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IMPORTANT QUESTIONS
FROM UNIT I - UNIT V

Definition 1 Let N and N’ be normed linear space and let T : N — N’ be a
mapping with domain N and the range in N'. The graph of T is defined to be
a subset of NXN' which consist of all ordered pairs (z,T(x)). If is denoted
by GT

GT ={(z,T(x))/z € N}

Theorem 2

Statement

If B and B’ are Banach spaces and if T is a linear transformation of B into
B', then T is continuous iff its graph is closed.

That is, GT is closed.

Proof

Given that B and B’ are Banach space and T : B — B’ is linear transforma-
tion.

Suppose GT' is closed.

We have to prove T' is continuous.

Let B; be given Banach space renamed by |||].

el = lfzlf+ 7@ |
[T@) | < [la]+T@) ]
= =]

= T() < ||

Therefore T is bounded from B; to B'.

Therefore It is continuous from B; to B'.



Now we have to prove T : B — B’ is continuous.
It is sufficient to prove B; and B have the same topology.
It is enough if we prove B; and B are homeomorphic.
Let I : By — B defined by

[ 1(z) =]l = [|, Ve € By

Therefore [ is always 1-1 and onto.

() | ==

< Nzl + 1 T) |

= I(2) [ = [zl

= [ is bounded and it is continuous .

Therefore B; and B are homeomorphic.

= By, B are having same topology.

Therefore By, B are homeomorphic.

T is continuous linear transformation from B — B'.

Now we have to show that By or B is complete under |||
Let || {x,} be a cauchy sequence in B.

Given € > 0, there exists a positive integer ng such that

| Zn —xm | + | T(2n — ) || < €,Yn,m >ng
=l zn —2m |+ | T(@n —2m) | < €
=T — 2w || < €Y n,m>ng or

H T(x, — xm) H < €

{z,} is a cauchy’s sequence in B. z,, = x as n — o0



Therefore x,, — = and T'(x,,) — T(x). || T(z,) — T(z) ||< €

Therefore | z, —x || + || T(xn) = T(z) || < 2¢,n>ng
[ 2n = ||+ [ T(xn —T(x) | < 2e

[zp—2z| < 26V n>ng

That is By is complete.

Therefore T is continuous linear transformation from B — B’
Conversely, T : B — B’ is continuous.

We have to prove G'T' is closed.

It is sufficient to prove that GT = GT.

GT C GT is always true — (1)

We have to prove GT C GT.

Let (z,y) € GT

Then there exists a sequence (x,,T(z,)) in GT such that (z,,T(x,)) — (z,y)
=z, —> zand T(z,) =y

T is continuous.

Thereforex,, — = andT'(z,) — T(x) as n — oo

=y ="T(x)

That is, (z,y) = (z,T(x))

(x,y) € GT

Therefore GT C GT —(1)

Therefore from (1) and (2)GT = GT.

Therefore GT is closed.

Hence the theorem.

Theorem 3

State and prove Parallelogram law in a Hilbert space.



Statement

If x and y are any two vectors in a Hilbert space, then || z+y |2 + || z—y ||*=
2 2 I + || y ). (OR)

The sum of the squares of the sides equals the sum of the squares of its diag-
onals.

Proof

ety P+lla-yl* = @+yo+y)+@-ya-y)
= (z,2)+ (z,9) + (¥, 2) + (y,9) + (z,2) — (z,9) — (y,2) + (. 9)
= 2z |P+2 ]y
= 2(lz P+ 1yl

le+y I+ lz—yl* = 200z 1*+ [y

Theorem 4

Prove that M;s span H.

Proof

We Know that MZ/ s are closed linear subspaces of H and since there are pair
wise orthogonal by a Known theorem.

M = My + My + M3 + ... + M, is a closed linear space of H.
Let P, + P, + P + ... + P, be its associated projections.
Since M; reduces T', by a known theorem

TP, = PT, for each P,

Now, TP =% TF,=> PT=PT

Hence M also reduces T'.

Consequently M+ is invariant under 7T'.

Let if possible M+ # (0).

