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UNIT V

1. Fourier series:
f (x) =%+Z(an cos Nz +b, sin nz x)
n=1

This representation of f (x) is called a Fourier series or Fourier expansion.
Here a,,a,,b, are called Fourier coefficients.
Where,

1 2z

a0=;f0 f (x) dx

a, :EJ'M f (x) cos nz dx
7 v0

bn=1j2”f(x)sin nz dx
7Z' 0

2. 0Odd and Even functions with examples:
If f(x)=f(-x) then f(x) is said to be even. Ex. x*,cos X, sin®x, |x|, xsin x.
If f(x)=—f(—x) then f(x) is said to be even. Ex. x, x*,xcos X, sin x, sin 2x, tan® x.

3. Properties of odd and even functions:
(i) j f(x)dx =0 if f(x)isan odd.

(i) J‘_aa f(x)dx= 2[02” f (x)dx if f(x)isan even.

4. Half range Fourier series:
Let f(x) be a periodic function with period 27z . We have considered the expression

of f(x) as a Fourier series in the interval (-z,7) or (0,2z). Sometimes it may be

required to expand as Fourier series in a range with equal to half the period. It may further
be required that series should obtain only cosine terms or only sine terms such series are
known as half range series.

5. Write the development in cosines series.
Let f(x) be expanded as a series containing cosines only and

Let f(x)= 6‘—20+Z(an COS N7T ) -----mmmmm- (1)
n=1
If we integrate both sides of (1) between limits 0 to 7z .
T B ﬁi *© V4 . M
Then _[0 f(x) dx_J.0 > dx+§anfo oS Nx dx = >

T T
a, :E'[O f (x) dx.
If we multiply both sides of the above equation (1) by cos nz and integrate from 0 to .
T T
Then IO f(cos nx dx=a, - .

Since all the terms except the term containing b, vanish.
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a, =E'[” f(x)cos nx dx.
72' 0

6. Write the development in sine series.
Let f(x) be expanded as a series containing sines only and

Let f(x)=> b, sinnx.
n=1
Multiply both sides of the above equation by sin nx and integrate from O to .
s . T

Then IO f(x)sin nxdx =b, 5

Since all the terms except the term containing b, vanish.
2 ¢~ .
b, =;'[0 f (x)sin nx dx.

7. Write the change of interval.
Suppose we have to expand f (x) in the interval —I to | as a Fourier series.

LetX:z, ie.,x:ll.
| Vs
When x=—-1, X =-x and

When x=I, X=7x

Hence the function becomes f (Il] can be expanded as Fourier series of the form
T

f (K]:i+i(an cos nX +b, sin nX)

T 2 =

Where a_ = ! j_” f(ll)cos nX dX (n=0,12,.....)

T T

Reverting back to the original variable x.

IX
X=—).
T
dx=|d—x.
T
When X =7z, x=1;
X=—z,x=-l
1, nzX ndX
a =—| f(x)cos—— .——
" ﬂ'[" () | [
1p Nz X
:f-[—' f (x)cosl—dx.
.. 1 . nzX ndX
Similarly, b ==—| f(x)sin——.—/—
y " 72-[*' () I I
1




Therefore f(x)= > +Z(a cos—+b sin @j
n=1

Where,
1 ¢l
a, =I-L f (x) dx

1 nz X
a, :TI—' f(x)cosde
10 . N X
b, :I_-[—' f(x)sml—dx

8. Combination of series:

Some of the known Fourier expansions may be easily combined to yield Fourier
expansions of any linear and quadratic functions of x over the half range interval 0 < x<1.

The following half range expansions in the interval 0<x <1 will be found useful.

4( . zx 1 3zx 1 57X
1. 1=— sm— =sin ——+=sin —+.....

V4 I 3 | 5 I

2| .oax 1 2zx 1 37X
2. X= sin =—/— —=sin ——+=sin ——.....

