pn (t) = ﬁ)"\flle‘ ', for n2=
is the well. kno s\
Moer of app Uity lay,

< With
N time ¢ . 5 Pmean At Thy

; : A
S, the random variable defiret
Oisson diggyip,

ution with a mean of Afam

bill3
" 2 per unit time, if an arrival occumdﬂt |
by =409

45

T-arrj wal

Tlmes ( Ex

POnen
s the g, ! Proces)

te 18Y
Po aldb tWeen twq successive arrivals.
“Stribution o associated random
time) fo]1ows the expone



¢ function f(f) for inter-arrival times, therefore. jg

d .
f@) = ZFO=keM oy S

ected (or mean) inter-arrival time is given by

(==}

E (1 =J LfOd= [ hrehig 2
0

¢ ) is the mean arrival rate.

mms,ThaS the exponential distribution with mean 1/\. W
e amival rate is A, then th’e mean time between arrivals is |
e inter-amrival times are independent and have the same e
4 follows the Poisson distribution.

e would intuitively expect that, if the
/\. Conversely, we can also show that
xponential distribution then the arrival

i Distribution of Departures (Pure Death Process)

Tie model in which only departures are counted and no other arrivals allowed are called pure death
nodels, The queueing system starts with N customers at time ¢ = 0, where N > 1. Departures occur
il the rate of W customers per unit time. To develop the differential-difference equations for the
pobability of n customers remaining after ‘7’ time units, P, (), we make use of similar assumptions
swas done for arrivals. Let the three axioms, given at the beginning of this section, be changed by
ung the word service instead of arrival and condition the probability statements by requiring the
iiem fo be non-empty. Let us define
KA1 = probability that a customer in service at time ¢ will complete service during time At.
For small time interval At > 0, u At gives probability of one departure during At.- Using the_ same
? ';B“ments as in pure birth process case, the differential-difference equations for this can easily be
- Olained :
Pyt + At) = P, (1) {1 — pAI + 0(AD} + Py (. {nAr + 0(An}, 1sn<sN-1
Polt + Ar) = P, (1) + Py () {pAr + 0(AN}, n=0
Pn(t+ Ar) = Py(r). {1 - par+o0(@n}, n=N i
: baa) i the limits as
Re~arrangmg the above equations, dividing them by At on both sides and then taking

: = 0
-(%p"(,) = —uP, (1 + uP, 1 @; 0=n <SN-I,t>

N Lp ) =P (; n=0 120

dr
SR %PN(I)=—HPN(I); n:N,IZO' /
$olution of thege equations with initial conditions

l, n:N#O
P,,(0)={0; n#N

ined as earlier. The general sO

"'.(’F";u(t)=mﬂlﬂi)—_:t’i {og mig Nawand © Polt)'=
(N - n)!

a truncated Poisson law.

Jution to the above equation SO obtinl

N 3 .
[ BRI TSR
n=1 o

ce Times :
s done above




W the service on a customer

pe ¥t >0

s(l)={0 « T< 0

n service rate for a particular service channel. This shows
distribution with mean 1/pt. The number, n, of potential services na
on distribution given by g

= P[n service in time T, if servicing is going on throughout T] = w,-ur"?:n
‘ n!

ently, we can also show that

no service in Af] = 1 — HAr + o(Ar) and P [one service in Af] = nAr + o (&),

(a/b/c) : (d/e).
he first and second symbols denote the type of distributions of inter-arrival times and
-service times, respectively. Third symbol specifies the number of servers, whereas fourth synbi
ds for the capacity of the system and the last symbol denotes the queue discipline.

If we specify the following letters as :

M = Poisson arrival or departure distribution,
E, = Erlangian or Gamma inter-arrival for service time distribution,
GI = General'input distribution,

G = General service time distribution, B
(M/E,/1) : («o/FIFO) defines a queueing system in which arrivals follow Poisson d-lsn"llinfn
ervice times are Erlangian, single server, infinite capacity and “first in, first out” queue discP

DEFINITION OF TRANSIENT AND STEADY STATES

eing system is said to be in transient state when its operating characteristic
‘queue length, etc.) are dependent upon time. adya"‘

the ‘char'acteristic of the queueing system becomes independent of time theg
is said to prevail.

(like input

,‘L‘“ﬁ”n () = P, (independent of 7).

u“é@o}:toi the steady-state behaviour of the systems, the prese o;&
A% ogsyStems under the existence of steady-state condit will
UL ms which can be used for deriving transient solutions ~

¥




1 ;(oo/FIF_O)}. Th?s model deals‘with a queueing system having single service
put, Exponential service and there is no limit on the system capacity while the
d on a “first in, first out” basis.

- ‘procedure of this queueing model can be summarized in the following three steps :
pstruction of Differential-Difference Equations. Let P, (f) be the probability that there
s in the system at time r. The probability that the system has n customers at time
be expressed as the sum of the joint probabilities of the four mutually exclusive and
|y exhaustive events as follows :
B P, (t+A1) = P, (f)- P [no arrival in Ar]- P [no service completion in At]

+P, (t)- P [one arrival in Ar]- P [one service completed in A/]
+ P, (1)- P[no arrival in Ar] - P [one service completed in Ar]

+P,_, (- P[one arrival in A¢]-P[no service completion in Ar]
This is re-written as :
| Pn(“M) =B ([l - LAt + o (AN [l — pAr + o(AD] + P, (1) [A A [n A1)
: +P,q ([l — AAt + o(AD] (AL + o(AD] + P,y () [AAt + o(AN][1 — pAr + o (Ar)]
'3 Po(t+Ar) — P, ()=—(h + W) AL P, (1) + RAIP, (1) + AAIP, (1) + o (A1)

Since At is very small, terms involving (A7)? can be neglected. Dividing the above equation by
Yion both sides and then taking limit as Ar — 0, we get

d 3

d_tP”(!) = _O\ R “)Pn(’) P p‘PnH (’) i A'Pn—l(’); n2 1l

Simflafly' if there is no customer in the system at time (¢ + Af), there will be no service
°°‘“P]§ﬁ°n during At. Thus for n = 0 and ¢ = 0, we have only two probabilities instead of four. The
tling equation is

P,(t+Af) = P, (1) {1 — LAt + o(An} + Py () {pnAr+ o(AN}{l - AAt + o (AN}

et Po(t+Ad) — Py (1) = L A1 P, (1) + pALP (1) + 0 (AN
Viding both sides of this equation by At and then taking limit as Ar — 0, we get

%Po(t) = -AP, () + uP () n= 0.

