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Unit—1: Analytic Functions

Introduction

In this Unit we study in detail the concepts of limit and continuity for functions of a complex
variable. We also introduce the notion of differentiability for functions of a complex variable and
see how the derivative of a complex function of one complex variable sometimes behaves like
the derivative of a real function of one real variable and other times is comparable to the partial
derivatives of a real function of two variables.

Functions of a Complex Variable

We use the letters z and w to denote complex variables. Thus to denote a complex valued function
of a complex variable we use the notation w = f(z). Throughout this unit we shall consider
functions whose domain of definition is a region of the complex plane.

The function w = iz + 3 is defined in the entire complex plane. The function w =
defined at all points of the complex plane except at z = +i.

The function w = |z| is defined in the entire complex plane and this is a real valued function of
the complex variable z.

If ag,ay,...,a, are complex constants the function P(z) = ag + a1z + - - - + a,2" is defined in
the entire complex plane and is called a polynomial in z.

If P(z) and Q(z) are polynomials the quotient ggzg is called a rational function and it is defined
for all z with Q(z) # 0.

The function f(z) = z* + y* + i (¢ + y?) is defined over the entire complex plane. In general
if u(z,y) and v(z,y) are real valued functions of two variables both defined on a region S of the
complex plane then f(z) = u(z,y) + tv(z,y) is a complex valued function defined on S.

Conversely each complex function w = f(z) can be put in the form

L
27 18

w = f(z) =u(z,y) +iv(z,y)

where v and v are real valued functions of the real variables x and y.

u(z,y) is called the real part and v(x, y) is called the imaginary part of the function f(z).

For example, f(z) = 22 = (z +iy)> = (2% —y?) + i(2zy) so that u(z,y) = 2? — y* and
v(z,y) = 2zy.

Thus a complex function w = f(z) can be viewed as a function of the complex variable z or as
a function of two real variables x and .

To have a geometric representation of the function w = f(z) it is convenient to draw separate
complex planes for the variables z and w so that corresponding to each point z = = + iy of the z
-plane there is a point w = u + iv in the w-plane.
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Limits

Let w = f(z) be a function defined in some region containing a point z, except perhaps at the
point zy. It may happen that as z approaches z; the value f(z) of the function is arbitrarily close
to a complex number /. Then we say that the limit of the function f(z) as z approaches z is I. This
idea is expressed in a precise form in the following definition.

A function w = f(z) is said to have the limit [ as z tends to z if given £ > 0 there exists
d > 0suchthat 0 < |z — 29| < J = |f(2) — ] < e. In this case we write lim f(z) = 1.
Z—20

<
<

&

z- plane . w - plane

Geometrically the definition states that given any open disc with centre / and radius ¢ there
exists an open disc with centre zy and radius ¢ such that for every point z (# zp) in the disc
|z — 2| < d the image w = f(z) lies in the disc |w — | < e.

Lemma 1. When the limit of a function f(z) exists as z tends to zy then the limit has a unique value.

Proof. Suppose that lim,_,,, f(z) has two values I; and l,. Then given ¢ > 0 there exists §; and
09 > 0 such that

0<|z—20 <0 =|f(z) —l]| <= and

NN RON AN

0< |Z—ZQ| <52:>|f(z)—l2| <
Now let 6 = min {d1,d2}. Then if 0 < |z — 29| < 0 we have

[l = o = [l = f(2) + f(2) — L]
< |[f(2) = hl + [f(2) -l

< = + - €
2 2
Since ¢ > 0 is arbitrary |l; — lo| = 0 so that [; = ls. O

2

Example 2. Let f(z) = { g Zc‘z fj . As z approaches i, f(z) approaches i> = —1. Hence we

expect that lim f(z) = —1.

z—1

Solution. To prove that we must show that given € > 0 there exists 6 > 0 such that 0 < |z — i| <
0= ‘z2+1| < e. Now

’22 + 1‘ =1(z+1)(z—1)|
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= |2+ ]|z — | (1)

Note that if we can find a § > 0 satisfying the requirements of the definition then we can choose
another ¢ < 1 satisfying the requirements of the definition. Now

O0<|z—il<1l=|z+1i=|2—1i+2i
< |z —i| + |24
<1+2=3

Therefore |z + i| < 3. Using this in (1), we obtain 0 < |z —i| < 1 = |22 + 1| < 3|z — i|. Hence if
we choose § = min {1, § }, we get

0<|z—i|<d=|2+1|<e

Therefore lim f(z) = —1. [

zZ—1

: 22—4 _
Example 3. l1_>m2 —— =4

Solution. Let f(z) = 22:4. Hence f(z) is not defined at = = 2 and when z # 2 we have
z—2

(z+2)(z—2)
= V- = 2
Therefore | f(z) — 4| = |z + 2 — 4] = |z — 2| when z # 2. Now given € > 0, we choose § = . Then
0<|z—2|<d=|f(2) — 4] < e. Therefore

lim f(z) =4

z2—2

Example 4. The function f(z) = Z does not have a limit as z — 0.

Solution. Given
Ty
x4y

z
f(z) = >
Suppose z — 0 along the path y = mz. Along this path

T — imx 1—wm

f(z)= = —asxz #0

x+imx  14+im

Hence if z — 0 along the path y = ma, f(z) tends to {742 which is different for different values of
m. Hence f(z) does not have a limit as z — 0. [
Example 5. Let f(z) = %, z # 0. Then f(z) does not have a limit as z — 0.

Prepared by: Mrs. S. Sunantha, M.Sc., M.Phil., B.Ed., Please go on to the next page. ..



Department of Mathematics Complex Analysis Page 5 of 54

Solution. Along the parabola y? = mz we have

m:v2 m

J(z) = (x +ma)3 - (1+m)3

Hence if z — 0 along the parabola y?> = mx, f(z) tends to ﬁ which depends on m. Hence f(z)
does not have a limit as z — 0.

Definition

We say li_>m f(z) = lif given € > 0 there exists a number m > 0 such that

|z >m = |f(z) =] <e.

We say that lim f(z) = oo if for given n > 0 there exists § > 0 such that

Z—20
0<|z—2] <0=|f(2)] >n.

We say that lim f(z) = oo if for given n > 0 there exists m > 0 such that
Z—00

|z| >m = |f(2)] > n.

Theorems on Limit

We state without proof the following theorem on the limits of sum, product and quotient of two
functions. The proof is analogues to that of real functions.

Let f and g be two functions whose limits at z( exist. Let lim f(z) = and lim g(z) = m.

Z—20 Z—20
Then

(D). lim [f(z) +g(2)] =1+ m.

Z—20

(2). lim f(2)g(z) =Im.

Z—20

(3). lim % = L provided m # 0.

z—z0 9

Theorem 2

| r

(1). If lim f(2) =1, then lim fz) =1

Z—r20

(2). If lim f(z) =1, then Jim |f(2)| = |I]

3). Zli}rg f(z) =liff lim Re f(z) = Rel and lim Im f(z) = Im({).

Z—r20 Z—20
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Proof.
(1). Let € > 0 be given. Then there exists § > 0 such that
O0<|z—20|<0=|f(z) -1 <e

Now |f(2) — 1| = |f(2) = 1| = |f(2) —|. Hence 0 < |z — 2| < § = |f(2) — | < € so that
lim f(z) = L.
). [[f(2)[ = ]l <[f(2) — | and hence
0<l|z—z| <0=||f(z)|=l]| <e
Therefore tliglo lf(2)| =]

(3). Let zlgrzl f(2)| = L. Since Re f(z) = [f(2) + f(2)], we have

lim Re f(z) = 1 lim f(z)+ lim f(z)

Z—20 2 |z—20 Z—20
1 -
=+
SU+D)
= Rel
Similarly lim Im f(z) = Im/.
Z—r20
Conversely, let lim Re f(z) = Rel and let lim Tm f(2) =Iml. Since f(z) = Re f(z)+ilm f(z)
2—20 z2—20

it follows that 1i_>m f(z) =Rel+ilmil =1.
Z—720

O]

Continuous Functions

Let f be a complex valued function defined on a region D of the complex plane. Let 2y € D.
Then f is said to be continuous at zg if lim,_,,, f(z) = f (20). Thus f is continuous at zy if

given ¢ > 0 there exists a § > 0 such that |z — 29| < § = |f(z) — f (20)| < e. f is said to be
continuous in D if it is continuous at each point of D.

(1). If f and g¢ are continuous at zy then f + g, fg and f are continuous at zo and f/g is
continuous at zg if g (zo) # 0.

(2). If f is continuous at zo then |f| is also continuous at zp.
(3). If f is continuous at zg iff Re f and Im f are continuous at z;.

(4). Any polynomial P(z) is continuous at each point of the complex plane and any rational

function 58 is continuous at all points where Q(z) # 0.
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Differentiability

Let f be a complex function defined in a region D and let z € D. Then f is said to be
differentiable at z if }lLin% W exists and is finite. This limit is denoted by f’(z) or %
—

and is called the derivative of f(z) at z. The function is said to be differentiable in D if it is
differentiable at all points of D.

Example 6. The function f(z) = 22 is differentiable at every point and f'(z) = 2z.

Solution.

fz+h)—f(z) (z+h)?—22

h h
=2z+h

flz+h) = f(2)

Hence lim = lim(2z + h)
h—0 h h—0
=2z
. / =9
7'(z) =2 .
Example 7. The function f(z) = Z is nowhere differentiable.
Solution.
Feh)—fz) GEm -z
h B h
_Z+h-z
B h
_k
~h
%ir% % does not exist. Therefore f(z) = Z is nowhere differentiable. [
—

If f(z) is differentiative at a point z then it is continuous at that point.

Proof.
ti [z + 1)~ £()] = fimy | ZEER =IO g
=f(2) x0
=0
Therefore %13%) f(z+h) = f(2) so that f is continuous at z. O
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The converse of the above result is not true.

For example, f(z) = Z is continuous everywhere but it is nowhere differentiable.

The definition of derivative for complex functions is identical to the definition for real functions
and the following formal rules of differentiation are true for complex functions also and the proof
is left as an exercise.

Let f(z) and g(z) be differentiable at a point z. Then
M. (f+9)(2) = F'(2) +d(2).
). (f9)'(2) = f(2)9'(2) + ['(2)9(2).

! "(2)g(2)—f(2)d’ (= .

(3). (i) (2) = LEUELEIC) provided g(z) £ 0.

(4). Suppose g is differentiable at z and f is differentiable at g(z). Let F(z) = f (g(2)).
Then F'(z) = f(g9(z))g’'(z). (This is the usual chain rule for the derivative of composite
functions).