T I 2 I 3 [

| 4l azx 1 3zx 1 57X
3. X=_-——5|C0S —+—C0S —— +—C0S — +.....

2 I 3 I 5 I

, 12 47 zx 1 2zx 1 37X

4, X =———|C0S ———C08S — +—C0S —+.....

3 I 2 I 3 I

2 2 2

5. 25| -y 71 e 20 7L i 3Ty X

9. Derive a cosine series for f(x)=x in 0<x<?2.

Cosine series:
| 4] zx 1 3zx 1 5xX
-4 )

Given: | =2

_2 42 (C zx 1 3zx 1 5zx j

C0S ——+—5C0S —— + —C0S —— +....
I 3 I 5 I

5~ | C0S —+ —C0S —— +—C0S —— +.....

2 2 3 2 5 2

8 ax 1 3zx 1 57X

x:l——2 COS — +—C0S —— +—C0S —/— +..... .
T 2 3 2 5 2

10. Derive a sine series for f(x)=x in 0<x<2.

Sine series:
2| ax 1 . 2zx 1 3rX
X = sin =——=sin ——+=c0S — +..... ,
s I 2 I 3 |

Given: | =2




2(2) zx 1 . 2zx 1 37X
X= Sin ——SIN ——+—C0S ——+.....
V4 2 2
4 zx 1 27X 1 37X
X=—|sin == —=sin === +2c0s —=+.....
V4 2 2

11. Obtain a sine series for f(x)=c intherangeOto r.

Solution:
We have to find the half range sine series for f(x).

£(x)= Y b, sin nx
n=1

Where, b, zgj” f (x)sin nz dx
7Z’ O
To Find b, :

b, :Ej”c sin nz dx
7z' O

2C ¢~ .
:—.[ sin nz dx
T 0

_2c[-cosx ]
il
_2c|[-cosx -cos0
"zl nn }
_% —(—1)”+1}
7| n n

2c

== [1-(=1)"

—[1-¢]
Whenniseven, b, =0.
_4c

When n is odd, b,
nz

f(x)=c zﬁsin nz
nz

4c{sin7z sin37 sin5x }
=— + + Fo

nz | 1 3 5

Put x:z,
2

:ﬂ{l—l+%+ ..... } Since {Sin%=l,8iﬂﬂ'=0}

Therefore,




12. Find a cosine series for f(x)=(zr—x) in 0<x< 7.
Solution:

We have to find the half range cosine series for f(x) .
f(x)= % +> (a, cosnr)
=1
Where,
2 ¢r
8 == [ £ dx
2 ¢x
a, :—I f (x) cos nz dx
T 0
Tofind a,:

2 ¢x
a0=;IO f (x) dx

:%jo”(n—x) dx

Therefore, a, =7
Tofind a,:

2 ¢x
a, :;IO f (x)cos nz dx

2 ¢x
:;jo (7 —x)cos nz dx

This is in the form of Iudv, by using Bernoulli formula.

J.udv=uv—u'vl+u"v2 —Uu"V; +......

dv = cos nxdx
Uu=m—X _
, sin nx
u'=-1 Dov=
n O n
4= _ —Cosnx
1 nz




zg{(ﬁ_x)[smnxj ( cosnx}ro}”
T 0

2o 2)-ca[ L2 H—{(n)@j—(—l)(_—zlﬂ
x| \n n n n
_2( D +(i)
Czon? n’
Therefore, a, =E[_(_21)nj+(i2j
z\ n

-5 S oo

13. In the range (0,2l) f(x) is defined by the relations
0 when O<x<I

f(x)= expand f(x) as a fouries series of period 2I .

a when l<x<2l
Solution:

f(x): i(a cosﬂTX+b sin @]
n=1
Where,
1 ¢l
ao:fL f (x) dx

a, = %J‘_II f (x)cos @ dx

1 . N X
b, :I_-[—l f(x)sml—dx

Given interval: 0 to 2I

a0=%j02' f (x) dx

| Jo

1 Nz X
b ==| f(x)sin—=dx
: II (x)sin =

a, :}J.ZI f (x)cos @ dx

To find a,:

a, :%j:' f (x) dx

f(x)=a, I<x<2l.