“ Deriving the Steady-State Difference Equations. In the steady-state, P, (#) is independent
A < 4 when 1 — oo, Thus P, (1) — P, and

%P,,(t)—)() as ™l R

tly the differential-difference equations obtained in Step 1 reduce to
0=-A+u)P, + WPy + APi n 21
0=-AP,+nP; n=0
€ the steady-state difference equations.
the Steady-State Difference Equations. For the solution of the above difference

B '_’l"ee' methods, namely, the iterative method, use of generating functions and the
IS. Out of these three the first one is the most straightforward and therefore the

€quations will be obtained here by using the iterative method.
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‘To obtam the value of P,, we make use of the boundary condition ¥ p - L

n=0 n

<3 A n oo A n B )\ n
SlEmEll Py = P, X [ = | ;. since P, =
» n=0(llj # 0/;:0([1) (u] P,

4 . A
—P°—l—k/u’ since (u)<l.
This gives po )

Hence, the steady-state solution is

A, n )‘. A
P"= 4 l1-—1|=po" o 3 Sl e l, d 2 0.
(u)[ u) PPl -p); p (“)< A

This expression gives us the probability distribution of queue length.
- Characteristics of Model I by

(1) Probability of queue size being greater than or equal to k, the number of customers is |

P(n 2k =kE"Pk = z (1-p)pk = (1 p)p" z pk-n.= (I—p)eQ Z_op""‘
= k=n R=n T
=(l—p)p" 53 DX=M=D"-
x=0 l-p
(if) Average number of customers in the system is given by

‘ ‘¢ - o o ._q.
< e ' E(n) = § 2 n(l—p)p" SN0) XOnp" = p(l—P)"El"p" i
) = n= — t

oo d \ :
AUy T <l

dp n=0

=p(l- =_P_=_-__
”’(1 SO ey

2 (m) = ZmP where m = n - 1
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uation (variance) of queue length is given by

V (n) ="§O[n - EMmp, ="°§°0n2p,, - [E (n)]2

e algebraic transformations and the value of P,, the result reduces tq

: 2 2 \

V(»n>=(1—p>fi%-[—'°—] _ o RO |

s (1 -py I-p (1= pp T (s '

Waiting Time Distribution for Model I. The waiting time of a customer in the system is, for the

ot @ continuous random ‘varnable' except thgt there is a non-zero probability that the delay will

;Mwo,cthat is a customer entgrmg service 1mmef11ately upon arrival. Therefore, if we denote the time
in the queue by w and if ¥ () denotes its cumulative probability distribution then from the

amplete randomness of the Poisson distribution, we have
¥, (0)

|
|
P(w =0)  (No customer in the system upon arrival) !

= P, = (1 - p). ‘ %
Itis now required to find ¥, (r) for r > 0. |

Let there be n customers in the system upon arrival, then in order for a customer to go into
gnice at a time between O and 1, all the n customers must have been served by time r. Let
iy - 8, denote service times of n customers respectively. Then

n

w=2X s, n21) and w=0 (n = 0).

=

The distribution function of waiting time, w, for a customer who has to wait is given by

g n
P(wSt)=P\:.Z siSri‘; n 2 1 andie >H0:

i=1

: Sir!cg, the service time for each customer is independent and identically distributed, therefore its
Mbebility density function is given by pe *' (t > 0), where p is the mean service rate. Thus

0 =">_31E,XP(n—l customers are served at time r) xP (1 customer is served in time Ar)

o &)(&)"M.w.
n (n—1)!

1

\Pw (t) = P(w < t) ="§1P"6“ ‘I’,, (t)dt i RN ’

1
= ] ) oo
= 5 (.l—pv)p"jﬂi‘)__tn e—ut.,;dt:(l—p)pé[pe"“’ﬁl
n=1 0 Y

?3‘."_‘:;‘35%\ (n— l) !

/2
= (1-p)p [ merG-Pdrn
5 ([



g time of a customer who has to wait is given by

v: . . |
¥ (w) = %[‘vw(»] Sl ek RS A(] g H)rm.-s.- ,

acteristic of Waiting Time Distribution

-Awerage waiting time of a customer (in the queue) is given by

E() = Ir W (w) dr = It o (1= p) e-H1(1-p) g

=pé[ Tl )dx for p(l1-p)t = x

b wpd b | A
T p(l-p) BmR-N)
(i) Average waiting time of an arrival who has to wait is given by

E Ot Y A } AN i
Elw >0 = 508 = {1, /(u)“u—x'
[Here Pw >0 =1-Pw=0)=1-(1-p) =p.]

(iii) For the busy period distribution, let the random variable v denote the total tlmegtﬁu
customer has to spend in the system including service. Then the probability density of its cumﬂaﬁu
density function is given by

gl . . A ey A "ﬂ
Y (w|w > 0) B 0 Al g e / i ng;;
= -NeW-Nr, 150 P

(iv) Average waiting time that a customer spends in the system including service is give

E®) =.[’-'{’(W|W > 0)dt = J ro(n=-2) e ®-Nrg
0 0

— l f _,. - =5
x —p.—k(-)[xe\d“" forl (u — AJtiSex

Ll o,
. u A x i
Relationships among Operating Characteristics

E(n) = ﬁ E(m) =

A2
L USWE (Whesr———
TN (TSN Sl
Using these expressions, ' £ :
‘ characteustlcs as follows :

(i) Exll)ected number of customers in the system is equal to the expected nu
g € plus a customer currently In service, ie.,

A
E(n = E LA
(n) (m) + U

d;fhe f?f a customer in the system is equal to the eXP
ser ce time of a customer in service, i.e., 2

.. E(=E ) ""'"<‘°,,~
oo v) .y»(f") b



. lied by the average time spent by the customer in the system, Le.,
ol E(n) = AE(v)

pumber of customers in the queue is equal to the average number of arrivals per
plied by the average time spent by a customer in the queue, ie.,
E(m) = LE (w).

