e

"{"n'
¥

“T;\mnwmt'vufuf am’ I

n’;pmm;"[
l
‘Wa r;.,,.

‘;
i

(t,,j} = X Ifk /(‘t Ha)e
ion xh, to the rool is given by

olving.

), the next Ippl‘Oﬂmal
Y=t fi Kk fi I

X =
t+l. fl f*-l.,

¥ the equations (2.9) snd (2.10

B may also be wnitten a8

ncuon f(x) by a strdxght hm, or a chord passing
ough the points (Xj. f) and (Xg_s he point of mlersechon of the-straight line iy,

Jg x-axis as the next approximation 10 the root (Fig. 2.2a), If the approxnmatmne are such thy
s:known a5’ the- chula -Falsi method. ‘The method

.1 <0, then the method (2.11) or.(2. 12) i
feo)s (s fi) are known' before the S[dl’! of the iteration,

graph:call) in Fig. 2.2b. Since (X1,
lecam and the Regular-Falsi methods reqmre one funct:on evaluauon pcr lteranon

y '

) is ca
Deometrically, in this method we reglace lhe fun
f;.,) and lakc:

fig. 2.2 (), Secant méthod, .. .

).

A
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kL .l! \.mw&w’ Mathosde ﬁ-r.‘iﬁnitill‘-.unu.l h'n,dm;l.vﬁf}m'mh-d_km B
: :
1

ll"ul [E)]

" X - .
(xg, x2)) o

. '- l"lg. 2.2 (b). Tﬁeﬂogula-hlsl method.

gxample 25 A 'renl root of lhn cquatlon _
' Cfly s S,t+1-0
nf tlu, sccan! mclhod and lhc Regula-Falsi mé

lics\ ;n the interval 1(! 1. Pcﬁ'orm four ltcrnllons
o obtain this root. h
We have

Secant method

L]

,\0:0 11— I f, f(xa)'“l fl f“i’"’"’1

" pae——

X =X s
Xy = X {-f-‘;—j‘;] fi =025, 4= flw) = ~0,234375.

.{z-:—j-}-]}f — 0186441, f; = fxy) = 0.074276.
2 )

L xE K ;
; . 2
X4 =x3 if?-_-fl] fy = 0. 201736 fu = f(xg) = =0.000470.
- LA B g :
i"_’il] fl— 0.201640
ol '
vl [f4 A B

. o
Xs =x,, o
'Regula-Fals! method TR ek i e

n ='[.r. ' [ﬁ] fi =025, =S = 0234375,

Sinc_g f(rn) f(x,) < 0 ;e (xgr Xp)- Therefore,

X4 =. Xy = {__-:_'_‘:9_] = 0. 202532 f3 f(x],) = "’0004352

- g Sl Sl S 5
"jt-;€:l_h -t"_’-...‘ e

g D

g -

f&" . _'!. .
h __‘I ) b
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o) Sixy) < 0. § € (x5 xy). Therefore,

Xe= 1y - [_“_:Jﬂ_ y = 0.201654, £, = f(x,) = - 0.000070,
h-1 ]

) fix) < 0. & € (xo x,). Therefore,

.1‘4—.\'0-
Xe=Xy = | —2L = 0.201640.
T [ﬁ—fo_f‘

6 Use the secant and Regula-Falsi mcthods to dctermmc the rool of the equauon

'::" 6({1 cosx-xe" 0. e g g
| imnal a imations as x, = 0, x; = 1, we obtam for lhc secant method
“}(0)-1 EIERN e O
/f( =cos'l—e=-2 177979523 A ¢ 07
." : r 2 xl -x(]- I g .
- \ &\* f, = 03146653373;
.. ‘I:fz_=_)l_’({cz)~—95193::11?5 BTy E \ O‘%‘-’xo—b
Q ©omEx- i Bl & fr = 04467281466
,L\')- : Al FEEr |
) C Ry 0203544710
| _x3__-x2 ]
X3= Xy = | —=——=| f -0531?058606.
4 B 3 .-.1'3 __!"2 ] 3
. for the Regula-Falsi method, we get ' Jve =
) . -GX|-.XO- =5 .
X, = x; = | ——— | f;,= 0.3146653378, -
1= & I 1 N .. __\j@

- .f2=f(x2)-0519871175
ﬂ-fl) fix)) <0, &€ (xl, X,). Thcrcfore '

\ _'x;;-xz:['}j ]fﬁ_om?zsmes -@ﬂl%;

fy = flx;) = 0.203544710.
fix,) f(xy) <0, & € (x), x3). Therefore,

x=x - [’}3 — ]f1 = 04940153366.
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26 mmm Numerical Mithods for Scientific and Engineering Computation

The computed results are tabulated in Table 2.6,

N Table 2.6 Approximaiions to the Root by the Secant and the Regula-Falsi Methods \ ;
k Secant Method . .+ Regula-Falsi Method -‘f
Xis) fix,)) o 231 LTSV . 5‘1
| 0.3146653378 0519871 - 0.3146653378 0.519871 !
2 0.4467281466 - 0,203545 0.4467281446  ,0.203545 : 1
3 0.5317058606 ~0429311(- 01) 0.4940153366.  0.708023(- 01) )
g 4 0.5169044676... .., 0,259276(~02) *  0.5099461404 . 0.236077(- 01) . 4
5 0.5177474653 0.301119(- 04) 05152010099 0.776011(- 02) ]
6 0.5177573708 T~ =0, 215132(- o1y 0.5169222100 0.253886(- 02) i
7 (03177573637 . 0,178663(+12)  © 0.5174846768 0.829358(~ 03) i
8 _0.517757363? 0.222045(- 15) . 0.5176683450 0.270786(- 03) 1
10 - C 0 /03177478783 0.288554(- 04) !
20 . R ' = . 05177573636 0.396288(- 09) !
The numbcrs wuhm thc parcnlhcscs dcnotc cxpuncnuanon l
® | Newton- Rapbson Method 2 9 o @ : :
. - xﬂ-—_ :
H We determine a, a_nd.a, in. (2. 8) usmg lhe condmons -E f"l ) aq"}( "\al =0
| : - ) fj;"aﬂxk+al .S_ o rn\(
‘ . % , fk‘—"au R T W= A (213
. where a pritne denotes dlffcrcntlauon with respect to x, =S \t - S; Y‘
9 : ‘On substituting a and a, frorn (2. 13) in (2 9) and rcprcSentmg the appmxlmale valuc of x by Xpy)
" we obtain it . »
=0.1 & ,_*Cg.zfq .14
2 { L | - i -« S\‘“
T L
- e
] s g N
NN b §
| ¢ x XE ‘
o~

e
Fig. 2.3, TheNeMon—Raphson method.

This method is called Lhc Newton-Raphson method. Thc method (2.14) may alsa be oblgmed dm.ctl
from (2.12) by takmg the limit x,_ L — x;. In the limit when x,_, — x,, the chord passing through th

e T e e e i Shanied
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{ the point (Yk S Thus, in thig
valent 10 fndIIIS the point of Int(‘mu“m by
g equive The method is shown &raphic ‘|l ’

el
gqUﬂlOﬂ . ;ﬂl Ihc -l “‘

Pginl (.l;:fl‘m ‘alllﬂ!ilm‘ﬁ' fi for each iteration, |
h!.‘d pires
¢ the cquutwﬂf( y) = 0. Let Ax be an increment ;|
to
tion {0
’ 'n;crcf(‘l'fs v
o g + a0 *
it & get
the point Ax we §
4+
) +At’f(.f;J 2' (Q) fx)
. Ax, We obtam
her powers of ;
f(xn)

il

four iterations of the phson method to f‘ nd thc smallesr positive
our itera , ;

Newmn Ra

f(x)-:’ 5x + 1’0',.. e e
PR, smallest positive root lies m the :mcrval (0. 1). Tukc thc mmal appmxnmauon as_ .'r" 5 0.5. We

f0)= o 5x+1f(x)—3-f2 5

gl *
QR

g the Newton-Raphson method by
% ” f(xe
| = "_. 2
:_,: VA ENE
e xf*Sxt+l'=gL'k=O j
= HT T s g -S

ijﬁ;ﬁng with x, = 0.5, we obtain ? . ‘
-' v, = 0.176471, x; = 0.201568.

xy = 0201640, x, = 0.201640.

The exact value correct to six decimal places is 0.201640.
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bl sy

E?::T -:men’ va"ndlﬁ"' Mmfff‘f ""J I f;ﬂﬂﬂ'"’”ﬂ f’mnpubffon

e v s bk
e

g Perform four iteration’ of the Newton-Raphson method td obtain the approxi ’

Ent:?: f n  garting with the initial nppmximatkm Xo = 2, i

oty o An'. We obtain v* = 17 and f (x) = ' = 17 = 0. Using the Newton-Raphson met .._,.

= ":l: -— f"(xk)..

wWe g{‘l k 3
xp =17 2x; +17
Xeat = X = = = k=01,
: 3xk 3x;
Srarting with Xo = 2, we oblam
xi % Eiﬂ-*-'—ll =275 250 +17 ) spaeds
. ..3x0..l. ‘ v 311 £y
xs Eiﬁ—ll 2571332 x4 &%;ﬂl_ 2571232
' xz w oy 9% _

The exact value corrcCl to sxx decimal placcs 1s 2 571282

Raphson s method to determine a root of thc cquanon _
f(x) --cos x cxe* = 0 s e B3 :
4, where x* 1s the approximat:on to the root Takc the mmal approxxm

Enmple 2 9 Apply NeWton—

: such that 1 f(x")| < lU
TR VERE
We write (2 14) m the fmm -3 I 4 ) ;
‘ xk ¥ xk A’-’k-k 0 2
: & od & e ¢ cosx =x M) i
- where Ax, = fka) == ( b )—— _
S ¢ (xk]"_(—s.mxk_—xke.f-fe,. i

Stamng wnh Xy = l we get

cos xo - ng-’ ° =' —211-7.797952' _ 034692060 '
iy sm Xg = xo e*0 —e™ '—6 27803464

nEr A =1-0 34692060 = 065307940

Mo-:

o by —xet |1l 2046064211 012173603
| L7 —sinx, -x,el-el;, —378394215
! J.'z = I! —‘Al'l = 053134337

Thc results obtamed are gwen m Tablc p 7 ¥ N

- '_f"‘ o
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4

L |
< 5

i
e i

v -. : CM . : I rl'

: < il and Enginavring approP
[T s St g by prescribing €7 B
determ 3 )

Wwhere ay, o, and a, are arbitrary parameters 10 be
conditions on f(x) and /or ite derivatlves.

ulle . ay detcrmine 4o
LM»H‘ Qﬁgihg‘gl\  f(x) = 0, then we may dglﬂ .
If %3 %) and x, are three approximations to the root § 0 ta -

and ay in (2,185) by using the conditions
fgm g g ¥ Bt @ \
fra1 = Gp xi-| +ay X t n (2.”
fllsaﬂ.fzi""ﬂl .rl+ﬂr '

Eliminating ay, @, and a from (2.15) and (2.16), we get

(6 e
frez %o -2 1 -0 .21
i ,Xi-l Xy | ,
: 3 ) S W
Which we may simplify and obtain o b 4
fx) = __(J‘-xn:-l)(x-'x;,-) ‘ -+.' (x=x2) (x = x). S ‘
il X;-; j-" ..xk'l)-(x*-i -;xk) l.’-zl' (xk.l;.| -‘x*_z)(x‘. =] ,"'.rg) ﬁ-l ' . '
i N y e b + (‘r\i_' lel'l-Z).(-T‘xk-l) f} - 0 ' : . (2.18)
The equation (2 AN T R ' |
P (2.18) may also be written as " eI A TN |
B o 0 T gt Sar g SICTE < - ' i
m:-*fﬁfk-z_af’-(-"_}&ﬂs;n_lﬂ o b (e +hy ) |
- k ; 5 h ‘i -] .-__ =
B i M k] 29
We further define = - .= 1
S 3 {
: o - H
; - A=k, :
"0d express (2.19) i the for; © ¢ - -/ "“-“d
. st 2 . S

where ; ]
(2.20) ;
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e (2.20) for A, we obtain

1 -‘ b 4 ‘/'. = ‘6 flcl
R

placing x on the left hand side of (2 21"? by x,. . we obtain the method
'rl'ﬂn'rl""(xk'ka X g

: .--f{xj

v .""‘"”I S 3 4
; _ 'tn.-'t.l and -l’g_z- we dﬁmm % 4y and a,
. . b fi‘ az v

jffl'aﬂ(x‘l l""rt) +ﬂl(x} ! ‘41)‘*02.
“0("'& 2"-"&) '”‘z(*i g =

from the eq vations

-T;) ta,.:

B is called the Muller metifod. The graph:cal rcprcsenlanon of lhlS method is I

"o(x -'k) +a,(x x,)+a2-0 ay# 0.

(i
Show Ning,

e

Scanlnéd by CamScanner



e for S nndr...ﬁwwﬁr. Comyputation

We obuif * fi '
'q‘ J—[m o) (= i) = 0 = %)’ Ui = frea)

D ,

dn’ '[!JA' [(xg —-'.q_z) (fx 'ffk'..f) - (Xg = Xep) (fy = i) (24

whate D= (X- 1"11;) (% 2"&)'(’% 2"-‘;) (X - 1‘Xk)
= (% 1-&)(1& z“*k)(xk I-.xk—xk 2+ X
-(xl—xk N, (xk"'xk ) (xk l-'xk 2)-

g the equation (2,24) for (x E i}) and replacmg x by g e obtain

Solvin
SR -..—a,i:\lal 4aga;
o xk"' 1 o xk oy .-200' bt
: =xk_ L _2;02 k 2 3 | : @

al i al 4 a0ﬂ2

The sign in the denommator in equanon (2 25 b) is’ choscn as that of al. S0 that the denormnatos
the maximum absolute value, that is, X, changes by a smallcr value _

Note that. both the methods gwen in cquanOns (2 23) and (2 25 b) are 1dentlcal though they

different. = 5

Generally, the method convcrges for all mmal apprommanons If no bettcr approxlmanons are kn
then we choose x = - 1, x;= 0.and x; = 1, This method is'an exténsion of the secant method. k
the next approximation Xy, is found as. the zero of the second degree curve passing through the P

(%2 i (Xpcy, fii) 2nd (x; f}) where x; 5% | and Xy arc the mmal apprommanons to the |
The method requires. one funcuon cvaluatmn per. iteration., = B

E"’"’P!e 2.11 Perform three 1tcrallons of lhe Muller method to t' nd lhe smallest posuwe root of

, Th° smallest PO‘Hllvc ro0i of the given cquanon lleq in the interval (0, 1) We take the .in

; approximations as X = 0,x, = 0.5 and x; = 1.0, Th
. = ereforc. =1,f=-1375and f, =-3. U*
the method gwcn in equatlon (2 23), Wezob[am T 0 fl 0

; First rterano:z

.

B¢ g xz g xl=05.}h ="l_):l = Xg = '0,5.., I : ,-_,T
. 12.: 2

| | W
5 152-1+12_2 .?(Q\("_.;

e IR G 1 WA w‘f/
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e '
e 1

oy
(Y

Tmnmr_’m.fla’nnd f’m’yﬁomk’ eqmw_n-m man 33

82 A o= 831+ Ay + 8) fy=-25
= Ay (A fo - 8 fi +£) =075,

A= ~26,/; PR TN
B2 — ngz - 46, f,0 25+ 2425

X3= X, + (x5 = x;)A; = 0.191857 and

f, = 0.047777.

= - 1.616286

Chapter 2

hj, =X3 - Xy.= = 0.808143

cy= Ay (A3 fy — 01 fi+f)=- 9-630951-_: iy

asyf, . 008889

g;— V& = 403f05 .2j559263 f._@m‘s_ 5
= -0.011541" - -

Xy = :"3 + (13 -‘Iz) 14'

fo=0.002223. -

R

= 0.201184 and "

fteration | S A o
ho=w - % =0009327 o
R 0011541, 6, = | + A = 0988459

g« At 8) f = - 0.04908

C4 = 2-4(14 fz o 54 f3 +f:‘) = 0000120

: 0.004395

20, f - =
hy = - == aag08 + JO002016
g,,-J;"‘* oJics

= 0.048940. _
xg= X4+ (X4 = x3)As = 0.20164?
quation (2.25), we get

le use the alternative method given In €

&

X

-

Scanned by_éamScanner



: 'IW*" ( '”M‘M‘_ L i t—— 4'»---"1

I L L .llllm&“‘ﬂ'l‘f”""” “"“

RAI.LLIKL. \)
. . \
First fteration 0%
g » !, «-)Dew “, - l|) “’ ' »'l'i) (H c "(}’ w ()7

e T
. o X)) ™=
g - :I) ((fy = Jy) (xy = 'n‘} “(fy- Jo) () V'l

- M ‘,.i.
ﬂn [ 2 I “ f, - f!) ‘l’ - .‘") - {!’, ...ji.,) (t" tl)l
Sl.nt‘f' (l' 3 l). we g{'[

2a, b o 0,191857,

yw Ay - "l si s
ﬂ' '“ \/”lz - 4"““: 2 |
Second rteration

“ pj‘ = (”.”7777 I) [ (Al - \|) (J] - fz) (,tz ~ l'l) & 0 124512
ﬁ Y “f'l f:) (-t], - "I) - (j, fl Xy = J'z) ] N e 5 !38588 .

Qp = -b_ l(.’:‘ ".f}) (a\', il ;\"'} 13 (fj -fl.) (XJ - x;)] = |.691854,
Since a, < 0, we get :

Xy ® Xy = . 225‘— .
a - \/a, - daya,
0.095554 '
= (,191857 + (l 201 183,
! C . 5138588+ J26.081760
Third iteration ‘

a, 'f‘ = 0002228 D= (X4 - xz) (X‘ - \'3) (Ij - xz) = (006020
@ = 5 (U= ) Gy = ) = (fy = ) (54 = )% = = 4871483

4y = -D-' (s = 1) G = 33) = (o = ) (x4 = 3p)) = 1393112

’ Since a, < I(), we gel
2a
"'5 B x,‘ -1 o
"‘ = Jalz b 4“0“2
= 0.201183 + 0.004456

e ———— 0- .
4.871483 + /2371893 | 2‘”64,0

Example 2.12 Perform five iterations of the Mullér method to find the root of the equation

S(x) = cosx = xe* = ()
Use the initia) approximations Xo™.=.10, x,

-We have Jo = 0.9081817s, fl

=00undx2.. 1.0
=1, f=- 2.17797952,

e L T e
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t{aﬁ(m‘l ﬁw q'wnhﬁr and I ”!7""“"'"!! Computation :

i A

T —

ittt e A i

chebyshev Method
We determint u,-, , and aj in (2.15) using the conditions ’ :
fu=ag x5 + a) % + ay
fi= 2a4 x;, + Q)
{554 2.
On eliminating a; 's from (2. 15) and (2.26) we obtain . . :
St - *ﬂ itz -mff=0

which 18 the Taylor series expans

pigher powers are neglected.

