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Steady state heat conduction: Laplace equation

Laplace equation in two or three dimensions
usually arises in two types of physical problems:

1. As steady state heat conduction.

2. As equation of continuity for incompressible potential
flow.

However, here we will emphasize only on the first
type.
Steady state solution here means

€ solution Tor large time.

2. the solution does not depend anymore on
time.
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Laplace equation

Laplace equation in two dimensions and three dimensions in Cartesian
coordinates are respectively given by

Urx +Uyy = O, (1)

Uxx+uyy+uzz = 0. (2)

b

The above equations can be obtained from the two-dimensional and three-
dimensional transient heat conduction equations when u does not depend on t. J

Hence Laplace equation models
steady heat flow in a region where the temperature is fixed on the boundary.
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Maximum Principle

Theorem: Let u(x, y) satisfy Laplace’s equation in D, an open, bounded,
connected region in the plane; and let u be continuous on the closed domain D U
oD consisting of D and its boundary. If u is not a constant function, then the
maximum and minimum values of u are attained on the boundary of D and
nowhere inside D.

This is called maximum principle theorem for Laplace equation.
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Steady state heat conduction in two dimensions

We consider steady state heat conduction
in a two-dimensional rectangular region.

To be specific,
consider the equilibrium temperature inside a rectangle 0 x <a, 0 sy <h.

Here
the temperature is a prescribed function of position on the boundary.

In general the Dirichlet BVP will be like

Uxx + Uyy=0,0x <2, 0y b
u(0,y) = ga(y), u(a y) = g2(y), 0y <o
u(x, 0) = f1(x), u(x, b) = f2(x), 0= =a.
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Steady state heat conduction in two dimensions

where
f1(x), f2(x), g1(y), g2(y) are given functions.

Though the equation is linear and homogenous,
the BCs are not homogenous.

Hence
the BVP is needed to be split into four BVPs with each containing
one non-homogenous BC.

U=ui+uz+us+us, OXx <a 0y b
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Steady state heat conduction in two dimensions

BVP | and BVP II:

Ut,xx + Ug,yy=0; U2,xx * Uz,yy = 0, 0 X<a, 0 sy<b;

u1(0,y) =0,0 y %; u2(0,y) =0,0 y <;

ui(a,y) =0,0 sy b; uz(a,y) =0,0 sy b;
u1(x, 0)=f1(x), 0 X sa; uz(x, 0) =0, 0 X =a;

ui(x, b)=0, 0 xx=a; uz(x, b) =f2(x), 0 x<a;

BVP 11l and BVP IV:

U3,xx + U35y =0; Ua,xx+ Us,yy=0,0 =k 2,0 5 <b; us(0,
us(0,y) =gu(y), 0y ;  ¥) =00y ;
us(a,y) =0, 0y b; ua(a, y) = gz(y), 0 y ;

us(x,0) =0, 0 x=a; ua(x,0)=0, 0 x=a;
us(x, b)=0, 0 x<a; us(x,b)=0, 0 x=a.

We will consider only one of them take uy = u for

12 June 2020 71837



6/12/2020

Steady state heat conduction in two dimensions

Consider the steady state heat conduction in a rectangular
region 0 x 3,0y <b

where three boundaries alongx =0,x =a, y = b are kept at 0°C

While the temperature along the boundary y = 0 is f (x).

Tofind the temperature at any point (x,y).
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Steady state heat conduction in two dimensions
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BVP will consist of the following: |

Usx + Uyy=0, 0 2,05y <h,

The boundary conditions

u,y) = 0,0 sh, (4a)
u(@y) = 0,0sysh, (4b)
u(x,0) =f (x),0 =, (4c)
u(x,b) =00 . (4d)

It being a pure BVP and the solution being a function of x and vy,

obviously we will not have any initial conditions.

Hence

This problem is called a steady-state problem.
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Steady state heat conduction in two dimensions

Assume a solution of the

ux,y) = XY (y). (6)

On separating the variables x andy,

Xii kX =0, Yi (6)

+kY = 0. @)

The zero and positive values of k will not give rise to solutions conforming to
the boundary conditions.
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Steady state heat conduction in two dimensions

We consider only the negative values of k, - 22, to write the equations (6)
sayand (7) as
Xii+32x = o0, (8)
Yiz2y = o, (9)
so that the solution u(x, y) can be written |
u(x,y) = (A cosix +B sinix)(C coshiy + D sinhiy). (10)
Using boundary condition (4a)
A =0.
Using boundary condition (4b),
n=Z
a
n=123,...
Un(x,y) =sin ';ﬂ. An cosh% + By sinh "aﬂ .
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Steady state heat conduction in two dimensions
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Similarly we can find the other solutions u,, us and usand
write the total solution as u = uz + uz +ugz +ua.