 Relations between Average Queue Length and Average Waiting Time are known as Little’s

“.Fo,mulae.

ted

SAMPLE PROBLEMS
?

| 01, A TV repairman inds that' the time spent on his jobs has an Exponential distribution with
| zgo.minuf“-' If he repairs sets in the order in which they come in, and if the arrival of sets is
o ately Poisson with an average rate of 10 per 8-hour day, what is repairman’s expected idle
‘ “ppmxm;,da ? How many jobs are ahead of the average set just brought-in?
e eoch 40 [Kerala M.Sc. (Math.) 2001; Delhi M.B.A. (PT) 2008; Madurai M.B.A. 2009)

Solution. We are given,
A = 10 sets per day, and pu = 16 sets per day.
p=Ap=10/16 = 0.625
The probability for the repairman to be idle is
P,=1-p=1-0625= 0375
(i) Expected idle time per day = 8 x 0.375 = 3 hours.
(i) Expected (or average) number of T.V. sets in the system
p 0.625 5

— = = = =) X SVE >
E (n) e 5 o oleos 5 2 (approx.) T.V. sets

202. In a railway marshalling yard, goods trains arrive at a rate of 30 trains per day. Assuming
. latthe inter-arrival time follows an exponential distribution and the service time distribution is also
.~ tponential with an average 36 minutes. Calculate the following :

() the mean queue size (line length), and

(i) the probability that the queue size exceeds 10.

If the inpus of trains increases to an average 33 per day, what will be the change in (i) and (ii)?

[Meerut M.Sc. (Math.) 2000; Madras M.B.A. 2006;
IGNOU M.B.A. (Dec.) 2006; Lucknow B.M.S. 2008]

Solution, Here, we have

30 1 1 . -
= — - — = — 1 S Ie:
A RO 48 and u 36 rains per minu
; P =A/u = 36/48 = 0.75
i
) E(m) = g S 3 trains.

P 10) = p10 = (0.75)10 = 0.06.
Uincreases to 33 trains per day, we have
33 11

. ;
= = — == lrams r minute.
) T 36 S

When ¢he inpu

(O | —"
u

- P . 083
i=p 1-08

P@ 10) = 10 = (08310 = 02 (approx)

=49 or 5 trains (approx.)

pumber of customers in the system is equal to the average number of arrivals per




r Telephone Nigﬁm Ltd. will install a second booth, whep
naga

] their turn to make
Jiting for at least 3 mlnutffs f?r -
ould expect w‘l;t;: %nfcrease in order to justify a second ?Ooth?
he flow of custom [Delhi B.Sc. (Stat.) 1996; Visvesvarayq |

: : that the phone will be in use.
@ limae the fraction of @ ok [Delhpi PG Dip. in Glob. Bus. Oper. 2010; K

What is the probability that it will take him more than 10 minutes altogether to
omplete his call? [Madras MB4
Solution. Here, we are given :

1
3
(i) Probability that a person arriving at the booth will have to wait

A 6
P(w>0)=1—P0=1—(1—;)=— or. 0:3:

A LS 60 or 6 per hour and p = —x60 or 20 per hour,
10 ‘

(if) Average length of non-empty queues o
- b 20 A
E(m|m>0)—u_l—20_6~ .A.f?
(iii) The installation of a second booth will be justified, if the arrival rate is greater than (i
waiting time. Now, if A" denotes the increased arrival rate, expected waiting time is : ‘
A 3 A 4 o
E(W)—M(H—K') = 20 20(20 — %) Or, wA{I=S108 iﬁ:

- Hence, the arrival rate should become 10 customers per

5 hour to justify the second booth.
(iv) The fraction of a day that the phone will be busy = traffic intensity p = A/p = 03n%e

oo oo .'.'ﬁ:
) = ) R P T P I 2
! h)¢ t= | 030023 0234, i

? w\*l}‘;re A = 0.10 per minute, and K = 0.33 per minute.

oo

-0.23
P(w 2 10) = (0.069) ("0 23') A
This shows that 3 il

: Per cent of the arrivals on an i i 10 minu
fore they can use the Elione. average will have to wait for

0.03.

s ol :
P TO patients per minute



r of patients in the queue are given by, Al
7!
E (m) = ~BEE (205N
: o Reasl -0
o0 of the time for which there are no patients is given by,
g P, ='1'='p 2"/ eN e

" unen the average gueue size is decreased from 4/3 patients to 1/2 patient, we are to

ﬂb;’é :\e value of p. So, we have

umbe

.
3

P e

g™ = (1/15)2

F
I 1 i
ON(TRE| 2 P W(n - 1/15)2
p = 2/15 patients per minute.
i Average rate of treatment required =1/p = 15/2 = 7.5 minutes.
|e, a decrease in the average rate .of treatment is (10 — 7.5) minutes or 2.5 minutes.
& Budget per patient =Rs. (100 + 2.5 10) = Rs. 125.
~ Hence, I order to get the. required size of the queue, the budget should be increased from Rs. 100
perpmjent to Rs. 125 per patient.
2105. A road transport company has one reservation clerk on duty at a time. He handles
information of bus schedules and makes reservations. Customers arrive at a rate of 8 per hour and
ihe clerk can service 12 customers on an average per hour. After stating your assumptions, answer
fhe following -
(i) What is the average number of customers waiting for the service of the clerk?
(if) What is the average time a customer has to wait before getting service?