27)is a quagrauc equat
converges {0 the correct root. In ordcr to get the ncxt approx:mauon to the correct oot we write (2

The equation (2.

ion of f(x) about X = x,: such that thc terms of order (x - -x)

ion: and can bc solved casﬂy Only one of the two 1'1

Xkl"'xk—_—"""“(xk '—I) RN 2
_ ’ + fk | +1 k fk (
We substitute for (xi |- xk) from Q2. 14) by (—-fk / f k) on the. nght s:de of (2.28) and obtain
. s j%':"]' ffa : AY e

¥ 2 fk . : i v

: wh:ch is called the Chebyshev meth
(Hpay %9 ID the right hand Stde of (2 2

of the method is reduced.
'_ Examplc 2.13 Pcrform two 1terat10ns 0

on .

od. This method requxres three evaluations for each iteratio
8) 1s rcplaced by the secant or Regula -Falsi method, the ¢

f the Chcbyshev mcthod to find the smallest posmvc

f(x) =% - 5x +.1 "'I

¢ Tnke the mmal approxmauon as % = 0. 5

We havc

Using % = 0.5, we .gct'l

f(x)-ﬁc’ 5x+1 f(x)- f Sf (x)-6x

© flx) == 0.057350, flx,) = — 4.863363.

f(xo) = - 1:375; f‘(xo) = - 4 25 f () =

i
4 x? o2\ )\ S
=05 - 0.323529 — 0.5(0.104671) (-

=(.213414

e M i o2

0.705882)

r,) = 1280484
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]

‘h=“‘} (ﬁJhﬂ

=0213414 - 0011792 - .5
= 0.5 (0.000139) (- 0, 26329
~=0.201640, !

2.14 Perform two iterations of the Chebyshev method to f; .
- Mo . ) find 4
f§ the initial approximation as x, = 0.1, d an approxinfate value of | l',il
i

e L we ger L w7 Define fin) o i & '
" 4 " ¢ f) x 7. We get

GRS FACEE

g '. X, = 0.1, we get f(xo) = 3 f (xo) - 100, f"(xo) = 2000. |

5 =_;0.~.'_f1_1(zo_)’ &
o So 2\h) \fy

=01+ 0.03 - 0.5 (0.0009) (- 20) = 0.139
flx)) =0.194245, f'(x)) = = 51757155, "(x,) = 744.707272

voo- 448114
g =Ry :
R A R
b= 0 139 + 0003753 05 (0 000014) (= 14 388489)
f - =0. 142854 ' . . :
" ple 2.15 Usmg Chcbyshev method fi nd the root of (he equanon L
; f(x)—-cosx— e-O , it
‘to six decimal placcs Take thc mmal approximatlon as .r[, ='l 0
Bwrite (2.29) in the form W

o

Jnl "xk Nk 5"*& 3
= and A*x, s ['f—k,J ‘&7 -
y/ 2 i) f*' 4
f(x) =cos x - .r?". |
f(x) = = sin.x = (x + De”
| _F f(x) =~cos x - (x + 2)e".
| :
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lynomial !
Example 2.34 Find the number of real and complex o0t of the poly
Pq(ﬂ)'x‘-‘f‘* W4 dx-4

using Sturm sequence, |
We have
. 14 4x-4
fo) =x' - dx’ + %% 4 3 | :
fi(x) =f/(x) = 4 = 12 4 6x + 4, or a5 2P - 60 + 3 +
fi(x) =32 -9x 4 6, or as x* - 3x + 2,

filx) =x = 2.

. - t eled

When we divide f,(x) by fy(x), we get zero as the remainder. Thc{cforc. fz’({)‘ :;: f:chla:lcm
of the Sturm sequence. Hence, x = 2 is a double root of the polynomial. We divi . 1
the Sturm|sequence by (x - 2) and obtain the new sequence as

f=2-20-x+2 =22 -u-1(=x-1Lf; =1

i»

“q

We construct the following table of sign changes in the Sturm sequence. ’I’

xS i L ) YW ;

- - . -+ 3 4

-15 -+ - #. 3 ’
2 0 ; - - + 2

4 1.5 - * + e i

% 25 -+ + 4 - 0

) We find that the polynomial has three real roots in the intervals (- 1.5, 0), (0, 1.5) and (1.5,
Note that the root x = 2 which lies in the interval (1.5, 2.5) is a-double root. b

Hence, the polynomial has two simple roots in the intervals (- 1.5, 0) and (0, 1.5) and a 0
root in the interval (1.5, 2.5). The exact roots of the polynomial are - 1, 1, 2, 2.

\ " ITERATIVE METHODS 9. () /
Birge-Vieta Method A 1%y

dn this method, we seek to determine a real number p such that (x - p) is a factor of the polyr
equation (2.88). If we divide P,(x) by the factor (x - p) then we get a quotient Q, - 1(x).0f d =

o =1 i

7] Opy W =byx" ' b, x" P4 i v b, yx+ b,
}'E, and 2 remainder R, Thus we have

it P,) = (x = p) Qp_y(3) + R .
i'.; | The value of R depends on p. Starting with 2n initial approximation p; 10 p, we use some "
bl method to improve the value of p such that 2
it P,p)=R(p) = 0. e (
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_ ¢ equation in ©
S oan be IPP"“’ (o impro

L

Pt =P Pl

ning & multiple

? jons,
7 jal equatio

al=bl"pbk-—l'

g R pbl jl
il troduce 2 qumuty b and deﬁnc
b,-a,, +pba L. —1 2
s i s
- equation (2.94) we have :
l-’t E . b
. P,(p)=R=

" S

—z=b_+ Ll
dp k-1 TP dp
db
-"'_d; =Cp)
aquauon (2.100) becomes

e e P P“k 47 fu 1
'k p also be written as ; _
. C‘ =bl‘ +pcl-l' _= 12 b..-

dh
: Bl "" (a + b ) = bo
, dp d Ie p 0
ing (2.99) and using (2.101), we gct :
P, _ dR _ db, g iy

dp dp

R a +pb,,_t

Thume -
e nd by

ne unknown and the Newton. “Raphy ton h,u
ve lhe assumed value py. The Newtg, R”“’d N

P!(pk) k-O, 1.2,--

the computation of P (Po) and P '(pu) can e
18 O cmnpaﬂlls the coefficient of like pOWerq of x hCOrnI,."M

&= by _ bo » % -.
= b] = '?Pa | bl 53 all'.+"pbo L
. b pby. by _=-;az--+?lpb|-l

bk = ak "‘Pbt - |

A=l

“""'N'H
: \\

h‘,bn r-l\ ,,L
Na
o I
‘1
|

ncu"}(

thc followmg recum:ncc relanon

........

yemine P, (p), we differentiate (2. 98) wuh rcspoct to p and obtam
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L]

Rairstow Method

e m———— LT T + ik
The Bairstow method extracts a quadratic factor of the form ¥ + px + q from the polynomial {
which may give a pair of complex roots or a pair of real roots. If we divide the polynomial (2.84
the quadratic factor x* + px + g, then we obtain a quotient polynomial @, _; (x) of degree n -3

& remainder term which is a polynomial of degree one, i.e. Rx + 5. - '

Thus ] ¢

y y P,(x) = (:c2 +px+q) Q,qox)+ Rx+S§ ' ( g
Cy where | Qp-a(X) = box""% 4 by e i 4 bygx 4 by -2 ; ,E
B O The problem is then to find p and g, such that .3
(A | R(p, =0, S(p, @) = 0. ’

The abqve equations are two simultaneous eqﬁations in two unknowns p and g. Supposs]
(Po» @o) is lan initial approximation and that (pg + Ap, g + Aq) is the true solution. Following

Newton-Rephson method; we obtain

d e 'l_.'..Aplz _M, q-:-w’ 2! ( 1
: _ 'R, SqT_Rqs.g_ NI R,S; = RSy ki
where' .f!,, R, S,. S, are the partial derivatives of R and § with respect to p and ¢ respectively,
quantities and R, § are evaluated at p,, qo. b - = i 4
b'n_xe coefficients b;, R and S can be determined by comparing the like powers of x in (2.108};
’ . % = by, ' by=ay
ay= by + pby, by =a, - pby _
;= by + pb, + gby, by=a, - pb; - qb,

a.t:bt'*plbt.-l +qb,_y bk*""t"Pbt'-l"‘:‘ibk-z L HE @

@y.1=R+pb,_3+¢gb,_3, R=a,,-pb,3-qb,.5 .
=S+ qb,.y, ’ S=a,~qb,_,
We now introduce the recmion_formula: | Bt e
i - by=g =Pbioy-gb g k=1, 2,
where TR dg, by =0.
Comparing the last t'fo éﬁ@lﬁoni \fi;};_lthosc of (2:108), we. get
N R= b'%‘é,j y

%
¢ 5

v d
v et R B LTI S b R ‘j_:.'l'"‘.j.\-t'-iirr"\é': i y o
gl B 8 35 5 17 A i E R R I T o e A TR 2, L B o L2,
; LIRS RS SR S i RE PR LU ; /
A IR AR B R &> - - b [ O
e R
ATE ']
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" W‘ﬁ" Mﬂﬂfk’ nmf ,’"d’"'”‘"ﬂ ¢ nmrn!nﬂnn“_%

TSR |

LA * i P it i AR : -‘:
M ng & and ¢,'s we use the following «cheme: 1
P : N iy .9 0.,
o SO S ety e
- ¢ i | - an tfhn . _ t?h 1 p:," |
g i e L hﬁm"‘““‘"‘"mﬂ__ qh,
MMLI-N | & ’;" " by b, _, ' :
«pi ¥ - Mo “ Py “pC,.3 ~pe, ¥
-Q‘ "‘qfo . —-q.c"-‘ _qcn_a
W .Cz v CH -2 Cn =1 —
y Ca s the polynomial Py(x) is complete.
- M:;qp::vc been obtained to the desired aceuracy, the po]ynOmial
Whet P ot

Q. 2(x)-P(x)l(x’+px+q) g
_'ng"'2+b1x" .'br:-'"Z.:

« called the deflated polynomial. The coefficients b,. 2,0 1, 2,4, 1 - 2.0r¢ known fog

division procedure. The next quadratlc factor 15 obtamed usmg this dcﬂaled polynon
'n:heut

ample 2.37 Perform two it;:rations_of the Balr_SlO\_vV quthod __lo_ extract 2 quadratic f

x ¢ ' .l I‘ . - i % .II ) I |

E + px + g from the polynorrual --""""_"“. s
Py(0)= X +.f'- x+2=0.

e o e

Use the initial appmmmat,ons Po="- 0 9, 9 = 09, 9,
Starting with po =~ 0.9 and 9= 09 we obtam

g e 1 W ooy

: b

?JX ¥ 1, R _.1._71. v e g ._0171
Wi e ke Bl ol R g
e . :@N\ . 09; ‘ A

Deby )9.: _— 019 bz 419112' by . i ¥

By QI R 252 |
- 0.9 | 0 L R .
- gt VI - Y O !
e Teeg 28mey “‘3 “‘2 At T
..%.__.—. . i .,..., ". : .,‘_,::';.-..'.-.. I _hco ll"'bz cl«-l :.._ m = - 0 1047 S “—:_-:ﬂi

* - s e \ 0
Th . by(e -b;)"bs_c_z, i 9_-9“;‘_. = 0.103
3 1(2 ' 622

| Scénﬁéd:'byhéé}hScanner



, the extracned

'mple '2.38 P

B

mCl factor is 2 -x+ 1

on%tem@of the Bazrstow method to chracl(a/quadrdtuc fac&

4 px Fq from the polynomlal

Transcendental and -Pn!ynm;&!'lfquum..: mmw 97

7
/

. 2
; 10047 20141 0.0111
- 1,0031 - 2.0109
W 00110 = b,  0.0002 = b,
T L0047 3.0235
. - =1.0031
PO, - ;
Tt 3.0094 = ¢, 20314 = ¢ ; t;
' | 74
b‘l Co - bz Cl 0-0329 . i ‘
Ap = - et 00‘047 .~
¥ cf = co(c2 ~b;) .7‘0361- 'l;f'

o b C'-Ib -—b‘c ; y .' ‘

X 2( 2 2) 1% .-'= i 0.0216 = 00031
Cl -‘Co (Cz -bz) : 7 036] :

pz-—p| +Ap--10047+00047 == 10000

q,_q,mq-— 10031 - 00031'= 10000 '

-—

quadrauc factor is .t2 + p2 x £ q = -xz x4 1

.‘-:'

010‘
x/+x3+2x2+x+l-0 ﬂ/ Ov \?‘Q\&

, the initial apprommauon py = 0.5, qg 2= 0.3
ting'with pg = 0.5, go = 0. 5 we obtain

i'lﬁ’o U i e 1 '

\ PL=Po+ A;LF 0.6667,

¢ exact valuc'; of p'and ¢ are 1.0.

A

o -03 -035° L= 0625 . = 0.0625

g o9 8 -05 - .-025. ~ —0625"
I 05 125 . 0125=b, 03125=b, ..
=05 ¢ 00 0375 (T
RN -SRI - RS
‘lf;g 0.0 = ¢ 075—02-—025-03 .

i T bifi=byo )l 01667

| “Q{’/U\

‘?1-90"'5‘?-10-'

L Tumk b
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T s o T y Compteton 5
/’f"' \"ff ,»w _______
-~ LS N
Nw*ft’l‘iv“' gosa (2
o " o 4 0 I I = I
rﬂ r - ] 2 &
Pl 0]*"‘"{1 il alla i L8 ¥
|(’f : -‘l 4 o
A8 -2 ”}
] y
ratc)'l“li{ e
L qrt =2 = 25 17]_.._'.. I —8]
T 4][2 1] 5. =3 13[18 =
pevetalt.
& 25 17}[1 2’[0 ']'.._L["' HJ
T 4 =1) - 13~6 -1
P ~all1 34 .
\-EH" 20 6 2- . Mol 0 S0
1 g . 1 1[0 l]'[l' ""2][ -1 ’5]
LU o PRy | PR | ot Ml
W AN S e e
Motk =25 =9 03, e
; A LR SR M e
s 1.— -2.-_"_'_ 29.0 150 =53] B
/6/ "‘A h 13 -1 15.-25 10 1 10
\}Jﬂ ﬁﬁ __"“  wEE f6=2) -3 8
13 L,noa mm.vsm FOR DthT METHODS "R |
4

The mczhad: dnscussed in the prev:ous gectlon mvolve only a ﬁmte number of anthmctic c:»pm;4
lved in-solving the system of -equations is U

The number of divisions and muluphcanons invo
called he Operational count for th at T 'thod"'In the“foﬂbmdﬁﬁbﬁ“tﬁ‘e"op‘e‘rﬁ"ﬁal <

Gauss elimination procadure u,_- 2000 gl B e i

Operational count for Gauss ehmmanon
W_
first stcP [ﬁrst equation (lelSlOI‘I by first pwo[)] n I E ) %
second step [sccond equauon (dmsmn by sccond pwot) )

]in~L

.....................

nth 51°P [nlh equanon (dms:on by nth pwot)]
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introduce round-off errars 0 the computation, Because of this, the methods used will prod
which will differ considerably from the exact solution, The exact solution x and the com

approximate solution & will satisfy respectively the equationy
Ax » b
(A +8A) Xx=b+db
wheve BA and 8b are the changes in A and b respectively, due to round-off error, From
oblamn
X=xu(A+86A)"b+bb)-A'DH
= {(A 4+ 6A)" ~A") b4 (A4 BA) 8D i

which may be called the error equation, In order to estimate the error vector £ = X ~ x, we r _
concept of a norm of a vectqr x and a matrix A,

Vecto: Norm

e v

The non-negative quantity Il x l| is a measure of the size or length of a vector satisfying;
() x>0, for x # 0 and 1101l = (), e

(i) Wexll = lcllixll, for an arbitrary complcx numbcr .
(i) Wx+yl g ixh+ iyl ,
The most commonly used norms are i

(1) Absolute norm (I, norm) p

Il x ||| = z l'x;l 23 AR - : ’ %

() Euclidean norm

lxlly = (x° )"" {ZI,:,]} o - (
(iii) Maximum norm (il,, norm) . '

IS!Su
!

Matrix Norm ’

The matrix norm, A Il, is 3 non-negative number which-smisﬁcs the pr;)pcnics:
() NAIl > 0,if A= 0and Ol =0,

(ii) NeAll =IlclItAl, for an arbitrary complex number c,
(tii) HA + Bl SIAI+1IBI,
(iv) HABI <IAIIBA.
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v 'Mmm of Linear Alpeb

g
51
bl [}

commonh used norms are.

henius of Euclidean norm

' 112
¥ n" )
_.\ F(A)n(Z!H”' J
N i,j=1

y {mum norm i
Al = AT,

AN = AL

Hafbcr: norm or Spectral norm

IAll, = VT, where 4 = p(A"' A)
lf A is Hermitian or real and symmetric, then

A= p(A’J = ’(A)

..
l

thnt lAll, = p(A).

A le,

HAxIISI AII rlxil
) be verified that the norm .
l!AI!-maxE]aU]
. Jalc

Fonsistem with maximum norm II X,
giTor Estimate

P (3.50) we obain... -

+ o vy y

-'_:' bE-x| <A + 64) - A=ty iy +11(A + SA) 11 8bll -
RBUt (A + 8A) M = (A 4 SA)! =A™ 4 AT
b @ | S IHA + 6A)‘ - A+ 1A
e IA + 8A) - A7) = ) A = (A + SAYU
SUATIANL — (1 + A7 SA)H

= AT+ A 6A)" (1 + A” 6A - Dl

d T
rale Fquahom and Eiganvalug p, H
70

= max Z , a; , (maximum absolute row sum) )
{ : ' -
[ :

= max E [au f (maximum absolute column sum
[ i

he matrjx ‘norm must be consistent wuh thc vector norm that we arc usmg fbr Qnylvectbf X an;

(98

(359

o,

(3.57)

Scanned by'CamScanner



Syrf £ 1 y ?
em of Linear Algebraic Equations and Bigenvalue Problews ‘mmm 147‘

(k+]
X J=me +e. k=01, s

are the approximations f o)
i . or x at t 2 .
matrix depending on A and he (k + 1)th and kth iterations, respectively, H v

#X"™ converges 1o the exact solution © I8 2 column vector. In the limiting case when &
x=Ap
D Iteration equ ti (3.65) '
' quation (3.64) becomes, by substitution from (3.65) ,
. i 5 A-Ib =H A-I b + C. ) (3 66) ‘l\
'66), the column véctor ¢ is given by e = N - ';;
4:'._' c= (I e H) A_Ib. (3-67) .