Now, since all the eigen vector of T are in M, the restriction of T to M+ is an



operator on a non trivial finite dimensional Hilbert which has no eigen vectors
and hence no eigen values.
By a Known result, this situation is impossible.(The set if all eigen values
cannot be empty).
Hence we conclude that M+ = (0) and M = H.
Thus M;s span H
Theorem 5
Let H be a Hilbert space. Let y € H be a fixed vector.Define a function
fy: H— Cby f,(x) = (x,y), then f, € H*. That is, f, is a continuous linear
functionals on H.
Proof
y € H is a fixed vector
fy+ H—= C by

fy(@) = (a.y)va € H

For, o, B € C and x1,29 € H.

fylowy + frs) = (awy + s, y)
= a(z,y) + f(z2,y)
= afy(z1) + Bfy(z2)
fylaas + Bra) = afy(z1) + Bfy(w2)

Therefore f, is linear.

Further | f,(z) [=| (z,y) [<]l 2 [l y |

I fy Iy |

Therefore f, is a bounded functional and hence continuous.
Therefore f, is a continuous linear functional.

Therefore f, € H*



Theorem 6

Prove that in any Banach algebra the multiplication is jointly continuous.
Proof

Given that A is Banach algebra.

Now, we have to prove the multiplication is jointly continuous.

It suffices to prove that, if x,, — x and y, — v, then z,y, — zy

| 2, —z ||<eand ||y, —y ||< e forn>ng,e>0

| 2ot — 2y | = || Tapn — 20y + 20y — 2y ||

= || 2u(yn —y) +y(z, — ) |

IA

Fzn Wl yn =y I+ 11y Il 20— |

But x, - x and y, > y as n — o©

Therefore || z,y, — zy |— 2y

Therefore x,y, — xy

Definition 7

An element z in a Banach algebra A is called a topological divisors of zero if
there exist a sequence {z,} in A such that || z, [|= 1 and either 2,z — 0
Definition 8

The spectrum of X is denoted by o(x) and it is the subset of complex plane
defined by

o(x) ={\: X — Al is singular }

Definition 9

Radical of A is denoted by R and it is the intersection of all its maximal ideals.
That is, R =N{M; M € A}, where A is the set of all Maximal ideals of A.
Definition 10

The r(z) is defined by r(z) = sup{| A |: A € o(x)} is called spectral radius of



x.
Definition 11

The algebra A is called semi simple of the radical consist of the zero vector
alone.

Theorem 12

If I is proper closed two sided ideal in A, then quotient algebra A/I is a Banach
algebra.

Proof

Given that A is a Banach algebra and [ is a proper closed ideal.

= A/I is well defined.

A/I is a linear space, for all x € A

r+1eAll

| x4+ I || is defined by

|+ 1 |=inf{l|z+ill;iel}

Stage (1)

In this stage, we have to prove A/I is a Normed linear space.

Q) |z+TI||=inf{l|z+il|;i€l}, sincexecAandiecl,x+ic A

A is normed linear space.

|lz+1|>0

Which implies ||z + I ||=inf{||z+i]|;i€ I} >0

@) | @+ D+ w+ )| = inf{ll (x+i) + (y+i2) ;02,02 € [}
< anf{l| x4y || + [y +i2 |2 € 1}
cME+D+ @+ D < infll (o +0) i e I} +inf{ll (y+i2) [i2 € T}
=l @+Dl+1w+Dl < lz+Illly+1]



(@) || a(e + 1) | = inf{l] a(z+1) |;ie I}
= inf{l ax+ili€ I}
= inf{lal|z+iliel}
= lalmf{llz+ilsiel}
= [allz+1]

@+ D) [ = Jalllz+I]

Stage (2)
Now, in this stage, we have to prove A/I is a Banach space.
Let {x, + I} is a cauchy sequence in A/I,x, € VVn

Given € > 0, there exist n > ng such that

| (@n+1) = (zm) | < e
= an{” ($n+1)_(xm+]) ||;i€I}<E
= nf{|| (xn —xn) +1];i€l} <e

= H Tp — Tm H<6V n,m = ng

Since A is complete, z,, — r as n — 00
inf{|| (x, —x+1)|;1 €1} <e¥ n>mny
inf{|| (xn+17) — (x+1) |;i €I} <e

| (@n+1) = (z+1)[[<e

= (zn+1I)—(z+1)||>0asn— 0
{tp+ 1} - {x+ 1}

Therefore A/I is complete.