(iiiy The management is contemplating to install a computer system to handle the information and
wsenvations. This is expected to reduce the service time from 5 to 3 minutes. The additional cost of
loving the new system works out to Rs. 50 per day. If the cost of goodwill of having to wait is
wiinated to be 12 paise per minute spent waiting before being served. Should the company install the
computer system? Assume 8 hours working day. [Madras M.B.A. 1997; Madurai M.B.A. 2010]

Solution. We are given

A = 8 customers per hour and w = 12 customers per hour.
(i) Average number of customers waiting for the service of the clerk (in the system) :

A 8
E = = = 2 customers.
) p-A 12-8
The average number of customers waiting for the service of the clerk (in the queue) :
A2 8 x8

E (m) or 1.33 customers.

i TR -M 1202-8)
i) The average waiting time of a customer (in the system) before getting service :

E®W = — 1 ___ 1 pour or 15 minutes:
T =7 12 - 8
S dlerage Wwaiting time of a customer (in the queue) before getting service :
A 8 e hour or 10 minutes.

EM) = L o s DL

ce between the goodwill cost of customers with one system@nd




~ % 4 Ay |
The goodwi iting time of a customer before getting service when there is ‘2 o0

~ The expected waiting 8 1 Wdii,
computer system is : 8 & 2 e

) i EW) =2020 -8 ~20x12 & 30 ™

iting ti ' 8-hour day with an additiona] ¢q
Thus, expected waiting time of customers m1 an y' mpuia i :
8AX E(w¥) = 8x8 X230 hr. = 128 minutes.

The total goodwill cost with an additional computer system = 128 x Re. 0.12 = Rs. 15.36,

ion i i ' ' i f a computer system
oodwill cost with the installation o
R = Rs.76.80 — Rs. 15.36 = Rs. 61.44,

Whereas the additional cost of a computer system is Rs. 50 per day, Rs. 61.44 is the reductiop
goodwill cost when additional computer system 1s installed, hence there will be pet saving of

Rs. 11.44 per day. It is, therefore, worthwhile to instal a computer.

2106. In the production shop of a company the breakdm.vn of the machings is found to be Poisggy
with an average rate of 3 machines per hour. Breakdown time at one .maclune costs Rs. 40 per by
to the company. There are two choices before the company for hiring the repairmen. One of f,
repairmen is slow but cheap, the other fast but expensive. Thg slow-cheap repairman demands Rs,J
per hour and will repair the broken down machines exponentially at .the rate of 4 per hour. The fag
expensive repairman demands Rs. 30 per hour and will repair machines exponentially 'at an averag
rate of 6 per hour. Which repairman should be hired? [Delhi M.Com. 20f]

Solution. In this problem, we compare the total expected daily cost for both the repairmen. This
would equal the total wages paid plus the downtime cost.

Case 1. Slow-cheap repairman
A = 3 machines per hour and p = 4 machines per hour.

' : 1 1
f ——— | e = s
Average downtime of a machine B TS 1 hour

The downtime of 3 machines that arrive in an hour = | x 3

= 3 hours.
Downtime cost =

Rs.40x3 = Rs. 120, charges paid to the repairman = Rs.20x3 = Rs.f0
Total cost = Rs. 120+ Rs. 60 = Rs. 180.

Case 2. Fast-expensive repairman

A = 3 machines per hour and K = 6 machines per hour.

Average downtime of machine = —! T L hours
[T 3

The downtime of 3 machines that

arrive in an hour = %x 3 = 1 ‘houe
Downtime cost =

Rs.40x1 = R, 40, charges paid to the repairman = Rs. 30xig
Total cost = Rs. 40 + Rs. 30 =

3 m the b t RS. 70. t a ﬁ\:
‘om abov B _expen
4 € wo cases, the decision of the company should be to engage the fas

Rs. 30




17:1. INTRODUCTION

Many practical problems require decision-making in a competitive situation where there are two or
more opposing parties with conflicting interests and where the action of one depends upon the one
taken by the opponent. For example, candidates for an election, advertising and marketing campaigns
by competing business firms, countries involved in military battles, etc. have their conflicting
interests. In a competitive situation the courses of action (alternatives) for each competitor may be
either finite or infinite. A competitive situation will be called a ‘Game’, if it has the following
properties :

(i) There are a finite number of competitors (participants) called players.

(if) Each player has a finite number of strategies (alternatives) available to him.

(i) A play of the game takes place when each player employs his strategy.

(iv) Every game results in an outcome, e.g., loss or gain or a draw, usually called payoff, to some
player.

17:2. TWO-PERSON ZERO-SUM GAMES

When there are two competitors playing a game, it is called a ‘two-person game’. In case the number
of competitors exceeds two, say n, then the game is termed as a ‘n-person game’.

Games having the ‘zero-sum’ character that the algebraic sum of gains and losses of all the
players is zero are called zero-sum games. The play does not add a single paisa to the total wealth of
all the players; it merely results in a new distribution of initial money among them. Zero-sum games
with two players are called two-person zero-sum games. In this case the loss (gain) of one player is

exactly equal to the gain (loss) of the other. If the sum of gains or losses is not equal to zero, then
the game is of non-zero sum character or simply a non-zero sum game.

17:3. SOME BASIC TERMS

L. (’layer. The competitors in the game are known as players. A player may be individual or group
of individuals, or an organisation.

2. Strategy. A strategy for a player is defined as a set of rules or alternative courses of action

available to him in advance, by which player decides the course of action that he should adopt. A
Strategy may be of two types :




T - 4. B mm &

Rﬂmsﬂm&mmegymhﬁme,men_ \‘
n this case m‘pyya’k_nowsexac.dy yhat the other player i;t IS‘M
e players is to maximize gains or to minimize losses. 801113'0&:,

A

~ lnugy. When the players use a combination of strategies and &
as to which course of action is to be selected by the other player :?c: Player 4
 is known as mixed strategy. Thus, there is a probabilistic sitation o " kg
0 maximize expected gains or to minimize expected losses. %My:?‘\n
Dtimum strategy. A course of action or play which puts the player in (he G

Sition, irrespective of the strategy of his competitors, is called an optimum Strategy Mos
- Value of the game. It is the expected payoff of play when all the players O’Flh
€Ir optimum strategies. The game is called fair if the value of the game is zero ande gaqxefono‘
: 3. Payoff matrix. When the players select their particular strategies, the payoffs
€an be represented in the form of a matrix called the pavoff marrix. Since the e
 therefore gain of one player is equal to the loss of other and vice-versa. In other \;ords 10 ,
- payoff table would contain the same amounts in payoff table of other player with the ‘Sitrf;\e‘pla_\er.S
Thus, it is sufficient to construct payoff only for one of the players. S0 changey
1 Let player A have m strategies A,. A,. .... A_ and player B have n Strategies B, B, . p B
it is assumed that each player has his choices from amongst the pure strategies. Also it is :& -
that player A is always the gainer and player B is always the loser. That is. al] payoffs are a&mf

Iflftexms of player A. Let a; be the payoff which player A gains from player B if plaver 4 Ch‘;“;i
MA, and player B chooses strategy B;. Then the payoff matrix to player 4 is - :
i Player B
B, B, B,
A aj) ap a,
Ay @) @ ax,
Player A ]
Am amy () Apn

The payoff matrix to player B is (- a;).

