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UNIT V 

HYPERBOLIC FUNCTION RELATION BETWEEN HYPERBOLIC FUNCTION- 

INVERSE HYPERBOLIC FUNCTION- SEPARATE INTO REAL AND IMAGINARY  

PART A 

1.Write the formula for  Euler’s exponential values sin 𝜽  and cos 𝜽  

       sin 𝜃  =
𝑒𝑖𝜃−𝑒−𝑖𝜃

2
 and cos 𝜃=

𝑒𝑖𝜃+𝑒−𝑖𝜃

2
   , tan 𝜃=

𝑒𝑖𝜃−𝑒−𝑖𝜃

𝑒𝑖𝜃+𝑒−𝑖𝜃 

2.Hyperbolic function 

    The hyperbolic function of a real number x are defined as 

    sinℎ𝜃  =
𝑒𝜃−𝑒−𝜃

2
 and cosh𝜃=

𝑒𝜃+𝑒−𝜃

2
  , tan ℎ𝜃=

𝑒𝜃−𝑒−𝜃

𝑒𝜃+𝑒−𝜃 

 

3.Prove that  𝒄𝒐𝒔𝒉𝟐𝒙 − 𝒔𝒊𝒏𝒉𝟐𝒙 = 𝟏 

Proof: 

We know that  𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1  

   Put x=ix  in this equation ,we get 

   𝑐𝑜𝑠2(𝑖𝑥) + 𝑠𝑖𝑛2(𝑖𝑥 ) = 1 

Since Sin(ix) = iSin(hx)  and Cos(ix)=Cos (hx) 

  𝑐𝑜𝑠ℎ2(𝑥) + 𝑖2𝑠𝑖𝑛ℎ2(𝑥 ) = 1 

  𝑐𝑜𝑠ℎ2(𝑥) − 𝑠𝑖𝑛ℎ2(𝑥 ) = 1 

Hence proved. 

4.Prove that Sinh2x=2Sinhx coshx 

Proof: 

 We know that  Sin 2 𝜃 = 2𝑠𝑖𝑛𝜃 cos 𝜃  

Put 𝜃 = 𝑖𝑥 ,    Sin 2(ix) = 2sin (𝑖𝑥) cos(𝑖𝑥)  

                    iSin 2(hx) = 𝑖2sin (ℎ𝑥) cos(ℎ𝑥)                 

 

   

Hence proved. 

1 

Sin 2(hx) = 2sin (ℎ𝑥) cos(ℎ𝑥)  

 



5.Prove that tanh(x+y)=
𝒕𝒂𝒏𝒉𝒙+𝒕𝒂𝒏𝒉𝒚

𝟏+𝒕𝒂𝒏𝒉𝒙+𝒕𝒂𝒏𝒉𝒚
 

Proof: 

We know that: tan (A+B)=
𝑡𝑎𝑛𝐴+𝑡𝑎𝑛𝐵

1+𝑡𝑎𝑛𝐴+𝑡𝑎𝑛𝐵
 

Put A=ix  ,  B=iy 

 itanh(x+y)=
tan (𝑖𝑥)+tan (𝑖𝑦)

1−tan (𝑖𝑥)+tan (𝑖𝑦)
 

  itanh(x+y) =
i(tan(ℎ𝑥)+tan ℎ𝑦)

1−𝑖2tan (ℎ𝑥)+tan (ℎ𝑦)
 

  

 

 

Hence proved. 