This problem with Dirichlet conditions
along all boundaries is called a Dirichlet problem for a rectangle.

The problem with Neumann conditions
along all boundaries is called a Neumann problem for a rectangle.

This new problem can be solved by writing the boundary conditions as

ux(0,y) =0, (13a)
ux(@a,y) =0, (13b)
uy (x, 0) = f (x), (13c)
uy (x, b)= 0. (13d)

PDE
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Solution in different types of domains

Till now the problems that we have taken up are for bounded
domains in Cartesian coordinates.

There are other types of domain which occur frequently in many physical
problems.

We need to rewrite our governing equations and the related conditions.

Some domains of importance are
* circular domain

* spherical domain

« cylindrical domain.
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Solution in different types of domains

For two dimensional problem with (X, y)

0%u . 0%u

-+
0x2  0y?

vi(x,y) =

V.

For three dimensional problem with (X, y,z)

02u  9%u  0%u

2" oy2 " a7 )
For two dimensional problem with (r, 6), that is, in polar

0%u  1ou 102u
+ +

ViE(x,y,z) =

viRO= 2t tar e )
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Laplace’s equation in polar coordinates

For a problem involving circular disk, polar coordinates are more appropriate
than rectangular coordinates.

Let us formulate the steady-state heat flow problem in polar coordinates r, 6,
where x =rcosf,y =rsiné.

A circular plate of radius a can be simply represented by
r <a with 0 0 2x.

The unknown temperature inside the plate is now u = u(r, 6),

The given temperature on the boundary of the plate is

u(a, 8) =f (0), where f is a known function.
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Laplace’s equation in polar coordinates

What we have just solved is called
Interior Dirichlet problem for a circle since we have used Dirichlet condition find the
region r <a.

If we change only the condition to Neumann
we have what is called Interior Neumann problem for a circle.

Now if we change the region to r > a with Dirichlet condition
we have what is called Exterior Dirichlet problem for a circle.

If in above condition is replaced by Neumann
we have what is called Exterior Neumann problem for a circle.
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Diffusion in a disk

Consider a circular, planar disk of radius a for which
« initial temperature is a function of the radial distance r alone
* boundary is held at zero degrees.

Intuition tells that

the temperature u in the disk depends only on time and the distance r from the
centre.

To be precise, the initial temperature u willbe the same for somer =r,
irrespective of whatvalue of isassigned.

That is, if the initial temperature u is, say, u1 for some r = r1, then it is imperative
that the temperature is same for that specific r.

Consider now that the initial temperature u is, say, uz for some r = r, then it

is imperative that the temperature is same for that specific r.

which, in turn means that
the heat flow will take place eitherfrom r =ritor =rzorfromr =rator = ry
depending on which has higher temperature.

6/12/2020
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Diffusion in a disk

It then allows us to consider u simply as
u =u(r, t) though the given equation initially seemed to contain r, 6, t as
independent variables.

This assumption looks perfectly alright
because there is nothing in the initial condition or boundary condition to cause heat

to diffuse in an angular direction

Heat will flow only along rays emanating from the origin.

Now it is obvious that
the diffusion equation looks simpler than what it was originally.
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Diffusion in a disk

Diffusion equation is now as simple as follows:

u=a(u ..+ :rEu),Osr <, t> 0. (1)

Boundary
u(a, t)=0,t > 0, (2)
u(r,0)=f (r), 0<r < a, (3)

f is a given initial radial temperature
distribution.
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Diffusion in a disk

Assume a solution in the form:
u(r,t) =R(r)T ().

From given equation

Rii+1Rj_Ti_
R rR aT

k = -J2gives rise to the following pair of ODEs:

r2Ri+ rRi + 22r2R =0, (4)

Tl+ai?T =0 (5)

Equation can be easily solved to write as

T(t)=Ce A%t (6)

Can you recognize equation
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Diffusion in a disk

Bessel’'s equation of order 0.

Its solution can be written as

R(r) =AJo(ir)+BYo(ir), )

Jo and Yo are, respectively, Bessel's function of first kind and second kind of order l

Zero:
We are looking for a bounded solution as r —0,

we must take B =0 as Yo(lr) >-~asr —0.
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