Example. Consider a two-person coin tossing game. Each player tosses an unbiased coin
simultaneously. Player B pays Rs. 7 to A, if {H, H} occurs and Rs. 4, if {7, T} occurs; otherwis
player A pays Rs. 3 to B. This two-person game is a zero-sum game, since the winnings of one Pl;}’;f_
are the losses for the other. Each player has his choices from amongst two pure strategies H andl 5
‘we agree conventionally to express the outcome of the game in terms of the payoffs to O"e.fﬁ?m
only, say A, then the above information yields the following payoff matrix in terms of the P:) 4
the player A. Clearly, the entries in B’s payoff matrix will be just the negative of the co_nfu]g‘:n o

itries in A’s payoff matrix so that the sum of payoff matrices for player A and player B l[5h Lef sit

Il matrix. We generally display the payoff matrix of that player who is indicated on the

¥

matrix. For example, A’s payoff matrix may be displayed as below :

Player B
H T

H S
Player A ¥ A
T -3 -

ol
; " : the Opt“
called Maximin-Minimax Principle for the selection of




the game-
If the maximin value equals the minimax value,
(equilibrium) poin.t gnd the. corresponding strategies are
payoff at an equilibrium point is known as the valye of th
To illustrate the maximin-minimax princi
following 3 X 2 payoff matrix for player A :

then the game is said to have a saddle

called optimum strategies. The amount of
e game.

ple, let us consider a two-person zero-sum game with the

Player B

B, B,

Al 9 2
Player A A, 8 6+t
Aaly. \nlb 4

Let the pure strategies of the two players be designated by
Sa = {A), Ay, A3} and S = {B,, B,}.

Suppose that player A starts the game knowing fully well that whatever strategy he adopts, B will
select that particular counter strategy which will minimize the payoff to A. Thus, if A selects the
strategy A, then B will reply by selecting B,, as this corresponds to the minimum payoff to A in the
first row corresponding to A,. Similarly, if A chooses the strategy A,, he may gain 8 or 6 depending
upon the strategy chosen by B. However, A can guarantee a gain of at least min. {8, 6} = 6 regardless
of the strategy chosen by B. In other words, whatever strategy A may adopt he can guarantee only the
minimum of the corresponding row payoffs. Naturally, A would like to maximise his minimum
assured gain. In this example the selection of strategy A, gives the maximum of the minimum gains
0 A. We shall call this gain as the maximin value of the game and the corresponding strategy as the
maximin strategy. The maximin value is indicated in bold type with a star.

On the other hand, player B wishes to minimize his losses. If he plays Strategy B, his loss is at
the most max. {9, 8, 6} = 9 regardless of what strategy A has selected. He can lose no more than
Max. {2, 6, 4} = 6 if he plays B,. This minimum of the maximum losses will be called the minimax
}’alue of the game and the corresponding strategy the minimax strategy. The minimax value is
mfiicated in bold type marked with [+]. We observe that in the present example the maximum of row
Minima jg equal to the minimum of the column maxima. In symbols,

max. {r} =6= m}n. {c;}
or ‘ m?x. [m}n, {aj}] = 6 = mj_n. [mzilx. {a;}],
B §02003: andyj =11, 2. "
: Theorem 17.7. Let (a;) be the m x n payoff matrix for a two-person zero-sum game. Ify denwés
Maximin value and v the minimax value of the game, then v > v. That is, GO s i

- max. {q;}] 2 max. [ min. {a;}].
l?}gn [ls.'s:n{”}] isismm sisn o E s




e emax. {ai) 29
. Ll iy

min. {a,j} < a,-j

15j<n for al] l ii’i_% 5
maximum be attained at i = i’ and the minimum be attaineq atj<
. ~J i
B, max. {a;} =ay, and min. {a;)} = g, 7o
B e, IR i ISiSIn{ i} = aij lSan{ it = a iy
b R Sl
- Then, we must have
o g , _ ay 2 a;; 2 a foralli:l,z,,,_m.j
St % “From this, we get A 1'2»...'"
FAE R RS SN 3 2
TR o o n. {ay} 2 a; 2 max. {a; for all j = ;
l?}Sn Lingat lSiSm{ i’} o Lo o TS n
s A min. max. {g;}] 2 max. [ min. {a;
S 1<j<n 2, L] 1<i<m [1s,'s"{ i)
or V2.
Remarks 1. A game is said to be fair, if ¥ = 0 = V.
2. A game is said to be strictly determinable, if yv=v=9y

Rule for determining a Saddle Point

We may now summarize the procedure of locating the saddle point of a payoff matrix as follows;
Step 1. Select the minimum element of each row of the payoff matrix and mark them [%].
Step 2. Select the greatest element of each column of the payoff matrix and mark them [f].

Step 3. If there appears an element in the payoff matrix marked [*] and [] both, the position of
that clement is a saddle point of the payoff matrix.

SAMPLE PROBLEMS

'1701. Determine which of the following two-person zero-sum games are strictly determinable and
fair. Give optimum strategies for each player in the case of strictly determinable games :
Wi

b o :
LA 5 0 0 2
WS i)« Player A [ T ] b A [ 1 4 ]
; o [Madurai M.Com. 1991
‘;5“‘-"—"" Solution. (a) The payoff matrix for player A is "'

R Pla)"éfA Player B Row minimd

Bl B2 % i# |
st 0* .