6.Separate into real and imaginary parts of sin(x+iy) 

Solution: 

sin(x+iy)=sinx cosiy+ cosx siniy 

sin(x+iy) =sinxcoshy+ i cosxsinhx 

Real part: sinxcoshy  ,   Imaginary = cosxsinhx 

 

PART B 

1.Separate into real and imaginary parts of tanh(x+iy) 

Solution: 

 Since tan(ix)= itanhx ,   tanhx=-ix 

   tan(x+iy)= -itan(ix-y) 

                  =- 
sin (𝑖𝑥−𝑦)

cos (𝑖𝑥−𝑦)
 

                   =-i
2 sin(𝑖𝑥−𝑦) cos(𝑖𝑥−𝑦)

2 cos(𝑖𝑥−𝑦) cos(𝑖𝑥−𝑦)
 

tanh(x+y) =
(tan(ℎ𝑥)+tan ℎ𝑦)

1+tan (ℎ𝑥)+tan (ℎ𝑦)
 

 



           itanh (x+iy) =-i
−𝑖𝑠𝑖𝑛2𝑦+𝑖𝑠𝑖𝑛ℎ2𝑥

𝑐𝑜𝑠2𝑦+𝑐𝑜𝑠ℎ2𝑥
 

            tanh (x+iy) =
sinh 2𝑥

𝑐𝑜𝑠2𝑦+𝑐𝑜𝑠ℎ2𝑥
+ 𝑖

𝑖𝑠𝑖𝑛2𝑦

𝑐𝑜𝑠2𝑦+𝑐𝑜𝑠ℎ2𝑥
 

 

Real part=
𝐬𝐢𝐧𝐡 𝟐𝒙

𝒄𝒐𝒔𝟐𝒚+𝒄𝒐𝒔𝒉𝟐𝒙
 

 

Imaginary Part=
𝒊𝒔𝒊𝒏𝟐𝒚

𝒄𝒐𝒔𝟐𝒚+𝒄𝒐𝒔𝒉𝟐𝒙
 

 

 

 

2.If sin(𝜽 + 𝒊𝝋) = 𝐭𝐚𝐧(𝒙 + 𝒊𝒚) show that 
𝐭𝐚𝐧 𝜽

𝒕𝒂𝒏𝒉𝝋
=

𝐬𝐢𝐧 𝟐𝒙

𝒔𝒊𝒏𝒉𝟐𝒚
 

Solution: 

sin(𝜃 + 𝑖𝜑)=sin𝜃 𝑐𝑜𝑠𝑖𝜑 + 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝑖𝜑 

sin(𝜃 + 𝑖𝜑  =sin 𝜃𝑐𝑜𝑠ℎ𝜑 + 𝑖𝑐𝑜𝑠𝜃𝑠𝑖𝑛ℎ𝜑   

   tan(x+iy) =
sin (𝑥+𝑖𝑦)

cos (𝑥+𝑖𝑦)
 

                = 
2 sin(𝑥+𝑖𝑦) cos(𝑥−𝑖𝑦)

2 cos(𝑥+𝑖𝑦)cos (𝑥−𝑖𝑦)
 

                = 
𝑠𝑖𝑛2𝑥+𝑠𝑖𝑛𝑖2𝑦

𝑐𝑜𝑠2𝑥+𝑐𝑜𝑠2𝑖𝑦
 

 tan(x+iy) = 
𝑠𝑖𝑛2𝑥+𝑖𝑠𝑖𝑛2ℎ𝑦

𝑐𝑜𝑠2𝑥+𝑐𝑜𝑠ℎ2𝑦
 

From (1) and (2) equating real and imaginary parts 

     sin 𝜃𝑐𝑜𝑠ℎ𝜑=
𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥+𝑐𝑜𝑠ℎ2𝑦
   

𝑐𝑜𝑠𝜃𝑠𝑖𝑛ℎ𝜑  =
𝑠𝑖𝑛2ℎ𝑦

𝑐𝑜𝑠2𝑥+𝑐𝑜𝑠ℎ2𝑦
   

(3)/(4) gives  

      tan𝜃coth𝜑= 
𝑠𝑖𝑛2𝑥

𝑆𝑖𝑛ℎ2𝑦
 

1 

2 

3 

4 



        
𝒕𝒂𝒏𝜽

𝒕𝒂𝒏𝒉𝝋
= 

𝒔𝒊𝒏𝟐𝒙

𝑺𝒊𝒏𝒉𝟐𝒚
 

 

 