(5). Let n be any positive integer. The function f(z) = 2" is differentiable at every point
and f'(z) = nz""L.

(6). The polynomial P(z) = ag + a1z +azz® + - - - +a, 2" is differentiable at every point and
P'(2) = a1 + 2a2z + - - - + na,z" L.

(7). If n is a negative integer f(z) = 2" is differentiable at every point z # 0 and f'(z) =

nz""1,

The Cauchy-Riemann Equations

The existence of the derivative of a complex function of a complex variable f(z) requires w

to approach to the same limit as » — 0 along any path. This has some far reaching consequences. In

this section we derive some important properties of the real and imaginary parts of the differentiable
function f(z) = u(x,y) + iv(z,y).

Let f(z) = u(x,y) + tv(z,y) be differentiable at a point zp = xo + iyo. Then u(z,y) and
v(z,y) have first order partial derivatives u, (xo, y0), uy (0, Y0), vz (20, yo) and v, (zo, yo) at
(20, yo0) and these partial derivatives satisfy the Cauchy-Riemann equations (C.R equations)
given by

Uz (20, Yo) = vy (To,%0) and uy (xo, yo) = —ve (o, Y0)
A]'SOJ fl (ZO) = Uy ('1:07 yO) + ivx (m()? yO)

= vy (20, Y0) — iuy (7o, Yo)

f(zo+h)—f(z0)
2

Proof. Since f(z) = u(z,y) + iv(x,y) is differentiable at zg = o + iy }llin%) exists and
—
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hence the limit is independent of the path in which h approaches zero. Let h = hy + ihy. Now

f(zo+h)—f(z0) wu(zo+h1-yo+ha)+iv(zo+ hi,yo + ha) — u (w0, yo) — v (w0, yo)
h hi +ihg
~ [u(xo + h1,y0 + ha) — u (20, y0) v (2o + h1,y0 + ha) — v (w0, 0)
= : +i :
h; + iho hi 4+ iho

Suppose h — 0 along the real axis so that A = h;. Then

he) —
f(z0) = Jimm, [f o 23 : (ZO)]
— Lim {u(mo + h1,%0) — U(xoayo)] 4 lim ['U (zo + h1,90) —v (xo,yo)]
h1—0 hi h1—0 hi
= Ug (:L'(), yO) + ivx (IL’(), yO) (1)

Now, suppose h — 0 along the imaginary axis so that h = ihy. Therefore

' (20) = lim [f (20 + ha) f(zo>]

iha—0 iho
~ lim [u (w0, yo + ha) — u (w0, yo)]

+ 7 lim

" ha—0 iho ha—0 1ho

= [nlzewd] e o]

[v (o, yo + ha) — v (x0,Y0)

1 (3
1
— guy (l‘Oa yO) + Uy (SU(], yU)

= —iuy (T0,Y0) + vy (%0, Y0) (2)
From (1) and (2) we get
f' (20) = uz (w0, y0) + ivz (20, 90) = vy (20, Y0) — 11y (20, Y0)
Equating real and imaginary parts we get

gz (20, Y0) = vy (0, Yo)

uy (w0, Yo) = —vz (o, Yo)
]
Example 8. Let f(z) = { ﬂxg?ﬁ Zzzig . Here u(z,y) = { zg%yz Zzg:z; i Eg:g; and

v(z,y) = 0.

Solution. Now

12(0,0) = ]1112% {u(h, 0) ; u(0,0)]
. 0-0
5

Prepared by: Mrs. S. Sunantha, M.Sc., M.Phil., B.Ed., Please go on to the next page. ..



Department of Mathematics Complex Analysis Page 10 of 54

Similarly «,(0,0) = 0. Also v,(0,0) = 0 and v,(0,0) = 0. Hence the C.R equations are satisfied at
z = 0. Now, along the path y = muz.

TmT m .

(z) = 22+ m222 1+ m? if x70
Hence if z — 0 along the path y = max, f(z) — > which is different for different values of m.
Hence f(z) does not have a limit as = — 0 so that f(z) is not even continuous at z = 0. Thus f(z)
is not differentiable at z = 0. [ |

Theorem 6

Let f(z) = u(z,y) + iv(z,y) be a function defined in a region D such that u,v and their
first order partial derivatives are continuous in D. If the first order partial derivatives of
u, v satisfy the Cauchy-Riemann equations at a point (z,y) € D then f is differentiable at
z=x+1y.

Proof. Since u(x,y) and its first order partial derivatives are continuous at (z,y) we have by the
mean value theorem for functions of two variables

w(x+hi,y + ho) —u(z,y) = hiug(x,y) + houy(z,y) + hier + hoeo 1)
where €1 and 5 — 0 as hy and hy — 0. Similarly
v(x + hi,y+ he) —v(z,y) = hivg(x,y) + hovy(z,y) + hiez + hoey (2)

where e3,e4 — 0 as hy and hy — 0. Let h = hy + ¢hs. Then

z+h)— f(z 1 .
FEAR T byt ha) = e, 9) + v o,y o+ o) — ()]
1 .
= [{hiua(z, y) + houy(z,y) + hier + haea} + i {h1va (2, y) + hovy(2, y) + higs + haes}]
1 . . . .
= (1 {ug (2, y) + v (2, )} + ho {uy(z,y) + ivy(z,y)} + hi (61 + ie3) + ha (€2 + icq)]
1 . . . . .
= [(h1 +ih) uz(x,y) — i (h1 + the) uy(x,y) + hi (€1 + ie3) + ho (€2 + iey)]
1 . . )
=+ [hug(x,y) — thuy(z,y) + hi (e1 + ie3) + ho (g2 + ic4)]
h h
= g (2,y) — iy (2, ) + - (21 + des) + 5 (e2 + i)
Now, since % <1, % (€1 +ieg) — 0 as h — 0. Similarly % (e2 + ie4) — 0 as h — 0. Therefore
_flz+h)—f(z) _ :
ilzli}%) o = uz(x,y) — iuy(z,y).
Hence f is differentiable. O

Example 9. Let f(z) = e®(cosy + isiny). Therefore u(z,y) = e* cosy and v(z,y) = e*siny. Then
ug(z,y) = e* cosy = vy(z,y) and uy(x,y) = —e”siny = —vy(z,y).
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Solution. Thus the first order partial derivatives of v and v satisfy the Cauchy-Riemann equations
at every point. Further u(z,y) and v(z, y) and their first order partial derivatives are continuous at
every point. Hence f is differentiable at every point of the complex plane. |

Alternate forms of Cauchy - Riemann equations

In the following theorem we express the Cauchy-Riemann equations in complex form.

Theorem 7: Complex form of C-R equations

Let f(z) = u(z,y) + iv(z,y) be differentiable. Then the C.R equations can be put in the
complex form as f, = —ify.

Proof. Let f(z) = u(x,y) + iv(z,y). Then f, = u, + iv, and f, = u, + iv,. Hence

Jo=—1ify
S uy + vy = —i (uy + ivy)
S Ug + 10y = Vy — iUy

S Uy = vy and vy = —uy
Thus the two C.R equations are equivalent to the equation f, = —if,,. O

In the following theorem we express the Cauchy-Riemann equations and the derivative of a
complex function in terms of it polar coordinates.

Theorem 8: C.R equations in polar coordinates

Let f(z) = u(r,0)+iv(r, 0) be differentiable at z = re'® # 0. Then % = 19% and J¥ = —1 %4,
Further f'(z) = £ (3% +i%%).

Proof. We have x = r cos# and y = rsin 6. Hence

ou_0uds  0udy
or  Ox0r Oyor

_ Ou ou
8$ cosf + — 3y sin 6 D

Also
ov_ 000 0udy
00  0x 00 Oy ol
= @(—r sinf) + @(r cos0)

oz oy
10v v P ov P
; % — % sin + a—y COS
_ Ou

sinf + — Ou cos # (using C.R equations)
83/ ox
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ou .
=5 (using (1))

Oou 10v
Thus — = ——
Y ar T 1 o9
Similarly we can prove that % = —%g—z. Now

(P, 00\ _ [(0udr  Oudy), (9v0s  dvdy
or or) Ox Or Oy Or Ox Or Oy or
ou ou . ( Ov ov |
—rKaxcosH—i-%Sln@)—i—z(agvcos@—i—({wsmH)]

= 6 @—F@ +7sin6 @—F@
=reost (o Fig ) +rs 9 oy

=zf'(2) +iyf'(2)
= (z +iy)f'(2)
= zf'(2)

We now proceed to express C.R equations in yet another form. Let f(z) = u(z,y) + iv(x,y). Since
x = %% and y = %%, we have

21
z2+zZ 22—z . z2+zZ z2—7Z
ﬂz)‘“( 2 2 )JFZ“( 2 22')

]
Example 10. Verify Cauchy-Riemann equations for the function f(z) = z3.
Solution.
f(z) =2 = (z +iy)°
= (:1:3 — 3:):y2) +1 (3x2y — yg)
u(z,y) = 2° — 3zy? and v(z,y) = 3z%y — 3°

Therefore

ug = 32% — 3y? and v, = 6zy

uy = —6xy and vy = 322 — 3y?
Here u, = v, and u, = —v,. Hence the Cauchy-Riemann equations are satisfied. |

Example 11. Find constants a and b so that the function f(z) = a (2* — y?) +ibzy+-c s differentiable
at every point.

Solution. Here u(z,y) = a (x2 - y2) + cand v(z,y) = bry. uy = 2ax; vy = by; uy = —2ay and
vy = bx. Clearly u, = v, and u, = —v, iff 2a = b. Therefore C-R equations are satisfied at all
points iff 2a = b. Therefore the function f(z) is differentiable for all values of a,b with 2a =b. W
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Analytic Functions

A function f defined in a region D of the complex plane is said to be analytic at a point
a € D if f is differentiable at every point of some neighbourhood of a. Thus f is analytic
at a if there exists ¢ > 0 such that f is differentiable at every point of the disc S(a,c) =
{z/|z — a| < €}. If f is analytic at every point of a region D then f is said to be analytic

in D . A function which is analytic at every point of the complex plane is called an entire
function or integral function.

An analytic function in a region D with its derivative zero at every point of the domain is a
constant.

Proof. Let f(z) = u(x,y) + iv(x,y) be analytic in D and f’(z) = 0 for all z € D. Since f/(z) =
Uy + vy = vy — iu, we have u, = uy = v, = vy, = 0. Therefore u(x,y) and v(x,y) are constant
functions and hence f(z) is constant. O

Example 12. Any analytic function f(z) = u+iv with arg f(z) constant is itself a constant function.