0* 2t 0

5 2

esent the maximum payoff in each column of the payoff matrix. The largest comP g
S  (maximin value) and the smallest component of column maxima



. %--;zme‘ payoff matrix for player A is

e

Player B - R S
il A Row minima
P[ayer B] Bz 3
't 0
/Al——’/- g -
| —-1* 4t -1
B 0 4
Column maxima

e the payoffs marked with [*] represent the minimum payoff in each row and those marked
Sa‘;et’he maximum payoff in each column of the payoff matrix, we have
with

v (maximin value) = 0 and v (minimax value) = 0.
Asv = v = 0, the game is strictly determinable and fair, Optimum strategies for players A and B

e given by

So = (A, B).
1702. Solve the game whose payoff matrix is given by
Player A
a4 Ay Ay
B, 1 3 |
Player B B, 0 4 3
8y 1 5 &

[Bharathidasan B.Com. 1999]
Solution. Consider the set of pure strategies [

a = {A), Ay, A3} for player A and B = {B,, By, By} for player B.

Assume that player B starts the game knowing fully well that
counter with a strategy that will minimize the payoff to B. Thus, i
selecting A, or A, as this corresponds to the minimum payoff to B i
Similarly, if B chooses the strategy B,,

whatever strategy he adopts, A will
f B selects B, then A will reply by

lndic'atgd by forming a column vector r = {1, -4, -1
Maximize his minimum gain, which is just

_ _ the largest component of r. Thus, maxim
8ame is maximum of {1, -4, -1}, ie.,

um value of the
1 which corresponds to B

1» the maximin strategy.
to minimize his losses. If he plays strategy A,

1 regardless of what strategy B has adopted. He |
» if he plays A, and no more then max. {1 -3, -1}

responding to each A, € « are indicated by forming a
ima. The smallest component of ¢ represents the minimum possible loss to A
falegy B may adopt. Thus, the minimax value of the game is min. (1, S, 1), i.e., which
S0 vand A,; the minimax strategies.

The Maximin valye

On the other hand, player A wishes
the most maximum of {1, 0, LY ie:.
than max. {3, 4, 5}
Maximupm losses, co
of the column max
Whateyer st
COrrespond

his loss is at

0ses no more
if he plays A;. These
row vector ¢ = (1, S, 1)

is generally marked by {*} and the minimax value by {1} as shown below -

A Ay Ay r
B, 1+t 3 18] 0 g
B, 0 ~4x £ -4
B, 1t st ~1* =1

c: 1t 5 1t




observe from the above that there exist two saddle points (having * |

) and (1, 3). Thus, the solution to the game is given by

A (i) the optimum strategy for player B is B,, : 1

- (i) the optimum strategies for player A are A, and A;, ‘
|
|
|
|
\
\

(i) the value of game is | for B and -1 for A.

| Note : Since v # 0, the game is not fair, although it is strictly determinable.

Y7103, Determine the range of value of p and g that will make the payoff eleme

: sy ; M @, 0y
point for the game whose payoff matrix (a;) is given below : b
B S Player B
i : & 2 4 5%
X BlipenraeliSigs. "9 .
; ” 4 p 8

Solution. Let us first of all ignore the values of

p and g and determine the maximin and Minimy
values of the payoff matrix. For this, we have

B, B, By Row minima
A, 2 4 53
A, 10 7 q 7
As 4 p 8 4
Column maxima 10 7 8

Obviously, the maximin value ( v) is 7 and the minimax value (V) is also 7. Thus, there exisis
saddle point at position (2, 2).

- This imposes the condition on p as p<Tandongqasgq > 7.
Hence, the required range of values of p and g is
UsSegaepe<: 7.

PROBLEMS

1704, Determine which of the followin

: ir, Giv
§ g tWo-person zero-sum games are strictly determinable and falt
the optimum strategies for each player in th

e case of strictly determinable games :

(a) Player B (b) Player B
‘ B, B, B, B,
‘ SFs . [ > 2 A [ 10 =8
I ke 34 A, 4 2 Player A A 8 Z-M(Jam-’m’
FERR Ot are! 5H [Madurar ¥
- 1705. Consider the game G with the following payoff matrix : o
i i) g Wl 51 ‘ Player B 3 : 3
ﬂi"»i_ sibgns 1w B, B,

b K : A
S0 AF A L e ~ Player A ' [ z 6]

/ /vl ke ) mn
: trlctl}_/ ﬁ(_lg.tenninable whatever u may be.

S ek
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'HOUT SADDLE POINTS —MIXED STRATE Glrg .

n the minimum of column maxima and the maximum of row
there is no reason to expect that they should always lead to uni
point.
n all such cases to solve games, both the players must determine an optimal mjx
nd a saddle (equilibrium) point. The optimal strategy mixture for each player m
y assigning to each strategy its probability of being chosen. The strategies so determineq a
nixed strategies because they are probabilistic combination of available choices of strategy e calleg
~ The value of game obtained by the use of mixed strategies represents which least plz;yer A
~expect to win and the least which player B can lose. The expected payoff to a player in 4 s Can
- arbitrary payoff matrix (a;) of order m x n is defined as : Yith

FR 4Ry

Minima gre | '
Wo dj

que payoff posiﬁmf]fef;:n

~lhe

ture of Strateg:
t
ay be deten;igles

E@ @) = 2 2 piajq = p'Ag

where p and q denote the mixed strategies for players A and B respectively.
Maximin-Minimax Criterion. Consider an m x n game (a;) without any saddle point, je,
strategies are mixed. Let p,, p,, ..., p,, be the probabilities with which player A will play his moyes
Ay, Ay, ..., A, respectively; and let g, q,, ..., g, be the probabilities with which player B will play
his moves B, B,, ..., B, respectively. Obviously, p; 2 0 (i = 1,2, ..., m), g; 20 (j = 12
and p;+p,+...+p, = 1;q,+q,+...+q, = 1.
The expected payoff function for player A, therefore, will be given by

m n

E(p,q = 2 ,23] pi ajj g;

