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il Fi,+-l:;.1~k; = S—T'E. SRR -
o W 2 =
Fop ponvammeee Jer us sbed i L) i ‘F.___ I
i TS o
E= —— i |
"
S 1= -
4 h=.—'{fﬂp- A {13
_|_. kg kf._._.;].i.ﬁr
'I e the dyffecenlial Sqrution in-d, s el = fem 'ijr. (] atyel 4 HO0 ey e _wntl.en 85
a—'x ZM . [0 u
— S EX=0 - (i N
lr a;; n}_ =3
By ey [ (e
| =~ a}; ; nl - = y =l b
{ and %‘f%ﬁ,ﬁ = : ||-{'=-'3'E]'
i -
[ T ganacal stiliitinn of gguation] mm will be sins function ef sreitency amplitide, frequency und g
| 1‘15'{. 12, e T
i _ .t‘tx:g Aﬂnmﬁﬂl n-l, o
| here AL Band © are |:||:|i1£mn'l$ A he J-'cmlned from the. :nnnd’:mﬂm«bf-ﬂ-rn hnun§ ._'mmtiu!lﬁ N
At Lo quantas mechiniss [ 2 epresants the probahility ot finding e purticle at any pent L purs
| witiin fhe-ba, Thz:ﬁ:-rul & {x) Fikigh ir & fonction of weoordinate oaiy, reprasiis ﬁwprgbzhi[hg.rnl’ i
fintli e thes paiticls al iy puzh afnng A anin. A e pn1crt|d1 I Ve bigﬂ ot this u.rul.f.& uﬁh-r: Elo?. hie
i prebabilig of fnding the partrele ar the walls will I-nm £, _
| wal—ﬂwhﬁnx-ﬂmd.{,=b .
{ i Xl = 0 when £= Ooand x= e
| [aing Hhise houndiry catifitions, éqo. (M) gives 1 R
vﬂlnﬂ =0 , i . T .' 3 ..--.-.:_:: -H."gm- A
| i 'lin'@{:':;lf'_f:}:ﬂ.'ﬂr' KLIJ ._,_ng__j:f ; , =}
| sl et =0 U L= & b
il anfh =0 ) S
' Bl = oy e e ds o4 vainteger
B SERET . -
: : x Jo A
St httoting vaties of Band Com'eqn, (R4 we g il | o
e B TE e o
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Physeeat Applientions of Echrsedinpert Eaeiaffarn i (ne wnf Thiree ﬂ.ll.n::n.lrs_l'{.'ﬁqn'_.ﬂfﬂ:ﬁf-erm 144
p=EmE ] :
= {r_.r,r. (E— Vo) 5

W and g are Sinctione TorT and 11 EEH}‘F.\' n:_.P:Pﬂgt_é_\'p_I}'. Al C':andﬂ.i{:_;uw:m!s,;ﬁa MY b At
by boundary canditiang, ' ' =

" Jn_ equation (3} the first o represeres the wve travelling alang +ve Xoaxiin fet eplon;ie, the
vitidens wave jnd the secanil term represents the wave rzselling slone - e e ||

: : = Secafid tem ; | Il Vs region, (e,
the reflected wave. In equation (4), ihe feest form rEpEesemis the wave trvelling wlong + ve X axis g 20
TeRinn e transmitted wave swhile the Eochiid e tepire sends e wave trveling flans —ve Keasis i
necand egion shut thete 15 no refleation of dléctrans seconll reginn and feace there will be o e

tenvelline nling— v Xooxis Camrequantly H=1) 50 that the sulisian o R A L i I e
it ' Lot I Y L e iin (4
b writton as i & i ! }m}r

W= Ce {6
finhte, whaieas £and ¥ mus
exist in niture; Then from actirdedinpers eqnation we i

1 < bt non nesessarily contiusus: Bar F Wi can anly b

‘Atserding to probabibity interpretation of the wave funciin Yrmiist be
be fialte, becriise fafinite enecgies de nint '

cofalie thit a?ﬁg.-‘iu': i mverywhiens finl
finite i dyy/ i ix oot eysyib

ere, this i5 firtt boandy ogadition) 1 S8 s eantinugs
everywhes then neceszarily w must ho '~:tmlir:uuu.ﬁ.’ﬂris-i:@eiti‘é:irgﬁmudby-qin&'njnn.

