CoMPLEX ANALYSIS (l6SCCMMI3)
INCHARME . Ms- A HELEN SHOBANRA

CLASS Il B -Sc., MATREMATICS A’

QUESTION. BANK - TWO M1ARKS

APRIL-2014

b TE o filed= Ly then' pove thakt Lm f(2) - £

Z->2p
Z->2Zo

Sol: Jet €>0 e given. Then Ltheme exusbs §>0 Such

dhak 0212Z-20128 = f(2-L14 ¢

N

Now, [f(z> - 7l - |f(2)- 2 |

"

-1 28 [z 12)]

dence, 0cl1z-z01¢8 = Ifz)-L1<§

 Am & - T
270

Hene prwoved .

2. pnove that b punckion  U=Qx(1-y) » hanmoruc.

sol: Let f(z)- U+iv

Hene, y - QXA(I-Y)

=> Uu = &x_axy

s - ) T a2 ]
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W z. X ~RY X
Diph - with nespect o X
Ux = &'&Q‘j

DOt wu'th nwespect oY
u,\lj = - 8QX

Again dipperentrate wuth nespect o x & y
Uxx = 0 5 Uyy -0

CUxx t Uyy -0+0

{uamu Uyy - Dr{

©. Zk 6 hanmoruc  puncon

Henwe proved:

z. 5oeé¢'ne Bileneoun ,bycuuéanmaﬁon

A namsponmation o the ponm w=T1(2)- az+p

ztd
. whene a,b,c,d e omplex onstants and ad-be 3o, i

camed g pilinearn Lnarsponmakion v IMobis Yransponmakon .

M) w = , pnd e poved pojnk

Zz
2-2

sol- Lok w= f(2)
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Rz e

2-Z
Now, flz)zz = =z. 2z
2-2
2 2(2-2)= 2
FDNRTZH] E

SN0 YZ 510
ESRas2 =0
=2 Z(Z-1)z0
S = op B Zicl
2

N0 e the pimed point o W*';_
-z

sol-

S' Evaluate using Cauchy's integnal ponmuwa, | >—

dz Where ¢:12)=1

C

Hene, f12) = 1

The point Z-3-0
e G

The po)nt 3 Lz outside oplzl=|

- et A alsy. dz £r2)= f(Zo)
The Cauchy's ingnal 07 “ am| 7.z

C
=) _L_f =i 0 [ The point 3 s outside ¢]
ani) Z3
C
) f_c_l_?; = &T(0)
Z-3
e glop ek 2l

“Jz-s
¢
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=
b What us he Macluarun's serues engpansion hon e *?
gol. ’
Macluaun's sences exparsion 4oy e
|
L R e L
B gl nl
+ LDefine Singwlar poink
o)
A point a v called a singuian point on sipguanity
0f @ punckion fz) iy () s analybe at @ and f o analytic
at pome m.l: oz,eve)zy clisc Iza/lv
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eZ

L+ L+
72 2?2 v

_’_ _Z__+ 224.
2! 3 ]

U £(2 has a double poles at Z:0

Reoffm ;0§ - weppuert O Vz <l

0. Evatuate f
2743
[21:2

sol.

The pole b Az43=0D |
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APRIL - 2018

I wode down the wmplex $om o the ¢ equations
sol
Statement :

Let £(z): ucvy)Hivixy) Le dibhenentiable  Then ¢ r equakvn

on dhe omplenc ponm as fz- -tfg

Proof
h—Let f2)- ubLY) +1vix,y>
foc: uxs f\/x:_.
fy - uy+ivy
fx:-ity
4= Ut Vo = =1 (UY+ ivy)
<=> Ux4iVx = Vy-ily
{=> U =Vy 2 V9(=—L45

Thuws bhe tuwwo CR €Gns ane equivalbrt 4p equation fx - -"fy

|

; :
’2 prwve that u:22-a3+3xy2 » hanmoruc fundson

! sol- ' |
buven, U= 20- 23+ 300y2 |

o Ugh with nespect o x :
U= 2-32 +3y2
Diby uuth nespect o y
U= 6ay
Again de ppenentrate wuth hoespet to x % Yy

Uotor s =62 5, Ugy: 6%

e

2 T TR A
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Uga+ Uyy - ~bA1b6X
PP

. 7¢ 6 hanmoruc Juncon

3 I w=T: AZtb u a piunewn transponmakon

Cz+d
dind THW)
sol -
Owven, W=T(2)= az+b oy We AZtb 2 rw):-z
CZ+d (z+d

7= T(w) => wlczt+d)-az-b= 0
wceztdw-az-b:-0

Z(we-a) = -wd+ b

z - -dw+b
CW-a

Za= T"(w) - -dwib
cw -a

—

—_—

b abo a bilinean Jﬂcuuéonma}v'on

H wate down the (yoss nako A6z 7o 73, 0°)
Sol.