3.If sin(A+iB)=x+iy  prove that 

i)
𝑥2

𝑠𝑖𝑛2𝐴
−

𝑦2

𝑐𝑜𝑠2𝐴
= 1 

ii) 
𝑥2

𝑐𝑜𝑠ℎ2𝐴
+

𝑦2

𝑠𝑖𝑛ℎ2𝐴
= 1 

Solution: 

x+iy = sin(A+iB) 

        =sinAcosiB+cosAsiniB 

x+iy =sinAcoshB+icosAsinhB 

Equating real and imaginary parts 

       x= sinAcoshB , y=cosAsinhB 

                           
𝑥

 𝑠𝑖𝑛𝐴
= 𝑐𝑜𝑠ℎ𝐵  ,  

𝑦

𝑐𝑜𝑠𝐴
= 𝑠𝑖𝑛ℎ𝐵 

Squaring and subtracting  
𝑥

𝑠𝑖𝑛2𝐴
+

𝑦

𝑐𝑜𝑠2𝐴
= 𝑐𝑜𝑠ℎ2𝐵 + 𝑠𝑖𝑛ℎ2𝐵 

 Again  
𝑥

𝑐𝑜𝑠ℎ𝐵
= 𝑠𝑖𝑛𝐴  ,  

𝑦

𝑠𝑖𝑛ℎ𝐵
= 𝑐𝑜𝑠𝐴 

Squaring and adding
𝑥

𝑐𝑜𝑠ℎ2𝐵
+=

𝑦

𝑠𝑖𝑛ℎ2𝐵
𝑠𝑖𝑛2𝐴 +𝑐𝑜𝑠2𝐴 

4.If sin(𝛉 + 𝐢𝛗) = 𝐭𝐚𝐧𝛂 + 𝐢𝐬𝐞𝐜𝛂  𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐜𝐨𝐬𝟐𝛉𝐜𝐨𝐬𝐡𝟐𝛗 = 𝟑 

Solution: 

Given sin(θ + iφ) = tanα + isecα 

      sin θ cosiφ+cos θ siniφ= tanα + isecα 

  sin θ coshφ+icos θ sinhφ= tanα + isecα 

Equating real and imaginary parts 

  sin θ coshφ= tanα   

cos θ sinhφ = secα 

1 

2

1 



Squaring and Subtracting 

sin2θ cosℎ2φ − co𝑠2 θ sinℎ2φ =  tan2α  - sec2α 

(
1+𝑐𝑜𝑠2𝜃

 2
) sinℎ2𝜑 − (

1−𝑐𝑜𝑠2𝜃

2
) 𝑐𝑜𝑠ℎ2𝜑 = 1 

(𝑠𝑖𝑛ℎ2𝜑 − 𝑐𝑜𝑠ℎ2𝜑) + 𝑐𝑜𝑠2𝜃(𝑐𝑜𝑠ℎ2𝜑 + 𝑠𝑖𝑛ℎ2𝜑) = 2 

𝐜𝐨𝐬𝟐𝛉𝐜𝐨𝐬𝐡𝟐𝛗 = 𝟑 

 

5.Separate into real and imaginary parts of sinh(x+iy) 

Solution: 

We know sin ix=isinhx 

                             Sinhx=-isinix 

                  Sinh(x+iy)=-isin(x+iy) 

                                   =-isin(ix-y) 

                                   =-i[sin(ix) cosy-cos(ix) siny]     

                                    =-i[isin(hx) cosy-cos(x) siny]   

                Sinh(x+iy)  =   sinhx cosy+i coshx siny        

Real Part=  sinhx cosy 

Imaginary Part = coshx siny 

PART C 

If  sinhx =y , then x=𝑠𝑖𝑛ℎ−1𝑦. Then sympol  𝑠𝑖𝑛ℎ−1 is called the inverse hyperbolic function. 

Similarly   𝑐𝑜𝑠ℎ−1 , 𝑡𝑎𝑛ℎ−1 denote the inverse hyperbolic  cosine and inverse hyperbolic  

tangent function. 