Maw the howadary conditions, in this oase iy

b represented as follows . .
The cantinilly of g implies Wy =ypate=0, :

Co
: oW, o AWy e o E "4 e
1"]1: contimuty u_!"i% !'.I'ﬁpf.ll:ﬁ;a_N _—%I[I = {1 B 3|
Applylag baimdary condition {41 1o enuationg (3} and 16), we zel - "
AR Wl
UiiTirentinting equations (3 and (8), weigat : :
O _HPIT ot s 2 ] ’
ﬁ;TTLu*'" < e ], )
31!:'2_.1‘}!2- ’ﬁ;’zl.;‘h e
e HE
Applying boundary condltion (8) 10 (3) und (), we:get :
n = il =py A=, i by
Sabving (1) and {100, we et ) =
4 o ==l ™ -
“hiem } B
E—_-g{:;#dn B ot | \
PUEES

where fand O represents the smplitices of reffecied und iramiitted
arpliuds of Incident wave. § ; MELES
The refleciance or refle¢tiviey or reflontion cefficient and
fransoiidsion coefficient it the potentinl distontingity may he de
The wuflectance, Le. the fraciiir of electrny reflected is equal ot
incideit chirrent e '
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L, fraction of electrany réfleotid =), ]

The froction elecirons reansmited

_ 4
) .
B0 e e e i

(0T 107 e 3T 07 20

=5,

(b3 In this cpse B < Vi
The yansmizsion geeffnent =0,
It The Tretion of slestrony nsmitted =0
nnd The refleation conffigian (& the frnefion af elestans reflected = 1.
T} e s erse = V.
M =IEmE = i3 05 107 W 0030 % 165107 ) kgmifaee.
= \i2m (E= Vel =0since F= V).

The l'rt[ultun af elaciro o refidoted =[F'—_E‘3L= 1.

(o1 p2)

The-Iracnian of <lectons ranzmted :__‘fpjﬁz.: =l “since gy =0
lPr+ paf

55T @AH POTENTIAL BARRIER :
Lt G consider thi are-dinensiunal problam where thi patential function i defined as {n fiz. 5.4
r"{xjtﬂ forzren | - :
=Vyfurnll = ey Sy
=0 farzzy G
Heresve huve o potsntinl burrsr batw

eers=land x=q
11 particle having Energy less than Wy, . .
rekion, classically the partisle wift always
WilVie mes han|ds pradicts thae the

e penelratinn Fefhg greatan il ¢

l‘.:,£_'< Vi approaches this barrier from the left fie, from 12t
o h:'m“ﬁ:w#.m? kenze will fot PenstEale the barrier Hﬁwl:ﬁ
ypf E:‘f :ud : -npp_g_pm_’nalnlity:_uqun:mtiﬁg_ﬂj rezion lﬁ,-lht-pmﬁﬂﬁiﬂg:

(! daresmaller Moreover if B Vo ciassical hmﬁfmniuawiic?ﬁ
V=V,

_ ol
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~ 16 (BB} Bt B Y AR L ]
5 n o
| 2mE ~ 2 (E— V|~
== w- = 1‘-‘!_11'"-%_—3!;! o il

s

This i the sxpression for toansnission setfcient for - very larpe bamer, The shenomenon of the
pirticlets (eiettrong; say) F:nﬂrﬂtlp.g the petential hu.rri.'-;r-i;—::l!l:-_@ the “lamrel affeit ,t!_tl__i;'.’;puﬁﬂ'}'
mmparian! i tharmionie wed fisld pmissson, - '