Solution. arg f(z) = tan'(v/u) = ¢, where c is a constant. Therefore * = k where k is a

constant. Therefore v = ku. Hence v, = ku, and v, = ku,. Eliminating k£ from the above
equations we get u,v, = vyu,. Therefore u v, — uyv, = 0. Therefore u? + u; = 0 (by C.R.
equations). Therefore u, = 0 and u,, = 0 and hence v is constant. Similarly we can prove that v is
constant. Therefore f = u + iv is constant. |

Harmonic Functions

Let u(x,y) be a function of two real variables = and y defined in a region D. u(x,y) is said
to be a harmonic function if % + g% = 0 and this equation is called Laplace’s equation.

Theorem 10

The real and imaginary parts of an analytic function are harmonic functions.

Proof. Let f(z) = u(z,y) + iv(x,y) be an analytic function. Then » and v have continuous partial

derivatives of first order which satisfy the C.R equations given by % = % and ‘3—’; = —%. Further
0%u 0%u 0% 0%v
= and =
oxdy  OJyox oxdy  Oyox
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Now
Pu ou_ o (o) 0 ( o
ox2 oy Oz \ Oy Oy Ox
P P
- 0zdy  Oyox
=0
Thus w is a harmonic function. Similarly we can prove that v is a harmonic function. O

Let f = wu + iv be an analytic function in a region D. Then v is said to be a conjugate
harmonic function of u .

Theorem 11

Let f = u + iv be an analytic function in a region D. Then v is a harmonic conjugate of v if
and only if « is a harmonic conjugate of —v.

Proof. Let v be a harmonic conjugate of u. Then f = u + iv is analytic. Therefore if = iu — v is
also analytic. Hence « is a harmonic conjugate of —v The proof for the converse is similar. O

Any two harmonic conjugates of a given harmonic function « in a region D differ by a real
constant.

Proof. Let u be a harmonic function. Let v and v* be two harmonic conjugates of u. u + iv and
u + 4v* are analytic in D. Hence by the Cauchy-Riemann equation we have

ou_o0_ o
or Oy Oy
ou ov ov*
and — = —— = —

oy Oz ox
ov  ov* ov  Ov*
and

Hence a% (v—v*)=0and a% (v —v*) = 0. Therefore v = v* 4 ¢ where c is a real constant. O

Milne-Thompson method
Let u(x,y) be a given harmonic function. Let f(z) = u(z, y)+iv(z,y) be an analytic function. Then

f/(Z) = uz(l‘,y) + ivx(x7y)
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z

Let o1 (x,y) = uy(z,y) and @a(z,y) = uy(x,y). We have z = 2= and y = 7. Hence

; o z2+z z—2 o z2+z z—2
f(z)—%( 5 2i> Z<P2< 5 2i>

Putting z = z we obtain f'(z) = p1(z,0) — ipa(z,0). Hence

f(2) = / (1(2,0) — igpa(z, 0)] dz + ¢

Example 13. Prove that u = 2z — 3 + 3zy? is harmonic and find its harmonic conjugate. Also find
the corresponding analytic function.

Solution. Given u = 2z — 2 + 32y%. Therefore

ugc:2—3362—i-3y2

Upy = —6T
Uy = 6y
Uyy = 6T

Therefore u,, + uy, = 0. Hence u is harmonic. Let v be a harmonic conjugate of u. Therefore
f(2) = u+ v is analytic. By Cauchy-Riemann equations we have

vy:ux:2—3:c2+3y2

Therefore integrating with respect to y we get

v =2y — 3%y + 1> + \z) (D
where \(z) is an arbitrary function of x. Therefore v, = —6zy + X' (x). Now v, = —u, gives
—6xy + N(x) = —6zy. Hence N (z) = 0 so that A\(x) = ¢ where ¢ is a constant. Thus v =

2y — 322y + y® + ¢ [from (1)]. Now

f(z) = (2z - 3 + 3xy2) +i(2y — 322y + y3) +ie
i) (20— te) 4 32y )] i

=922 — 2% +ic

Therefore f(z) = 2z — 2% + ic is the required analytic function. |
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Unit—2: Bilinear Transformations

Introduction

A function f : C' — C can be thought of as a transformation from one complex plane to another
complex plane. Hence the nature of a complex function can be described by the manner in which
it maps regions and curves from one complex plane to another. In this chapter we shall discuss
bilinear transformations and see how various regions are transformed by these transformations.

Elementary Transformations

(1). Translation: w =2+ b
Consider the transformation w = z + b. If z = z + 4y, w = u + v and b = by + iby then the
image of the point (z,y) in the z -plane is the point (z + b1,y + b2) in the w -plane.
Under this transformation the image of any region is simply a translation of that region.
Hence the two regions have the same shape, size and orientation. In particular the image of
a straight line is a straight line and the image of a circle with centre a and radius r is a circle
with centre a + b and radius 7.
We note that oo is the only fixed point of this transformation when b # 0.

(2). Rotation: w = az where |a| =1
Consider the transformation w = az where |a| = 1. Let z = ¢’ and a = €' so that |a| = 1.
Therefore w = az = €' (re?) = re!®+). Therefore a point with polar coordinates (r,6)
in the z -plane is mapped to the point (r,6 + «) in the w -plane. Hence this transformation
represents a rotation through an angle o = arg a about the origin.
Under this transformation also straight lines are mapped into straight lines and circles are
mapped into circles. We note that 0 and oo are the two fixed points of this transformation.

(3). Magnification or Contraction: w = bz(b > 0, real)
Consider the transformation w = bz where b is real and b > 0. Then a point with polar
coordinates (7, 6) in the z-plane is mapped into the point (br, ) in the w— plane. Hence this
transformation represents a magnification or contraction by the factor according as b > 1 or
b<1.
Under this transformation also straight lines are mapped into straight lines and circles are
mapped into circles. We note that 0 and oo are the fixed points of this transformation.

(4). Inversion: w =1

Consider the transformation w = 1. Put z = re?. Therefore w = (1/r)e~*. This transformation
can be expressed as a product of two transformations 71 (z) = (1/7)e’ and Ty(2) = re ™ = z.

For,

(T1 0 T3) (2) = T1 (T2(2))

=T (Te_ie)
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The transformation 73 (z) = (1/r)e represents the inversion with respect to the unit circle
|z| = 1 and T»(z) = Z represents reflection about the real axis.

Hence the transformation w = % is the inversion w.r.t the unit circle followed by the reflection
about the real axis. Here points outside the unit circle are mapped into points inside the unit
circle and vice versa. Points on the circle are reflected about the real axis. In terms of cartesian
coordinates the above transformation can be expressed in the form

. 1 T — 1y
w=u+1 = — = — 5
rz+y Ty
x J —y
U=—F"""">F5 an V= —F"-7>5
$2 + y2 l’Q + yQ
Similarly from z = 1 we get
u —v
T andy:u2+z;2 1)
Now, consider the equation
a(z*+y?*) +br+ey+d=0 (2)

where a, b, ¢, d are real. This equation represents a circle or a straight line according as a # 0
or a = 0. Using (1) in (2) we get

d(u?+v?*) +bu—cv+a=0 (3)

Now, suppose a # 0; d # 0.
In this case both (2) and (3) represent circles not passing through the origin. Hence circles
not passing through the origin are mapped into circles not passing through the origin.

Similarly, a circle passing through the origin is mapped into a straight line not passing through
the origin. A straight line not passing through the origin is mapped into a circle passing
through the origin. A straight line passing through the origin is again mapped into a line
passing through the origin.

Thus we see that under the transformation w = % the image of a circle need not be a circle
and the image of a straight line need not be a straight line. However the family of circles and
lines are again mapped into the family of circles and lines.

We note that the fixed points of the transformation u = % are 1 and —1.

Example 14. Under the transformation w = iz + i show that the half plane = > 0 maps onto the half
plane v > 1.
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3 > u

Solution. Letz =z +iyand w = u + v
w=iz+i=>w=i(r+iy)+i=—-y+i(zr+1)

Therefore u + iv = —y 4+ i(x + 1). Therefore u = —y and v = = + 1. Therefore z > 0 <= v > 1.
Therefore the half plane = > 0 is mapped into the half plane v > 1. [

Example 15. Show that the region in the z-plane given by x > 0 and 0 < y < 2 is mapped into the
region in the w -plane given by —1 < u < 1 and v > 0 under the transformation w = iz + 1.

z-plane . w-plane

Solution. Letz =z + iy and w = u + iv.

w=1iz+1 =w=1i(r+iy)+1
=u+iv=(-y+1)+ix

Therefore u =1 — y and v = x. Therefore x > 0and 0 < y < 2 <= v > 0and —1 < u < 1. Hence
the given region is mapped into the region v > 0 and —1 < u < 1 as shown in the figure. [
Bilinear Transformations

A transformation of the form

(1)
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where a, b, ¢, d are complex constants and ad — be # 0, is called a bilinear transformation or Mobius
transformation.

We define T'(co) = ¢ and T (%d) = oo. Hence T becomes a 1 — 1 onto map of the extended
complex plane onto itself. The inverse of (1) is given by

B —dw+b

— 71
& (w) Cw —a

which is also a bilinear transformation.

Any bilinear transformation can be expressed as a product of translation, rotation,
magnification or contraction and inversion.

Proof. Let
az+b

cz+d

w=T(z)=

be the given bilinear transformation.
Case 1: ¢ = 0. Hence d # 0 (since ad — bc # 0). Therefore

az+b
d

0=+ (})

Now, let T} (z) = (%) z and T5(z) = 2 + (%). T} and T are elementary transformations and

where ad — bc # 0 @)

(1) = w=

a

(T2oT1)(z):Tg[<&> z}

a b
=(3)=+ <d>
=T(z)

Case 2: ¢ # 0.
_aztb_alz+ (9] +0- (%)
crd T elo+ (2]
a b= (%)

c cz+d

Now, let

Then T'(z) = (Ty 0o T3 0 Ty o T1) (z). Hence the theorem. O
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5—4z
4z—2

Example 16. Show that the transformation w =

. . 1
radius unity and centre —3.

maps the unit circle |z| = 1 into a circle of

Solution.

B 5—4z

42— 2

dwz — 2w =5 —4z

(Adw+4)z =5+ 2w

542w

Zz =
4w +4

5+ 2w 5+ 2w
= — =1
4w+ 4 4w+ 4

= 25+ 4ww + 10w + 10w = 16ww + 16 + 16(w + )
= 12w + 6w + 6w — 9 =0
11 3

éww+§w+§w—1:0

Now, |z]| =1 =2z = 1.