! o .dFtCrminc the it

: im.‘
I '

t;:ranon matrix H and the column vector ¢ for a few well known iteration

#sume that the quantities a;, in (3.3) are pivot elements. The equations (3.3) may be written as
ax.=- (01212 + a3 Xy + L+ a,,,x,‘} + bl "
Ay Xy == (an Xy + 4y + .+ ahxn) + bz -. (3.63)

. Chapter'3:

f X, == (G X + QX + ... + G, 1 X5 ) + b,.

x,{"” = - -—l- (ay; ‘rgi’ + a,,x%” + 0 44y, xf,” - b)) {
' ap ‘
.tgh” e £ (ay 1:” + ay xg“ LA g ™ Ji” - by
(12:
(k) _
) = - anl-‘f“ * an‘.“tgl) 4 oo % Gy i Fpoy )
R
o (3.69)
I feoiva : ion, this
. - 2w each iteration,
“Wwe replace the complete vector «® in.the right side of (3.69) at the end of
5 : 1 L.
hod is also called the method of simultaneous displacemen
' itten as'
s matrix form, the method can be writts 1 -
: x®0 = DL + U) x" + o

ol
¥

- ~Hx® ¢, k=01, 2, ..

-

. -1

s -1 U.c=D b
w-D" (L ¢

jere H
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;m!’; .;'m Kerentifie and I;‘éginnnnfp Compulation

o

L]

e e

""1“ EEw .\'vﬂiﬂ'mf Mat

P

i
RpR————

¥
- P .

U nectively lowet and uppet riangular matrices with zero diagonal entries, D-.
and L and U are reapeltives; bt 4 ¥ .
giagone! matriy such dhat A =L+ D ‘ U,
Bquation (1.70) o slternatively be wntten &8 ‘ |
SR T N e 6 N . g )
ey o 1« DL 4 Ul x"+ DD ’
) -1
ex - DD+ LU xP 4 D7D
A8 - ]
ex™ 4+ D [b - AXY]
o v e p Y |
; imati () ) Lk
where v = a7 L w1y the ervor in the approximation and 1 l= b - AXY is the residual v

We mav rewrite the above Cquaiion as

D v e ¢d" _ ’
We salve for v and find X" = x4 v/, These equations describe the Jacobi iteration my
in af error format : -

Exampie 3.21 Solve the system of equations

dy s+, o x, =1

Xy "512 *2.!1 l-ﬁ

x, ~‘.'-’.x:+313;...¢

UHing the Jacobi iweration method given in equation (3.70) and its error format given
equation (3.71). Take the initial approximation as x¥ = [0.5, — 0.5, - 0.5]" and perform ¢
ficrations in cach case, The exact solution is el y=-lx==1,

(i) We have .

0 60] [400 01 1
L= = =0
iloo;.n 05ol,u=loo 2
1 2 of 00 3| G 00
40 070 1 1 3
H=-~D" L+Uy=~|05 0 1:°0. 2
10 03] 1209
2 g {1(4 0 o01fo 1 1 0 ~1/4 -174
*=.-.! 9-1/8 011 0 2= -1/5 0 -218 ‘i-
I 19 000 13l 2 0] -3 -2/3 ¢ ‘
HA%- 0 01 2
' )0 1/2 v
c=D'b= s . o ~6|={ ~6/5 -
O 0 171311 -4 —d i8]} = :
‘ '_‘._'l.

-
a it
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wfore, Jacobi iteration method (3.70) becomes *,|
' () e ,/4 - ,/4 .
el «1/5 07 =2/5y,

-]/ =2/3 ()
(o [ﬂﬂ,.(]j—ﬂj]r we obtain

= s'wﬂh % |
[ 0.7% L0667 r
el - x® =l ~08833) 4o |
- 1.1667 = 0.8500 | f

1r .-.!

' “ l k k |'£
B ”-.-.E[Z—xz”'-x;(;)] ”’-—-5—[*(%[._
(k+l}____[ 4= szmj s

baring whz e 05, 1 = -0.5, x“” = -0.5, we get ,_:_ .
' {075, = 1.1, <1, 1657]" B[ 0667, - 08833,— 08500]3'

_ ' =[0.9333, - 10733 = 1 1000]’
&) Using (3.71), we get for x? = [05 =05, -05]1r '

o s | 1
k=0 r@=p-Ax0=[-6[- _3 e 0
' P
- '1f4"'ff0f- 03[ 517 [ - 0%
v=plr L RO e Ay —o.sj
: 0 0 1/3f[=2] [ -06667

X =x®+ v = (075, - 1.1, -1165717

' ' T2 [ 0.7333]. . [1:2667
) _".'.’"’-Ax‘“:[-ﬁ]-—[-wsyj [1 0334]
| 1-4 _-4,950; ~ [0.9501

114 0 0 1126677 [0.3167

v = p- r“l g[ 0 1/5 }[I 0834} [02}67)

o xm . 0° .0 1/3)[09s01] [03167
TR —[umsv -08833 -ossjr S

=2 2 253357 [ -05335]
k=2 fgp_g @ . [ = ]‘-[—5.0498‘ b '-‘0-9502! |
—4) 1 =32499]) I-of.?sou
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/:.J 4 0 0[-0538 |

i
E__. 4 "‘1; P D" r“‘ = 0 1" 0 ~0.9502 | =
0 o 1/3]| -0.7501
O = e @ = [0.9333, -l 0733, -1.1000)7
¢
p qlt fi both lhe. technique
qin UF .-
e gion Method ; S 3
ggidelm‘" T e of (3 69). ali the avg;lable values from the present iteratioy
L™ CygRlee = (%t auxa ok Xy ) # L =
- 2 ¥ a ' ! . '- ay, 79
f g% e .
1 ri“” . (anx:{m,) +.0p7 “_+ ) 4 2
' 92 : a3
B 'a_""-. ' : -
o ¥ ged 10 z A 22 Yy xB + by
e e 3 “jmdt RS- A
' vl T s -
. ..-.(t*l)-—'.l. a x(k)-_'*' bz o
mii : @it / _
ma’l +ag.¥'z ;-23 Pret o o
B 4 %H”"‘I 'I“' "mx:(tm). vy _b,,,.— a3 i W e .(,:9'%
| mpl::e tor x® in the right s1dc of (3 69) clement by elcmcnt this up_ethod 8}
pe ibe method 0, f:uccmlve duplacemenr.' e L Nea - !
i notation. (372)bec ‘. y i L ' -
0+ L)X ‘**” =i U x”" +b g e _
I' ﬂ 2 i : x(hl} - -‘(D ¥ L)-'l U X(k} + (D + L.)"lb . (3
' H—qu-.—c-*’O-J—%/ :
_@+L" P

[l 313) ctmltematwcly be wﬁﬁﬁﬂ' ﬁS‘, ® 4 (D L)
o ! 3 + +

, e .+ 1)
o e = xtt) (D Lyt Al ff,”
= () ¥

Ny, BRI s '
Tite .;';-_?' ik, 3 (t)..(p L)
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pallhc e

W gD _ g ® .

and r b - Ax" is the residual vector,

Lfewtite the above equations as

sr; &t % (D. + L) v - o (3.74)
' or v{:” by forward substitution. The solution is then found from
x‘“” = x® 4 ¢

G ons describe thc Gauss-Seidel mcthod in an error- format

3.22 Solve Lhe system of equations
; 2.r,—x;+0x3-?
-x1+2x2—x3-1
Ox, -.rq+2x3=1

=
vy
wa
L]
m
e
[=9
a,
2
.2
=
o
a.
U_?
-
1]
=1
-
5
o
=]
=
B
=
=]
=
n
~—
L
-..] d
|
v SR
8
(="%
a
(1]
g
(=]
=r
g
"
B
g,
-
o
=
5
w
..D
=
B
=
=}
v
pter 3

e thc initial approxlmanon as x(m =0 and perform three 1terat10ns

Ghapter 3 -

ve f a o : G,
2700 SIS B R

D+L=|-1. 2 0,U={0. 0 -1

g 0 -1 2 0- 0.0

l'luuss Smdcl method gives , ' : - :
gl 2 (D + L)' Ux”" + (D + L) b

-Uifyyz 0 0°

el 0 D . _ BT gl
et =| -1 200f = [ua 2 0
| Lo i gl g w4 2]
1/2 0 "o-'o __ 0 --1__12 I-.:Ug'
m+L"U=|1/4 1/2 0 ||0 -1 ~1/4 _:”4
1/8 1/4 1/2)10 0 -1/8 =1/4.
| "
ERORSaneiiel,om—. 1 | i 2 - 72
M+L)y"'b=|1/4 1/2 0 |[1]|= 9/4 |
1/8-1/4 1/2) 1] L1378
erefore, we obtain the iteration scheme . ?
| 012 0} {72
0 = Lo s 12 |x® +| 9/4
0 1/8 1/4 13/8] | iy
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52 mm

Srarting with 2ero initial vector, we get

r asi 4625 $.3125
S {2 - %19 I

xM=| 225), x¥ =] 3625) and X" = 4»3125.
L62s 23125 2.6563

e exact solution is x = {6, $, 3)".
)
(i) Using {3.78), we get for x© =0 3
b= P=b-Ax"=(71,1]

172 1 |
V=D +L)y' O =|1/4 1/2 0 ||1]= RS
/8 174 1/2]]) 1625 o oo
e x® o v© o [35 2.25, 1625]7' _ _ -I '
ks 7.[=2°% 0 225 T
TR e e (Rl BL B -1 : 2"5 16"5 e
! 2 1.625
/2 0. 225) [ 1125
vi=D+Ly' =174 172 . 1625 1378 ERR
18 1/4 1/2 Loss7s)
¥ =xP 4 v < 4625, 3625, 23125]T T
T '-'?}
T [ 2S00y 4625y T 138
be eboAPalinlot aTol ams s ol o
1 R S b L G W O R
oo [v2 0. 0013757 [o6srs) .
V3= + Ly P =174 172 0 ||06875) = 06875 -~ - 8
1/8 1/4 12f| o (03438 B
e _ : :
D= x4 vD 2 (53125, 4.3125, 2.6563] "
Note that we obtain identical results by both the techniques, : . :
Successive Over Relaxation (SOR) Method i SR L
23 i f_'._

Th'5 method is a generalization of the Gauss-Seidel method: This method is often used when

coefficient matrix of the system of equations is symmetric and has ‘property A’. We dcﬁm
- G
auxiliary vector X as : , . _ b
: W ' P i
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Systam 0/ Linear A(qolwrc fquahg,,

_ F0) DL Dy b
il solution is now written as

5 L (he])

X " ,‘_ + W “;MJ rlj

)
;.I A ]
_I'"*” (] “') ’( ) W !l‘ki'“’

(3 75) into (3.76) and simplifying we obtain

§
1
R
I"'.
e

(_

"=+ wl) 1 -w)D - wO] x® 4 i
=HxY 4+ ¢ k=0,1,2,..

7 H=D +wL)" [(1 - w)D -wU] .

‘.:i‘ | ¢ =w(D + wL)b. |

b (3.77) can alternatively be written as

V= x®_ @+ wL)! [+ wL) (J - w)D + Wl y
_ + w(D + wL)™'b e
F =x" 4+ w(D + wL)! t¥ he g |
‘7“’ = b - Ax" is the residual.
My write

Y=wD +wLy

D + wL) v* = wr®,

; _,equauon describes the SOR method in its error format For computaﬂonal pump:
f¥enient o use this equation.

nw = 1, equation (3.78) reduces to the Gauss-Seide] method.

on parameter and x“*!)is a weighted mean of %“*" and x'*. From the equation :

d that the weights are non-negative for 0 S w < 1. If w > I, then the method is callc -
tion method and if w < 1, then it is called an under relamtfon mctbog'. ain -

AR o

W IS i

._.

nvel‘gence Analysis of Iterative Methods
‘ N s |

ducun the convergence of the iteration method (3.64), we study the beha
“!‘_,- een the exact solution x and an approximation x*, The exact soludon'"‘

. C x=Hx +¢
Bubtracting (3.79) from (3.64) and substituting €= x - x, we get
eV =HeY k=0, 1,02..
i which we obtain .
P e B 10 ) 2

g

(3.8

¢ we have assumed that the iteration matrix H remains constant for eﬂch _ E
(14
n:»u]ts which we require for proving the convergence of the i ueranye m e now g

tbc differ
sfy

(8
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‘ IHM ﬁw W!fﬁr and E r..p,.,,,,.,,,p [ mﬂp“'ﬂ"ﬁ"..h —
)

‘_..;.M-ll‘

£ ool U AR
-::f, - Abed squaré matrix. Then .
o lim A" 20

u}fm v‘- R :
A) < 1

m ( . -

el o we have I:I— I
v T Lo AN <Al -,..
(U : .- : _ _ |

|< sim WAl <,

M—tos . ¢

thli all the eigenvalucs Of A are dlsllnct Then therc exists a f.:'

i‘ S.mchd"“ : A:S-ibs R
mltni hwing the elgenvalucq of A on the dlagonal

=01

'-w&f'.-a- L
uaf inite .cemzs : i -__ :

w’i ; I+A+A + tr e, | ).-l§

A"' = 0. The smes canverges to (I

ff ;il me clgenvalues saUsfy |}. ‘<1 that is, p (A)<1 '

-l

R - I m+l D
(1+A+A’ A"')(I A)-I A
*ay! we have =
'T-(I)+:1A +' A"')-(I A™ )(' A
i SR A)

A2 wz(l-
I+A+ enormﬂfﬂ

matrv: A exceeds th

A; = Ax . .
il = laxll <Al
_____
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—— ;158 |
A d J - I‘ﬂ % ’
‘imfn- 0[ I-nmrr A’ﬂn'urmr fquahm'l ﬂl"’ ’ lf?"‘"'.”_"“r'f" P' J ‘“' - el
PAlHxtl < WA Hal, Hxll#0
Al <Al
the result. P
., ] mperger 1010
oo em 3.4 The teration mr.fhm.f n the form (3.64) for the solution of {3.3) €€
solution for any initial vector, Tull <1,
, Without loss of generality, we I:\Lr initial vector 7 = 0. We have
" |} Jpp
x”’ =Hx"+ec=(H+1)e
XV =HxP +e=(H + H+ e
B o (H* 4+ HY 4+ - 2 H 4 1)e 2
lim x®Y = lim (H' + H* 4 - + H + I)c s
=t o k=t 5 I’ )
. c=(1-H)'c " Z
4. | ‘ i 354 ]
13 .;llHll <1loriff p(H) < 1. =

thc case of the Jacobi method, we have

L d-Hle=[1+D'L+U)]" DD
=[p'"D+L+U)]"' DD

. =(D+L+Uy'DD'b

' A b=x

lm:lar result can be proved for the Gauss-Seidel and SOR methods.

rl eorem 3.5 A necessary and sufficient condition for convergence of an iterativ
orm (3.64) is that the cigenvalues of the iteration matrix satisfy

L) <1, i=1()n

e method of the

& Proof. We prove the result for the case when the iteration matrix H has n independent eigenvectons
f’ ,". X ,..., X, with eigenvalues Aj, Ay, ..., A,
= respectively. The error vector £ can be written as
| . _ D = x| + 3%y ++ €, X,
sing (3.81) we get
o : :
i e® =¢c Mx, + 5%, +-~+ el x, (3.83)

(i) Necessity. If lim e® = 0 for any arbitrary initial vector x@ and thus for any arbitrary error

vector € ©, thcn by (3.83), the magnitudes of the eigenvalues, 21, i = 1 (1)n. must necessarily
be less than unity.

B (i) Sufficiency. For |A;} <1, i = 1 (I)n, the convergence of e® towards the zero vector follows
3 from (3.83).
i Definition 3.1 The rate of convergence of an iterative method is given by

v =~ logy, [p (H)] or also as v = - In [p(H)] (3.84)
~whete p(H) is the spectral radius of H.

oA i .
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RE i .\.“,_.,f,-m "., Linear :‘;}ml-rm}' f_:qmlﬁ;r.n..!‘ ond pu

I"Ifmln (1.86) : '
i 3 v \
::h' li"lm' S5 :L '”ql*'ll, :Llrhfl ‘

¥ jmife) -
3 /=]

'

A (-1 n
N [Alfla 0= X laglls 3 1l
Jml

: Jeis]

£
M
"‘ .
L)

Al s —5— <1

lay| = Z[“U' '
. ; J=1

A true, since A is strictly diagonally dominant.
A Relaxation Parameter for the SOR Method

———

‘ gtion method (3.77) can be written as : P
V=@ + wD'L)" [(1 - wI = wD'U] x®
+wd+wD'L)Y' @)
g =+ wR)™! [(1 -=w)I -wC] x® :
g +wd+wR' @b
ReD'Land CsDU, = 00 Y
A has ‘property A', there exis_ts a pcrmutationl'mau-ix?_P 'such.;hgt :
M =PAP” = ( ‘
3 An-Bpy: | .
Mre A, A,, are diagonal matrices. Hence, A and M have the same eigenvalues. T Prokl
kpetermine 2 value of w = w,, suchthat p(H) is minimized. It is sufficient to congizer
gnvulues of M. Without loss o?gcnerality. assume A is in the form (3.87). The Jacobi mety
gnew system is ‘ :

. Mol LU+ Db
' =-(R+C)x“+ Db
B ¢ B ..__,Bx(lil)“P D_lb

Mle that 1 I - B is of the form
,‘ v wi-Be (_P_l! xl:)
. A:I p lz
ince B is of the form -
Asl

N ~Aj 3 . o e ¥
B [ g S where AIE = A”_IAlz'and A:! =Ap
-Az N, |
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W, < w < Wy, A is complex and
AV = (Al = w - 1.

e is of mtcrcsl The graph of | Mvcrsus w is given in Fig. 3.4

| he real case, the larger cigcnvalu

141
% _: E
- Fig. 3 1 pectral rad‘us of SOR |teratlon matnx
. Mhen w = Wy, p(H) IS smallcst chce the opnmal relaxanon factor is gwcn as . f
2P-$ u] (3.89) ;
[I+1/1 p J :
When w = w,, We gct A
g;: s - (P
' l:i—.pzwz=w-—fl. (390) @
a . L TS ] C
'f*or convergence, W requnre L
: IAl<1
kt |w-—l|<lor0<w<2 (3.91)
%{For O<w<l,itis called unde- rclaxat:on and for 1 <w<2, it is called over-relaxation. The rate
convergence of the SOR scheme is — log(w - 1)- The rclaxauon factor Wop ‘should be rounded to
the ncxt digit, for, when w = W, p' , the slope 8 mf mte When w = 1, we have from (3.88),
p(Hg) = [p(H_.)] . . (3.92)
at of the ‘Jacobi scheme. )
. i

of Gauss- SCIdcl scheme is twncc th
liflul< L. Therefore, the necessary condition for the SOR .

g Jacobi ucrauo,n -nethod is convergent.