5.8 APPLICATION OF BARRIER PENETRATION (e-DECAY)

I1is knevwn-1i07 egeinn pualed emicreparticles, the proceds heing known st o-decay, The theary of
f-decay s hased an the fdew thar e-panticled are hound ineds the nicleus by trementole and Stommous
uibsetive forcos whish meelvery aimilsr jo) these involved in the siimerien of beutron: Bnd protn
Howeher, (hes aliractive forces haye & vory sborrnge such (hud they arz completsly peghiglble unless
the - prrtiels b Inside the nucleus. Az the o-perticls and he pucisis are-bioth positively chorged, there
missd be mpullsive: forces, When S-ppeticls i inside the mecious; the muclear iitsctive forcss dominate
wver the sleetrical reptiliive forees | but when pasticle Is cutside (he nicleus, the repulaive fores,
daminate over tha nugiens attrastive Torces, Thersfore (fan at-particle fs braughs from % oo g disten
twards the ducleus, IU will ot st be repelled elesireally nnd will pessess polential ensrgy
! e wihiere 24 14 fhe clbree on the meeleis, 2 is the chargs on tepericlzan i
| anen oy R i T > g
distance of Uie oeparticle from 158 centee 61 the nutles. Wiher this o peticis reschies Ehemelens, the
=teistive foroes darmimare over the sepulsive farces. The patential cocve o532 function of rwall be of the
form s sheswn i fig S .

ATE-':A[_"?IEIGH:

Flb. 55;.

I wn. eripnrticle: bs cnery Ewiichiis:Iess fhrn- gt reqamed 1o G

hrrier, than nocording 1o clagsical mechanics, the t-praticle, opee 2ot in
i it But sceonding 1o quantum mechsnics wpacticle has s small but
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63 T-Hlll'-.I RIGID ROTATOR WITH FREE AXIS . S ar

s ;I:;;j{:::::a;:;mmuhng ﬂfiw_u:uphﬁ_gls.;.pl PAICTes T tageilier, separated by Gaite Gxed izl g
b T e e ; ].lg.a baul.' i Elx!,; Fﬂﬁﬂm,'-tw?”_ﬂ"_’ “"‘?‘-Fﬂ.‘?ﬁ'”f msa- e fomiat 1 the plane climi) ﬂ111.|~’.' >
them the Jine;‘li'alu:zmllu:ﬁi:. :;‘ﬂiﬁ;ﬁ':"’-dﬁmu et plcticlcs are onstramad, to remain (i one plure, o |
:zh”y [f-|h+'i plone of thest twis purrichos r:|:ml':n~::|I.-|=.1ﬂ11:n"#n:{'ul the system 35 called Uhe rigid rotator with fivecl . e
= il rotatlan s fres bk am v position in s i :
.1.-1|_J 20 the E;l.rﬂm'l'!‘l 15 ehlled e Fipid Er:'mfw w?{m L'_""""'*"'_""'_:"'
#iit In g diatomme meleeuls the wiams vibirate wilh *\I. . : .
rc-ipr.‘n:l—liu st niher and g0 the distince betwesn 6 W 3
gt willl not-be always constagl: wiils the distanee [ 0
it of the equilibtium position is consting, Ths the =" A "__"t_"_'
iystem of distomie molecules [ nol really rigic: howe '
MWer it may ke traated, At least gau fips eppteimation, - £
334 n,g-iq'_m:q:_gr'm‘m Tree-avis I Til-5i8: ‘ o
Envrgy for the rotutor. by
The Einetip Eneedy: of 0 particle of moss oy b expressad ag

g

P LnR45
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The Independent Quantum
Approximation Methods

(Stationary Perturbation Theoty, Varfation Method and W, k. g, Method)