==

i
m n i
1
|
|
]

Making use of maximin-minimax criterion, we have
For Player A.

|
1% m |
Y = max. min. E(p, q) = max. I:min. { ) p‘»aij}:l |
b p q p j i=1
o ; m n m
BRSNS " Diai, 2 piap, ..., X p;a,
: P J i=1 i=1 i=1

.-;Here, min. {:gn p; a,-j} denotes the expected gain to player A, when player B uses his jth puré il

2% . n n n
pe=smin.ilimax. « ¥ g.ai. ¥ g.a b Bty ST b e e
q [ i {/=l e 82 i 2, % %

n 5 . v
T 94y ] denotes the expected loss to player B when player A uses his ith .Stl'ategy

il

ot e : 0 tim

nship v < v holds good in general and when p; and q; correspond (0 thel»,;(’;(arr'les
relation holds in ‘equality’ sense and the expected value for both the players

m expected value of the game.

o Es |

Bl r oy G
: of str ategies (p, Q) for which y = v = v is called a saddle point thaviﬂg ihe
For any 2x2 two-person zero-sum game without any saddle polﬂ’ ok

S




P1 _ G - a1 417 43 FNaL
RV 012 4 ay - ay
Cgnd g+ =1 The value v of the game to A is given by

ajpyaxp —a a : "
—— A gaen o e LT
n toap - (ap + ay) o s oacione s

; A
it a mixed strategy for player A be given by Sy = [ pl Az ], where pr+p= 1. Thus,
| 1)

the net expected gain of A will be
E\(p) = aypy + ay p2

oves By, the net expected gain of A will be
E, (p) = ayppy + anpa.

:;:’ < . g B B
%, if B plays his mixed strategy S, =[ ' A ], where ¢, +q;=1, then B’s net

B qy qy
aeded loss will be
' E (q)

énw-d

wer B mOVES B,

appqy + anaq

E; (q) = ay ¢y + a2

w gain of player A, when B mixes his moves with probabilities ¢, and g, is, therefore,

N [ay, py + aypal + @2laap; + ax pal-

o Ep. a) = 4
A would always try to mix his moves with such probabilities so as 10 maximize his

pol + (0=qp) laapr * ag (1=py)

E( q) = g laypy + an (-
+ (a2 = ap)py + (a2 - ay)q + an i

= lagy + agy - (ayp + a)l P
azz_—_ﬂg) g ayp az)

a - O
= A(pl - '*227”2“' )(qn T IR A

e
tﬁ""12’(‘“2""‘21)- rinsbod

¢ that if A chooses p, =a22;a2,' he ensures an expected gain of t least
limit his expected loss -

the two playe

vq A8

f'?z—;——f‘—'l: then B will

A. Similarly, if B chooses ¢, = v
will thus be optimal to

a,))/\. These choices of p, and 4,

an ~ 9 and pz=l—1’1
ay, + ayy — (app + @)
2 B~ figy
8L+ ag - (ayy + a21)

and 4 E'W‘ ﬂl“ﬁ r



Gm-ay @1 _an-ap.

e RN e
BB a4y -an @ ay -Gy iy i oy, TSN

The above formulae for p,, py, gy, g, and v are valid only for 2 x 5 games wiy,, i :

SAMPLE PROBLEMS

1714, For the game with the following payoff matrix, determine the optimum Strategies
alue of the game : and y,

P,
5 1
P ]
) 4
[ICSI (June) 1996; Madurai M.Com, (Nov,) .

Solution. Clearly, the given matrix is without a. saddle

point. So, the mixed Strategies of p, o
P, are :

SR ol e .
P'_[Pl p2 ]’ Pz—[‘h 9 }’ Prip =1 and e,
If E(p, q) denotes the expected payoff function, then
E®. 9) = 5p1a; + 3(1-p)) g, + p, (I-g) +4(1-p)(1-gq)
=5p191 - 3p; - q; + 4 = S(p1 = 1/5)(q, - 3/5) + 17/5.
If P, chooses p, = 1/5, he ensures that his expectation is at least 17/5. He cannot be sure of mo

than 17/5, because by choosing 91 = 3/5, P, can keep E (p,, g,) down to 17/5. So P, might as vl
settle for 17/5 and P, reconcile to 17/5. Hence, the optimum strategies for P, and P, are

e 2 I 2
PI oF / ) SP2 =
1/5 4/5 3/5 2/5

and the value of the game is v = 17/5.

, 1715. Consider a “modified”
 player is paid Rs. 8.00 if the two ¢
non-matching player is paid Rs. 3.
‘matching or non-matching player,

i
form of “matching biased coins” game problem. The ml'llf:"'g
oins turn both heads and Re. 1.00 if the coins tum'both 'ba'in'g
00 when the two coins do not match. Given the choice of be

/ r strateg):
which one would you choose and what WO;‘ll)‘ilgie Il)l,-(;?-"' 1999, 101
Solution. The payoff matrix for the matching player is given by

Non-matching Player

H T
- Matching Player " [ & S ]
i e R I

mat;ix does not POssess any saddle point. The players will

Strategy for matching player is determined by

SOl S T T T

e oo g

E ]

Rri



\ il

ected value of the game (corresponding to the above strategies) is given byxm,g

The eXP 81 AR Lo i g

TR ] = e e

Thus, the optimum mixed strategies for matching player and non-matching player are given by
§ H T H T
\ = and™ 48 - =
smarch 4/15 11/15 ] non-match { 4/15 11/15
Clearly, We would like to be the non-matching player.
PROBLEMS
1716. Solve the following game and determine the value of the game :
(a) B (b) Y
by s i
A ) X
-3 0 2 3
[Madras B.E. (Mech.) 1999] [Allahabad M.B.A. 1998]

1717. In a game of matching coins with two players, suppose A wins one unit of value, when there are two
heads, Wins nothing when there are two tails and loses % unit of value when there are one head and one tail.

termine the payoff matrix, the best strategies for each player and the value of the game to A.