Thereforc thc rate of convcrgcnce

From (3.89), we find that Weg is rea
:method to converge is that the corrccpondm

dadhl et b i ".Wg .

f;mj
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' Heog = (D + L)™' [(1 =W) D - wU] E
20 017 [2n-w) W 0 ' :g
y!
=] =W 2 0 . 0 2(]"'“’) w
0 =w ) 0R 2(1-w)]
/2 0 07][2(-w) w 0
=fw/d4 1/2. 0 0 2(1-w) M
w8 wi4 1/2 3 0. 0 2(1-w)
N ET T T A
= ‘H(l w2 . ]-—w+(w ,4) o sz

w14 w12 18) 1w+ (w0 14)] 8
C=w(D+wL)" |

w2 o o[ Tl ]

=Wl wia 1120 HY = w(lw+2)/4

wi I8 wid 1/2]()

| W(Tw? + 2w 4 4)’3_]

Hence, we have

{I—w)/z ' l—w+f(2wz/4) : ?2 ®
o W ;
wi(] w)/4 (w(l w)/2+(w’/8) I=w+wf4 3

x(lvlh

| Twf2 1] e
e w(7w+2)/4
| | w(?w +2w+4) 8.
The iteration
nmnf associated mth the Jacob; me

lhod 18 given by .
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\1 }"'"‘i'h N Il”ln

3 "i-.-";\\
B ot adios &
i
- 1
- l_
" -y
“u}'\' ut l
we have
‘i"
u n _
- ,‘—‘-“ -
piHsor! 3

of convergence of the SOR methad is

’ "‘i'?l‘hn; :}x ‘3;“ 0:’ w = “.‘Yﬂ -

e Y I \
=4 - | &
\I"Ib ] 4(1 7 II

i ;:il‘: !'\':\

\ { T e vy "
xis 4 = 1/V2 . The optimal "y

{ \

/ _1
\"- I

w= 1= 0171573

v =- log(0. 171573) = - 0.7636.
= 1.1716, the SOR iteration scheme becomes

[-01716 035858 0 [41006°
V2| -01005 01716 0.5858]x r!! 9878, b
13361
| -00589 01005 -0.1716) (2%
Surting with x™ = 0, we obtain
58283 ]
(41006 5.1472 2.820°
= 3_9879 i x? = [4,4570 |, x*? = 4’”‘”}:’
: [’-3361 2.7957 2.9600
.. Write the SOR scheme mmcform
.I (D+NL)|” ]'{“ i
' : Nl =WOPI= 1-1716_
0 1] .
gt T S R : |
=].1 {k)
L0 S, : ?19:
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L

"“‘ﬁ!.. nﬂJ laNﬂHlN’f‘llp l‘""!'llflihun

| \““‘3‘ fm S

P
! - o) el \"“ ' ““‘ kw ‘." b
il
l!‘ .ﬂ“h‘
), W |
W o O AT 41006 41006
GO g | v e | 20807 1w w12 0ggy
UE ARAID 21361
/17867 10466 ~(89am
W | 14609 [, ¥ = | 1689 | X = | g 456
Losr)  loasss) Loy
11624 0,6809Y (58281
0.0201 |, \'(h m | 04160 ], x(]] = | 48728

~0.1346 \ 01648 ) \ 2.9605

g we gt A =B+ E)

| ody we have |
<I Aﬁmumltinl (3 ‘ -1 -B(l i E) 4 B(“ - AB)

hgndve method vy | : ' .' |
L‘ : an =B® (21 B“_’). k - 0, -1, 2,
95) b Awehavc' ‘ o
F\Tﬂi (3.95) by g = S ABME ( A“(n).
l [ ABYD =1 - 2ABY + (AB ly
i

I

—

= (1 = AR

the convergence of the iterative method is quadratic..

326 Find the inverse of the malf"‘. 3
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i ") 1 ¥ 3 ik

‘ Q ;:,:;;::ml Fnaineering C nmrnhhon
s for SOt T

T 1"!
\f,!f:{ﬁ,"“f (4701200 0007633
- ? ol 0 -0997374 0344036 | =1,
Te s TR Y| P
g pm\ﬂs ; ;a|2$5 - 0.001598 )
a ';5:«% _1,000550 0.344036
" ‘n‘;mb(“ - 0001932 0.209265
\ 0. o 0][4791288 -0.001598 . 1.
;) Lol 0 1000553 0345619 =, y
. . . 6
| s A [ 0 7 00 0208597

0 gggesa 0.345619 |

._ % LMHODV?

L,'oﬂ S 0000403 0.208597]
1 n

s appmmaw.y 4791289, --0 999886  and 0203597 The o

i&\:l

:._;’ ¥ i “91288 ,1—'— | and ;L_ (5 4 J_)fz ) 0203712

/‘—;HT" psed 10 dctcrrmne the Iargest e:genvalue (in magmtude) and
;”\Horofthc system i . AR Lo i _ 4

:LX-
A3 " be te isict c,g,-,nvah.u:s stmh that

ll> Wal> . >R,

L bete comesponding czgcnvcctors The proccdure is appllcable if a complete sys

4 eigenvectors exists, even though some of the eigenvalucs Ay oty A, may not BE

pvag by A and substituting Av, A vl. A v, = /1,2 v, ctc we obtmn i

728 by A again and simplifying we gel

e, iy eigeavector v in the space of clgenvcctors vl, vz. y V, can bc wnnen as
120V 40V + . ¥ GV, '

Mok + vy + 0+ ALY,

.~ ( .' . . .II
v Ay) Ay
=k iev +c ""'!‘)V +“'+C. -.."_]v

*:‘3121 C]V|‘+€l r-lal]z vy + +c f.-_ | —.I-
L .\J.] 2 A ‘ 1

Nye ll{t,t;+cl(iJ 71+ +c (_}1)*]
T WL { W
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Equations nfiJ b‘r‘gcﬁvé’:f:& PmHm- L '191]

Yl Syeter nf Linear A’f"‘l"‘f‘
4 i;- l"\' 4 ¥ C —%‘:' v ; 1.155
_ wpeat[amtalz) T (3452
4) and (3.155) tend to A4c,v, and At*eyyy, since

oy .
bk = o (he right hand sides of (.13

. n The yvector ¢;¥y + €2
eigenvalue A

4 Hc1 e 3 ().’2/_)")* Ve 4+ ... 4 Cp ().,,/).,)’ v, tends 1o ¢,v; which
' L e is obtained as the ratio of the corresponding

‘ orresponding 10 Ay. The

N
o
_.fisfﬂ\‘cctorc ,
A'Y

Bponents of A'! v and
(3.156)

e rth component of the vector.

L ‘the suffix r denotes th
des of the differences 0

B8 The iteration js stopped when the magnitu

; 1,_ lolef ance. .

ﬂl o <<l A, |, then faster convergence is obtained. In order to keep the ro
¢ normalize (such that the largest element is unity) the vector before premu
B#Fflic the method as follows. Let v, be 2n non-zero arbitrary initial vector (non

und-off error in control,
Itiplying by A. We can
-orthogonal to v;) and

‘ Y1 =AYy S o " " o (3.157)
:, ~ =4 Visl = }'bllimhl (3}'58)
Myey is the largest element in magnitude of Yisy- Then
Ay = lim (3-5:-')—- P, 2 L0 - (3:159)
| (Vl: )r . i . 3 y

also gi\;es J,.The initial

oted that as k = o2, M., |
rthogonal to v,), if no

i v,., is the required eigenvector. It may be n
ponents equal to unity (non-0

gi¥actor is usually chosen as a vector with all com
table approximation is available.
S

! ymple 3.42 Find the largest eigenvalue in modulus and the corresponding eigeavector of the

=15 -4 3
A=| 10. -12 6|,
; ; 20 -4 2 -
ing the power method., e
2 We start the iteration using the unit vector as tbe: mmal vector
g vo = (1. 10T

sladnddy - S

f the ratios are less than the given

S
£ ) “
g :
Ca &
ke A
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198 smm Numerical Mothods for Sn?nhfﬁ'c and Engineaering Computation

l
We find
4 2.
¥ wowd wie. B
y, =[-8 4, 18], ‘|-[ 3’ 9 1]

-

L _E"H[l ok _:1_4]’ .
"’ﬂ?' 97 9] oLt Tt Tqgfrrn

v. = [-19.8674, 9.7072, 19.8524]", v, = [-1.0, 0.4886, 0.9992)"

Ye = (19.952, - 9.868, - 19.956)7, vy = [0.9998, — 0.494, — ' o

Yo = [-19.973, 9.926, 19.988)7 o W Ry B

At this step, the approximations to the largest eigenvalue in modulus are
| 21 = 19.977, 20.093, 19.988. w E

If we round-off to 3 digits, we have | A = 20, -

The approximate eigenvector.is [0.9998, = 0.494, - 117, P

The exact eigenvalue is ~20 and itsl-'.eigcp‘vcc_to_r is '_(1, -I-"_.O.S,]I }- '1].7;'-" I

Shift of Origin

Power method can be used with a shiff_q'f. Origii}._ We know that A ‘and A=kl have_-the ﬁam_'e‘
eigenvectors and for each eigenvalue A of A, we have, for A - k1, the eigenyalue A=k
A -kDv=hv-ky - L i TR

o EAvskysGiEmv o

Therefore, if we subtract k from the diagona] 'cllcme_nts of ‘A, theri éach eigenvalue is reduced by thi
same factor and the eigenvectors are not changed. The power- method cah now be used as =
Yer SA-kDy, o360y
Y FYealm I R (316 )i
The dominant eigenvalue is then obtained using (3.159). Regardless of the value we cho!:sc.{'tﬁ
dominant eigenvalue of A ~ k I will always be either A, - k or A= k. For example, if 20, 10, 17

the cigenvalues of a system, then 1f we choose, say k = ;15',_-‘;me:1|_.the new eigenval !
ew system would give the largeggy

are 3, -5 and ~14. Hence, ‘the power method applied on the new sy
eigenvalue of the new system and the corresponding eigenvector, which is the smallest eigenvalue g
, its eigenvector respectively of the originel system, If we choose k = (% + 4,)/2 we have maximug
rate Of convergence to A, ~ k, if we use A — kI as the iteration matrix. If we choow
k= (A, + 4,2, then we have maximim rate of convergence 1o 4, - k. In the above example, *i
e choose k= (10 + 1)/2 = 5.5, then the eigenvalues of the new system are 14.5, 4.5, - 4.5 and
fiA,/ 4l and 12, / A} are spproximately 0.31, while these ratios for the original system a ﬁg
DS, All other choices of k would produce larger, values for the ratio | A,/ ;. The convergené'e:
y Tew system than the original system, both the systems converging to the samg
¢ choose k = (20 + "uj)._ 2 = 15, then the eigenvalues for the new system are _Sg
Vi ) ; B AL e . - LR

R T T

f

e
5

FEATR Bt N T N
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a5 Of Al and |44/ ).,l f"r the new “YSteni '
jos 0 uc is maximum for this value of k anq u.": prgki

e .
rgest C18 e ourse, th
e ]? 3 original system- Of course, f Cho’“ of ki Isd i ""alue“‘i}r

g
i

owerful than i i il 5 B
ey envalue rathp . method e B8
.ive 'apprO ig cr than only [0 l Ihegh .

o o n-espondmg clgcnvector then 1/A s nllth
or. Choose any nonzero elgenvccmr Yo R ;gd Wy :i

eigen VEC! T YpE
iy V: A p[ymg the power methocl on A . .We have p%
n pore? i l
| z,,,-A R LI SO
Yyt = Dol /mm B R {h’m
: — t chcnvaIue in_ modqus of A“l Oy
ximation 10 the domipant, :h b
?np;oodulus. ‘However, one: need not ﬁnd A to. ﬁnd the Smalles; Clgtfn,%
We write equaton @leas ok Ty ‘?he}__
Azk;[ =Y+ i ' . ( 1&
) linear system of algebralc cquatmns . 164) Normahza
We find tit )mlﬂ:zgcg:;ﬁmmt matrix for all 1terat10ns 1s the same: - - lIon |s‘5:a
o ",_-, : L

K rding 10 (3

ﬁ we introduce 2 shift of the origin we have .

D '-'-"-:'(Jtm

Zpey =

here the

 The ratio of the corresponding componcnts tcnds to 1/ (/"1 — k), ‘“’ c . ’11 are. the elgenvaluus oA 2
i 1 , (zki'l) PR N ' ' 1
E RS TT e TR Y (g}
f b=k " (yk) . S 7

’ y carefully selecting k, one can find an approxmlauon to any eigenvalue of A. For example, agm,m

{ A and choose, say k = 9; Then, the cxgcnvalucs of A - klarc]]i

10, 1 be the eigenvalues o
g Vare 111, 1, - 178 The power “method Bpphcd to (A - kl) gmm

nnd thatof (A - k1)
mam exgcnvalue of the new syslem which is 1.

’7 Tbr. system (3. 165) can be written as SN : St :
- P A SRELEETEC .
and side chaﬂimﬂ,mfi

4 th
We find 2,,) by solving the linear system of equatlons with th; Egh O ¢ thi invere

beration. We normalize the vectors at each stage of iteration. It
ks the most powerful and accurate of all methods for computing c;gcnvectors

E a_‘@plo 343 F‘ﬂ} the mﬂvaiuc nearest to 3 for lhe matrix .

‘..I I‘.' ‘ . 2 l
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A\

Iﬂfﬂpn’nﬁmr and Ap;lvmxr'mqh'an LR 2475 b

Fip

hx fix) e o fx)

B 20.02502 0.6 3.48
.02 10.05013 07 . 3.03?331
03 6.74211 0.8 2.70861

114104 5.10105 - 0.9 2.45959
105 4.12706 1.0 2.26712

. (Bergen Univ., Sweden, BIT 24(1984),397)
Imph of a fun?lionf is almost parabolic segment attaining its extreme values in an Iintcrval
X3 The fo}CUOﬂ values f, = f(x,) are known at the equidistant abscissas Xo, X;, X2 The
Pme value is searched. Use the quadratic interpolation to derive x coordinate of the
wm. 5o i B | gt .
"(Royal Inst. Tech., Stockholm, Sweden, BIT 26(1986), 133)
he following problems, find the maximum value of thé uniform mesh size h that can be used
“‘_bulutc f(x) on [a, b), using cubic interpolation such that | Error] s'e. - :
) ='e” (o, b) = T, 25], w9070 ~0 . ., " . &k;”
.._: . L _ _— _' -6 .I o »:. i . 5 -.. . .
/) =oon 2 o, B0, piMle = DS, 0 gl
D fx) = xe’, [a, b) = [1, 2 e=5%105 ¢ L) " i
HERMITE INTERPOLATION. U™ -

tmite interpolating polynomial interpolates not dhl'j; the funct_iqn f0) but--élso its (Cf.:rtain order)
fves at a given set of tabular points. The simple interpolating conditions are given in (4.6). We

ve an explicit expression for the interpolatipg-pol?nprrﬁal satisfyihg (4".6),.'_1hat is
P(x) =fx) . . T '
P/(x) =f(x), i =0, 1, coey

_'tficrc are 2n + 2 conditions to be satisfied, P(x) must be a poiypomial of degree < 2n + 1. The
Bjiired polynomial may be written as__ : — ‘ C

' ":‘I‘,.l - » n .. . " : n . . , o i : .
P(x).= Y, A) f(x).+ 2 B fix) (4.55)
: . I i=0 = A N
s A,(x) and B(x) are polynomials of degree < 2n + 1 B{ld. s'agsfy
D= =y 2 N < e
0 for all i and j -'
: (4.56)

V.

i Ghapter 4
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Using the Lagrange fund

amental polynomials
A = %) 1500 .
B(x) = &(x) I%(x).

Since 11(x) is a polynomial, of degree 27, y(x) and &, (x) must be linear POIY"(’""“IS Liet

Aﬁaﬁ_m* 2

s

9
%(x) =a;x + b, (‘E.l
§(x) =cx + d. i
Using the conditions (4.56), we obtam . ; ,'1 '
E L
'f';,'_»q—landd,—-x; _ :f:
Substituting (4. 59) into (4.58) and usmg (4 57). the cquanon (4 55) becomes ,1%
| P(x) = Z - A= (x,)] :’(x) fa
+Z (x - x,) iz(x) f(x,) 'r" . (.,
which is called the Herm:te mterpolatmg polynomlal It is easy to venfy lhat . r1
- . (x) B n(x ) i '.:
g ") . .
Alternative - .f'

From the conditions (4. 56

) we' ﬁnd ;hat the Lagrange fundamcntal polynomlal 2 (x) 1s a facta
A;(x) and B,(x). Since ?