1 INTHEDUGTIGN
_-_-_\—.h__-

In Qs Mechinicr =

Er:»;:'_uzull}- Eeath |10 ppraximation; APPEUATTILI s £ steefore soperie L B Ampraldnt s By
VT Tt B u[anpm:iimm]_{uluﬁm &l the wive bouation fiie i jar

less atcarate spprozimate evalustion af enat gy valiies and wive),
M-many cesparz the mag nteresting {x ﬁim;:! q

112 STATIONARY PERTURBATION THEORY (NON-DEGENERATE cacE)

The umiunar;.' perilisbation deony ds contemed i tinding the changes in he ensrgy Fevaly und
sigsn Bunelions o sl whian a siul) Histuelmne 13 anplied, Iy Hlkch s, the 18 milfagian can
hroken uy Infe fen farts, oae of whicli i farge a5 PEpIesEils 8 systemn for which the Sthiroed s
EYulln can [ g lvad sxneiiby. while nthes prect b small and i be frested s psturhatinn fermt TF e
P18l Gaerg ) &5 stirhed by the nfluence of aedditionn] forpee. Hieesierzy fuvels e shilizd jind Tors
Ak ferurahal, the ariemtol shift can i Esthr el e i wpal imperiuried stafes:are Ly

Crsstses o Pl sizal spsterr subjecied I & pErruckacinng which st e ey fevels hiphtly = o2 -
2hizsd it AT S MENT remAing ths e Blatlsmarivaliy i pllnce ol pertirhation i L ifraduee
adddtonal iermg iy (he Hamiln e ol e urpiertibed SesbH) (o Imattineed guten), Tl addionai
IErm iy iy constaar op it may be'a firnztion Uf}!‘("IJIr.l|]LT|Ef}1!J_I='.i|"|d mnretin co-darduates,

Ui ither ards, the Hamilmncian & in e khm.:_dmg.pr efuali=n gaa b Wiillen 85 the sim #Tiwn
P e of tikse pars | q. PRITESpOns o wiiperurbed gyaten) und. sthey o G ORI CEEpONdE 1
Tertaiehation difeer: Let s write Schrozdingsr wive syuarion

—
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The trdependent Cuaneiis Anprosimeion Methods L B
Whigre A-tnd & dre arhitacy wenstant, The positive exponentiul correiponds 1o 4 wive mtng 1 rhe
positive directinn amd (e negitive exponentiol coresponds toa wake meving in tie negitive dijecting
For the special case when (4] 45 a canstant, these redoee radpectively o the plane wives

exp fipach) ard exp (= ipr/i),

e alteenative firm' ol eifieation (201 may be expressed o4

1
Vagp = 0 A2 |0 =117 g [ ﬁj S 2w [E = Viikd: + 6 SA21)
1y
where £ and @ toc arbiteary vorsterty

e Approwiemte, sedian (200 i (4] uf e Selencdings equiiion b wiuglly ealled WKE:
iFuhetions. : :

11.3 CONNECTION FORMULAS FOR PENETRATION OF A BARRIER !
WK B, metbod ts apiplicable tn i prablenis anly whers the potectial fungrion does ot chiamngs (o6
fapidly § becanks in the cegions approxibutiong congidered do mat apply, I the problemn wheee the
potential functian vary slowly in some regiens so that WK metiod halds and the potetitial fupetiong
varies ragidly in anly ragiang, so (hat WoKCE. methiod (s o plicable ; we find the saloton in (he regions
of napplicabitity of Wk B mettiod By some other metliorls and carmy i 10 the seplons whase WG,
micthod Leanplicahle, [T arder ta com g5t thesa pwocolutions = vee nieed the connestion: fammolan.
Figt. e piresents. pintential fisetion V() 4 4 functiensof 1,

il | oL J:{
I ’ =T T e
| ! SR i "'

¢ |
Rl O T = r:ll._-éﬂ..
e { \\ //'— . .
: £ ! »
| | \/’/} RGN i ;
| A=TIOH |

AEGRN I

Figt 11.0;
Lt purticle hag checgy £ Then t5e whale megion may be Greldedint these reglony
Begeon [ whees Vo= £ : i
Fepion M where £ » ¥
F.r.!.:rir'n. HE where L= £

[ere ire fmes varieliza, ol sening poings, specified by frainte xy ind

When wa puss froy regfon | i reginn T4 Ahe @b dhe furning paint s the barmer s tov the Tafl Butif
pess fron cegion 1T tocegion 417, (he barrise s o thy rlghe, 1 .