1.Show that 𝒔𝒊𝒏𝒉−𝟏𝒙 = 𝒍𝒐𝒈𝒆(𝒙 + √𝒙𝟐 + 𝟏) 

Solution: 

Let y= 𝑠𝑖𝑛ℎ−1𝑥    ,   x=sinhy =
𝑒𝑦−𝑒−𝑦

2
 



                                  x=  
𝑒𝑦−𝑒−𝑦

2
 

                                2x =  𝑒𝑦 − 𝑒−𝑦        

                                2x =  𝑒𝑦 −
1

𝑒𝑦       

           𝑒2𝑦 − 2x𝑒𝑦 − 1=0 

Solving for 𝑒𝑦      →     𝑒𝑦 =
2𝑥±√4𝑥2+4

2
 

                              →     𝑒𝑦 =  𝑥 ± √𝑥2 + 1 

Since   𝑒𝑦>0 always, the value  𝑥 − √𝑥2 + 1 is not possible. 

              𝑒𝑦 =  𝑥 + √𝑥2 + 1    ,  y= 𝑙𝑜𝑔𝑒(𝑥 + √𝑥2 + 1)  ,  

y=𝒔𝒊𝒏𝒉−𝟏𝒙 =𝒍𝒐𝒈𝒆(𝒙 + √𝒙𝟐 + 𝟏) 

 

2.Show that 𝒄𝒐𝒔𝒉−𝟏𝒙 = 𝒍𝒐𝒈𝒆(𝒙 + √𝒙𝟐 − 𝟏) 

Solution: 

Let y= 𝑐𝑜𝑠ℎ−1𝑥    ,   x=coshy =
𝑒𝑦+𝑒−𝑦

2
 

                                  x=  
𝑒𝑦+𝑒−𝑦

2
 

                                2x =  𝑒𝑦 + 𝑒−𝑦        

                                2x =  𝑒𝑦 +
1

𝑒𝑦       

           𝑒2𝑦 − 2x𝑒𝑦 + 1=0 

Solving for 𝑒𝑦      →     𝑒𝑦 =
2𝑥±√4𝑥2−4

2
 

                              →     𝑒𝑦 =  𝑥 ± √𝑥2 − 1 

Since   𝑒𝑦>0 always, the value  𝑥 − √𝑥2 − 1 is not possible. 

              𝑒𝑦 =  𝑥 + √𝑥2 − 1    ,  y= 𝑙𝑜𝑔𝑒(𝑥 + √𝑥2 − 1)  , y=𝒄𝒐𝒔𝒉−𝟏𝒙 =𝒍𝒐𝒈𝒆(𝒙 + √𝒙𝟐 − 𝟏) 

 



3.Show that 𝒕𝒂𝒏𝒉−𝟏𝒙 =
𝟏

𝟐
𝒍𝒐𝒈𝒆(

𝟏+𝒙

𝟏−𝒙
) 

Solution: 

          Let      y=𝑡𝑎𝑛ℎ−1𝑥 

                    x=tanhy =
ey−e−y

ey+e−y 

                                   =
e2y−1

e2y+1
 

               x(e2y + 1) =  e2y − 1 

                               x= 
e2y−1

(e2y+1)
 

                            2y= 𝑙𝑜𝑔𝑒(
1+𝑥

1−𝑥
) 

                             y= 
1

2
𝑙𝑜𝑔𝑒(

1+𝑥

1−𝑥
)   

                y=𝒕𝒂𝒏𝒉−𝟏𝒙=
𝟏

𝟐
𝒍𝒐𝒈𝒆(

𝟏+𝒙

𝟏−𝒙
)   

4.If tanh(
𝒙

𝟐
) = 𝐭𝐚𝐧 (

𝜽

𝟐
). Show that x=𝐥𝐨𝐠 𝐭𝐚𝐧(

𝝅

𝟒
+

𝜽

𝟐
) 

Solution: 

Given   tanh(
𝑥

2
) = tan (

𝜃

2
) 

                    (
𝑥

2
) = tanh-1 (tan (

𝜃

2
)) 

        (
𝑥

2
) =

1

2
log(

1+tan (
𝜃

2
)