This represents the equation of the circle with centre —1 and radius /% + 2 = 1. Hence the result.
|

Cross Ratio

Let z1, 29, 23, 24 be four distinct points in the extended complex plane. The cross ratio of
these four points denoted by (z1, 22, 23, 24) is defined by

(21 —23)(22—24)

o1 —21)(23—28) if none of 21, 29, 23, 24 is 00

z1—23 ; ;
F— if 2o is co
(21, 22,23, 24) = % if 23 is oo
2275 if z4 is 0o
29—23
2o—24 : :
— if 21 is oo

Theorem 14

Any bilinear transformation preserves cross ratio.

Proof. Let w = ijs,ad — bc # 0 be the given bilinear transformation. Let z1, 22, 23, 24 be four

distinct points. Let their images under this transformation be wi, wo, w3, w4 respectively. We
assume that all the z; and w; are different from co. We claim that (21, 29, 23, 24) = (w1, wa, w3, wy).

We have )
az; + .
= =1,2,3,4
Wi cz; +d (i )

Prepared by: Mrs. S. Sunantha, M.Sc., M.Phil., B.Ed., Please go on to the next page. ..



Department of Mathematics Complex Analysis Page 21 of 54

Now,

az1+b az3+b
cz1+d B cz3+d
_ (ad —bc) (21 — 23)
~ (cz1 +d) (cz3 + d)
=ki(z1 —23) (say)

wyp — w3 =

Similarly wy — wy = kg (22 — 24). Therefore

(w1 — wg) (’wz — w4) = k?lk'Q (21 — Zg) (22 — 24)

=k (z1 — 23) (22 — 24)
Similarly we can prove that

(w1 — w4) (’LUQ — wg) = k (2’1 — 24) (Z2 — 23)
(w1 —w3) (w2 —wg) (21— 23) (22 — 24)
(w1 —wy) (w2 —w3) (21— 21) (22 — 23)

The proof is similar if one of the z; or w; is cc. O
Example 17. Find the bilinear transformation which maps the points z; = 2,29 = i z3 = —2, onto
wy = 1, w9 = i, w3 = —1 respectively.

Solution. Let the image of any point z under the required transformation be w. The required
bilinear transformation is given by the equation

(w,1,i,—1) = (2,2,1,—2)
(w—9)(1+1) (2—1)(2+2)

(w+1)(1—4)  (2+2)(2—1)

2(w —1) _ 4(z — 1)
(w+1)(1—-43) (z2+2)(2—1)
(w—1) B 2(z —1)

w—iw+1—i 2z2—iz+4—2i
wz +6w—32—2:=0
w(iz +6) =3z + 2i

_3z+ 2

iz 46
This is the required bilinear transformation. |
Example 18. Find the bilinear transformation which maps the points z = —1, 1, 0o respectively on

w = —1i,—1,1.
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Solution. Let the image of any point z under the required bilinear transformation be w. Since
bilinear transformation preserves cross ratio we have
(z,—1,1,00) = (w,—i,—1,1)
z—1 (w+1)(—i—1)
“1-1 (w—i)(—i+1)
(z—1)(w—idw—i—1)=4diw+ 4i
wz—1—i(z—1)—4i|=4i+ (i +1)(z—1)
(t+1)z+3i—1
(1-19)z—-3i—1 m

Fixed Points of Bilinear Transformations

If w = f(z) is any transformation from the z -plane to w -plane, the fixed points of the transformation
are the solutions of the equation z = f(z).
Consider a bilinear transformation given by

w= Zjis where ad — be # 0

The fixed points or invariant points of the bilinear transformation are given by the roots of the
equation z = gjjrrg G.e) cz®?+(d—a)z—b=0.
Case 1: ¢ # 0. In this case the fixed points are given by

_ (a—d)£+/[(d— a)?+4bc]
= 2c

When (d — a)? + 4bc # 0, the given bilinear transformation has two finite fixed points and when
(d — a)? + 4bc = 0 it has only one finite fixed point.
Case 2: ¢ = 0. In this case the bilinear transformation becomes w = (%) z + s. Clearly oo is one
fixed point. Other fixed point is determined by the equation z = (%) z + g (i.e) (d—a)z—b=0.
Therefore if d — a # 0 we get a finite fixed point d%a. If d — a = 0 then o is the only fixed point.
Thus we have
Case (i): ¢ # 0; (d — a)? + 4bc # 0 = 2 finite fixed points.
Case (ii): ¢ # 0; (d — a)? + 4bc = 0 = one finite fixed point.
Case (iii): ¢ = 0; a # d = oo and one finite fixed point.
Case (iv): ¢ = 0; a = d = oo is the only fixed point.

Any bilinear transformation having two finite fixed points o and [ can be written in the form
—Q
w—p

iy (;:g).

Proof. Let T be the given bilinear transformation having « and 3 as fixed points. Let the image of
any point y under 7" be ¢. Then the bilinear transformation 7' is given by (w, ¢, «, 8) = (2,7, o, ).
Therefore
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w_a:k<'z:g> where k= Q=00 —a)

Let T be a bilinear transformation with two finite fixed points «, 8. If k given by (1) is real
T is called hyperbolic and if |k| = 1, T is called elliptic.

Theorem 16

Any bilinear transformation having co and « # oo as fixed points can be written in the form
w—a=k(z—a).

Proof. Let T be the given bilinear transformation having oo and « as fixed points. Let the image of
any point v under 7" be §. Then the bilinear transformation is given by (w, 6; a, 00) = (z,7; a, 00).
Therefore

w—oa -«
S—a Y-«
-«
w—a=k(z—«a) where k=
Yoo ]

A bilinear transformation with only one finite fixed point is called parabolic.

Theorem 17

Any bilinear transformation having oo as the only fixed point is a translation.

\. J

Proof. Let w = ‘Cljig be the bilinear transformation having oo as the only fixed point. Then ¢ = 0

and ¢ = d. Therefore the bilinear transformation reduces to the form w = %*b Therefore
w = z+ () which is a translation. O

Example 19. Find the invariant points of the transformations (i) w = % (i) w = ﬁ

Solution.

(i). The invariant points of w = f(z) are got from f(z) = z. Therefore

142
f(z):z:z:ljz
=z2-22=1+z2
=1+22=0
= 2z=41

Therefore 7 and —i are the two fixed points of the transformation.
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.. 1
(). f(z)=z=2z= p—Y

=22-922-1=0
= (z—i)*=0

Hence i is the (only) fixed point.

Some Special Bilinear Transformations

In this section we shall determine the general form of the transformations which map
(). the real axis onto itself.
(ii). the unit circle onto itself.

(iii). the real axis onto the unit circle.

Theorem 18

az+b

A bilinear transformation w = % i)

only if a, b, ¢, d are real.
Further this transformation maps the upper half plane Im z > 0 into the upper half plane
Im w > 0 if and only if ad — bc > 0.

where ad — be # 0 maps the real axis into itself if and

Proof. Suppose a, b, ¢, d are real. Then obviously, z is real = w is also real. Therefore the real axis
is mapped into itself.

Conversely consider any bilinear transformation 7" that maps the real axis into itself. Therefore
there exist real numbers 1, z9, x3 such that 7' (x;) = 1, T (z2) = 0 and T (x3) = oo. Therefore the
bilinear transformation 7 is given by

(valaanmi’)) = (’LU, 1,0, OO)
(z — x2) (1 — x3) _ w—O:w
(z—x3)(x1—22) 1-0

Therefore w = gjig where a = 1 —23; b = —x9 (21 —x3); ¢ = 1 — 29 and d = —z3 (z1 — x2).

Since 11, 20, x3 are real a, b, ¢, d are also real. Now

az+b az+b
cz+d cz+d
B (ad — be)(z — Z)
N lez +d|?

ad — be
=2 — | I
Z<lcz+dl2) "
(ad—bc)

Therefore im w = ezt d]? Im z. Therefore the upper half plane I'm z > 0 is mapped onto the upper
half plane Im w > 0 < ad — be > 0. O

2iImw =w—w =
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Theorem 19

Any bilinear transformation which maps the real axis onto unit circle |w| = 1 can be written

in the form w = ¢ <%) where ) is real.

Further this transformation maps the upper half plane Im z > 0 onto the unit circular
disc |w| < 1iff Im o > 0.

Proof. Letw = ‘Cljig where ad—bc # 0 be any bilinear transformation which maps the real axis onto
the unit circle |w| = 1. 0 and oo are inverse points with respect to the unit circle |w| = 1. Hence
their pre-images —(b/a) and —(d/c) are reflection points with respect to the real axis. Therefore if

a=— (2) thena = — (%) Now

az+b
cz+d

-(5) e
- (%) (:22)

Now, suppose z is real. Hence |w| = 1. Therefore

1

a‘ |z —al

cllz—al

Now, since z is real z = Z and hence

lz—al=|z—a|=|z—a| =]z — 7|

Therefore ]%{ = 1. Hence ¢ = ¢'* where )\ is real. Therefore

(2 —a
w = e — |,
z—«

where ) is real, is the required transformation. Now
ww — 1 = e <H> e (z—a) —1
zZ— Zz—
(=)
Zz— zZ—
—4ImzIma

= ————— (on simplification)
|z — o

Therefore the bilinear transformation maps the upper half plane Im z > 0 onto the disc |w| < 1 iff
Ima > 0. O

Example 20. Prove that the transformation given by awz — bw — bz + a = 0 maps the unit circle
|z| = 1 onto the unit circle |w| = 1 if |b| # |al.
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Proof. awz — bw — bz + a = 0. Therefore

b, —a
w =

az—b

wwlz(w_a><m_a>1
az —b azZ —b

z—1)(|b]* = |al?
= (2 ,) (‘ "~ lal ) (on simplification)
laz — bJ?

Now

If |b] # |a| then ww — 1 = 0 < 2Z — 1 = 0. Therefore the unit circle |z| = 1 is mapped onto the unit
circle |w| = 1 if |b| # |al. O
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Unit-3: Complex Integration

Introduction

In this chapter we develop the theory of integration for complex functions. We assume that the
reader is familiar with the Riemann integral of a function defined on [a, b]. Using this we define
the integral of a complex valued function defined on [a, b] and the integral of a function f : D — C
where D is a region in C, along a curve C lying in D. We prove Cauchy’s fundamental theorem
and study the various consequences of this theorem.

