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UNIT V 
 
 

CHARACTERISTIC EQUATION  
 
 
Characteristic Matrix:  

  Let A be any square matrix of order n and let I be the identity matrix of order n. Then the 

matrix polynomial given by A-I is called the Characteristic matrix of A. 

 

Characteristic equation: 

The equation |A-λ I|=0 is called the characteristic equation of A. 

 

Characteristic Polynomial: 

The determinant |A-λ I| which is an ordinary polynomial in λ  of degree n is called the 

characteristic polynomial of A. 

 

EIGEN VALUE AND EIGEN VECTOR 

 

Eigen value:    

Solving the Characteristic equation |A-λ I| = 0, we get n values of λ  and these n roots 

are called the eigen values or latent root or characteristic value of A. 

 

Eigen vector: 

 Corresponding to each value of λ , the equation (A-λ I)X = 0 gives a non zero solution 

vector X. X is called the eigen vector or latent vector or characteristic vector of A corresponding 

to the eigen value. 

 

 



 

Eigen value and Eigen vector based problems 

 

Problem 1 : 

Find eigen values and eigen vectors of 
















113
151
311

 

Solution: The characteristic equation of A is  032
2

1
3 =−+− sss λλλ  

71511 =++=s  

51
11

13
31

11
15

2 ++=s =0 

As =3  = 4+2+3(-14) = -36 

The characteristic equation is 0367 23 =+− λλ  
0)189)(2( 2 =+−+ λλλ  

 0)6)(3)(2( =−−+ λλλ  

6,3,2−=λ  

The eigen values of A are -2,3,6 

To find eigen vector:   

(A- Iλ ) X = 0 

0
113

151
31

=
































−
−

−

z
y
x

λ
λ

λ
---------- (1) 

 

Case 1: 2−=λ  sub in (1) 

0
313
171
313

=
































z
y
x

 

Here  1 and 3 equations are same So we take only one equation. 

71
13

11
33

17
31

zyx
=

−
=  



,
1210211 −

==
−

zyx
 

20020
zyx

==
−

,  
101 −

==
zyx

 

The eigen vector is 
















−
=

















1
0
1

z
y
x

 

 

Case 2: 3=λ  sub in (1) 

0
213

121
312

=
































−

−

z
y
x

 

Select 1 and 2 equations.. 

21
12

11
32

12
31 −

=
−
−

=
zyx

 

,
53261 −

=
−−

−
=

−
zyx

 

555 −
==

−
zyx

,  
111
zyx

=
−

=  

The eigen vector is 















−=

















1
1

1

z
y
x

 

 

Case 3: 6=λ  sub in (1) 

0
513

111
315

=
































−
−

−

z
y
x

 

Select 1 and 2 equations.. 

11
15

11
35

11
31

−
−

=
−
−

=

−

zyx
 

,
153531 −

=
−−

−
=

+
zyx

 

484
zyx

== ,  
121
zyx

==  



The eigen vector is 















=

















1
2
1

z
y
x

 

Answer: 

 

Eigen values Eigen vectors 

2−=λ  

















−
=

1
0
1

1X  

3=λ  
















−=
1
1

1

2X  

6=λ  
















=

1
2
1

3X  

 

Problem 2 : 

Find eigen values and eigen vectors of 
















221
131
122

 

Solution: The characteristic equation of A is  032
2

1
3 =−+− sss λλλ  

72321 =++=s  

31
22

21
12

22
13

2 ++=s  = 4+3+4 = 11 

221
131
122

3 =s  = 8-2-1 = 5 

The characteristic equation is 05117 23 =−+− λλλ  
0)56)(1( 2 =+−− λλλ  

 0)5)(1)(1( =−−− λλλ  

5,1,1=λ  

The eigen values of A are 1, 1, 5 



To find eigen vector:   

(A- Iλ ) X = 0 

0
221

131
122

=
































−
−

−

z
y
x

λ
λ

λ
---------- (1) 

Case 1: 5=λ  sub in (1) 

0
321

121
123

=
































−
−

−

z
y
x

 

Here three equations are different, select the first two Eqaution. 

 

21
23

11
13

12
12

−
−

=
−
−

=

−

zyx  

414
zyx

=
−
−

=  

111
zyx

==  

The eigen vector is 















=

















1
1
1

z
y
x

 

Case 2: 1=λ  sub in (1) 

0
121
121
121

=
































z
y
x

 

In the above matrix to get 3 equation. These equations are same, From this we take only one 

equation, x+2y+z=0,  

Put x=0, 2y+z=0 

21 −
=

zy  

The eigen vector is 
















−
=

2
1
0

2X  

Put y=0, x+z=0 



11 −
=

zx  

The eigen vectors are 
















−
=

1
0
1

3X  

Answer: 

 

Eigen values Eigen vectors 

5=λ  
















=

1
1
1

1X  

1=λ  

















−
=

2
1
0

2X  

1=λ  

















−
=

1
0
1

3X  

 

Properties of Eigen values: 

 

1. A square matrix and its transpose AT have the same eigen values 

2. The sum of the eigen values of a matrix A is equal to the sum of the principal diagonal 

elements of A i.e trace of A 

3. The product of eigen values of a matrix A is equal to the determinant of A. 
4. If nλλλλ ,....., 321  are eigen value of A, then 

i) nkkkk λλλλ ,.....,, 321  are the eigen values of KA,  where K is non zero scalar. 

ii) k
n

kkk λλλλ ,....., 321  are the eigen values of Ak, where k is a positive integer. 

iii) 
nλλλλ

1,.....1,1,1

321

 are the eigen values of 1−A  

 