g [Amravathi B.E. (Rul.) 1994]
1718. Two players A and B match coins. If the coins match, then A wins two units of value, if the coins do

oot match, then B wins 2 units of value. Determine the optimum strategies for the players and the value of the

game. [Madras M.B.A. (Nov.) 2006; Delhi M.Com. 2008]
1719. A and B each take out one or two matches and guess how many matches opponent has taken. If one of

the players guesses correctly then the loser has to pay him as many rupees as the sum of the number held by both
players. Otherwise, the payout is zero. Write down the payoff matrix and obtain the optimal strategies of both

players. [Jodhpur M.Sc. (Math.) 1994]

17:6. GRAPHIC SOLUTION OF 2 xn AND m x2 GAMES

The procedure described in the last section will generally be applicable for any game with 2 X2
payoff matrix unless it possesses a saddle point. Moreover, the procedure can be extended to any
square payoff matrix of any order. But it will not work for the game whose payoff matrix happens to
be a rectangular one, say m x n. In such cases a very simple graphical method is available if either m

or n is two. The graphic short-cut enables us to reduce the original 2xn or mx2 game to a much
simpler 2 X 2 game. Consider the following 2 X n game :

Player B
B B, B,
A a a
Player A 1 11 12 a, ;
A2 a2l ay) alats a'Zn

It is assumed that the game does not have a saddle point. Let the optimum mixed strategy for A be

. A A,
given by s, = [ p: p; ] where p, +p,=1. The average (expected) payoff for A when he plays S,

against B’s pure moves B,, B, ..., B, is given by
B’s pure move A’s expected payoff E (p)
; B, E\(pyy = anpy + G21P2 = ay py + a3 (1-py)
B,

E, (p)) = ajppy + anpay = a;apy + axp(l-py)

B, E,(P1) = aj,p1 + G2, P2 = @1aPy + g, (1-py).

RN



P u'\IIQNs RE "

: SR,
According to the maximin criterion for mixed strategy games, plgyer A shoulg Selecy ¢ Ch
Py and p, so as to maximize his minimum expected payoffs. This may be done by he v,
expected payoff lines :

Plotj
Ej () = (a); - ay) py + ay; (=3l 259 )y
The highest point on the lower envelope of these lines will give maximum of the mipn;
maximin) expected payoffs to player A as also the maximum value of ;. Mup
The two lines* passing through the maximin |
combined with two of A, yield the 2 x 2 matrix that can be used to determine the Optimup, - Whl?h,
of the two players, for the original game, using the results of the previous section, Talegie

The (m x 2) games are also treated in the same way where the upper envel

corresponding to B’s expected payoffs will give the maximum ex
lowest point on this then gives the minimum expected payoff (mini
of g,.

ll]es Of
M8 the

(l'.e_ :

)

point identify the two critical Moves of p

ope of the g
pected payoff tq
max value) and ¢

traight fi,,
player p and

he optimyp, valyg

SAMPLE PROBLEMS
1720. Solve the Jollowing 2 x 2 game graphically :

Player B
B, B By By
A 2 1 -2
Player A ' { 2 J !
R 0 3 > (Demi B.Se. (a) 1y

the problem does not
trategy § [ gruon 2
strate =

gY Sy ?, P, ]
moves are given by

Solution. Clearly, Possess a saddle point. Let the

player A play the mird
where p, = 1 — P

against B. Then A’s expected payoffs against B's pure :

B’s pure moye

A’s expected payoff E (py)
3 Ey(p) =py + 1
&2 E; () = p
3 E3(py) = ~3p, + 3
By

Ey(p)) = -4p, + 2 i
ions of p, as shown in Fig. 1'7'1“:an00
WO vertical axis / and 2, unit dist

H
: ough ™
- The lines B, and B,, passing Ly o

: e org™
ds to play. The solution to the. i




Axis 1 Axis 2
+3 -J +3

+2 +2

+1 +1

Maximin

Lower
-2 envelope

Fig. 17.1. The maximin value

A Ay B, B4
Now f Sﬁ[ | } oL SB:[
P P2 a2 9
e the optimum strategies for A and B, then we have
| 2-0
&7 - = = - = / s
PL = T3 L) Lkt
-
q2=_2_;i:2L=4/5 ga=1-q = 1/5.
‘& B ey e d
B Hence the solution to the game is
l
(i) the optimum = [ ¥ ) ]
2 strategy for A is §, = :
i _ [ B, B, " petein] ]
strategy for B Sp =
4 gy is Sp 0 4/5 0 1/5
(')the expected i 2x1-0xCD) _ 2
valu ) = s
e of the game is v 1+ -0 -2

L~ Obtain the optimal strategies for both-persons and the value of the game for zero-sum
: 'ngame Whose payoff matrix is as follows 5 il




OPE'H«;};

Aj Ey(q) = =79, + 6
A Eqy(q1) = 3q; + 1
As Es(q)) =2

; Ag Eg(q1) = -5q,

4

H

The expected payoff equations are then plotted as functions of g, as shown in Fig. 17954

/ //I
% Ajﬁéer// 6
5 envelope 5
s A
3l A 3 |
As g |
2 v . - £
s Maximin :
1 Aq . :
0 """""""""" b R O l
-1 = i
_2 _2 '
_3 _3
-4 -4
5 _5
Sgl= -6

H, define the two relevant moves A,

that alone the player A needs
original 6 X 2 game, therefore, reduc

to play. The solution to the '
at of the simpler game w

es to th ith 2 x 2 payoff matrix :

I
|
Player B |
2 Player A [ : > J
4 1
If we now, let
Ay AZ A4 ] B] B
SA=[ v P+ —l,S—[ 2] +gy=1
P P, [P ’ B @ aomilla q + q;
‘ then using the usual method of solution for 2 x 2 games, the optimum strategies can easily be obtaned
as
SA =[ Ay Az A3 A4 AS A6 B, B, ]
0 3/5 0 2/5 0 il 4/5 1/5
and the value of the game as v = 17/5.

PROBLEMS
Solve the following problem graphically .

B L

Player B
Player A

3
2
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