(x) is a polyno:mal of degrce 2n, we wnte
| (-‘-') = [a: + b, (-" - -1'1)] ’ (x)

B‘(x) =.[.cl.+»df-'-(x - -’ﬁ)] fz(x)-
We have : : o

S B, ,(x) -b, ,(x) - [a, + b((x x,)] [2!,[x) Ii(x)] e
Bl =d P + o + di(x - x)) (26(x) 1(x)] o
Substituting in thc given conditions (4.56), we obtain
Ax) = I, gives a; = 1
';(xj) = 0,.is satisfied for all i # j,
Ai(x) =0, gives b, +2a,1{(x)=0o0r b = —-2( i(x), .
B; i(x) = 0 is satisfied for all i # j,
B;(x) -: 0, gives ¢; =0
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, d 4
B(x) =0 is uulsiur] for . all ; g™
Biiy) =1, ;ncc. d = " %.!
| A,(x) = N
ir 'l'l “ .f) , {)_ Jl f} N
]]' H,(l} 7‘(,.‘_ - I)I?(X)
wre the same expressions as given in Fq, (4.60)
M truncation erfor associated with (4,60) can pe writte
¥ Hen a
) \
E{ﬂi] {f A‘)P-' ""j'l‘—'(-‘Q-» (21 42) !
. ( n+2)’ f (f).x{)(’f{
ple 4.7 'Determine the parameters in (he formula <y
= P(x) = ay(x ~ a)? 4 i e
i _,r‘ + GZ(I - Q)..*‘
[ Ny a
B P@) = (@), P(a) = f(q) :
~’ P(b) ‘f(b) P (b) f‘ (b)
M the interpolatory conditions in the given formula we obtaj
2 in
a) =f(a) = 03
P(b) =f(b) = aofb -~ a) + a](b = 0‘)2-
P®) =f6) = 3a(l - o) 4o~
; . 0@ ~ a)° + ta
. the above system of equations, we get Zal(b i aJ e 5
ay = f(a) |
@ =f (aJ |
) Wamtms Lf(bJ
(b )2 f(a)J I -aJ [2f (a) +jf b”
il 2 "
- ot ey V@t s o 8 s
/ -q i .
ple 4.20  Given the following values of f(x) and f (x) ") g
< ““;‘ T 7 e s
ey = Mo Iy oy —"
C0 g . (rls,
113 3 P 4 e
BMiste the values of f(- (5 ko :
'0.5) = 33/64 and £(0.5) = )9;;nd J(0.5) using the E‘ETE?_EHE_{QQIE@H. The exact values we
n:?,;-uz—l'szomd12=l_ ‘
2 i
Plx) = ’Zo A flx) + 3 B, f(x) "
: LS /=0, E ‘I’
() m zz)4 (), .
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- gt - xo) Lo Gl Ao
N A"-\(ﬂ = 20 ) H] l' (xm ll(x)

."‘l(‘ﬂ 3 ‘](r - x;) !1 (x?,)] l'l(x) Q‘i L
PR }xn) B (x) . s u‘\ /.

x +1) (x 1) " (x - 1)‘ 1(0) &
W) = @an©O=1
| (D =0) x(x+1) m

'-12(1) o +l] (1 0} ) 2
T 1( _.n . I :
A (x) = (1 + S(x ¥ 1)] —-—-—"—"‘ ' > o

n—(sf zr"-sx +4x‘)
A
)-(1—2(::-0)(0)](:: -n

1("
; =x4 -_;;zxi + R W

4
(x)-x(xl-l)zuf ‘b?-i-x

2 (x-!)x‘(m) o S e
— B;m- =

‘_(x’+x' X - x’)

A R R - 3_,
‘ A P(x)--—(h’ 2:—5:?4-4:’}(1)4-(;:-'):1-\-1)( M

+—(-£ zh-sx’nx's(a)
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3 s L@+ A EH+E -2+ 0D )
4 . F))

*ffmf-r‘—xﬁ (7) ,4_}0,;6) B

= 2.1'4 - J.'z 4: x+ 1 i (D
x=-05and 0.5, we get 7/(.0‘

0.5) = 3/8, exact value is 33/64
0.5) = 11/8,  exact value’is 97/64.

an

NPCEWISE AND SPLINE INTERPOLATION . J‘ o

tensonably accurate results using interpolation, we may have to use polynomlals of high
‘With polynomials of high degrees, beyond a certain order, not only the compu tation becomes
“tlso the computed results become unreliable because of roundoff erors. In ord'pr to keep
Wy of interpolating polynomials small and also to achieve accurate results, we use plecewise

Wdlation. We subdivide the given interval " [a, b] 'into a .number of subintervals

ﬁ'-. ‘ = 1,2, -+ n and approximaté the function by some lower, degree polynomial In- oach

W it 11, we subdivide the given intervel [a, blywherea=xy<x <x < <X, = b, into a number
0 erlapping subintervals each containing 2 or 3 or 4 nodal points. Then, we construct the
monding linear or quadratic or cubic interpolating polynomials fitting the given data on each

B¥rvil. These polynomials define the piecewise linear or quadratic or cubic interpolating

ing piecewise linear or quadratic or cubic polynomials. g _
< X X X X3 X4 X5 X6 '

flxo) fx)  Sx)  Sfx)  Sfxe)  Sflxs)  Slxg) lf,’icc_ewise
inear

S . et it e Vot
polynomial

'.Pic'ccwis'e aoypres gt
. quadratic
polynomial

stk = — e e 1 bagne Mgkl Y kBl s '-afic?eWisﬁ )
: ' . . cubic o
polynomial

it |

gétise Linear Interpolation

ve n + | distinct nodal points x,, x,, +++, X, &nd we want to determine an interpolating
al 2s shown in Fig. 4.2. The interpolating polynomial is linear in each subinterval
x) and it agrees with the function f(x) at the n + 1 nodal points, The subintervals or the ling -
ts are called finlte elements in one space dimension and the nodal points are called knots.
the linear Lagrange interpolating polynomial (4.14), we have for x € [x,_, x. the pizcewise
nterpolating polynomial e ’ §

(1)
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e el .- T . ’

3 X=X X=x_
\ .Pi‘ |('x) =H-——_-_j_f('r|'-}) + L f(x[)of":'lpzn""ﬂ

.._‘_L Jf—ll i f . -t' _.t'__l . = !

For x € [Xp X)), W& RAVE it e

' X=X R il ,
Pi+|. 1(x) = 2 flx) + B o M X y

Xy = %paq f X5 =% f( i+l.)

]

-x

0 -ESXO')H . X2 Xi-q - X X+ .. X,-,S b

F|g 4 2 A plecewise Ilnear I.agrange znterpolatlon

Define 5
L LA L
TE=Xapy N e !

G ;___;"" | x_;:l-sx'..s'xa

N =| 7t -1 v &

—, X X. x B

B By xt'.-c-l -%' Hl
"o el U g - "xem._"

Note that the non-zero terms | | | :
in N, (x) are the cocff’
respectively. Then, the 'mc!'POIauné Pol}'nomml .lc.l — of f (x,) !n P i 1(x) and P,H ,(x

P(x) Z P, 1(x)

l-O '
Which -
agrees wnh fix) at x,. = O l . n and is hncar in each submterval [x, 1 X;] can be

;(x) = Z N,(x) f(x,)

i=Q

The function Nj(x)is cllled l, lhp. mnctlon and it s shown in Flg 4 3.
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Ihf\l;ﬁt lmcar mtcrrolalron u gncn by

o In the p ".‘;!
ll) - P, |“') - __. (x = X |) (x - X{) f ({‘)' J o k;}
/ 2! 1€ § ¢ ; |
p linear interpolatin i
4] fobain the F,c;_c“;? I 1 * g polyn Omials g, the f
\ - r" Q ‘_J !jn, e f“
\b - P e ; . )n |
: (_»,- AD N__ ~ A8 - 8 . fr,‘lt'
. . f(j) {_c 3 l. . 7 rz 2! ‘ ,; ?3 ../—-—' :f / ;‘ L
‘_ estimate the values of f(3) and /(7). o \U;) - ;———‘j ,f i’
e interval (1, 2), we have \y AR B,
X 1 x=2 . /
%\ \ Pix) =" ])—-(3) + -1 () =4q,_ ¢ I
i R i ot 5 2 /Ir:-“ '
k_ mmﬂ-a]' [2_ d]. we have _,.-,L 7{ b & ’ J{ ‘i - ) N o [ 4
S
E -7 Pnfﬂ"—("')" Leg (1) =7 4
0 7 _

g interval [4, 8], we havc_' oy 3{ e 2 ' - -a.'-\_ }

, .‘ - 2 PI(IJ =

-
‘II s

(73) = 13x 31

the piecewise linear interpolating polynomlals are gwen as

451, ISxSZ § s h

Pix)=|Tx=7, 25x54 p
13x - 31 4S.r$8 "

§ the polynomial in the interval [2, 4], we obtam f(3) = 21
ln:zna! [4, 8], we obtain f(7) = 91 - 31 = 60

7= 14 Us_ing the polynoniy
e Tl o thase %

Ji_'
#tewise Quadrat tlon.

ﬁn number of distinct nodal points be 2 + | with g = Xy < .r, <Xy < g xz,, = b, We conside
oups of three consecutive nodal points as [x,, %) Xy, x4, [.r,_,. ,H] (X0 1) G0

- ihe subintervals, we write the quadratic mtcxpolanng polynoxmal Forx € [x,_,..t,,,] we have
JRppedrac *"“f?olaunuolynonual .

(x~ x;)(x-x,,,) NG : .("'"-"1-1)(-!:.;,;,). __H_}
(xm-x,‘)(x’;f_?‘.t“')_- _{(X_HJ'* (x, ‘I;-l)(-n-xr;l) o [

(461

+ (“'“"1-1 I(x'*'f) s m)

: A, ol (-t"l -‘tl'-l) ,IT“' -J.';) J

—
B aahi

|
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. |\|cf {J fo y -.
\ im‘” d[auc m\crpolalion is given by |
%.,’ Pm«t T —
_tf'& ! )(I - f) ‘\x |+‘|) f ('E[)\ l-l< é < x
. l(_\""' J,,_:l ;
wise’ quadratlc mtemolatmg olynom: L
Fsﬁl awm the p1eC‘j" ___,_,,m—a e pﬁi‘ﬂi}i for the fin
I% 2 —¥ : 1 . 3 H ’7 ’\
"\"_ 3 oxif mat= \’Blllb Of f(“' 2 5) and f(ﬁ 5)
.,h_,t;.a?rpf fnodalpmnts as {=3, =2, -—1\ l_1 } 3] {3 6. _” Ong k o
ot gfn me quadranc mterpolatmg polynormal we have th:cf
| X+ 3) (x ¥ 1)
‘2] X+ : "?’m ( (222
r/jﬁ‘/rl\{ (—2+3)(-2 l) )
(x + 3) (x + 2)
! (—1+3)(—1+2)(”n
1 TN T
£ 0N

3ﬁ9 (x2+1\-+"\—22‘2(x +4x+3)+——- (x +'ﬁx+6)
g B i A

4 =4&x’+93§\{{{-_— .b !

.3, we have
f (I" 'l) )‘.' 3)
LOaE S -3)

17}

| 8
|

237), we have

er_( 6](3‘ wl))
! B3-6)(3-7)

'Scivnﬁﬁ" and Epgiﬂenﬁng Comp"t“f"oﬂ

um
165

£ — 2_-4': i
(x .‘x-l.hf!a)' 4

st lg2

(207) +

I DB

171

GG g

ey (165 + (3-+1)(3—1) e

(1-1x 'a)+—§— (x-

b

Bt gt et ot et =

R Lx__‘-i)_(.x__él a8
E=HE-N 0+ 4 9018 g

Scanned by CamScanner



ey ) O g

A (]
: Interpolation nnJ‘Appmwfmaﬂm gam 255 ' | ' “ ;

1779
--{x‘-10x+2n+.-—-(;’ 9x.418)
-r(/' ~P1a {2()“ Vs )

‘u ¥ ‘
iy -1 42) -

% 1323 - 927x + 1800. : |

‘ . _ 3 1). Hence, using P (x) we obtain , i sy !
2515esmthem:crval[ 3, - 1]. Hence, using 72, , {..";1')( i 411) _ :
P: (= 25) = 48 (- 2.5 + 93(- 2.5) + 216 = 283.5. 1 / 4 :

] ‘polmﬁs lies in the mtcml (3, 7), we obtain ' ;
Py3(65) = 132 (6.5)° - 927 (65) + 1800 = SEEEE R B : :
_'Cutnclnterpolanon | . J ™ , | in%
b rof distinct noaT points be 3n + 1, with a = Xo &x, N S <_x,,, « b, We consider L
# four nodal points as (X X2l (k3 o0 Kb s [F3p-30 , X3,), Ol each of the ; s

lynomml Far x € [x xM] we have tho cublc B

it "ill we write the cubic mtcrpolaung po

;polynonual .
3 (x,.n+r_,__,f(xm)+f,,,f(x,,,> 'R

Py y(x) = Loftx) * I £ ¥ {4,53)

(‘ IHI)(-" xhi)(’-"‘:;:l
(x -x;.|)(:;-x;,;)(x, a3

G o (x- "’r)(-""o‘nz)(x -x.3)
& (’-‘: |'Xi)(xm"xuz)(xm"-'luJ.

lo=

{ -x,)(x-x,,,)(.r -r|‘+!)

[x, 1"’!){‘1&"-":”](:“: x“,) b
i e, 3

la

Iy = (x—x, (*"-‘n:}(* x.u-:) . .
; [xus'h}(xr.s-lm)(-"u;"qu} : | -

error in the p:ecew:se cubic mtcrpolauon is given by

(LSS e - Py

: {[x} -P ',I{x)_ = — ﬁ - x;) (x - X)) (x x;.z) (Jr Xm) f ('5:):
: L " frgroemey A .:
_l X < ¢.r < Xey

ternately, we can 's divi i e ir
; m:nl y use the Newton's divided difference interpolation to obtain the i:_n_u-polutlug
ample 4.23  Using the data iven in Ex |
A £(6.5) using the piecewise cubigc |nter:;olat:?: ok i RPPl‘Uillm‘ﬂ VIIU“ dﬂ— G

i
{
l consider the groups of nodel points as (- 3,-2,- 1, 1} end {1, 3 6, 7}
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We shall use the Newton's divided difference interpolation for these two sets of points.

X fix) first dd second d.d thind d.d.
“3 389

- 147
=9 22 48

-} -8
=1 171 16

-3 -
1 165

Therefore, on [~ 3, 1), we have
iy Ppy=369 + (x+3) (- 147) + (x +3) (x +2) 39)

A , | @+ E+DE+DEY)
=- 8¢ + Sx + 168 '

and f(- 2.5) = Py (- 2.5) = - §(- 2.5)° + 5(- 2.5) + 168 = 280.5.
On (1, 7], we have the following difference table.

2 A

: x flx) - fist dd - -second d.d.  third dd.
1 168, ; sl & o Gom
_ | 21
3, W o 2ty ) X 48
* 6 s 590, s R TERY T 1A
e . Y s e TR 8 B E
.- s QPRI T T

PP ‘: o Ltla ol WTTRL L LY ~e B b 0o e - "
w i £ R g 1 N - v o o P iyl ey oA e B ’ b .

Hence, P, y=165+(x-1)(21) + (x- 1) (x-3) (48) - (:c- 1) (x-3) (x- 6) (1

)
- =142 = 922 + 207x + 36 £
and | (6.5) = 14(6.5)° - 92(6.5) + 207(6.5) + 36 = 1339.25. 3
_ ;o R i
Piecewise Cubic Interpolation using Hermite Type Data "3
’ Let the following Hermite type of data be given on each submtcrvnl [xo1 x,]. {m1,2 0
Poaxi)) =fieyw 7 Psx) = | '-",ig
% -
_ Pl i) =fi- .30 =
- Then, we can construct a cubic polynomial P, 3(;) on each of the sub intervals. The polyng
' thus obtained is called plecewise cublc Hermite Interpolating polynomial. Using (4 60), w
write this polynomial in the form
P, ox) = A (&) fi_y + AL fi + By fioy + BN £ - 01
¥ .

=Sl
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3 x+1,08xg]
Pl(-f)s"‘“ + '

P(r)=50-l)"_l62x2+ ]67X—53. l S"TSZ
\( .

L4 4142 - 985x 4. 715 5 -
P3(I)=-46x : Lo '2sxS]'
. L ATION
& nrVARIATE II‘I'I'EIWDLA'I‘I - ' o o
_';B[VA 7 Sprerpolation for. functions. of severa] mdependem ;
4 nomia

‘% ly - shall only consider functions of
oblem of po implicity, we ; "
i} ake of simp _
Wartant. For the $

AL TSI
.+ sraightforward.
Riiher dimensions 18 s".algh

¢ EI-J" ."4

o
Y

i . pivariate Interpolation o |

anB defined at (m + 1).(n + 1) distinct PDI,I_HIS;?" _}'f))’ ;Z 0, 1--“'_;-m.j= 0,

) . y) be aelin ' obtain a pOIyHOI_I_llﬁ X, Y) ol degree gt most , ;. g 4
5 We want 1000885, R e AT T
i (1, 3) b9 . L - SRR

P(x; )})I:ﬁ P '_=-0(l)m,j = 0(1)n., 0

" ’ A . ] : . H ;
' the Lagrange fundamental polynomials'(4.28) of a single varjable, We define I
g the Lagrange St -.

AR : ow(x) | .i=0. l,"; m'.
ﬂmr:m e 2 |

- w(x) =_(x5x§) (.ir',u. X)) e (x -.IrmJ .
L0 0= e

"'_Ilous!y, Xn,i (x) and ¥, | (y) are polynomials of degree m in'x, and p |
fRomials satisfy the following properti :

Ny respectively, Thog

Xn, i() = &, Yn.,-‘()'}) =\é}k,-‘.

ﬂ' the polynomial which salisfies (4.1 17) can be v';;;i[[en as

L EIIDYE SRR an

i=0 J=0 /

R—

ok il ] ial i et 1S
' lfg lisnt;r;];a;ll ol cal.cd;'he Lag”“'ge hn'ariat_e interpolating polynomial. [t may also b
i ¢ application Of_ the Lagmnge iﬂle’l'pola[ing-polynomjal ina sihg}c variable.
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ali 1
;}"‘“

&

L i Pihite

,‘ -
o _ “ i
i m-l},,lnwth '
f f!“" & 4 j rii o w ‘!;”-'a‘{
AP i"" TR TR i
f."i A t:ﬂ= 31»&1 ' _
:..;’_\h' 4 . “.: : ,' p ’f; i
# [ ’.-’i ¥
: "' ii F' i
el e
o (] TR
| t
A l!) 1 B /r, [ty 4 W, 7} "!,.,l i
| sk, T LR L
] } fp !JFI. 7
{ ’*’fuf”".-/‘ / 7
by [0 V) |
sl = W fa7)
y fix,
ho e R ER fla, 91} ® LB
wiff, = 1B~ §j [l
| et~ Wik )y Jla 9
- f:.'{;,ﬂj, g # by fle, y)
I.fn i i : !'; : ]r;l
] 'Qn}}U" ’.’! 1
e ' ELTA (1 & 6,1 [ 1o

.\.‘ 1(?){,,' ’(‘;‘}h“ ,1 7/
L e

. ?u.lmu.tmwh_ﬂ_ﬂgl Alerp




)
goors

LSRR N

R
"s " . ed pomts
x ":l;;d the Newton’s bivariate interpolating P"‘)'"““‘j“’ for equispe<ecl PO
".‘“."-_ The fO“ov.mg data for 2 function fix, y) 18 given: '—"’50)

/ o 4|
}'\I 0 - ‘r’

Ky ) A
: : 14 g, >
0 \.«:M l _S\L"Q‘ 5 ) .'51 41 L‘]K\.