The vwss nakio o (z), 22, 23,0) » 2 -23
Z2-23

[ZUZQ, 23, ) = Zi- 49
29-23
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5 Evaluate J dz_ whene € ¢ the wwe (z-2]1:= 5
Z-3
(&

Sol -
Let f(2):= 1

The poirk Z:3 ues nside €

Hence by Caucky's integnal ponmula,
£(20) - "l’-j 12 dz
jﬂz_ = Qmf(3) niJ z-zo
z-3

& J azi - &nj
Z-3

b-

D and 4, !f’(zndz:o don even
D then f(z) » andlybc (n D-

5. And the lawrent

Staty the Monenas theonem
Ty fl) b Conlinuows i a simply nnécted. domain

¢ stmple cosed cunve ¢ yng tn

s serues expansion 6 f(2)- 720"z about z=b

sol.  (niven, Plz)=220"2
f1z) b analybe ak ail poirds Z#0

K=z ;+L4_1_J,_L_3+-~]
z oz el

F2): 224z i R R
2 1BlZsnlzZ?

This ub the Sequubed Lawnert Aeues enpanswn fon

fiz), at z-p

|
1
|
|

Scanned with CamScanner




@ Rnd the zenos of (z):p%2(7.2))%(7+3)>

S0l
20w a zeno o vnder 25

Z b A zeno of onder 3 Hon f(2)

9. Fnd the nesidue oy (2= tanz at 1/
gol
Guven, f(z):tanz

Hewe, z=T/2 s Simple pole hon tanz

Lok £(2= Sinz = h(2)
sz K'(Z)

h ()

K'(T/)
Sh 2
~$inT/p

i}

11

dlene h(lp):= sinmy, ) hiz): sz

K(2 - (0s Z
K!(Z)=-CBthz
S Res $z), Mo} = 1[-1
ResS{(z), Tyl = -1

lo- Evaluate f_d_Z_ whene € » the wnde 12]- 2
; CQZ-fB

sol-
The poles ane Q213 -0

Z- -3, ane Simple poles

7<-3), s Iinside ak Z]= 2
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" Res$f(z);04 = hi@
K'ca )

Rex§(2);-94Y = h(%)
K(-%)
whene h(34):1 B K(3,):2
“Resd £(2)5 -3/2) = V)

By neasidue theonem
f{(z)dz & o’zm‘['/z)
C

G dEe ) o) |
2713

SNSRI

B e R R R

APRIL- 0|7

D 7§ um D=4, then prove that uim 7). 7

) 222

Sol-
ot €50 Qe given. Then thene epust S>0 Such that

0L12-Z0l<S = |f(2)-L]< €

now, 1£2)-2) = 1(z)-2]

1i

L]

[f(2)-21<§ [ 1zI=121]
gene, 0<12-20/<8 => ()21 ¢

s lUm 'F_(E) < :Q_
Z220

Hence proled
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! 2 GUQéme an Anhalybc fHunckon
| A punction f doptnedd th a neqion D 0 the
tomplea plare » Aad Lo Se analytic ab a point a&D 4 £

diphernentiable ak every point Oy 40Me NelghbOWihood & a

3. prove -that ke ransponmation W=z v ot a  bilinea;

dnarsponmation
Sol | | .
Any bilinean transponmakion, othen than Lz ddenhty
tnansponmation has two pwoéd poirds- Howeven Jte Lmansgonmnation

W=z hay dnjonitely mary poxed points, namely all yeal

numbens Hence ub » nob a bilinéar dnansponmalion

T o e PR

. Depine cvoss nakio

{ Jet 7, 22, 23,2, L poun disbingk poirts wn e

enctended complen plane . The €ross nako 0 Lthese powr poirts

dorwted by (2),72,23,21) » depned Ly

it A et

S AT \'LJ 8
3y o 1t b Vi TR B T - I 7 TIAMIY  BA P e
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r (2/-73)(22-2u) th noné 0 2,22 73, 2y L5

| (2)-24) (Z25-73) o

| Z;‘ZB ub'?zw”o

Zi~ZN

| L4l W Z3 160
i 2 -2l

(2),22,28, Zu) -
Z2-23 L{, Zy s &
Za2 - 23

Sl % Z B
L 22 -Z3

{
4

e S ra

i.‘
|

5 State cauchy's integnal theonem
Lot f(z) Le a punckion which s analybc wnside

and on a pimple dosed cwive ¢ (et zo Le any Point tn

AN W e i 1 Ve A

| drtenion o C

§ Then, Wtzo) = 1 ( 1@ dz
g 27Tt'c Z2-Zo

t

I
|

b state the pundamertal theonmem o Algebra

tveny  polynomiad of degnee =21 has atleast one

Zetolnwoot) i C

-

T NN A e
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7 Lepwme Meromonphuc function