Definite Integral

Let f(t) = u(t) + iv(t) be a continuous complex valued function defined on [a, b]. We define

/ab F(t)dt = /abu(t)dt —i—i/abv(t)dt.

Remark 21. The following properties of the definite integral can be easily verified

b

(1). Refbf(t)dt: J Re[f(¢)]dt.

a

b

(2). Imfbf(t)dt: [ Im[f(¢)]dt.

a

b

@. J17) +g(0)de = [ )t + [ g0yt

a

b b
(4. [cf(t)dt = c [ f(t)dt where c is any complex constant.

a

b

[ f(t)dt

a

Lemma 22.

< lelf(t)!dt-

Proof. Let fab f(t)dt = re?. Therefore

/abf(t)dt' =r=¢¥ /abf(t)dt

b
= Re <ei9/ f(t)dt) (since r is real)
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= Re ( / ’ e f(t)dt> (using 4)
- / ’ Re <e—"9 f(t)dt> (using 1)
b
<
/ab
:A F@)lat
=fvwﬁ

< frla. -

e it f(t)‘ dt

671’9

b

[ f@)dt

a

Let C be a piecewise differentiable curve given by the equation z = z(¢) where a < ¢ < b.

Let f(z) be a continuous complex valued function defined in a region containing the curve
C. We define

Thus

/Cf(z)dz = /abf(z(t))z’(t)dt,

¥4

Example 23. Consider [ f(z)dz where f(z) = 1 and C is the circle |z| = r described in the positive
c

sense. The parametric equation of the circle |z| = r is given by z = re' where 0 < t < 27 and

2'(t) = ire'. Therefore
d 2w o it
[ = [ F= [T
c c Z o ret

2w
:#‘ﬁ
0

= 2mi

Theorem 20
fcf(z)dz =— [ f(2)d=.

Proof. Suppose the equation of C is given by z = z(¢) where a < ¢t < b. We know that the equation
of —C'is given by
2(t) =z(b+a—1t) where a <t <b

Now,

b
/f(z)dz:/ f(z(b+a—1)2'(b+a—t)(—dt)
—C
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Putb+a —t =wu. Then —dt =du. Alsot =a = u=band t = b = u = a. Therefore

_éf@ﬂzzlfﬂawnwmw

b
——/waVMM

:—/f(z)dz

C

Definition

Let C; be a differentiable curve with origin 2; and terminus z;. Let C3 be another
differentiable curve with origin 2z, and terminus z3. Then the curve C' which consists of
(4 followed by Cj is a piecewise differentiable curve with origin z; and terminus z3. This
curve is denoted by Cy + Cs.

Definition

Let C be a piecewise differentiable curve given by the equation z = z(¢) where a < ¢ < b.
Then the length [ of C is defined by
b
I = / |2/ (t)| dt

Theorem 21

ff(z)dz
C

< Ml where M = max{|f(z)|/z € C} and [ is the length of C.

Proof. Suppose C'is given by the equation z = z(¢) where a < t < b. By definition of M we have
f@) <MV t;a<t<b (1)

Now

[ 1| -
C

< [ |7 ) d

a

b

= [ [f ®l®)]dt

a

Aﬂwmwwmﬂ
b

b
g/ M |2'(t)| dt (using (1))
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b
:M/pmwt
= Ml

/j@ngﬂﬂ
0

Example 24. Evaluate [ f(z)dz where f(z) =y — x — i32* and C is the line segment from z = 0 to
c
z=1+1.

Solution. The equation of the line segment C joining z = 0 and z = 1 + ¢ is given by y = =z.
Therefore the parametric equation of C' can be taken as x = ¢t and y = ¢t where 0 < ¢ < 1. Hence
2(t) = x(t) + iy(t) = t + it so that 2/(t) = (1 + i). Now

flz(t) =t —t —i3t* = —i3t?

Therefore

—i3t3(1 +4)dt

371
=—%O+®[]

3 0
—1—

Cauchy’s Theorem

In this section we prove the fundamental theorem of integration known as Cauchy’s theorem which
forms the basis for the theory of complex integration

Let p(x,y) and ¢(x,y) be two real valued functions. Then the differential equation

p(z,y)dx + q(z,y)dy = 0 is said to be exact if there exists a function u(z,y) such that
Ou _ d ou —
g — P an oy q.

Theorem 22: Cauchy’s Theorem

Let f be a function which is analytic at all points inside and on a simple closed curve C.
Then [ f(z)dz = 0.
c
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Proof. Let D be the closed region consisting of all points interior to C' together with the points on

C. Let ¢ > 0 be given. Let. C; (j = 1,2,...,n) denote the boundaries of the squares and partial
squares covering D such that there exists a point z; lying inside or on C) satisfying
f(z () o
D2 L ()] < 1
O i) < ™

for all z distinct from z; and lying within or on C}. Let
f(Z):f.(Zj) o f/ (Zj) if » 75 zj
9;(z) = 27 .
0 if z = z;
Clearly ¢;(z) is a continuous function and

f(2) = f(z5) = 2 f (25) + 2f () + (2 = 25) 05(2)

/f dz—/fzj dz—/cz]f(zj)dz—F/ 2f' (2 dz—i—/c 2 —2))6;(2)dz

J

—f(zj)/c z—zjf(z])/cdz—i-f /zdz+/c z — z;) 6j(2)dz

J J J
= / (2 —zj) 6j(2)dz (since/ dz =0 and / zdz = O)
C; o C;

J J

Therefore

;/Cj f(Z)dZ:;L] (Z—Zj)(sj'(z)dz (2)

Now, in the sum ) [ f(z)dz the integrals along the common boundary of every pair of adjacent
j:l Cj
subregions cancel each other.
Hence only the integrals along the arcs which are the parts of C' remain. Therefore

jé/cj f(z)dz:/cf(z)dz

Therefore from (2),

f(z)dz = z": (z —2j) d;(2)dz
/C j=1 /Cj

(Z — 25) 6(2)dz

<Z/ |(z — zj) 0;(2)| d=
—g/c 2 — 25116;(2)]| d2
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n
| @ <3 [ - sl 3
C j=17Ci

Now if C; is a square and s; is the length of its side then |z — z;| < v/2s; for all z on C; . Also from
(1) we have |§;(z)| < € and hence

/ 2= 110,(2)] dz < (V2s;¢) (455)
Cj

where A; is the area of the square C;. Similarly for a partial square with boundary C; if [; is the
length of the arc of C' which forms a part of C; . We have

| =l s < VEsie (45, + 1)
G

< 4V2Aje + V281, (5)
where S is the length of a side of some square containing the entire region D as well as all the
squares originally used in covering D. We observe that the sum of all A; ’s that occur in the right

hand side of (4) and (5) do not exceed S? and the sum of all the lj is equal to L (the length of ().
Using (4) and (5) in (3) we obtain

/Cf(z)dz

where k = 4v/2S? + \/2SL is a constant. Thus

/C f(z)dz

Since ¢ is arbitrary we have [ f(z)dz = 0. O
c

< (4\/552 + \@SL) e

= ke

< ke

A region D is said to be simply connected if every simple closed curve lying in D encloses
only points of D.

Cauchy’s Integral Formula

In this section we establish another fundamental result known as Cauchy’s integral formula using
Cauchy’s theorem.
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Theorem 23

Let f(z) be a function which is analytic inside and on a simple closed curve C'. Let z, be any
point in the interior of C. Then

f(20) = L ﬁdz

2 Jo 2z — 2

Proof. Choose a circle Cy with centre 2y and radius ry such that Cy lies in the interior of C'. Now,

2o is the only point inside C at which the function % is not analytic and hence is analytic. in the

region D consisting of all points inside and on C' except the points interior to Cjy. Hence

fd: [ f(2)dz

c 220 Co # — %0

:/ <f(z)—f(jo)+f(zo))dz
/CO <f(2)—f(20)0) o [ G0,
Co

zZ— 20 COZ—ZO

/co (W) dz+f(z0)/co ZﬁzZO
_ /CO <f(z)_f(20)> dz + f (z0) (27i)

Z— 20
e f(z)d f(z) = f (=)
z)az Z)— 20 .
J22 = [ ()t W

We now claim that

/ [IOEFICOA YN
Co Z =20

Since f(z) is analytic inside and on C' it is continuous at zy. Therefore given ¢ > 0 there exists
d > 0 such that
|z — 20| <6 = [f(z) = f(20)] <e

If we choose 9 < §, then |z — zp| < 19 = |f(2) — f (20)| < . Hence

/CO (W) dz‘ < (;) (2770)

= 27e

[ (L=t
[ (Hemty
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.. From (1) we get

ﬁdz =2mif (20)
C % — 20

Therefore

_ 1 f(z)
f(ZO)*% Cz—zodz 0

dz
z—3

Example 25. Consider [ -5 where C'is the circle |z — 2| = 5.

Solution. Let f(z) = 1. The point z = 3 lies inside C. Hence by Cauchy’s integral formula
[ 2 = 2mif(3) = 2mi. ]
c

Theorem 24: Maximum Modulus Theorem

Let f(z) be continuous in a closed and bounded region D and analytic and nonconstant in
the interior of D. Then |f(z)| attains its maximum value on the boundary of D and never in
the interior of D.