 

 



Properties based problems 

Problem 3: Find the sum and product of all eigen values of the matrix 
















−−

−
=

312
301
221

A  

Solution: 

Sum of the eigen values = Trace of A=1+0+3=4 

Product of eigen values= |A| 

= 1(0+3)-2(3+6)-2(-1) = 3-18+2= -13 

 

Problem 4: Find the eigen values A2 and A-1 given the matrix 















=

500
620
413

A  

Solution:  

Since A is a triangular matrix, the eigen values of A are 3,2,5 

The eigen values of A-1 are 
5
1,

2
1,

3
1  

The eigen values of A2 are 25,4,9  

Problem 5: If 3 and 15 are the eigen values of 















−−

−
=

500
476

268
A , find |A| 

Solution:  

If X in 3rd eigen values of A, then  

3+15+X=8+7+3 

X=0 

|A| = product of eigen values of A = 3x15x0=0 

 

Problem 6: If 3 and 6 are the eigen values of 















=

113
151
311

A ,  write down all the eigen values of 

A-1 , A2 and 3A 

Solution: If x is 3rd eigen value, 



x+3+6 = 1+5+1 

         x=-2 

The eigen values are 3, 6, -2 

The eigen values of A-1 are  
2

1,
6
1,

3
1

−
  

and the eigen values of A2 are 9,36,4 

and the eigen values of 3A are 9,18,-6 

 

Problem 7: Find the eigen values of A-2I if 







=

11
01

A  

Solution: 

The characteristic equation of A is 

0122 =+− λλ , 
0)1)(1( =−− λλ  

1,1=λ  

The eigen values of A are 1,1 

The eigen values of A-2I are -1,-1 

 

CAYLEY HAMILTON THEOREM 

Statement 

 Any square matrix A satisfy its own Characteristic equation 

 

Cayley Hamilton based problems 

Problem 8: (CHT Problems) 

Show that the matrix 
















−
−−

−
=

211
121

112
A  satisfies its own characteristic equation and hence 

find A-1 
Solution: The characteristic equation is 032

2
1

3 =−+− sss λλλ  

S1=2+2+2=6 

S2=3+3+3=9 



S3=6-1-1=4 

0496 23 =−+− λλλ  

We have to prove 0496 23 =−+− IAAA  

















−
−−

−
=

















−
−−

−
+

















−
−−

−
=

655
565

556

211
121

112

211
121

112
2A  

















−
−−

−
=

















−
−−

−
+

















−
−−

−
=

222121
212221

212122

211
121

112

655
565

556
3A
















−

















−
−−

−
+

















−
−−

−
−

















−
−−

−
=−+−

400
040
004

211
121

112
9

655
565

556
6

222121
212221

212122
496 23 IAAA  
















=

000
000
000

 Cayley Hamilton theorem is verified 

To find A-1 

Multiplying both sides of (1) by A-1 

0496 12 =−+− −AIAA  

IAAA 964 21 +−=−  
















+

















−−
−

−−
+

















−
−−

−
=

900
090
009

1266
6126
6612

655
565

556
 

















−

−
=

311
131
113

 

















−

−
=−

311
131
113

4
11A  

 

Problem 9 If 















=

122
212
221

A  prove that 0593 23 =−−− IAAA . Hence find A4 and A-1 

Solution: Characteristic equation is 0593 23 =−−− IAAA  


















=
































=

988
898
889

122
212
221

122
212
221

2A  
















=
































=

414242
424142
424241

122
212
221

988
898
889

3A  

















−
−

−
+

















−−−
−−−
−−−

+
















−−−
−−−
−−−

+















=−−−

500
050
005

91818
18918
18189

272424
242724
242427

414242
424142
414241

593 23 IAAA

 
















=

000
000
000

 

0593 23 =−−− IAAA  ----(1) 

To find A4: 

Multitiplying (1) by A 

0593 234 =−−− AAAA  

AAAA 593 234 ++=  

 

    















=
















+
















+
















=

209208208
208209208
208208209

51010
10510
10105

817272
728172
727281

123126126
126123126
126126123

 

 

To find A-1: 

Multitiplying (1) by A-1 

0593 122 =−−− −AIAA  

IAAA 935 21 −−=− −  

















−
−

−
=

















−
−

−
+

















−−−
−−−
−−−

+















=−

322
232
223

900
090
009

366
636
663

988
898
889

5 1A  



















−
−

−
=−

322
232
223

5
11A  

Try for : 

1.Verify CHT for the matrix 







=

34
21

A  

2.Using CHT for the matrix 














 −
=

200
422
201

A find i) A-1 ii) A2 

3. Verify the statement that the sum of the elements in the diagonal of a matrix is the sum of the  

eigen values of the matrix 
















−−
−
−−

=
021
612
322

A  

4. Product of two eigen values of the matrix 
















−
−−

−
=

312
132

226
A  is 16. Find the 3rd eigen value. 

What is the sum of the eigen values of A? 

5.Find the eigen values and eigen vectors of i) 
















−
−−

−
=

312
132

226
A ii) 
















=

113
151
311

A  

6. Find characteristic roots of the matrix 







−−
−

=
θθ
θθ

cossin
sincos

A  

7.Find the sum of squares of the eigen values of 















=

500
620
413

A  

8.Find the Inverse of the matrix 
















−
−=

110
432
433

A  

9.Show that the matrix 
















−−

−
=

425
313
132

A  satisfies the equation A(A-I)(A+2I)=0 

10.Find the characteristic polynomial of 















=

021
210
201

A  
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