A puncion f(z) s sad 4o Le menoneonph c
hunchion ay L analybc ex@pt at a birite ek of points ase
poles -
8. State Taylon's thevnem
fet fiz) be analtic i a Jegion D cordkaining 2o
Then f(2) can e nepnescrted as & powen Leries (n z-Zo given by
o i 0 R Bligo)ez-20) "+ - -

2]

n
..... + ‘F (ZD) (Z'Zo)n+ Qe ¥

!
q. Find bBY nesidue ¢of )= 2 allz={
| Zrl
Sol. :
Z=1 & a simple pole
Lot 2) - }iz_)
K(z)
Whene h2)- Z and K= Z4|
NOW, R@b{-}'(z);[} - M
K'C)
5 _L_ [K'(Z): 27]
aln
I Res {feeys i = 1y
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I6-  State Rouche's thepnem
T {2 and g(z) ane analybtic dnside and on
a simple cwused cunve € and 4 19()1<1f(z)l on ¢ Lhen

f2)1g(2) and () have tre same number of zenos inside ¢

NOVEMBER - 2015

1. 1f m f@:=2, then prove that lim Imf(2 = Im A

Z-20 Z>Zo
Sol.
Lek Um () - 4
2220
Since, Imftz) = _| [f(2)-f(2)]

2

Now, Um Imf(z) = [ Lim f(2)- dim f(2)]
2220 Jie €220 Z-20

(A}

oo i Guven lim f(z)- ¢
5 Foe-2] z-azon)

MM mfzy - 9.7

Mm ImAf2) - Iml

Z->2Z0

L&}

Henw prwved

2. pueve that bw  junchon fz):z4 ¢ ditpenentiable ak
Eveny Ppoink

sol- : :
Now, UM f(z1h) - £(h) . lim (z+0)H - zH

h0 /A hag: T
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Lim flz+h)-F(z) - Uim 244 4Z3h+672h2 42k +h' -2 H

h-o h-0 g,
h
h
- Um KCyz346z2%h+ 4zh*th*)
R e
H
dim {(z4-f(2)  — iem [ yz3+62°h+ HZh?+ 5]
i h h-0
= KHz2

~The hunclion £(2) =24 1 ditpencnbrable ak eveny

potrt -

3.

When the bow? points z,2,,23,2u are sard to be collinearn 2
Fowr distintt poirts z,,zs, 23, zy ane coltinean

Ay (21,22,73, Zi) (5 S -

L‘ ;

Depine pwiabolc Inarspvrmation
A Lrlnéan gbvcuzogaﬂma,h‘on with only vne |

ped point called parabolic

B T VAU S SS—
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6. Stake Masumum HModulus 1heonem

det @) Le continouws An a dosed danec bounded

negjon D and analytic and non corwstant wn ke teuon O

D. Then 121 adains s maximum “vatue on Ahe boundany

w the rtenion O D

D and never

6. State cauchy's (nequality

fet £@ Le analybic Lnsice and on the ande ¢

with centre 7, and sadiys y. Lok M denote the masméT

o Iftz)) on ¢ Then [fM(Zo)| < N'HM
yn

Maclawun's senes pon coshz s

ashizBe + 75 i g 2l - - (1214

2! 21 Cm!

Maclawdn's  seues pon Aogli+2> b

A ZR= e 2 1 7% e 2 e
o n

Scanned with CamScanner




1
1
\
|
|
|
t
f

|
|

)

——

8. Defne poles

Let a e upolaked Singulanty o flz). The pOirt
a » called a pole 4y the pyuncpal paet G flz) at z-a has a
dngpnite  numben 0f tenms - 1j the paunupal park 04 f(z)

at z-a w given Ly

[
l
i
1

e st o

Zac (z-a)? (z-a)]

3

where br3o, we say that a w a poled 0nder ¥ pon 1)

a- State Rouche's theohem
14 f2) and gl ane analytic inside and on a

Aimple closed cwrve ¢ and 44 19 Ifl>) on ¢ then

f(z2)1g(2) and flz> hawve same mumben O ZEWL inaide C.

0. Depine Residue op a funckon
lob a We an polated sigwanity 02 1(2)-Then the
nesidue o f(2) at a & depined o ke Webtient Oy o O

the Launent's senies exparsion about a o f(2) and o derwted

Ly Rer§fiz);aj

Res{f(2);aj - 1 [flzydz , whene € & corde 1Z-alzy , 1 ¢4
2mj ¢
analytic tp 0<4l1z-alzy

0 3 o e et Pt S A K 8§ Y. 4 ot 9 ]
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APRIL -2009

Evaluate Mm  xX°y?
" O St —.
o (x+y2)3

sol-
Along the panabola y*-mz,

flz) - mx3
(x+mo)?3

|
:{[z) - m
(1 +m)?