In regwon 1, (e wevesfonction decrmacay expanenbielly, for =4 5= ol o= ‘vw-ﬁ ety
i iptpramaied as R C¥

A -JE

e ] i

I regignl the wave funenon g s oscillatory given by
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Time Dependent Perturbation
theory and Semiclassical
Theory of Radiation

L

HTRODUCTION

hen the Hamiltonian of & system depends on the time, there are ng Blitionary wiate solutions of
inger's equation, Thue the idenlifioation of ubound stle with discreis enerpy leveld wnd yintlionary

urctions must be madified, In this chaptee we shall diseiss three ways in which this modificition
¢ made, femed below

Time dependent, perfurbation theory or method of varintion of constants - 1n this method
tominn Is divided into two parls asutual |

H= Hg+H'
Ha ts simplz unpertorbed hamiltonas omd B (s srigl e dee

perdent pecturbation 1emm and has the
ol causing tmositions betwesn o

igen-states of My that wauld be statlonury in the dhience of 7

- Adiabatie Approximation : This methed aasummeg hat the Hamiltoninn of the svstem (H) contyins
irametar that change very slowly with finie. This the Systemn is expectad 1o be-deseubadapprox imate-
meaas ol statiopary eigenfibetions of ihe instantaneots Himilionian

i sudden Approximation: This matsd assiimed thit the Hamilwnian of the system (4 g constaat
e eRcept For a very shom time meerval in whish it Changes from one fom b anothe:

TIME DEPENDENT PERTURTATION THEORY - TIME DEVELOPMENT OF STATES

When a syscent ix:ivolnted and the Hupiltania iz indvpendont of timme, then the cigen pates af the
Toare frue stationdry states, I e syinm sy o particelar Sate W, which s an eigen stafe of

Hinnidn Hey, then the system =il] «lways Sty 1z that state. The time dependence of wavefunction
« b the fomm
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& tulielently independent o Ly 50 |lie

BIEY iy be reghidend 5

lh.ﬂf!’fl’.lﬂ.‘. rhl.‘._].' may’ b 'm“ B3 thy

il gri),
_m:l_[ Al (1] s P
oo LJE -n:-
L. Le b [ ar.-:-lJ i J."""' 4t (Bt PRI
(] LA 1
hz.r T ﬂi
kit
[Stnee df » &, -
. ¥ . - " i I 'T ""‘“-lml
4.#_‘. I [ k | 4 Ir;m:‘l: Pk j el Gl 1l e
I - [[ﬂ;.-_‘/:ﬂf ot

i’ (uy VL PR ey

A19)
e hiwe 1 deandard | riepral
. - 1
Mnr
_ [l aes
Subistituting
! : 2
ﬂi“-— = o o %. snod @i = f ile
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Relativistic Quantum Mechanics

14.0 INTRODUCTION

Su far we lave considered non-relativistie quantum mechanics and W is uot applicable o the
phenomena imvobying patitles smoving with relativistic selashies. Thesefore It is desirable to nelade e
requirements miposed oo our theory by the relativistd deory, ai beas required by special dheory of
relativity which deals with inestiol syst=ms, Since the wse of general thoary is. oot essepuial duc e
segliglble groviciipnal el i stomsc systems. The idea af relativity mey be fnroduced 1 two ways

{4) piking into aocount the vancepts anly. '

17 Formalation af quenium theory in Laredtz imvanant furm.’

Here we shall include only the concepts of special theory al relativity.