Which implies A/I is a Banach space.
Stage (3)



In this stage, we have to prove A/I is an algebra.
Let (x+1),(y+1)e A/l

Now, (x+ 1), (y+1) =2y + I

@+ Dy+D | = llzy+ 1]
= inf{l|zy+i|l,i € I}

= inf{ll (x+i)(y +i2) [, 72,02 € I}

IN

inf{ll x4+, € Hyinf{lly +iz |, i2 € I}

IA

e+ I ly+1]

I+ Dy+DI < [le+Illly+1]

Note that A/I is a Banach algebra with identity e + I.

le+I]| = inf{lle+il,iel}
< lel=1
e+l < 1-=-—-—-—--—~ (1)
le+I] = [leet+ ]
= e+ Dle+ )|

< lle+Ifllfe+ 1]
e+ I| < fletI|le+I]
1 < Jlet+1]

ieyle+I|>1————————— (2)

From (1) and (2) |[e+ I |=1
Hence from stage(1), stage(2), stage(3) A/I is a Banach Algebra.

Theorem 13

10



11

If Ny and N, are normal operators on H with the property that either com-
mutes with the adjoint of the other than N; + Ny and N; N, are normal.
Proof

N; and N, are normal operators.

-(1)

-(2)

Further it is given that

NN} = NiN;

NyNi = NNy

NN} = NiN;
NoN;i = NiN,

(N1 4+ No)(Ny + No)* = (Ny + No)(Ny + NJ)
= NN + NyN} + Ny Nj + NoN;
= NINj+ NiN; + NiNy+ NiNs
= (N} + N3)(N1+ No)
= (N1 + No)" (N1 + N)

(Nl + NQ)(Nl + NQ)* = (N1 + Nz)*(N1 + NQ)

Therefore N; + N5 is a normal operator. Now,

(NLN2)(NiN2)™ = (N1N2) (NYN7)
= (N1(N2Ny)Ny)
= Ni(N3No) Ny
= (NiN)(N2NVy)
= Ny (N{N1)Ns)
= (N2 N7)(NilVs)

(N1N2)(NiNo)™ = (NgNy)(NidNo)



12

Therefore N1 N, is a normal operator.

Theorem 14

The mapping  — z~! of GG into G is continuous and is therefore a homomor-
phism of G onto itself.

Proof

Given that  — 27! is a mapping from G into G.

Let 7y € G and {z,} be a sequence in G such that x — 27! as n — cc.
Now, we have to prove that x — 2! is continuous.
It is enough if we prove x — z71
loy' —agt | = oy zozg" — o g ||
= |lon (zo — @n)g " |
< et eo — @ 25" |
lon —agt I < g w0 = 2w (Il 26" | = = = = (1)

Since x,, — x.

Therefore given € > 0, there exists ng such that || z, — zo ||< €,Vn > nyg

__1
We take € = ST I
| 20— 0 1< gr=r | ——(2)
Consider,
le—ag'@n || = |25 20— 25 2n |
= |l 25" (zo — @) |l
< |lagt Il @o — 2 |
le—ag'znll < llag" llwo—anll—=——~~=~-~ (3)

Substitute (2)in (3), we get



1
2|zg

le =g zn <[l =" |l
That is, || e — 25 '@y, [|< 3
(55 0)"" = e+ (e — 2"

v lrg=e+ > (e —xytw,)"

l2ntzo | =

<

<

Therefore || z,'zg | <

[

<

Izt <

Sub(2)and (4) in 1, we get

et =™ | <
<

ASn — oo, || x, —zo || = 0.
So || x4t —xt =0

That is, 7, — y*

1
1< 3

13

le+d (e—ag'za)" |
lell +> Ie—ag'za) |I"

1+ (e — 2y 'zn) + (e — 25 2y

1

1—(e—x5'a,)
1

)+ ...

N =

T

2
|z, woxg ||
| 2, o ||| zo ||

2z |

[l 1l o — 2 Il 2™ |

2|zt |

1
—1
2[Jaq ||




14

1

Therefore mapping © — x7 of GG into GG is continuous and is therefore a

homomorphism of G onto itself.