#Henw i z»0 along +he pasabola y?-mx
flz) tends Lo M which depends on m-

(1+m)3

Jlence f(z) does ot have a lmit ab Z-0

A

2. Faxamune the dippererbiabiity o fl2)-Z

2ol -
NoWw, Um f@z+h ~F(Z): lim (Z+th) - Z

h-? 0 h ")‘70 h

- lim E+h-Z
h-o h

Lim flz+m)- 2 = km h
OB . bt gy

- lim does not eoust

Iq-ao

h
h

S =z » nowhere diphererbable

R Y Rl AR A 4 A TR P ST N WS T VO 5 AR R & ¢S S e e T B A AT U TS L TGN A T AT T s
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3. what are the puxed poinks o transponmation w- oz,
(lal=1?

Sal. Ww=az, lal:)

0 and « ane the pured poins Gy thws dnarwsponmation

y gtatke the Yeomebrucal meaning Oy dhe dnanstonmalon

wzl .
2 The invension b W= '/z

This tnamsponmation can Le expnemed as a prOLUCE

sol.

o twuo tnansponmations
Ti@2) = (Yy)e'® % Tatz)-ve -7

now (ToT2)@ = Ti (T2(2))
= T.(Ye‘f@)
& | -10
(—y)e
(T,0 T2) (Z) :_U
z|

The ransgonmation Titz)= (Vy)eio Jepnesents the invension

uuth nespeck to urit unde (zl=1 and T(2)-Zz nepnesents the
nepleckion abowt head ancis .

Hence wbhe, dnanbponmation w: Yz ub ke LNvension
Wyt te wit dide folowed Ly the 1ekleckion abowt he

Jheal anus

e T

Scanned with CamScanner
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5. 2Zvaluate : "“J S A e
c

Sol.

Hene, fl2)= 2°+5 b analybc (nside and on

(zl: 4 and z:3 es jnside it

Z-Zo

' BY CCUJchy‘s | ntegnctl bOﬁmLL/d, J.-J .‘CILF(Z) s flzp)
o

XML

2
= -—'——.J 245 gz - £03)
Z-3
S )

=1y

Sol.

6- Cvaluate - JE_ZdZ,C:IZ):)

Zn
C

let flz)= €%
cleanty

The .éo_nmuja -90_]’) Fughw cleu vabves Y
f}nm S J D 4z

oni g (= a)t!
.j eZdz = [ €% dz
L Z0)"
SR e
) (-1
il
J.C’fdz Lo
Zn
¢ cn4) 1

f(z) » analytic and FN(2)=c* fon all n

|
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apard fl2):- 1), abowt Z-) ab 4 raylon senes
sol L. f>
Z
By Taylon serue's expansion
ftz) < £(zo) + 1'(20) (z-2p)1 1" (20) (2-20)* 1 -4

I 2]
£ (z20) (2-20)" +

Al
fo SRR () 2 (@) -+ £20) Rl
Z i 2] 3
NOW, 'I[[Z) :-"f = ‘F[’): /
iz 1 => 105
22
e, 2. = fl=2
23
Y - =6 = 0= -6
ZH

Henw 1he Taylon's series expiession pon Yz about | b

F{Z) S - -Cz_‘) 4(2_’)2 ._(z_')3 DR ¢

Sl
z

state the Zeno and ity onclen g {(2):=2%whZ

sol-
-F(2)2222-23+z~5_ |
gl B |
‘23(1-—2 £z
2 l '
f(z) = 23¢[2)
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Whene @z) = |- z2 4+ 24 ...
3l 81

Obviously @(z) » anhalytic and ¢0) 40
LZ=0 b A zeno O onden 3 hon fl2)= Z%sinz

9. Find the nesidue o cotz at z-o
sol ’
Z=0 (b a Simple pole pon Cotz,

Let fi2= Wz, - h(z)
sSinz K(Z)

whene htz)= sz B K(z)= SNz

“-Resff(2);0h = h(o)
z K(D)
- SO CiclcD)=cDsZ)
? 2050
[Resifc>; 05 = |

i0- Degme: Residue akt Lntiruty

The nesidue at infiruty

I ResS (2 @ - -#zlf{g)dz

where ( v a simple cdosed path Uy R<Izi< oo g we

expand 1(2) ap f(2)= Sapz” in R<izlcow, Red§{(D 2§ = -A
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