5 e 1732051 s

__.' . 075) using linear interpolation.
-_———_'_'_‘--—-.——-
lalcrpolanng polvnomlal 1s given by : _ 1 (; = )‘u) Axﬂx"'yo)

“_'.t Q* \/ P(x, y) = f(xg 30 * -(X“IO)A fixg Y0 *
B ¢ -
grel
k‘zf " [‘-J .’.'& fxg, \0) —f(xg +h, )o "f(xﬂ" 102)14
. A, f(zor 30 = s }0+k) f“%’z‘z)sl o , {14
e wl 732051 1'=0 ; | - 1 3
S el 0.25, 0.75) = 1+ 025 (0414214) * 075073205 i |
@ - 1.652592. , )
i : is.given
The—foTlowing data for a fulncuonf{x.r;}'.) 5’ —— 7 2
ANy 0.3
§ ) s >
_- w'"'l the bivariate interpolating polynomial and hence find £(0.5, 0.3)- ﬁO ) 1
--'-‘I:&‘. . , L — : i ’3‘
(.I-Xo)(x"rl](x"‘TZ) \ v ! Q \3 ;
vy X E ’ . % 1 _j1 j
o 25 (x=x)w(x) | ( e jﬂ)
f“ v il (y-)'o)()'-h)()'_")’z) (J1
. (y) = - ’ .

fal) 1, 2!I'Idj’-‘0- 1,2

E . RIS (L) U RN
o PAYE EE ( .
| 1(x=3) =1
- X‘\ s ———— = e (Xz -3 '
Koo la)= Xt"‘j) =L - X),
@@ - 6 ;
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S ~1)(y=3) -: gy 0 .

: l’z.u(-"'):-(-)l(-_-{)j—(:-g)_— 2 -!3- 0% - dy +3), %
)()’"3) A b 4
ﬂyni_

(y) = = = (O =),

Y, s () = 32) 6 y
___From (4. 11‘3) the sccond degree mtcrpolatmg polynomml that fits the data is gwen by
P, H(x, \)-‘\io(.r][lzo())foo+iz 1f3i+yzzfoz]

I T L T T S eaper i g

: + X5 (@) [Yy 0 WA, 0+Y21f11+Y22f1 2 1;
" + Xy, () [Yy,00) £, o+Yz|fz_1_j__;.__f22] . 4
e t : X
]. - / - ) ] —_—— _3: 2 s
=§(1—4x+3{§(?l%}fa(nlZ(Y.Iﬂfé 3
+%(f;v)am};l(ﬁ-3ﬂ{l(f-4y+h(@. o 3 4

; L0t oY awol i
' +-—(x2-r)[ (o -4y+3> (10)——(y man -
| elgroyen] v T
- =.;_(x2 4x+3)(y+l)—-—(X2-3X)()’+)’+2)
sld-goieye EERPLEE

2 o
: =€;(hr+2—3y-3y 6+y+3y+w‘ ]

- X 8y +8-9 -9y - 18+v2+3w,+10)+v +1
6 i, . _

=+ ey 4l
Hence, £(05, 0.8) = 175" 3 el v

w2

; . A function f(x) is approxlmatcd by the mlerpolatmg polynonual d
P(x}:co-l-c, (x - )+c2(x-l) +C3(X—~1) .r.<:

Determine the pa.mmetcrs Cor c,. ¢y and c; such that PRV
sem R =0, PO) =@, P =0 aind P/(2) = Q)
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L~___~ . 1":!“1 Me

e e 4 g

———

|

»]
J 0+ sin 8y« ; (1 = cos (1670))]dx

thods for Sciontific and Engineering Computation

n

 [2e- Lcontoraj-—Losinqignn)] =
I TR T " : 0

oo |

o lalle 2 -
V2 .f.
" " 1 ; “.‘3 '

I £, 1% = [l + e ‘] dy = F[l+2ae s 4 ol e"“"] dx A
o) 0 . },i
e | xo2 ma¥ 1 l2a > P 10 ad

[’t a‘ T3¢ ]ﬁ 1= (7 =1 =2 6™ = 1)
%

= 3,2_2 - A -2l ' _ _ £
2t TR T3 154002 2152 for a = 100, ﬁ
or  llAlle 1.233 - " g
L. norm: llfll =1, ig
Il 1,0l = L i maled %

f oglf’s(: 1+ 2_sm (Sfcx) | L
IAll= max 11+ ae ™™ =10, for @=100. © &
0<xs$]) o g _ * 5 b e
i . ] .. o .Id:
4.9 \LEAST SQUARES'APPR XIMATION: -3
— — e i

Least squares approximations are the most ';ofnn_ianly used dppfoxi'mations}: for appro:;:irﬁéﬂ'
function f(x) which may be given in tabular form or. known explicitly over a given interva_.l:'ﬁ_’
case, we use the Euclidean norm (4.124) or (4.127). The best approximation in the least square'(
s defined as that for which the constants ¢, i = 0, 1; i+, n are determined so that the aggrega
W(x) £ over a given domain D is as small as possible, where W(x) > 0 is the weight function
functions whose values are given at No+ 1 points xp, x;, i+, %y, We have : &
o N il [ . nono :

I(cy, €4y v, ) =ZW(n){f(xk)-'Z :‘¢:(ka] |

. ' k=0 im0 . i

.  =migimum. - .

For functions which are continuous on [a, b] and are given explicitly, we have

. & o
R L e
co T . '
~ =minimum, - (4
The coordinate functions ¢(x) are usually chosen as
¢;(x) Ill.l",lf = 0‘- ll e n

and W(x) = 1. Thé necessary ¢ondjlions for (4.129) or (4.130) to have a minimum value i.s th

Scanned by CamScannér



of » + 1 linear equalmns in n + | unknowng ¢
R

0r .
The normal equations for (4.129) and (4, !30) h “r: The,
Come

jnt g sysien
pormal equations.

. r ' e
E‘: WX 1{ fla l)'% ¢ 0ilx )} ¢j.("t) =0,/= O(1)n

——

kel

r

’ “l‘\. lr)—z [of O(TJO}(I)G’X = 0 J = O(l)n

4 :-D

* ¥,
"g 1 appmxlmanon to the fun

1 Obtain 8 linear po!morma it f(x
. ¢ least squares approx:mamn with W(x) =1, ) =r o

pider & linear poI\nommﬁ

i,

.' .W. u "'9. \
aoz::aa are arbitrary pé ’{3(00)(_%5“)5;:‘ [WM(O 'Afﬂ

+ 'Mo?f 41

ng (£.130), we get ), -Q_w“\l,\,q

[od'\ Kay, ap) = f[x - (apx + a,)] dr rmmmhm . zaga'q {
3 ')l_ = ao a, a2 o _-'."-'.9?{
sery conditions for /(ay, a;) to be mmxmum are given by . _9

. c...__._':*O ______;
31 2 20+a!_0) —} q}

Ee= =t —a 3
.aﬂo 2 5 3 . L 2
P g .}qu) %y
= - +a +Za —0 _,
aa, ' 2 0 I ,i? ‘2 B et

# ¢ solution is g, = 9/10 and a, = - 1/5. Thc dcs:rcd lmca.r polynom:al appmxlmauon ;,
¢ (9x - 2)/10. The value of !(ag. a), that ls. the ‘minimum least squares error_is-9/700,

[ we take the lincar polynomial approxlmanon through the origin, then we get P(x)= 3x/S and I(ay
; 1 16/700, The epproximations are plotted in- Fig, 4.4, It may bc notcd that the approxlmaung
fypdmial P(x) may or may not have common values wuh f(x) - .

-i
,‘_

&
B

ol
s
:
oL
* -
g.
3
e
2
£
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oy » L\ (A
l/\ ' L / \‘ v - @ 7
v \A\ P 2 e\

/ ﬂ[ﬁ\t "\ \L} ;

Smntrfm am:’ Eﬂgm“ﬁﬂy COMpuiahOn

Cop ' .*";-‘
N
Ico €)= j (51 - ¢~ e dr = mlnlmum (e

o b;’*‘\ I_ . : \ (.0’/7"' :

4I!S Thué. the ﬁrst dcgrcc lcast squarc approhmaudn
' e ’*{L -} L\ B b
P(x) = 4(1 + 3x)/15 4 @p

I(co» cl. Cz) = I ) “’.‘?"-1"‘-""2.‘2*%) dr gy

atmal “1“““’“5 e S TR A
aI jl (xm c "- clx - 6‘2.1' ) d-" 0 : "x
(L an _. '0 % .‘ : o i
s TEs R ol i 2 (xm-,—'c - clx = sz ) xd't
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34 . .pprUXimatiOn is ,._f" o¥ 4 o
Pixy=_L
| = ;/ ‘ ] 1 f'5+45.r-20x}
433 Derive the

¥3 ¢ least n_— ;
| : f__.... N fquares straight line and Quadratic

L fits for the ’
- Cr = ) . &m - {Jr fr}.
- £0* €1x be a straighy fine imati
i ‘¢ 2pproximation. We have
- llcg. ¢,) = o
i,zr; {er) . (Cr + ox, )] = minimum,

\
8 _ ¥
3, "'Z 2Ufl,)—(c—+c, x)) =0
_z ZU(X)—(CO-‘-CJ ‘tl)] I,

. ——

MLl ecustions are e S

W Bguztions simplify 1o

WoDraTaaX ) . e
%2 xn+c Y =27 5 fix).

thc second de e = 2 T
: gree least squares approximation P(x) = a + by = e, the normal equatisai

R

& yay
Wk B
R e a LR

s\

¥

fdfh'*l)-b):x-»cz =Y fix)
ix*bzzj+ch-fo(x,)
AP :‘__314 Obtain the least squares straight line fit to the folloa-mg dez
: 0.2 04 "L 06 7, 08 9. 1>
'_f-fu) 0.447 } 1, i = ’-‘ <

_ 0632 U075 J D894J 1 j"'

\J’f b ¢‘f’_\

p.3 5= 32‘*‘”2!&) 3.748 ' :
 straigh o end xfrx)uzszu Thes
3“”31811: hrcP(x) = ¢, 4 c,x, are Z e s ormal equations

u‘—,‘

‘f‘“." . W 3 ~riag

Seg «3:,—3743 35,-4-224: =258 —7 D

-"9 solution of this system _
l B 03392 + 0,684 x} is C_o_: 03392 and c, _0.63-. The required ioproximation is

-.,‘“ squares e X ie) - 03392 + 068ex) = 0002ss. €

ta0 ——

Qu¥
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' 5A

@B URR Numerical Methods for Scientific and Eﬂp‘l_'!'ﬂ'l'ﬂf Computation

' \/El_'ﬂﬂ" 4.35 Find the least squares approximation of second degree for the discrete dy B
: _
x -? w 0 1 2

Sy |18 ! I 3 19
Wehwve 3 120, T 2419, Y F=0,Tx=387 fix) =19,
Y 5fix) = 10 20d ¥ 23 £(x). = 140,
Therefore,

the normal equgtions for fitting a
Pyx) = Cr; +Ox 4+ cxt
e Scg + 10c, =

second degree polynomial

10¢, =
. IOCO L g 34‘C2 = 140.
x . The solution of this system is

Co--}E'uC]:l-czzéi'

35
The required épproximation is

Ik . Py =L (-37 +35x + 155x2)

Mmple 4.36 Use the method of least
ﬂl) = CX + (ey/vx ) for the followmg data

x 02" 0.3 0.5 1
Jx) 16 4. un." 6 3
Find the least squares”error. ' |
From the condition thar ;
2 5
I(cg, ¢) = 2 | fix) - €o % = —he | = minimum ‘é'
I i i ﬁ' ”‘E
We obtain the normal equations i
g
cazxi-:-qz:! -Zx,f(x, ua
Co Z x, +q Z (1/x) =z [f(x,)fx,“z] '§
E |
We have 2 5% =41163, T (lx) = 118333, Y 1% =538,
L 5S) =249, T [fx)x] = 850151, %
The normal equations are.given by

5.38¢y + 4.1163¢, = 24.9
4.1163c; + 11.8333¢, = 85,015
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2 ;’{: } [ 7.5961 153 17
. 5:7:};,,.__:‘-(—}-'-:—'- 1836y, ri =16

\
. -r.

L * J i

g 43, We s givea the following values of a funcion of
« { 0 i n ol 0'3 0-"* 3 .‘na'::f !

P: .

. k” _"S :ll- Cl Lc fC f ae q-_ 'e-“'-
(Royal Inst. Tech..'S

sO’k}*glm S-\cd‘.l
* method of least squares, we have BITy,

¥ £
s - -3
e =Z o~ (6e™* + be

wain the normal equations
i & 2 _
. -3t 3 e
L=y (hmae -by i,
oa 4o
g :
Loy Gi-ae syt
b i
S & -5, . .
aze *+bZe _Zﬁf k2
hnt k=] k=)

1. 1060.3:: + 1.3328765 - 1. 165647 =

: 1.332876a + 1.622740b - 1.409764 = 0
Kewhich have the solution a = 0.6853, b = 0.3058. The least squares fit is
f=06853 e + 03058 ¢

* For large n, the normal equations become -ill-conditioned, which cause large emors in the
eters ¢, 1 =0, l , n. This djff'cull) can be a\.oxdcd if the funcuons ¢(x) ar so chosea that

Tﬁ Uk [y
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b!

i
i m——— e e T

- -l— [2(x3 + 353 h + I 1 4 i 2 .
"'3!! (10 o 2"0 h + h )J

h3
R 6.
_ fruncation error becomes Sy L g e
Li, Uml —-"— ”é)-""—f(g)l x0<§<xl.

T son s method

48
.

l

__-_ a\cn—z xo..a.xi-r0+h xz-x0+2h b h-(b-a)/Z Wewmc

. f f(x) dr -—Agf(xo) + ‘11 f(xl) + Azf(xz)

" ;'u]c can be madc exact for polynomlals of degrec upto two 5
'3_ f(x) = 1, x, &', we get the following system of equanons

f('r)""x ('12 xo)—/lo1g+al|rl+/l rz

f(x xz 3 xUJ —-Aﬁx0+/1|x,+jqr,

«,r (5.81b), we get

;.
5

A (xz-XoJ(xz’an) on0+l(xo+h +A2(x0+2h)

% A - (2h) (2xEJ ¥ 2!:) = (ﬂo ¥, A, + ﬂ.,)xa + (/‘L{ + z;,,)h

'_ = 2}1 xo + (A, + 2).2Jh usmg (5 SI a)
2h = )., + 212 ' ;
m (381 c), we get

: 4 x4 4rﬂh ¥ 4n )
r Diph +dx, it + S h -(ﬁ-o + 1; + J.;lro * 22 + 2).,) toh + (A, + 42 )

=2hxy+ 4x,,h’ iy 4,1,»,2
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FJ/'MMNMQHM Computation

/W
\H;/ + 444

l‘lh-

(48! u) we obtain An = h 13,4, = 4R/, i

Jl uqﬂ
i f ;
'L\ . i gz ' 3
f“) dl et ";!5‘ Lf(x{)] + 4f(rl) * f(xln
oo ant 15 g“e“ 2 S P :
_._-_.__.-—-_=——h5-'- :
Jor e
C iv . i | Y
f (m f (n) < n <x

d coeff icients Lan be UScd to den\’e quadrat}lre formulas of a given .
:gﬁ 3J0t‘15 throu gh the followmg cxamples ]

rmme a, b and c such that the fOl:rynula ;'-7- B 4

b)..)_'" Sfm dx = h \af(OH—bf( )+cf{h}}

7 ossﬂnlc, anu d*rmme the order of the truncation errdl
.. Swedcn BIT 13(1973), L -;‘.';'-

Jynomials of s 'mgh order as p
“°m E (Uppsala Uni

e2thod éxacl for poiynommls uf degrec upto 2 we ob.tmn. e

. h=hla+b* o) ora+b+C-—1

' (b ) or Lhae=t A ek
y ﬁ—j—:h(-——*’dl). QT 3b+l’.‘ ] I Tk a %,

5 ; AZINT )y

pet 3
3 i -\ ?r-_bi.r SR Vs

5 uations, WEBSR L AYE 7 i e U

& s a= "\-’-—? ' : \\Q\

% AFe> “ : '. @ .

fortnula is. B“?? 0

uuon error of mc

Rsi ; ‘,\_1‘-_“
Ve e,
] JE \,\.'1!‘4 ‘
ot F h‘.",.’ ‘lb\h ‘.' ’ %
l R R
o \ﬂf.‘;‘:_ - o
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. b >

o 1

By ) . Differentiation and Integrationn. m = m 359

hl‘.‘c. we have

'I tl ;k(\‘ ‘\‘\\ TE o 2 ]6 f”’(é) - O(h
1 lmir'PSTS Find! the quadrature formula Sm (,./_,
_' aj.l'\) [‘i_“(_—x) = f(0)+ alf + a3|f(

I' dx
- °T=1-_;§ia

f - -
and compare with the exact value.
P (Oslo Uruv NOfwa)'. BIT 7(1967), l?D

hkmg Lhe method cxact for polynomials of dcgrec upto 2, we. obtam (ol

"x‘

,:!’{r f{.r)':_;:‘ L?;.ﬁ—:_x—_al-u-aq+a3w_
f(1)=x.: J:E‘Tj-iz-—-  + aj

3 v e .
- for flx) = x* !3_=Iu-x—(:’)'=z 2+ 4.