1−tan (
𝜃

2
)
) 

                x=log 
𝑡𝑎𝑛

𝜋

4
+𝑡an (

𝜃

2
)

1−𝑡𝑎𝑛
𝜋

4
+𝑡an (

𝜃

2
)
 

              x=log tan(
𝜋

4
+

𝜃

2
) 

   x=𝐥𝐨𝐠 𝐭𝐚𝐧(
𝝅

𝟒
+

𝜽

𝟐
) 

 

  



5.Separate into real and imaginary parts  tan-1(x+iy) 

Solution: 

 Let  tan-1(x+iy)=A+iB 

           (x+iy)=tan (A+iB) 

          (x-iy)=tan (A-iB) 

   2A=A+iB+A-iB 

   tan2A=tan(A+iB+A-iB)  

             =
tan(𝐴+𝑖𝐵)+tan(𝐴−𝑖𝐵)

1−tan(𝐴+𝑖𝐵).tan(𝐴−𝑖𝐵)
 

               =
𝑥+𝑖𝑦+𝑥−𝑖𝑦

1−(x+iy)(x−iy)
   

tan2A=
2𝑥

1−𝑥2−𝑦2 

       2A=  tan-1 (
2𝑥

1−𝑥2−𝑦2)      or A=
1

2
 tan-1 (

2𝑥

1−𝑥2−𝑦2) 

Further 2iB= (A+iB)-(A-iB) 

tan2iB=tan [(A+iB)-(A-iB) ] 

             =
tan(𝐴+𝑖𝐵)−tan(𝐴−𝑖𝐵)

1+tan(𝐴+𝑖𝐵).tan(𝐴−𝑖𝐵)
 

               =
(𝑥+𝑖𝑦)−(𝑥−𝑖𝑦

1+(x+iy)(x−iy)
)   

itanh2B=
2𝑖𝑦

1+𝑥2+𝑦2 

tanh2B=
2𝑦

1+𝑥2+𝑦2 

       2B=  tan-1 (
2𝑦

1+𝑥2+𝑦2)      or B=
1

2
 tan-1 (

2𝑦

1+𝑥2+𝑦2) 

          

Real Part= A=
𝟏

𝟐
 tan-1 (

𝟐𝒙

𝟏−𝒙𝟐−𝒚𝟐) 



 

Imaginary Part= B=
𝟏

𝟐
 tan-1 (

𝟐𝒚

𝟏+𝒙𝟐+𝒚𝟐) 

 

 

6.Show that cosh5𝜽= 𝟏

𝟏𝟔
[𝐜𝐨𝐬 𝒉𝟓 𝜽 + 𝟓𝒄𝒐𝒔𝒉𝟑𝜽 + 𝟏𝟎𝒄𝒐𝒔𝒉𝜽] 

Solution: 

   cosh5𝜃 = (
𝑒𝜃+𝑒−𝜃

2
)5 

                       = 
1

25 [𝑒5𝜃 + 5𝑐1𝑒4𝜃𝑒−𝜃 + 5𝑐2𝑒3𝜃𝑒−2𝜃 + +5𝑐3𝑒2𝜃𝑒−3𝜃 + 5𝑐4𝑒𝜃𝑒−4𝜃 + 𝑒−5𝜃  

                      = 1

25 [ (𝑒5𝜃 + 𝑒−5𝜃) + 5(𝑒3𝜃+𝑒−3𝜃)+10(𝑒𝜃+𝑒−𝜃) 

                      =
1

16
[cos ℎ5 𝜃 + 5𝑐𝑜𝑠ℎ3𝜃 + 10𝑐𝑜𝑠ℎ𝜃] 

cosh5𝜽= 𝟏

𝟏𝟔
[𝐜𝐨𝐬 𝒉𝟓 𝜽 + 𝟓𝒄𝒐𝒔𝒉𝟑𝜽 + 𝟏𝟎𝒄𝒐𝒔𝒉𝜽] 

 

           

 

 

 

 

 

 

 