4.1 KLEIN GORDAN EQUATION

The Schmwadinger equation it aperater from is
i LAy
H = = k
| | W=l o A1)
The won-refaiivistic Hamiltanian for a free E:zrﬂ:rie 15
k ? sl ;
"o kY :
T - A42)

2m m

rLs’n‘u;-: ?}=%? == inVv 1:|

Substituting this in (1), we cbtain
.

gL
2o _ :

Lot s aow diseuss the generat situation in castesian oo-urdingtes, This means tal the tansfonmations
(undder which the requirements of special theory of relativity are invanant] to be considered are the Yinear

Voy =it 5. ' (3

transformalion o -
_I'I' s E" I._ 1|:| ' z ”I{rJ_,,:l
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(1)

These tronsformations Jeaves the meinc tensor g,y invarianl, whes

Relarivivtic (Framtum #feciunics
50

= 1 for p=w
B =10 for pv
ie, gl =g =Fa=pie =1 o0d gy = 0 for ey

Az spevial theory of rﬂmiviq.r treats spatial and temposal (time) varables on equal foofings in
Minkowski four-dimensional space, @ co-ordinate represcnlation must neeessarily be cast inpg
Schroedinger picture. In lensor notations equation {3} may be writen 2s.

2
W & 4 a4 _d
=g Te o) = ey = )
dr’ or e

whore W vl i)
This equation while invariant under linear ranstormations of space co-ordinates alenc, is ot invarism
under more geperal transformations known as Lorenle transformations in special relativity. Under these
teaslormations this equation can hecome of second ozder in new Lime co-nrdinates T amil mixed space
time secend order puriisl dervatives will appear. Such a resulr i nit swprising since e -Hamiltonian
used here was non-relatjvistic. But if we comsider the relativistic Hamiftuniun more serious diffculties

arise. The relativistc Hamiftonio for o free particls 1s £ ) g

i A i S O 147,
H=Ewtdgd s micy =L [P +alc ()
The Schrosdinper's equceion would then becoms ' i
e, A o P e e i

ppt et Py = in ﬁ . SRCTIN

Thers are two difficuliics in the interpretatinn of above equation, ~ =
The first diffeutir is tofnlerpret the posiiive and negative signg, n classicad theory this was Lo

: : i : 3 -
peoblem; stace in clazsical theoey the cnempy changes conlfunously wallid 2ap of 2me” berveen the
minimum positive and the muximim negative value, 2 porticle whase energy at on2 instant is kniwn o
he pusitive will always frave a positive energy. Under sueh conditions the nezative energics coubd be
janored. But in guantum mechanics the cnecay of the parlicte can change dizcontinuouzty and citbier we
st shiow st (he negative enerafes pre: SPUrioNs of we must take them inlo accoun,
The second difficulty 15 even more sarious. I we write (he gquaticn [7) 4

= ﬁJ Pl 04]|Q y = fh %IF LofBa)
S -y o : --.[.:‘2 Jwr [I‘L
s F_ 2 & “1"—3 i.-j FH‘C4 yr {.1'0] = =t 5 o il . ---fs‘h‘]
b LT Qg J ' ax

where 0, v =1, 3,3

We ars Umable to interpret :
aperatar by expa nding it in terms af power sencs,
i unsyameetedeal forme and thercty. would mak
T arsgower the Joft handside will cantain a farge number o
V., making it iiffi'r'r.u_u to b solved. . _ L e P g
CHviously cquaiion (B} siill facks he necsssary ipvariance andet Lotenz uqnaln{mn:ﬁnzsi_; d: 5 al:tm':

further uodification s requiregd. This was doac by Klein-Gondan, He operated the rlnr.:-T q atia