; J-I dy. 5 2 dE
k= u\;’x(l—x) o 1-@2x-1F |
xd.r '

Q)
1 tdr +_f_-' d___=x )
T2 -2 291-4 2
| 2dx I X dx. 1 l(‘+l) d
- —3) X 2 1. =—| = !
ch = x(-x) 0 1-@x-1)? '41"\“*"2 |
on : ' \
(“1\ 1 ¢ l,2 1 ¢! * g 1 ! dt
. =~ dr + — dt + —
4-[-'\“-'3'2 J.-I ]_.,.2 -[-.] h_‘,z
_an
g
Y ..
) v r
g B /21
wivw Xl
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P

b’ﬁc and Eﬂ'ﬂ"’"‘"’ﬂf Computation

: :350 auw Numerical Methode for Seiom

; o 4. TV
Hence, we have the eguntlons ' ) ‘% e gy~ !f}. '

9 -
- )/, "
oy~ Ry

g which gives

The quadrature formula is given by

' fyds _x A Y, ) T o
g Lﬁ“ﬁ[ﬂmfﬂ(z)”mj s {\‘}‘

" ! We now use this formula to e"j‘fy %C*) . 7
| SR A N g
QG i e

et et S i i SRR

.‘f- | ) '1::

.‘ \"\ ) " 4 y 'E

S = + 7 e - £ -~ S 11J .

i el o, { S b 2500 |
Mol , : xl: 0/Z 2 ] 3 1

. ==|1+4 o —| 2623)[- q

. 'f': We obtain . l v [ T 2 ‘ 1
LI The exact value is / = 2.62205755. - ' R ! 1
. L E 4 Q_‘A '.\\ Ll l“
——— : > P 4

b Ciauss Quadrature Methods .

In the integration method (5.70), the nodes x;’s and the weights 4,'s, k= 0(1)n can also be oty

LI by making the formula exact for polynomials of degree upto m. When the nodes are known, t
£ m = n, the corresponding methods are called Newton-Cotes methods. When the nodes are also |
determined, we have m = 2n + 1 and the methods are called Gaussian integration methods.
any finite interval (a, b] can always be transformed to [~ 1, 1], using the transformation

_ b-a  b+a 4
- X = I+
2 2
we consider the integral in the form
i R
[ w0 s de= 3 4k (
k=0

where w(x) > 0, - | € x < 1, is the weight function.
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.-. _. - ! t \

._»-, it o~
b+l L
egendre Integration Meth ods. T
L : SNUInd T
“elshl fUhCllon be “(1) = l : \‘\ !"ghq.-,- N

: hod (3.8,

_ )
c‘ m““ f(a) dx E ‘ r°_-d"0e.q o

A "U
‘ I case, all the nodes X, and “’eights &k ar'ehw i
o E.: pInt formula =0, The formulg is give Mknoy, g
\ s : sy ol _.,_°"lhef0“0w .
g L p bz ng .
Lf"‘).dx%.f_m i, Y ey
thod has ' e e
S o Mg |
J0 =1; 4 A By X ¢
fO) =x 0. %tx Ly e gy
the method is given by pe - 000 X =0.
f S0 dx =2g)
‘18 Same as the nud-pomt forn.iula.. Thé.-" s T SR CT e ‘.
SRR et Y TR
ity r‘zdf’-'zrm =.% AR
S il = -=—— ‘(é)- —-f"(a:). ,.1<¢ '
; goz’nr Jormula n= 1 Thc fonnula is glven by .
P j f(x)dx Aofcxo)m,f(x) e E TR '61-
s b8 method has four unknowns Yo X1, A and 2, M i
¥ & o 71 o it sking ‘h" ’f“”md mcr fUTf(xJ‘_l.x. 20
f(x) =1 '_2 hid Fienr s ol
: . o - SHE L8 e
| _f(_x) =x -_ 0=z 4 hadino s o (5.875)
§ - >, Fo o i
. o) =2t o 2= Ay R iy 1 (581
";" N 7R R A Xg'-'.-i- Ay r’l (5.874)
g i #
(- .' inating 2, from (5.87 b), (5.87 4 ), we get

b Ax - =& x x5 =0, °f-'11'-’_"1 () = xp) (5 +xp) = 0,
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‘Note that if x, = 0, then from (5.37 BY/W

:

R o

v g

g ,_.

=7 \ﬁ “Therefore, the two-point Ga )
£ = |

=2
H
i

(590

. ot . 1‘ . ¥ & - — : A
I(X) 5‘ Tl T Tt .\'-: *MR7s LS-QO

;,minafmg"%. 5 ol \ P 1 (X3



o NMON —

M I:(Iz + xp) (X + X)) =

-"b
2 have A, = 0
an
d let x, 2 0. Then, we have enthcr Jf2 = - xp0r fz = - x;. Let x, = = xp. Then
= - Xy '

“(5 90 b), (5.90 d), we get

(20.'_ A‘Z)x(] + ’1| X = 0
(g - A5y + Ay xi = 0.

rzu) = (. Since, }., %0, t, X X F— %o (otherwise

{nating the first term, we get Ax;. o =
_:0 xy), we get x; = 0.

gatience. (g = A) xo = 0, or A =4y since Xo # 0.
' o\h (5.90¢), (590 ¢) give _

s i
= A el _,-! e

2"0"5— J 231)‘0"'_-I g

fDmdmo we get ;0 = 3/5 or Xy =k {3; Then Xn=F Jj;_'

oW, 79 X0 = 173 gives Aq = 5/9 and Ay = )o = 5/9. From (5. 90a), we get. ), =2- _
) ,}"

..t, :

he fore. the three-point Gauss-Legendre thod enb ,,_,_---'"“"""
P ss-Legen me‘/,lum 2 |

’_._J_,__.-""'
\\-C j f{x)dx--—[Sf[ \"— ]+8f 0)+SI[J( ﬂ 1} (590 *’i

I| e
d. Thc nodes are -

S we take x, = — X, then we get xo = 0 and xz =t ,/3! givmg the same mctho

'mmcmcauy placed about x = 0.
¥hie error constant is given by

=9 w gl = 809,

——

o _C o) = . Sy _ i <E< .
R‘*" 6 ﬁ.@' (6')175 f @)= 750f & <§

as of thc above form
i thcy are called the Gauss-

this section, We shall prove that the absciss ulas are the zeros
nding order. Henc Legendrc

?-,1' the later part of
f the com:spo

wiof the Legendre polynomials 0
Rijuadrature methods.

E8%' The nodes and the corresponding weights for the Gauss-
1(1)5 are given in Table 5.3.

chendre integration method (5.83) for

S, —
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e | oY |
| SM mun Numerical l‘fﬂf,’iuJ; for Scientific and Enginearing Computation
e Integration Method (5.83).

Table 5.3 Nodes and Weights for Gauss-Legendr

‘ n . node.s Xy ' weights f\" —
y £0.5773502692 10000000000
oo 00000000000 ¥ 0.8888888889
2 07745966692 05555535556
: L - %0, 3399310436. : 0.652145154.9
3. 086636 o 03478548431 g
o goocooe0000 ¢ T T0.s688BEBEES o H
&0 csostmeeml0n . o QATBEZBETO g
TR T sogoeropasy: o T 02369268830 1 e
: - o0 aonielonger v, - 04679139340 1T T
! s . . 06612093865 ot 03607615730,
! BRI '.109324595142;- e 0.1713244924 - .
: Example 5.16 Evaluate 't_he"'int'eg;al oS T L I L f
_; . B Bl g T e Ty BEEA.
g ) ¢ T = = . )
3 abe g j01+x A g
; usmg Gauss-Legendre thrce-pomt formula .' S X \> : p
; i." ' First we transform the. mterval [0 l-]" to thc mterval [—1 1] Lct 1= ax_+ b. We have
' -1 -_b l=a+b b _ ;
g o o a=2) b_—l and t = 2x 2o L. . i
Jl & “:.J.l b - g
0l+x J1+3 CLN S
Using Gauss- Legendre thrcc-pomt rule (correspondmg ton=2), we get '
) ]
: = BL _ o603122. A
-- e 7B 1
‘ The exact solution is / = In2 = 0. 693 147 i

: [78 Example 5-17 Evaluate the mtcgralI I 4, using the Gauss-Legendre 1- pomt. 2- p':un;i

3-point quadrature rules) Compare with the exact solution rﬁ

: / : ; '

KQ / / s tan™ (4) - (n/4). - : #

Ilt ' ‘ !
: /
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.| i ..
1 hﬁ_“-h-;__ -

%
>
e - |
i -
]
[ =

J&‘i

\ Gauss-Legendre rules, the :mmu: (1, 1; is to be :cduu:d to [~ | 1T Wity (
8

h“’i"
| =< a+ b 2ea+h *'-,‘

' - - = (14 3)/2, dx = dip2 (’lr\w
luli*'n is b= 32, a=1/2. Therefore, x = (1 + J) /2 and ;
T . L 2~ |

1 B(t+3)dt )
f;[“',+(,+3) f S(t)dr.
)
J-point rule, we get | . 5y (:/f;;
X 24 7y
f ] =2 0) =2 = 0.
b 4 [16+81_] 0.4948.

:.‘ 2-point rule, we get ) \'o'rzf h

O S | iy
¢y ‘/f-f( T)*f(T) 03842 +01592=0.5434.‘

'." 3-point rule, we get :

W L ., ',._"_‘. [5 f( [)*Q(.)»«y(f)]

1
9
f. & _ gl [ (0 4393) + a(o 2474) + 5(0 1379)] .

s

ot solution is / = 054@
{ b

; -Chebyshev Integranon Methods

0.540'5,

- ou o

pone

fthe weight function be W(-r) =1/ \/1 % Thcn the mcthod (5 32) redUCcs to.

'bsassas x, and wexghts J.k are unknown Con31dcr Lhc followmg cases .. _ | *l
’ am:formulan = 0 The formula ls glven by S I C A S S |
' flx) o s A ‘o :
; ;?1 = dx. 4o ﬂx") N ) (5.93)
e:hod has two unknowns A, Xo. Makmg 1! exact forf(x) = l x, we gct o i s
:.1. fx)=1: '['177 J‘O or [sm (x)] = ,10 or ;{O ;r
‘ f@) =x TI:, )-gx.orﬁ.ux =0 or x =0 i
.;1"! f il 0 0 D :
, the method is given by | . _
I ( : S ‘ :
I-———-f L = dx = 7 £(0) . s
l-x § 1 |
e i
|
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! ;

f We have f(x) = 1/ + x + 1). Using the two-point formula, we get

I Jz ( 1 ) ' ( I )] A
! I e ="IE + 7 ' :
; . 2 [f )N\ .
! _ ol
3 ’ ey oy .= _ng [1.26120 1-'0.453|08] = 1.51924. S ri

Using the three-point formula, we get ' A
=0.29541 [f(~1. 22474) + f(l 22474)] + 1. 18164_[(01

_029541 [0.78416 + 0.26848] + 1.18164 = | 49260

| Integratxon Methods of Gaussnan Type wuh Preasmgned Abscissas

A The Lobatto and Radau integration  methods are of Gauss type with .two nodes and one ,
preassigned respectively. We consider t.hc quad:auue t'ormula : :

" \-J

[} w00 a) e = Z afms 3 A (;;
, - _ Lo kel : - i
In the case gf the Lobatto fonuula. we preass1gn w(x) =1, nl = ! n,,, =1, 0 i _‘2 3
- 1 --\'.
Y _In the case of the Radau fon-nula. we., prea551gn w(x) = 1 m =-1, a; = 0 i=2 3
{N / We now, derive these formulas }Q : . o

Lobatto Integration Methods T :
§ In this case, w(x) = | and the end pomts ol and 1 are always taken as nodes. The remammg .r

\ Wmc integration formula can be wntten as . }
= ! 5

J f(x) dx Aof("l) + A, f(1) + Z Ak Fxy). _ [5,_;

® Since there are 2n unknowns (n.— 1 nodes and n+ 1 wcxghts) this mclhod can be made exac
polynomials of degree upto 2n — 1. - &
" For n = 2, we have the. method as -

[ S— ' J fx) dx = Aof(—l) - z, f(x,) + M(l) / (S
' Making the formula exact for f(x) = l, x, x* and .\J, we get ' o
: S f =1 Ay Ay Ay =2 (512
i f®) =x: -+ Ax+4=0 ‘/ ' (5.12
o = Lehdeh=2 % @i
¢ : T \_? .:.'
[ At ed=0 J ¥ V612
Subtracting (5.122 b) from (5.122 ), we get A A ¥

E ; ~\ . \,‘

Lxng-1=0 n i
NS
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Ny

“Ih wtl, we gel 1, = (). Substituting x, = 0 in (5.122 b) and (8,122 ¢) gng l
$0lving

2w 173, From (5.122 a), we get A; = 4/3, W
';--‘j. to method is given by _
e . 1 .
[ 7o dv =t 160+ 470) + paay
-t 3 (5,
ror constant is given by ' ;
4 !
- C=f ‘dt-- H+0+1y=2-2._4 |
i " 9o Rl gt v
fore, the error in the method is ,,M*"‘"ﬂ*%% be o 8 1
Y "
By o _C ) iy L c9 oo P 4
“” - Ry = 4! f f‘f) ,,,,,,, 90 f @ (5:12
bc noted that (5.123) is the S:mpson rule with the step Iength k= I e e

g3 we have the method as , A%
_ ff(x)dx )-uf(" )+.11f(x|)+lgf(x;J+f’af(l) (5,25

B od has six unknowns and it can be made exact for pqunonuals of dcgm Ilpto ’, FP!
¥y i=0 1,23 4, 5, we get the systcm of cquatlons ol
¥ Sl gtk tk=2 3 e lzaa)
. ' fx) =x: -ﬂo + A4 1'1 + ;-1 xz + ’q’.‘ 0 (5126 b)'
= Rt B+l B+ = -—J/ | (s 126¢)
)= At h Ttk 3+ I =0V7 S 126dJ
f(x)-x‘ Aot Ay X1 +22:2+).§=—- - (5”6')
- PRy A AL b ) i
i 5) from (5.126), we obtain e |
.,j cting (5.126 0) Ir s 1)+12-_Iz(1’zz . l);.g_ o f (5.!2?:_1) !
26 d) from (5.126f), we. obtain it 1S 1278)
paciing (51264 110 A B0 - Dt x%(xi 1) = A --Océimam
: W 0
-t terms of (5.127 ). (5.127 b) 10 the nsh‘ hand side and dividing the -
thesccon te
'I.ﬂ L1} = . -.
2 X,, We get X = = % Eo s 0. AN
::tmg ?n (5.127 a), we get (4~ )'2“! (“J :))) we get Jy = )q ’, | A
oz 2+ 1and 5 #0 (otherwise x; = 0, xl,l: . A s
f (5126b) we get - "O*"’IO‘“" S P
6a), we get A + 41 = ‘N L
B (5 126 a), ‘ : " /,//
. \YL ¥ ;’ '
gt _‘
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i w0 (5.1260), we get , —

11)-& Al - \2)- .or;{( "1): 3_
)from (5 126 ¢), we get 3

A “
lll(l 12)+AQX2 X)-__z

- A

e
i
I

Alf(l—xl)

d'tB] ast WO equatlons, el gel xl = 105, Hence We have | .
| xt--llﬁandxz__x_“‘/—

‘ -’d) W getl —(—g (s)__ &nd/'l,z A.]

o g za Pl
e method is gwen by :

ok :- I S Mir ‘ Xf( 1;+5£[“£]+5f (J_] f(l)J- (s

or

e constant is. gwen by

) -. f:-_, _-', jl 6 +5 125 +5 125 £1
el g =l 26 i il

L U LR e T R szs
N o m the method becomes Bt e __,,,___...__,_....

i ; ' ( | -
f'(g) (g) -/ R 525(@) f(GL@E e Eel (51;

) mdes and thc corres o ‘ mg wclghts for thc Lobatto mtcgrauon rncthod (5.120) for n = 2(1)$ _7
|

AT R R 3.

mn'l‘nbleSﬁ ”: SN L X G _
oy 5

i Tab\e 5. 5 Nodes and Weights for Lobatto lntegra'aon Method (5.120).
) P ‘ sk o _': nodes x,° =il weighul. §
L TR T 2100000000 033333333 ‘_

| o © ¥0,00000000 123333333
B e rmoooooooo L 016666667 A
R CH0MTI0 0.83333333
y " £1,00000000 0,10000000 A
g _ -,\;bpssusse? e ggm _ 1
j e 00000000 © " olesssee? o
c R ms
o oassmms O _
: X pubh
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Simplifying, we have
l\(fj”) = (1)) = sin ( (1)) COSI) + cos(1y, ) sint)]
- ¥ (t;s1) [cost, {cos(r, ) ~ costy) + sint, {sin(t),)) = sint,}]
4 v(r,) lcm(r,,,) ICO*UM)“ cmr,] +sin (ry1) (sin (tyy)) = sint)}] = 0

OF Oper =¥ (= sinh) = y),, [cosh - 1] + Yy [l = cosh) =0 et
1= h P) ’ . u"'H 4
OF Yjor =Y+ == (o, +y)). ('}DJ A

sin h - Uﬂ})\ o

X
6.4 SINGLESTEP METHODS ’/

The methods for the solution of the iniliul value pm_b}gm
w = [, u), u(ro) Noi 1 €[ty, b]

In singlestep methods, the SOIU[IOI’I at any point is obtained using the solution at only the p
point. Thus, a general singlestép mcthod can bc written as

Uj= u} + hqb(rjﬂ, Y uﬂ,. U h)

where ¢ is a function of the arguments- by Lo Ujo Uy, and also depends E[ We often wril
as ¢ (1, u, h). This function ¢ is called the increment function. If u j+1 can be obtained snmpl!.
evaluating the right hand side of (6. 71) lhcn the mcthod is called an expllcit method In this ¢
the method is of the form !