Proof. Since f is continuous in a closed and bounded region D, |f(z)| is bounded and attains its
bound. Therefore there exists a positive real number M such that

lf(z)|[ <M VY ze€D @Y

and equality holds for at least one point z in D. Suppose that there exists an interior point zy € D
such that
|/ (z0)] = M (2)

Choose a circle with centre zy and radius r such that the circular disc |z — zg| < r is contained in
D. Then we have

[ (20) = % /O%f (zo + T€i0> e de

Therefore

|f (20)] < 21”/0% f (Zo +Tei9>‘d0 (3)

Also from (1) and (2) we have | f (20 + re')| < |f (20)|. Therefore

/271'
0

f (zo + rei9> ‘ df < 2m|f (20)|

1 2m
el =5 [

2
el =5 [

27| f (20)| = /027r f (zo —i—rew)‘de

f (zo + T6i0> ‘ do 4

From (3) and (4) we get

f (zo + re“’) ’ 46
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/jﬂf(z@\de:/f
27
/0 [|f(z0)| - ’f (zo —I—rew)H 6 = 0

Since the integrand in the above expression is continuous and non-negative we have |f (zp)| —
|f (20 +re®)| = 0 (e) |f (20)] = |f (z0+7re?)| for all z in the circular disc [z — z| < r (ie)
|f (z0)| = |f(2)] for all z in the circular disc. Therefore f(z) is constant in a neighbourhood of z.
Since f(z) is continuous it follows that f(z) is constant throughout D which is a contradiction.
Therefore the maximum of |f(z)| is not attained at any of the interior points of D. Hence the
theorem. O

f (zo + rew) ‘ do

Example 26. Evaluate using Cauchy’s integral formula

1 2+5
z +3 dz where C is |z| =4

21 c R —

Solution. f(z) = 22+5 is analytic inside and on |z| = 4 and z = 3 lies inside it. Therefore by
Cauchy’s integral formula 5 f z +5dz =f(3)=32+5=14. [ |

Higher Derivatives

In this section we shall prove that an analytic function has derivatives of all orders. It follows,
in particular, that the derivative of an analytic function is again an analytic function. Consider a
function f(z) which is analytic in a region D. Let z € D. Let C be any circle with centre z such
that the circle and its interior is contained in D. By Cauchy’s integral formula we have

_ 1 f(Q)
1@ = 57 | 254
We now proceed to prove that ©
PR f(¢
£ = g [ e

and in general

Let f be analytic inside and on a simple closed curve C. Let z be any point inside C. Then

) 1
10~ 5 [

Proof. By Cauchy’s integral formula we have

1A

21 Jo (— =z

f(z) = dg
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Therefore
fern) - fz) 1 Q1O
h _h(27m')/c(<—z—h C—z)dC
! hf(Q)
‘h2m'/c[(c—z—m(c—z)]dC
1 F(Q)dc .
2mi Jo (€ — 2~ W)(C—2)
Now
JQdC [ HQd QO
/C(C—Z—h)(C—Z) /C(C—Z)Q_/C{(C—Z—h)@—z) (c—@?]dc
O 1
_/C(C—Z) (c—z—h c—z)dc
QO h
_/C(C—Z) [<<—z—h><<—z>]d<
_ £(0)dc
_h/c(C—Z—h)(C—Z)2
Therefore
1 fQdc 1 / QA _ F(Q)d¢
2mi Jo C—2-M(C—N) 2mi Jo(C— 27 2mi Jo (C—2- W) -2
Therelote i m g 1 [ FOdC h £(O)de
g e = e e e @

Now, let M denote the maximum value of |f({)| on C. Let L be the length of C' and d be the
shortest distance from z to any point on the curve C. Therefore for any point ( on C' we have

[(—2l=d and |( =z —h| = |-z —|h| = d—|h]

Theorem 26: Liouville’s Theorem

A bounded entire function in the complex plane is constant.

Proof. Let f(z) be a bounded entire function. Since f(z) is bounded there exists a real number M
such that |f(z)| < M for all z. Let zy be any complex number and r > 0 be any real number. By
Cauchy’s inequality we have |f/ (2)| < % Taking the limit as » — oo we get f’ (z0) = 0. Since zo
is arbitrary f/(z) = 0 for all z in the complex plane. Therefore f(z) is a constant function. O

Theorem 27: Fundamental theorem of algebra

Every polynomial of degree > 1 has atleast one zero (root) in C.
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Proof. Let f(z) be a polynomial of degree > 1. Suppose f(z) has no zero in C. Then f(z) # 0

for all z Further f(z) is an entire function in the complex plane. Therefore ﬁ is also an entire

function. Also as z — oo, f(z) — co. Therefore 5 — 0 as 2 — co. Therefore ;75 is a bounded

function. Hence by Liouville’s theorem ﬁ is a constant function. Therefore f(z) is a constant

function and hence it is a polynomial of degree zero which is a contradiction. Hence f(z) has at
least one root in C'. Hence the theorem. O

Theorem 28: Morera’s theorem

If f(z) is continuous in a simply connected domain D and if [ f(z)dz = 0 for every simple
c
closed curve C lying in D then f(z) is analytic in D.

Proof. By known results there exists an analytic function F(z) such that F'(z) = f(z) in D. Also
we know the derivative of an analytic function is an analytic function. Hence F’(z) is analytic in
D. Therefore f(z) is analytic in D. O

sin z

G—n/2)?

Example 27. Evaluate [ dz where C' is the circle |z| = 2.
c

Solution. Let f(z) = sinz. Hence f/(z) = cos z- Also 7/2 lies inside |z| = 2. Hence

/C (;'i_n:/i;)z = 2mif'(n/2)

= 2mi(cos /2)
=0
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Unit—4: Series Expansions

Introduction

In this chapter we consider the problem of representing a given function as a power series. We
prove that if a function is analytic at a point z, then it can be expanded as a power series called
Taylor’s series consisting of non-negative powers of z — z; and the expansion is valid in some
neighbourhood of z;. We also prove that a function f(z) which is analytic in an annular region
a < |z—z9| < b can be expanded as a series called Laurent’s series consisting of positive and
negative powers of z — zp. We also introduce the concept of singular points of a function and
classify the singular points and discuss the behaviour of the function in the neighbourhood of a
singularity.

Taylor’s Series

Theorem 29: (Taylor’s Theorem)

Let f(z) be analytic in a region D containing zy. Then f(z) can be represented as a power
series in z — z( given by

f' (20)
1!

(n)
(2_20)2"‘""1“}07152())(2—20)”"‘“‘

f// (ZO)

F2) = f () + >

(z —20) +

The expansion is valid in the largest open disc with centre zy contained in D.

Proof. Let r > 0 be such that the disc |z — zy| < r is contained in D. Let 0 < r; < r. Let C be the
circle |z — zg| = r;. By Cauchy’s integral formula we have

10 = g7 [ G 5% @
Also by theorem on higher derivatives we have
16 = [ e
Now
1 1
(-2 (C—Zo)z(z—zo)
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e () ()

1 zZ— 20 (z — 20)2 (z — 20 (z —20)"

(S LN 7o < SR rap LRl romp Ly gy

)n—l

Now, multiplying throughout by £ (©) integrating over (' and using (1) and (2) we get

21 0

"y (n-1) (2,
F =1+ £ G em )+ L oz LB ot

where

) F(Q)dc
fin = / ©

270 —2) (¢ —20)"
Here ( lies on C; and z lies in the interior of C; so that | — z9| = r1 and |z — 29| < r;. Therefore
¢ =2l = (¢ —20) = (2 = 20)| Z ¢ = 20l = |z = 20| = 71 — |2 — 0]
Therefore

1 1
<
¢ —2z| = 1 — |z — 2

Let M denote the maximum value of |f(z)| on C;. Then

|z — 20]" M (27r)
2 (r— |z —20]) 1}

M|z — 2| (]z—zo|>n_1
(7“1—‘2’—2:0‘) 7"1

|Ry| <

Also |=20| < 1. Hence lim,, ., R,, = 0. Therefore taking limit as n — oo in (3) we get
1
(2 " (s (n) (4 .
£ = £ o)+ T8 (o gy L (o T ey

Example 28. The Taylor’s series for f(z) = % about z = 1 is given by

L+ TPy e E0 e LW gy
Solution. Now,
fe) == f1)=1
o)== P =1
()= = f11) =2
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Hence the Taylor’s series expansion for é about 1 is

1
—=1l-(z=D)+ (=12 = (z =13 +---

z
This expansion is valid in the disc |z — 1| < 1. Similarly the Taylor’s series for f(z) = 1 about z = i

is given by

1_1 z2—i (=@ (2=

1 i2 i3 i
and the expansion is valid in the disc |z — ¢| < 1. [ |
Maclaurin’s series expansion of some of the standard functions are given below.
. e F=1—F+5 —+ ()2 +--(|z] < x0).
2). sinz:z—‘3—?4—%?—-"4-(—1)”71%4-“-(&\ < ).
2 4 2n—2
(3). cosz = —%—F%—‘--—i-(—l)”_lm—i--'-(\ﬂ < 00).

3 5 Z2n71

(4) sinhz:%+%+%+---+m+-~'(|z|<oo).
(5). coshz:1+§+%+~-'+%+'~(\2\<oo).

(6). iz:1—Z+z2—z3+---+(—1)”z”+~-'(|z|<1).

[y

(7). o =14+2+22+22 4+ +2"+ (2| < 1).

—Zz

=

(8). log(l—l—z):z—%—l—?—---(—l)”*l%—i—--ﬂz\<1).
(9). log(1—2)=—2-5 -2 —..— 2 . (]z] < 1).

Example 29. Expand f(z) = sinz in a Taylor’s series about z = % and determine the region of

convergence of this series.

Solution. The Taylor’s series for f(z) about z = 7 is

z— z—7/4)?
1) = Sy + ETD iy ¢ EZ T iy
Here f(z) = sin z. Hence f(7/4) = %
'2) — cos o /4) =
f'(z) =cosz. Hence f'(m/4)= 7
"(2) = —sinz. Hence f"(r/4)= _ L
'(2) = —sinz. Hence "(x/9) =~
"(2) = —cosz. Hence f"(m/4) = _ 1
f7(z) = - H [ /4) 7
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The Taylor’s series for sin z about z = 7/4 is

sz_1+<z—7f/4><1> _(z—W<1> L
V2 1! V2 2! V2
:i 1+ (z —m/4) B (:5—7r/4)2 B (z—7r/4)3 L
V2 1! 2! 3!
The expansion is valid in the entire complex plane. [
Laurent’s Series
A series of the form
00 bn
- Y]
n=1 “n

can be considered as an ordinary power series in the variable % Hence if the radius of convergence

oo oo

of the power series > b,z" is r and r < oo the series ) ’Z’—z converges in the region |z| > r. The
n=1 n=1

convergence is uniform in every region |z| > p > r and the series represents an analytic function

in |z| > r. If the series (1) is combined with the usual power series we get a more general series of
the form

i anz" 2)

This series is said to converge at a point if the part of the series consisting of the negative powers
of z and the part of the series consisting of non-negative powers of z are separately convergent.
We know that the series consisting of non-negative powers of z converges in a disc |z| < r9 and
the series consisting of negative powers of z converges in a region |z| > r;. Therefore if r < ry
the series represented by (2) converges in the region r; < |z| < 79 and in this annulus region it
represents an analytic function.

We shall now prove that the converse situation is also true. i.e., any function which is analytic
in a region containing the annulus r; < |z — z9| < 72 can be represented in a series of the form
oo

S an(z—20)".

— 00

Prepared by: Mrs. S. Sunantha, M.Sc., M.Phil., B.Ed., Please go on to the next page. ..