=E_(ﬁ_7z)(smn j ( cosn(n)ﬂ {(” 0)(smn(0)) (1)(

Ccos n(O)

)




a0=T | a dx
=I}a IZIdx

ar 21
:I_[X]I
=3[a1-1]

Therefore a, =a.

Tofind a,:

1 21 Nz X
a :—IO f(x)cosde

"o
f(x)=a, I<x<2l.

12 nz X
a“:f| acosde

1 (2 Nz X
=faI' cosde

21
. NmX
SIn |7

a
| Nz X

=i[sin 2 nx —sin nx]
nz

Therefore a, =0.
Tofind b, :

12 . Nz X
b =_I0 f(x)sdex

"o
f(x)=a, I<x<2l.

b =} 2Iasin@dx

n I |

2
Nz X
—CO0S T

| Nz X

= —a[cos 2 nx —cos nx]
nz




—a N
Therefore bnzg[(—l) -1].

Hence b, =0 when n isevenand b, _ﬁ when n is odd.
nz

a Z2a 1 zx 1 57x

f(x ):———[sm—x +2sin T4 Zsin X }
2 nz I 3 Il 5 I

14. Find a sine and cosine series for f(x)=2x—-4 in 0<x<4.
Solution:

Combination of sine series:

ZI( azx 1 2zx 1 3rx j
X=—|SIn ——=S8in ——+=sin ———.....
T I I |
4( zx 1 . 3zx 1 57X j
1=—|sin — —sml— =sin |—+ .....
T

Given: f(x)=2x-4, |=4

2(4)( 1 2rx 1 37X j
X = sin =— —=sin ——+=sin ———.....
T 4 4
8(. ax 1 . 2zx 1 . 3xzx j
X=—|sin =——=sin ——+=sin ———.....
V4 4 4
8 zx 1 2zx 1 37X
2x=2{—| sin ——=sin ——4+=sin ———.....
s 4 2 4 3 4
2X = 2(8) sm——lsinzi+lsin%— ..... j
T 4 3 4
2X =

16 2 G 2zx 1 37X
sin — —=sin ——+=sin ———.....
2 4 3

T
1(4) :@(sin X4 Lin 37T—X+lSin LI j
n 4 3 5

16( zx 1 . 3zx 1 . 5xx ]

4 = sin =—4+=sin ——+=sin —— +.....
3 4 5 4

T




2X—-4 =

16(. X 1 2zx 1 37X J 16( zx 1 3zx 1 57X
SIn——ES|nT+—S|n—— .....
T

T

Sin — +=sin ——+=sin —+.....
3 4

57X

16( . xX 16(1 . 27zxj 16(1 . 37X 16(. ﬁXj 16(1 . 37zxj 16(1 .
=—'SN— |—|--s"n—|+—-sN—|—-..—|SN—|—| -=-SIN—— |———| =SIN —— |]....
T 4 T\ 2 4 7\ 3 4 T 4 7\ 3 4 7 \5 4

Odd terms are all cancel, so only got the even terms

16(1 . 2xx) 16(1 . 4rnx) 16(1 . 6xX
2X—4=——| =8I —— |——| =sIn —— |——| =siIn —— |—....
72'(2 4 j 7[(4 4 j 72'(6 4 j

16 [ . 27Z'Xj 16 1(1 . 47zx] 16 1(1 67zx)
=—— /S nN—1|-—.— sn—|—.— sin — |[—....

T 2 4 T 2\ 2 4 7 2\ 3 4

8( . 2xx\ 8(1 . 4rnx) 8(1 . 6xx
=——|sin —= |- —| =sin —— |- —| =sin — |-....