& \ i Pl
Eouw=1¢h %l::r Ly f and oblained
(¥

the sguare tout of an operater. However if wie getrid of .SLJ:lIgI.IIf_I'__ rool n an
the cxpansinn will cause the spact and L deri vatives
o impossible the Fairmmulation .of 4 converiant ‘Meory.
I £ torms (nvolving varioes puwers of Opsrator
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n
% o= {T{ ih H
Ve i
a » b
=ik a—‘-%"l{l (since the operations of H and ;:I; wres inlerchangeablic)
=i 3 (i AW i
—|11‘.]!||_r]5 ‘.“] using (1)
" I a: a 2 : )
i Hoy=-g iy i )
' ar
This equation is colled the Slein-t eguaiton ot relativisitc Su;'hme_.:n'irr_erf dauation,
Furu free particle J"'Il = ;;1 e
w5 @
= [? VJ l:z f-‘_|"|'1--;!-|'.;l‘I
a [yl - ! El
En: . “.2 = e hz l:‘l';"! + r.n"c4 ool 100
Uherefore Kletn-Cordun equation for @ fre partice ties the G

) -2
R T s j‘-'\!" -t d”

ar

This somunon may be et 5

oy 2 '
T 2
: o

. = =1
_r:2 u-; Il l"_-!-' :

EO S
1 | |'Jﬂ_ Jrl-_E.._-|_"‘_‘i -
i Tl

LTV

A1)

wlere

t5 catled the I Adesiherrion apErity
I cn-rrdingte sepresentation cquation (117 wkes the forim
wv 3 il P 1
et ol BTy il
[ e W i ; ]
._""ﬂ'a‘ alyie 0 i 0y %
vicie £ o= ek this Vot Snvigianoe of '.{]-\un-i_ﬂ:lrd:fn Brualiom 15 oy,
fa) Clerpe

wd

Surevind Densities © The KleinGnrdun equation fira fret particle is
L |

b ; i

. s e L LA
& g i i LEA)

Takiag voinpiex conjuante of above eguaiion, we pet
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i
iy 23
?5 -|_||1 xS _I_ ﬂ.. -t LB oA 'I.|.|" =1 14
. & ar i
Mulliplying equations {13} and (14) by ¥* and y respectively, we ebrain
1 %3
T e T A15)
o i n
gty ¢
e y Py Ly 2 Sty =4 _ A1)
e a1 T
Substrocting (16) from (13), we e
a 1 @ 7 +]
ety gy - e 22 )
Gl Gl A At |
| d- dy  dyt
a V+[ur“?w=w?w*r—f—z_m[w’ﬁ——;‘:—w]fﬂ
ot i . T
Multiplying throwghout by T, ¥ WEEEE
- 5 ar_h Byt '-a_w"1" !
e | T =y - === o =0 Bt by
v [EEm fv.,r Vi - w 11"':,]} ¥ [EM‘E_[ Y s
Bpherituting
- f Ay el
i1 = ol B Bl | } ...fa_.!
2imeT L & g | L ~19)
and Sie = -T-'ﬂ Vg =y Fuf) i |
equaticn (17] takes the frrm
A = (14
VoS4 (=0 (193

which is well Enpwn cguation of comipuity. The current density cxpression 8 (v, £) has the sAme form, as
in non-relativistic case, hut the inspection of expression P(r, 1) indicales that 1L esn nat he inteypreted 48
. i : e i " " s ¥ i : LB
prfﬂ':r'rm srohabitine densiey iranatugy willn elativiatic case in which Pz 6 = wr g due o following
Ry, . T
The gxpression £ () may oc expressed us .
| SO s &
o L
F{f.ﬂ = e [u !:JF "'l 'al ;
TN " L G e, A
= —l—[l---:‘ﬁ J—ELNL Y+t iR 5 ‘
i ) | L.

i€ qlpar o ing in i Tyt ltonian opelaioe .
Mow Using Schrocdinger cquaiion in ypemlor 1or and keaping in mind that the B it
£=] I - . f;

i

)

v S arppay fis HErmitian, we have
ascoziated withdynanie observable saergy & i Hemmitian, we b

il

e e B bSO i
H‘.F =i E_f I.e. |.1'| B_r ..Irf-_w.