Department of Mathematics Complex Analysis Page 42 of 54

Theorem 30: Laurent’s Theorem

Let C; and C> denote respectively the concentric circles |z — zg| = 71 and |z — 2| = 72 with
r1 < rg. Let f(z) be analytic in a region containing the circular annulus 7 < |z — zg| < 72.
Then f(z) can be represented as a convergent series of positive and negative powers of z— z;
given by

f(z) = Z(z_bnz())” —i—Zan(z— 20)"
n=1 n=0

where

_ 1 f(Q)d¢
bn— 27”/641(42(])7#1 and

1 fQdC
= 35t o T

Proof. Let z be any point in the circular annulus 71 < |z — 29| < r2. Then by known theorem we

have, © ©
1 f(Qd¢ 1 f(¢)d¢
I =5m o (=2 2miJo, (-2
Therefore . p . p
f) = f(€) C+7 f(Q)d¢ o

2w Jo, C—2  2miJe, 2—C

As in the proof of Taylor’s theorem, we have

2im' ., gf(_CldC =ag+a1(z—2) +az(z—20)> + Fan_1 (z — 20)" " + Ru(2) (2)
where
= 1 7]0(0 d¢ and
2mi Ca (C - ZO)n+1
(2= 20)" f(¢)d¢
Fnle) =" /c C—2)"(C—2)
Now,
1 1
2—C z—z204+20—C
1
(z —20) — (¢ — 20)
1

(2 = 20) [1 - iiig]

¢z \"

1 —z —20\? —2\"! (— )
_ 1+<< 0>+<CO> +...+<<0> L)
z— 20 z— 20 z— 20 2z — 20 1_(4720)

zZ—20
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Multiplying by % and integrating over C; we get
f(Qd¢ b n ba bn—1

o 2—=C  z—20  (2—z)* A (2 — 20)" " + 5n(2) 3
where .
_ L fQde o 1 £($) (¢ — 20)" d¢
tomi oy (C— )T T 2mi(z — 20)" ey 2=
From (1), (2) and (3) we get
f(z)=ao+a1(z—z)+---- +an_1(z—2)" "
by b2 bn—1
pp—— (Z — ZO)Q I (Z - zo)"_l + Rn(z) + Sn(z) (@)

The required result follows if we can prove that R, — 0 and S,, — 0 as n — oo. Now, if ( €
then |( — 29| = m and
|2 = ¢l =(z = 20) = (€ — 20)| = |z — 20| = 71
If € C then | — 20| = r2 and
¢ =2l =1[(¢ = 20) = (2= 20)| = 72 — |2 — 20|
Now let M denote the maximum value of | f(z)| in C; U Cs. Then
|2 — 20" M (27r3)
2r ¥ (rg — |z — 20])

< M |z — 2| (|Z—Z0|>n_1
~ (ro— |z — 20]) 79

Since % <1, R, — 0asn — oo. Also

|Ry| <

1 Mr} (2mr)
|z — 20|" 27 (|2 — 20| — 1)

MTl < T1 >n
<
(lz = 20l = 71) \ |2z — 20|

[Snl <

Since |zflzo‘ < 1,8, — 0asn — oco. Hence, by taking limit n — oo in (4) we get
o b o
f) =) ———m+ ) an(z—z)"
n=1 (Z o ZO) n=0
Hence the theorem. O

Example 30. Find the Laurent’s series expansion of f(z) = z%e'/* about z = 0.

Solution. f(z) = z%¢!/*. Clearly f(z) is analytic at all points z # 0. Now

1 1 1
f)=2 1+ -+ = +

z 2122 0 3123 o

e FUPT R T
B 2 3lz 0 4lz2
This is the required Laurent’s series expansion for f(z) at z = 0. [
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Zeros of an Analytic Function

Let f(z) be a function which is analytic in a region D. Let a« € D. Then « is said to be a
zero of order r (where r is a positive integer) for f(z) if f(z) = (2 — a)"p(z) where ¢(z) is
analytic at a and ¢(a) # 0.

Example 31. Consider f(z) = sin z. We know that

_ 2’3 25
sinz =z 37 + =
22 254
= 2¢p(2)
where p(z) =1 — Z—? + %—A,l — . Obviously ¢(z) is analytic and p(0) = 1 # 0. z = 0 is a zero of order

1 for sin z.

Suppose f(z) is analytic in a region D and is not identically zero in D . Then the set of all
zeros of f(z) is isolated.

Proof. Let a € D be a zero for f(z). We shall prove that there exists a neighbourhood |z — a| < §
such that this neighbourhood does not contain any other zero for f(z). Suppose a is a zero of order
r for f(z). Then

f(2) = (2= a)"¢(2) @)

where ¢(z) is analytic at a and ¢(a) # 0. Now, since ¢ is analytic at a, ¢ is continuous at a.
Therefore we can find a § > 0 such that

|o(a)]
2

[z —al <0 = lp(2) - wla)] <

We claim that the neighbourhood |z — a| < § does not contain any other zero of f(z). Suppose
b # a is another zero for f(z) in this neighbourhood. Then |b — a| < ¢ and f(b) = 0. Therefore
(b —a)"¢(b) = 0. Now, since b # a, (b — a)" # 0. Therefore p(b) = 0. Further

|p(a)]
2

|p(a)]

b—al <& =[p(b) = @a)] < 5

= |pla) <

which is a contradiction. Thus the neighbourhood |z — a| < ¢ contains no other zero of f(z) and
hence the set of all zeros of f(z) is isolated. O
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Singularities

A point « is called a singular point or a singularity of a function f(z) if f(z) is not analytic
at a and f is analytic at some point of every disc |z — a| < 7.

Example 32. Consider the function f(z) = % Then f'(z) = —Z%for all z # 0. Thus f(z) is analytic
except at z = 0. Therefore z = 0 is a singular point of f(z).

A point a is called an isolated singularity for f(z) if

(1). f(2) is not analytic at z = a and
(2). there exists > 0 such that f(z) is analyticin 0 < |z — a| < r.

(i.e) the neighbourhood |z — a| < r contains no singularity of f(z) except a.

Example 33. f(z) = ﬁgil) has three isolated singularities z = 0, i, —i.

Let a be an isolated singularity for f(z). Then a, is called a removable singularity if the
principal part of f(z) at z = a has no terms.

Example 34. Let f(2) = % Clearly 0 is an isolated singular point for f(z). Now

sinz_l 23+z5
2z i 3! 5!
B 22 A

Here the principal part of f(z) at z = 0 has no terms. Hence z = 0 is a removable singularity. Also
lim, ,o 22 = 1. Hence the singularity can be removed by defining f(0) = 1 so that the extended

z

function becomes analytic at z = 0.
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Unit-5: Series Expansions

Introduction

In this chapter we introduce the concept of the residue of a function f(z) at an isolated singular
point and prove Cauchy’s residue theorem. Using this theorem we evaluate certain types of real
definite integrals.

Residues

Let a be an isolated singularity for f(z). Then the residue of f(z) at a is defined to be the
coefficient of ﬁ in the Laurent’s series expansion of f(z) about a and is denoted by Res

{f(2);a}.

Thus Res {f(2);a} = 55 [ f(2)dz = b; where C is a circle |z — a| = r such that f is analytic
c

in0<|z—al<r.

Example 35. Consider

Therefore f(z) has a double pole at z = 0. Therefore Res{f(z); 0} = coefficient of 1 = 1.

Lemma 36. If z = a is a simple pole for f(z) then
Res{f(2):a} = lim (= — )/ (2)

Proof. Since z = a is a simple pole for f(z) the Laurent’s series expansion for f(z) about z = a is

given by f(z) = 2 +ap+ai(z—a)+-- - .Now, (z—a)f(z) =bi+ap(z—a)+ai(z—a)?+---

Therefore

lim(z —a)f(z) = b

= Res{f(2);a} -

Lemma 37. If a is a simple pole for f(z) and f(z) = g(fi where ¢(z) is analytic at a and g(a) # 0
then Res{f(z);a} = g(a).
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Proof. By above Lemma, Res{f(2);a} = lim,_q(z — a) f(z) = lim,_,, g(2) = g(a). O

Lemma 38. If a is a simple pole for f(z) and if f(z) is of the form ZE;; where h(z) and k(z) are
analytic at a and h(a) # 0 and k(a) = 0 then

Res{f(3)5a) = o
Proof

Res{f(2):a} = lim(= — a) f(2)
- IG5
= ) iy
= lim h(2) lim [M] (since k(a) = 0)
-0 o7

(a)

O

Lemma 39. Let a be a pole or order m > 1 for f(z) and let f(z) = Jf;gm where g(z) is analytic at
a and g(a) # 0. Then

g™ (a)

Res{f(2);a} = (m—1),

Proof g™V (a) = % i é (Zadz (by theorem on higher derivatives) where C'is a circle |z—a| = r
c

such that f(z) is analytic in 0 < |z — a| < r. Therefore

9" e _ )dz =R
o = 37 (s = Res{f(2)sa) ]
Example 40. Calculate the residue of 2532 at its poles.
Solution. Let f(z) = 5t = Z(Z;r_lQ). z =0 and z = 2 are simple poles for f(2)
. z+1
Res{f(2);0} = lim (2 - 0) L(Z—?)]
.oz+1 1
= lim =——
2—=0 2 — 2 2
. z+1
Res{f(2i2) = i ~2) |25
. z+1 3
= lim = -
z—=2  Z 2 [
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Cauchy’s Residue Theorem

Theorem 32: Cauchy’s Residue Theorem

Let f(z) be a function which is analytic inside and on a simple closed curve C' except for a
finite number of singular points 21, 29,...... , zp, inside C'. Then

/f(z)dz = QWiZRes {f(2);2}.
C 7=l

Proof. Let C1,Cs,--- ,C, be circles with centres z1,22,...... , zn, respectively such that all circles
are interior to C' and are disjoint with each other (refer figure). By Cauchy’s theorem for multiply
connected regions we have

/ f(z)dz = f(z)dz+ [ f(z)dz+---+ f(z)dz
C C1 Ca Cn

= 2miRes {f(2); 21} + 2mi Res {f(2); 22} + - + 2mi Res { f(2); zn }
= 27 ZRes {f(2);2}.
j=1

Hence the theorem. O

where C'is the circle |z| = 4.

Example 41. Evaluate | (Zf;)%
c

Solution. Let f(z) = #

e D and z = —3 are simple poles for f(z) and both of them lie
inside |z| = 4. Now,

Res{():2} = lim(z — 2) [—] _

(z—2)(2+3) 5
R =3} = li 3 - -
es{f(2); =3} = lim (2 +3) [m] =75
Therefore by Residue theorem
/Cf(z)dz = 2mi [g + <_§)]
= —2m
22dz .
ey = .