ﬂ'( 4 j 72'(2 4 j 72'(3 4 J

8(. 7Z'Xj 8(1 . 27rxj 8(1 . 37zxj
=——|/SN—|——| =SIN—— |——| =SIn —— |—....

T 2 T\ 2 2 7\ 3 2

8( . nx 1 2zx 1 37X
2X—4=—— sm— —sin ——+=sin —+.....
s 2 2 2 3 2

Combination of cosine series
| 4l ax 1 3zx 1 5rx j

=———| C0S ==+ C05s —+—C0S —— +.....
2 I 3 I 5 I

Given: f(x)=2x-4, |=4

_ 4 4(4)( 1 3zx 1 57X j
> cos—+—2cos—+—2 0S ——+.....
2 4 5
16 zx 1 3zx 1 SmX
X=2——| C0S — +—>C0S ——+—C0S ——+.....
r 4 3 4 5 4
16 zx 1 3rx 1 SX
2X=2y2——| COS — +—C€0S —— +—C0S —— +.....
w 4 3 4 5 4

32( x 1 3rx 1 57X j
=4-— cosT —C0S —— +—C0S —— +.....

s 3? 4 5

2X—-4 = 4—£(cos—x+%0033i+i20035”—x+ ..... j—4
T 4 3 4 5 4

32 zx 1 3zx 1 57X
2X—4=—— COST—F—COS—-I-—COS—-{-
Vs

2 3 4 5 4

10




15. Find a sine series and cosine series for the function f(x)=x(I-x), 0<x<I.

Solution:

Given: f(x)=x(l
f(x)=xl

—Xx), O<x<l.
-x, =1

Combination of sine series:

2| .ox 1 2zx 1 . 3xx
X=—|sin ——=sin ——+=sin — —.....
Vs I I 3 I
2 _ 2I2 ax 7% . 2ax (#x* 4. 3ax x° 47X
X (7 —4)sin == ——sin —+ ——— [SIn ————sin —.....
7 I 2 I 3 I I
2|(|)(. zx 1 . 2zx 1 . 3zX j
Xl =—=| sin — —=sin ——+=sin ——.....
V4 I 2 3
2( . zx 1. 2zx 1. 3zx
Xl = —| sin — —=sin ——+=sin ——.....
Vs I 2 I 3 I
2
f(x):x|_x2=l(sinﬂ_x_1 2wx 1. 3mx j
T I I I
212 zx 7t . 2xx (#x° 4\ . 3zx x? ArX
——| (7% =4)sin == ———sin == +| ——— [sin =——"—sin —=.....
7 I 2 I 3 3 I I
ax( 217 217 C2zx(212] 1] 27| #? 3zx(2°[1] =% »* 4
=sin — ———( —4) |+sin—| —| = |-—5 | ——= | |+SIh—| — | Z |- —=| ==
I\ = | | 2| & 2 | 7|3 213 3
2
Therefore f(x)_8I sin 2% 4 issm 37[—X+i3 in 22X . :
7 I 3 Il 5 I
Combination of cosine series:
I 4|( zx 1 3zx 1 5xx j
=———5| C0S — +—C0S ——+—C0S —— +.....
2 I 3 I 5 I
, 17417 zx 1 2zx 1 37X
X® = ———| C0S — ——-C0S —— +—C0S —— +.....
3 I 2 I 3 I
Xl = 10) 4|(I)(os—+i2cos37[—x+i2c LI j
2 V4 I 3 Il 5 I
12 41 zx 1 3zx 1 5xx
Xl = ———| C0S — + = C0S ——+—=-C0S —— +.....
2 I 3 Il 5 I
2 = 1> 417 zx 1 3zx 1 57X
f(x)=xl- ———5| C0S — +—C0S ——+—C0S —— +.....
7’ I 3 Il 5 I
1> 41° zx 1 21 1 3
~| ———5| €0S = ——C0S ——+ —C0S —— +.....
3 I 2 I 3 I
f() E_ﬂz(_cos@_FiC S4L+i % j
2? |4 | 6 I .
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