‘.'v!
* [ :i. .
uj+] —u;+k¢(fj, uj, h) (gt
If the right hand side of (6 71) depends on u Jr also lhcn it is callcd an Impllcit method The 3. _E
form in this casc is as"given in (6.71). :

W@W VRN
The true (exact) value u(er satisfies the equation . = -
u(‘j{-l) Lo u(rj) + h¢(‘j+l’ lj! u('}f])! U(f}-). h) + 7:‘{-1
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o Series Method

& e

{ ema! numcmal method for the solution of (6. 70) is the Ta

}Ior ‘chQ me l}'M

ume that the function u(1) can be expanded in Taylor series about gn

W() = u(t) + (1= 1) W'(1) + 5 T=p )+
3 Ll (t= 1) u?(t) + (t = p)Ph eeny
p T G G0 g ”
s 1
axpansion holds for 1 € [r,, b and 0 < 6 < 1. 0

‘_- - L =1 in (6.75), we get : | {3 ;
2
i'(l,.,) -u(:,) +hi'(t) + — h U(t)+ o + ;’hruw(r) ol hm

, 3-. | (p+ $
. = u(fj) + h?(:!. u(fJL h) +

)
R R 64)

I
(p+1)! AP uPD; + o)

e ' ) Z e
M'(r‘. u(t), h) = hu'(t.) + i_uw(,f) Foovi b %u“" ) - gl

b\ h¢(r uj, h), the va]uc obtained fmmho(z u(t), h) b}, Llamg a0 dpproiniage o

< g of the exact w.aluc u(t)). Neglecting the error term, we have the met od ue i j

Ty =u;+ hY(, 4pBj=0.1, Ny

pproximate u(t;,). The error or the truncation error of the method s given by
: I S /

E | I

4 R R rrYITR "‘M “M(& 08,

mcthod (6.76) is called the Taylor series method of ordcr p Substituting p

(6.76)

(6.77)

= ll in (6.76) we
4 Ujpg =U; +huj-uj+hf( uj) _
"f h is the Euler method, T'hcrcforc Euler method can also be callcd as the Taylor serjes
: me
£ u 7 |, T—— ) "‘"“'-—mOd

i o apply (6.76), it is necessary to know u(e), u'(ty), -, u?r)). If 1; and u(f;) are known, then |
dcnvauvcs can be calculated as follows »

goFirst, the known values 1, and u(r) are subsntumd into the differential equation to give
: r .
. ; . ) f(: u(

ll, the differential equation u”= f(r u) is dlffcrcnuated to obtain expressions for the higher order
privatives of u(r). Thus, we have
3

, E i W = f(t, u)
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: . {\k ith respect to 1 and u and so on. Tha'k

eriva o Therefore, if 1; and \
st t"'m' bf. huun?- = : < - u(f}') are l\m)\\n o
& :';rd“: © with an error
'-—‘.‘{u % ’_ u{f,] ;al
L ,,r" Rl (P 8h). _ 3

\P.” (6 76) 18 fixed by the pcrmﬁmble error. If this error § 1s:
in 4

¥ iﬁ:lfi‘d{ﬂ (f ] then

#gs® Tlmn (t;* gpnl<(p+ D E

h ' ;:E}U & Eh)‘ <(p+ 1)1

#1f WEO :

’ “{p‘(; + @)l is known. : ;

(<tif? aie " aetgrmine P and if p and € are <pe,<:1ﬁed then it will give anu
2 2y Wi

(; + eh)l in (6.78) is replaced by its maximum \alue in. [,
fouov' <. Write one more non-vamshmg term in the series'i
e.nes p “timeés: The maximum value of this quanmy in [ig

wnd
e L ﬁn

e 5

Capd g v

B 4 bosn )

ig the mmal%aluc Pmb'lem : ‘-/? lb o
g 0% R a's u(O)* U

= in the Taylor series for u(t) and hence obtain the value

terms 7
non-2ef0 (1) obtained from the first two.non-zero terms is to be 18

5'3{“"1 ,g.hcn lhe error inu

¥ g rouoting _ _ _ Ay
: : u(O) 0, «'(0) = v S D
' =2t +.2ull, u"(()) =0 : 3}_ x ;
=2+ "{uu +.0)), u”(0) = 3
u® = 2u” + 3u'u”), u' (0)-0 |
d® = 2™ + 4w+ 3(u")2] um(O) =
WO = 20 + Suu™® + 1007u’"), H@(U) = k
‘2(uu(6' + 61u® + 150" u' + 10(u”’)2),-u‘7)(0) =804
‘“ ©)'= 40 = u7(0) =0 o
TR -2luu“°) + 10u’u(9’ + 451" u® + 1200 u”
+2106® 1@ + 126), «"1V(0) = 38400.
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h ™7 - “3 ‘
i 4 -___-‘__*“-;“; b. g }‘ mr{mm fﬂfﬂd’ anfu I’erern ‘ », 'f ’
—————_ Fe fn," !)ﬂ/m’, / - ’
.Tl)lor series 10r u(1) becgyy, A
' {
e ! 74--2""'”' ' A‘/J
ILI n(f) w %;’4 gi' 2079 \\ } j
oy . !y
;.:;}rnatc value of u(ly is Biven by 5 ’2;),,.- . -
N - ’,-f v .
¢ ! *___..- 0.350168. ’ A
u(l)“'*(,} 2079 B o2 :
| biain r ~ r
i c first two terms are Used, then ,hc valuc of 1 is 0 ] , ’ Y (
o
12079 1| <05 % 107 ‘:;g:/ ’
: we getr =041, solution for the third order initial value problem ;
6.16  Find the three term Tleorsc ies i ( :
I W"" wwﬂ' =0, W(OJ = 0, £ - oy y
’ " A ' -~ p _
wo =0 WO= 1 297 :
1 a bound on lhﬂ crror rOr‘ € [0 0. 2] iﬁ- -
' o » ¥
T ww”, W"'(O) = O ' Py
W v W, W () =0 5 4., L
o == W+ e - ,
o W + W RO =1
=- Y $ ;
g0, WO =0 WO =1L g X
(0 = = 375, | ; . 413
‘,, 0= Wio(0) = 0V ) =- 375 g 0 ;
eylor series solution is . T ‘
. W(,),-f._f.,,!l,ug - s .
21 5 8

g the next term, we have :
8 M 315 ' :
W =151 8t 1l
w(?}(ﬂ 3752 ‘ =

max |W®w0l=17
051502

v 9
flence, |£,| < E’;‘){E’-—s (1.06)107",
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Taylor series expansion of K. X, given in this recursive form is very difficult. Since, K,, K,
expanded in powers of A, we can write

K, =hA, + th, + WC, +
KymhAy + hiBy+ h'Cy +

Substitute (6.126) in(6.125),expand in Taylor series and compare the coefficients of h, K,
Sclving the resulting equations, we obtain the parameter values as

W, = 12, Wim 102, ¢, =(3 = V3)I6, c3=(3+ Y36,
a,, = 144, @y = (3-2V3)12, ay = (3 +2¥3)12, ay = 14,

ﬁj+l=u1+ % (K[+ K:) (6

3-V3 !
Kl=hf[r, e h uy Kyt

2(
K,=hf(r-+_3+6ﬁh u; + 3+ +IK1).

For obtaining the values of X}, K; we need to solve e systcm of two nonlinear algebraic equatio t
two unknowns X, K. 4

Example 6.21 Solve the initial value problern L /§/

B ——_ ‘i ‘u == 2tu .-u(Dg =

with __h-_g_;_on l.h mtcrval (0, 0.4 0 4] Use the second order unxihcu Runge Kutta method
The second order lrnphcu Rungc-Kutta mcthod is gwen‘ by '

3=l 3 Kﬁ_}

K

. 5 X ) il 3 -
S L h 1
¢ 3 '\\ ': -hf( -“j"‘ Kl) 3 i
t .E\ : 2 i S\K‘ By
[ 3 N - .
which gives ‘ Ky=-h(2t; +h) (u;+ = Kl)z. A\ O
; ~.a S - &
This is an implicit equation in K, and can be solved by using an iterative method. We generall
the Newton - Raphson method. We write v
B L ad 1y
FIK)=K,+ }1(2:J + h) (y; + EK‘) =K, + 0221+ 0.2) (u; + 3‘141) P
et \/&i \ H)’ ‘
W | \ }‘ "—)
\‘l\.. A
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s 8 l)'\l"”"?*' Drf]'(mn!m! F¢H¢Hmr !MMJ Vﬂ’u .
et \ = .M'ﬂ‘ “...

] o ;
. w b =K)e 140224
ya ¢ h@0GY S T A (4 + ‘2!*&'1)_

r',l;

_....--

Phwn mt‘IhL‘d gives

() u
pire = By Fp((:(rl)] 0t \"j‘f‘l’ : vy A :
i o 6.]
L _'JL[‘!E-"L:,{U ; 35 1129) - o .11 ! 29:
.,im: (rji;}:: L A;‘”"=—h(2ro~o) —‘>§(V’) . Il
" Am}_ 004, F (A“”) = 1.04, A.”’=_- 003846150,
FikM = _ 000001483, F'(K,") = 103923077, xm_ - 0.03847567
: FKS l1-[}1{]><10"t. | _' e
L - 00384756 TRLTREN . o -

erefore.
WLO ‘3) i "1 = uo-i- Al = 096]52433

j= =02 u,-ogs152433 Kl(’—-fz(Zrlu )__00?3%231
Krﬁi,::)ozseuzs L SIER! 11094517 K; == 009971631
Fi®) = 000001989, F(K") = 1. 10939993 K® )< '— 009973423
07T F'(K, ‘2’) = 1, 10939335 K:"’ -0099773420

i Q

.' Fx®)=035x%1

B cfore, K, = K= - 0.09973420,

0. 86179013

l" u(04) = “2"" l‘] + K|

e ond Order Equauans

__1 second order and H:ghmons can be solvcd by conmdcnng an eqr.uv a-lent o _

¥ peder equations. However, we can also derive single step methods to solve second orj: em offu-st
l_ equations directly. Such methods are useful whcn we consider osc1l!at0ry Syitemsr or higher |

“ysuzlly governed by second order equations. _ Which g

o
“Consider the second order initial value problem

u’ =f(r u.u), pStsSh
W= K@ =o (g
If,‘il’c present a few methods to solve (6.130) directly. e - : _"- /
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‘ d ;m find |

:
A

i.. A:[l E‘h)"l ‘
0 Eh

R matrix A for h = 0.1 becomes
| - [: 0.1051703J

, 0 11051708 |

‘! =0, we have

ﬂ Lug=1,1=01

-:1" [u;] . [l 0.1051703] [1] [1 1051708]
uj 0 11051708 ](1 11051708
f‘ 1, we have '

i = 1.1051708, «, = 1:1051708, rz_oz

_; 3 . [uy] 1 01051708][11051708 [1 2214025]
& " |w) "o 11051708 [ 11051708 " [1.2214025
_ “fexact solution is u(#) = ¢’ and the cxact values at 1 = 0.2 are gwen by

uz [l 22 14028]
p!e 6.23 Solvc the initial value. problem A | [/ i

1.22 14028
= +r7‘)u, u(0) = 1, u’(O)-O e IO 041

a‘(‘

t/= 0, we have
ro-[) uo-l uo-ﬂ

. K= ﬁf(:n. o) =_f‘—(1 + ro) 4o = (—2%)— (1401 =002

e : | . -I h -2 ’ 2 .fl '
r. _ 'Kz & '""f(fo £ ?h,.uo + ?‘U‘o 25 K;)
L LR 1+(r —2—’1)2' [u + 2hig+ A ] 3
i R TR
B = Q—— 1 + (0. 08)2] [1+0+i xoon
= (0.02) (1.0064) (1.0032) = 0.0201924
g : K2 2, 2., .4
s K3= —2-+f(ro+§-h.uq+?huo+—9—fi',)

"\. ¢ Runge-Kutta- Nystrdrn melhod w:th h 0 2. Compare w:th the exact soluucn u(t) = "

s e L
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¥
K
' i
b
!na '
b
E
.g.
f
K

3

1o Ovdinary Daﬁunﬂaf Eqw!fomm

K3="—"f(f|+ h u[‘f' hul-f--i]{l) ‘

Prollomy e
2 _ h-“&fu.:...._‘. 46;
» " B
K, = Tf(,' * '5-"-“| “‘h"r."%xt)
__"il+r+-2-hz:' i 4
b 1t .“I'{'?}'"I"'"“'Kl]
- (02 [1+(0.28)°][1.0202010 -
: 28)°111.0202010 + (0.08)(0 204039,

+ (0.16)(0.0212202)] e
=(0.02) (1.0784) (. 0399189) = o 0224290
& '

Sl oot R
oo G Ry
2

[1+0. 3333333) o 0202010 +(0 1333333) (g 2040329 |
)

! (04444444)(00212202)] -_ AR
—(002) [CRINDXE 0568366J = 00234853 ' e |

L T T Pl N
o ?[l+[f1 'I"g-) }[u, + ;hiﬁ (KI + Kz)] :i. ¥
[1 + 036) ][1 0202010 +(0 16)(0 2040329)

=002 (1. !296) (1 0668140) = 00241015 i

= 1.0202010 + (0.2) (0.2040329) + BEI [23(0.0212202} i
+ 75(0.0224290) - 27 (0.0234853) + 25 (0.0241015)]
= 1.0202010 + 0.0408066 + 5'%— (z.issam) = 1.0832855 .
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M
-t
_.1{ y
Wy = Uy #: -9—6- (23K, + 125K, - 81K, + 125K,)
=0,2040329 + EE (23(0.0212202) + 125(0.022428
_ §1(0.0234853) + 125(0.0241015)) |
= 02040329 + -1—1-5 (4.4020678) = 0.4333073.
e £(©2) = u; = 10202010, (02) = 1; = 0.20403,

¥

u(04) == 10832855, W04) = uz- 04333073,

)= € o The exact values are gwen by . .
u(02) =1 02020134 (0. 2) = 0. ‘2040402‘?‘/

u(O 4) = 1 08323'.'1 w (D 4) =0, 43331484

. is ult
>

:»_;leLlTY ANALYSIS OF SINGLE STEP METHODS

e 4l sotution (1) of 1ht: differential equation, 1he dlfference solutmn U of the diffe
. gnd the numencal solution #; can be related by a relation of the form - i

= \u{z}—n\d i)-ul-i-\u—u\ _ (t

rice, We would like the difference between the analytical and numencal solution to be

15 142), we find that this difference depends on the values. | u( ul r) ~ ; | and \ = |. The VLR

\ is the truncation error which arises because the deferenual cquanon is replaced v

rcncc equation. A method, is said to be cansxslem if it is at I.E?E»Of orderl For a cons}

s0d, the truncation error ténds to zero as h approaches zero. The numerical error | u=
f o P

annot compute the difference solution exactly as we are faced

{he numerical solution may differ constderably from}

al error mcludmg the_ronnd=off_error_

s said to be, stable, othcrwxs unsta

quauon (6. 10)

mse in actual computation, we ¢
sound-off errors. In fact, in some cases
srence solution. 1f the effect of the tot

[y W ith fixed step size, then the dxfference method i
& stud\ the stability of the single slcp ‘methods when apphed o lhe lesl e

Wo=Auy  ultg) =up :
sere A may be a real or.complex- sumber. In the previous section, it was s.hown
Jution of the test equation satisfies the equation (see (6 46))
uty,) =€ ult)..
lve the test equation 1=

that the and Ve

iwe apply any single step method 10 0 A, then we get a first G

unereme equauon of the form {see also (6.48)) -
o1 = EfAh) g j =0, 1,2, | (6.1
g =u;= M (1). Then, we obtam (see (6.51 a)) J
. €4y = E(AR) —¢€ MY u(r) + EULh} € 1
i
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| ;

-ucnn on th
:’ ﬂ, e right hand side is the local trun

¢ efror
Propagated from the step hlot,,.

cation error and the second term on the right hand
! b))

The error on the next step lj,2 satisfies the equation

1

3

(e
Ejv2 = [EX(AR) —e2M) u(t) + EX(Ah) € 6.146

“33”1 the first term on the : | !

OPAgated error, The s, right hand side is the local truncation error and the second term is
ka.st bounded. in computations do not grow, if the propagated error tends to zero

‘& -singlestep method, ‘when applied to the test equation u'= ?Lu
tely stable . if' £l <1, A<0,

ﬂvelv stable - if-  |E(AK) < M A > 0,

: ﬁ,‘{ nd call}' stable ' if IE(Ah)J =1, pure 1magmary : a g (6.147)

8 P‘Dﬂcally stable (A-stable) if 1, >0 as / This nnphcs that Lhc stablhty mtcrval is h
, {- e, 0), that is the entire left haif hi plara—‘h—j

< 0, the exact solution decreases as t. increases and the nccessary condmon is absolute
”W. since the numerical solution must also decrease with 7. When A > 0, the exact solution
es with 1 and we do not need the condmon IE(M)I <150 that the relative stability is the
p COndmon to be satisfied. o s

o
13

Up = U+ h):,-—' (I + lh)uj— E(;’Lh)uj
EQh =1+ lh .

A1+ anl =N +,r+'i'yl = J(1+x) +y?.
'l + Ahl < 1 gives (x + 12+ y2< |, which.is the region msndc the c1rclc with centre at
nnd radius 1 (Fig. 6.3). :

Chapter 6

f Im (R)

Ty oa
= i e

i
gt
= E '-“i_:-
Re (h) G
Fig. 6.3. Stability region for Euler’s method, & = h.. :

]
x 2
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u 1 —— 5'.. l L5 { Md"“;‘ for &‘kﬂﬁﬁ. d"’t{ EW!'MW ,C‘m’.‘,hf’-”"
i ~ Backward Euler Method

< H Applying the backward Euler method wj,; = 1+ hfj,,, to the test equation u’= Lu, we Eetf-;
IR uj+ Ahuj,, ‘ A
. or URE = E(Ah)uy a4
‘ : J+1 ]
. M K - ,q
! where E(Ah) = 1/(1 A8 7 B o A
H _ ; ' g f, -
!5 When A is real and A <0, we find that the condition ' itd
L ' : -1
£ 1 , A
‘s T H <l : g |
i =A g Ty S o
i is always satisfied. 'I‘herefore. the method is absolutely stable for — o< Ak < 0. 1‘?
; When A is complex with Re (A) <0, let Ah=x + iy. Then -f‘
: , - #
. o <lorll—).h|>lg1ves(l—x)+y>1 _ 6l
1 . [1=Ah] i
¥ which the region outside the circle with centre at (1 0) and radius 1. Since, Re (Ah) =x < 0'
condition is always sansﬁcd Hence, thc reglon of Stablllt}’ is the ennre left half of Ah- planc 1
i3 Runge-Kutta Second Order Method
~ Applying the Runge-Kutta, second order methods (sce (6 99)) _ o "
u+-,—-u+ fmios x,+_1;1c2 4
. : 2C2 . 2C2 _ '
where K, =f_lf(f;. 'H',«) , : S8 _ .
Ky=hf(y+ _c,h. n,,+ czK,} i
.‘ ] Lo ¢ . A
i to the test equation u’= Au, we gcz ' )
il ' | =hhu xz = kA + czz(,) = [l + ¢ hl]u, 5
3 : ' 3
H E _ i . L pa (14 ¢ hA)u :

: :: . . 3 uj'i'l = uj ([ zcz J.hl’- u. + 20’ ( 2 'J
i - | ‘
;F; B — . =i ____l__ +_’1‘3‘_ 1+c¢ hl}u 4
i | . = l.+ M.. | 26, 26, ( 2 ) i i
_ - , [ +hA + —h-zi—Ju = E(M)u 6.14
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