Theorem 33: Argument Theorem

Let f be a function which is analytic inside and on a simple closed curve C except for a finite

number of poles inside C. Also let f(z) have no zeros on C. Then 5L [ ’;/((j)) dz= N-—-P
c

where N is the number of zeros of f(z) inside C' and P is the number of poles of f(z) inside
C' (A pole or zero of order m is counted n times).
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Proof. We observe that the singularities of the function ];( %) inside C are the poles and zeros of

f(2) lying inside C. Let 2 be a zero of order n for f(z). Let C; be a circle with centre z; such that
is the only zero of f(z) inside C;. Then f(z) = (z — 209)" g(z) where g(z) is analytic and nonzero
inside Cy. Hence f'(z) = n(z — 20)" " g(2) + (z — 20)" ¢/(2). Therefore

) n g
f2) 2=z g2

(1)

Since g(z) is analytic and non zero inside C}, (( )) is also analytic and hence can be expanded as a
Taylor’s series about zy. Therefore

Res { j}/ ((j)) ; zo} = coefficient of

in (1
po— (1)

=N

Similarly if z; is a pole of order p for f(z), then Res { ((ZZ)) ; zl} = —p. Hence by Cauchy’s residue
f (z

theorem, 5= f

1/ (z) within C O

dz = N — P where N is the number of zeros and P is the number of poles of

= N where

Corrolary 42. If f(z) is analytic inside and on C' and not zero on C,  then % fo
N 1is the number of zeros lying inside C.

Theorem 34: Rouche’s Theorem

If f(2) and g(z) are analytic inside and on a simple closed curve C and if |g(z)| < |f(z)| on
C' then f(z) + g(z) and f(z) have the same number of zeros inside C.

Proof. f(z) +g(z) = f(z [ Z)} ), where p(z) = 1 + 8 Hence [f(z) + g(2)] =
') +d ()= f(2)e(z) + f(2)¢(2) Therefore
F'@)+d(z) _ FRe) + f(2)¢(2)
f(z) +9(2) f(2)p(2)
_ ') n ¢'(2)
f(z)  (2)
1 (1R +dGE)] oL f'(z) L. b ¢'(2) ;
2 C/ o) = e C/ B C/ o) W

Now, by hypothesis |g(z)| < |f(z)| and hence ’?8 (2)—1] < 1on C. Hence
by maximum modulus theorem, |¢(z) — 1| < 1 for every point z inside C. Therefore ¢(z) # 0 for

every point inside C. Hence

/

/ 14 ((Z)) dz = Number of zeros of ¢(z) within C
o(z

8!

=0
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Hence from (1), we have

1R, 1[G,
omi [f(Z)Jrg(Z)]d i ) 1)

Therefore Ny = N, where N; and N, denote respectively the number of zeros of f(z) + g(z) and
f(z) inside C. Hence the theorem. O

Theorem 35: Fundamental Theorem of Algebra

A polynomial of degree n with complex coefficients has n zeros in C.

Proof. Letag+aiz+agz®+---+a,z", where a,, # 0, be a polynomial of degree n. Let f(z) = a,2"
and g(z) = ap+ai;+-- Fapy_1 2L Clearly li_>m g Ez)) = 0. Hence there exists a positive real number
z

r such that ‘g (2)

< 1 for all z with |z| > r. Hence by Rouche’s theorem f(z) and f(z) + g(z) have

f(2)
the same number of zeros inside the circle |z| = r» + 1. But 0 is a zero of multiplicity n for f(z).
Hence the given polynomial f(z) + ¢(z) also has n zeros. O
Example 43. Evaluate 22&3 where C'is |z| = 2.
Solution. z = —3 is the simple pole of f(z) which lies inside the circle |z| = 2.
3 . h(z)
R ot
={Ch-g} = Im 55

where h(z) =1 and k(z) = 2z + 3. Therefore

Therefore by residue theorem [ f(2)dz = 27i (1) = mi. [ |
c

Evaluation of Definite Integrals

We use Cauchy’s residue theorem for evaluating certain types of real definite integrals.
2m

TYPE 1: [ f(cosf,sinf)df, where f(cos6,sin6) is a rational function of cos # and sin 6.
0

To evaluate this type of integral we substitute z = ¢*?. As 6 varies from 0 to 27, z describes the
unit circle |z| = 1. Also,

el 4 e z+ 271

cosf = 5 = 5 and
ol _ it -1
sinf = - = -
21 21
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Substituting these values in the given integrand the integral is transformed into [ 6(z)dz where
c
0(z) = f %, Z*;i_l} and C is the positively oriented unit circle |z| = 1. The integral [ 6(z)dz
c

can be evaluated using the residue theorem.

2T
Example 44. Evaluate [ .
0

2

Solution. Let [ = Put z = €. Then dz = izdf and sinf = —. The given integral

5+4 sinf* 2z
0

is transformed to

where C' is the unit circle |z| = 1. Let

1 1
222 +5iz — 2 2(z +2i)(z +1i/2)

fz) =

Therefore —2i and —i/2 are simple poles of f(z) and the pole —i/2 lies inside C'. Also

1 1

Res{f(z); ~i/2} = lim G +2) 3

Hence by Cauchy’s Residue Theorem [ = 2ri (3:) = 2. [ |

TYPE 2: f f(z)dx where f(z) = E % and g(x), h(x) are polynomials in = and the degree of h(x)

exceeds that of g(x) by at least two.

To evaluate this type of integral we take f(z) =
of the equation h(z) = 0.

Case (i): No pole of f(z) lies on the real axis.
We choose the curve C consisting of the interval [—r, r] on the real axis and the semi circle |z| = r
lying in the upper half of the plane. Here r is chosen sufficiently large so that all the poles lying in
the upper half of the plane are in the interior of C'. Then we have

/f(z)dz:/f(x)dx+/f(z)dz
C —-r Cq

where C is the semi circle. Since deg h(x) — deg f(x) > 2 it follows that [ f(z)dz — 0 asr — oo
C1

and hence f f(z)dz = f f(z)dx. Therefore f f(z)dz can be evaluated by evaluating [ f(z)dz
foi

i(i - The poles of f (2) are determined by the zeros

which in turn can be evaluated by using Cauchy s residue theorem.
Case (ii): f(z) has poles lying on the real axis.
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Suppose «a is a pole lying on the real axis. In this case we indent the real axis by a semi-circle C5 of
radius € with centre a lying in the upper half plane where ¢ is chosen to be sufficiently small (refer
figure).

Such an indenting must be done for every pole of f(z) lying on the real axis. It can be proved

that [ f(z)dz = —miRes{f(z);a}. By taking limit as r — oo and ¢ — 0 we obtain the value of
Ca
[ f@)da.
Example 45. Use Contour integration method to evaluate [ liﬁ 1.
0
Solution. Let f(z) = Hﬁ The poles of f(z) are given by the roots of the equation z* + 1 = 0,

which are the four fourth roots of —1. By De Moivre’s theorem they are given by ¢/™/4; ¢i37/4; ¢i57/4. ¢i7m/4
and all are simple poles. We choose the contour C consisting of the interval [—r, r] on the real axis
and the upper semi-circle |z| = r which we denote by C. Therefore

/f(z)dz: Tf(m)der f(2)dz (D
C —r Cq

The poles of f(z) lying inside the contour C' are obviously ¢'"/4 and ¢?3"/4 only. We find the residues
of f(z) at these points.

) h im/4
e B

where h(z) = 1 and k(z) = 2z* + 1 so that k'(z) = 423. Therefore

1 6—i37r/4
} T qe3n/A T T 4

Res {f(z); e/

Similarly
o—i97/4

Res {f(z); ei37r/4} =~

By residue theorem

/ f(2)dz = 2mi( sum of the residues at the poles)
c

67i37r/4 e*igﬂ/ll
=27 +

4 4

= 7T—Z[(cos(?nr/él) —isin(37/4)) + (cos(97/4) — isin(97/4))]
7 1 ) 1 )

2
:7;[(—\/5_\/5)+<\/§_\@>]
mi (—2i x
2 (ﬁ) -
/_ 1 jl-xzv‘l * /C f(2)dz = g
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Asr — oo, [ f(z)dz — 0.
C1

[
TYPE 3: f g(‘” j cos azdz or f g(‘” j sin azdr, where g(z) and h(z) are real polynomials such that

degree of h( ) exceeds that of g(x ) by at least one and a > 0.
Case (i): h(x) has no zeros on the real axis.

In this case take f(z) = %ewz. Therefore f(z) has no poles on the real axis. Choose the contour

as in Type 2 and proceeding as in Type 2 we get the value of f z(—i)emxdx.
Taking the real and imaginary parts of }gLE % ¢ dx we obtain the values of f g ) cos axdx and

f gi sin axdzx.

Case (ii): h(z) has zeros of order one on the real axis.

Take f(z) = hEz% e'@*. We notice that f(z) has real poles. Suppose a is a real zero of h(z) on the
real axis. In this case we indent the real axis as Case (ii) of Type 2 and evaluate the integral.

To prove that the integral over the upper semicircle tends to zero as r — oo, we use the following

lemma.

Lemma 46 (Jordan’s Lemma). Let f(z) be a function of the complex variable z satisfying the
following conditions.

(1). f(2) is analytic in upper half plane except at a finite number of poles.
(2). f(z) — 0 uniformly as |z| — oo with 0 < arg z < 7.
(3). a is a positive integer.

Then lim [ f(2)e**dz = 0 where C is the semi circle with centre at the origin and radius r.
T'—}OO

Example 47. Prove that f Tardr = .

Solution. Let f(z) = li;. The poles of f(z) are given by i and —i. Choose the contour C' as
shown in the figure. The pole of f(z) that lies within C is i. Hence by residue theorem

/ f(2)dz = 2miRes{f(2);i}
C

- h(Z) gz _ 2
= 2mk,(i) where h(z) = e and k(z) =1+ 2
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2mie !

2

o3

Therefore

T iax taz
/ z da:+/ 26 dz:z
rre4+1 o 2+ 1 e

When r — oo the integral over C tends to zero. Therefore

o) eiax T
/ 5 dr = —
I | e

Equating real parts we get
o0
/ Cos :1:2 do —
oo 1+
5 /°° Ccos T d —
0 1 + .’EQ

oo
/ COS ¥ do —
0 1+l‘2

. coszT . .
since —— is an even function
1+x

%’)‘ﬁ ol ol
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