_ o o
HE urt = — —1!,_ re
L e

§ iinet ifjpli i F'-L.Jt
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Su cguation (20) may by Cxitessed ag ' :
1 i
Pird) = — [EY) w + y* ()]
ime

=~ Ry
I

Bl = v vl | 21)
e . )

From expression £ = 4+ [_.'-‘EIZ'Z + m2r4] v note that the cnergy of a panicle can Le enhor positive

2 T O =6 i PsHINY

or egatve. This i follows thr the expression for P (v, £ i nat definitely positive and hence it can not

be regarded as conventionsl postton pribalility density. Thus # is necessary to reintecpret v af

Klein-Goardan equalion is 0 ke uzed This was dose by Pauliand Wesskopf in 1934 (after ahout 7 years

the Klein-Gordan equaticn was proposed); sccordingo them £ moltplisd by e f2. (= P con be interpreted

as charys density which mey & positive aned nepative singe eharge cun have either sign ; then 8 il b
vorresponding eirrens desaty

Remarks. 1. KlenGonlun squarion with new inlerpretation of chacge and current dengitics would infese nfly
sepresant iany perticle Useury, sioce i woold Higve: b encompass panicles nf hoth signs of charge,

L The wavelioctives Y b: Klein-Cordar equation has enby sue comnpenent {scalar). [f the wavafimetion has mon:
than nae component a2 Pach wavetonstion, then o degress af Geedam than those regnized o deseribs translnony
arid iz i e lakele, Tre udditienal derees of freedom deseribe sy metion, Thos D the ahsenze of ather componesss,
Use Kleio-Giordan gyuation will descrhe particler af seme spin fke T-mosogs

A The protatliey denoly expression g Klein-(Goragn equating sedivees o oarreet on-relativinte expressan o
iy be seer ax oo,

Substituting : Wil =y
HE* 15 nan-telatsvistic cnoney, then botal eoerey £ ey be expressied as & = £7 + me ; ne’ Lresroye

v E s e

Test GnLnTy.

win g =i E me 1T

"
— i —hae A
-

= y{r) e
=yt 23)
where noa-refatbintic wavefimetion
¥ fi it =) e Sl ’ A2
Differentinting {23] with reapect 1o £ we ol :
ap (o = !'-""i'_’i wa] = i 1T i
FTESEN W TS i S b J
Taking complex conjugates of (23} .'nﬁ'f {m, we 8 2
vl (g E T
e R
'|"I'i |']E’_ _ [E‘g‘j ".% “r.-:_ j_ﬂ.‘f".‘" Ly h.. - .-4{2?]
Fa 1} " dl " i

Substiluting these vafues in (18], we get
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(L]
i Zimetiy [ [ ay ¢ ]
Pig= = o e, & e { t%’l‘_— + b% e ] 1-”-"='4rm}
.
g EIrra:rr.z"fll [[ﬂjf_ irinc 1PJ| —imi '/!1']
st | ay™* rm.:2 i rﬂ imc* III-I
e (o8 v v o[-
i hoayer By
- —— il e ] LEN "F oy VE
s [? {r..r}l[i £y J.+ur [eﬁ T JJ"“J*H’
2m [ly {r!][—JTaH—]+k',r” [rT—E‘]J+1|.|’"*'4r
-Ei [} ] 2 [ £ ¥ £
== W W gty (3mce E™ = £7 etgen-value of H being real)
nc
—yryl . L (28)
— l:""llnLL o r-,Jatnfmh-_ energy Ffw e r.r.-.:EJ

which is currect non-relativistic expression [urpfubu!.-u'uy denyity,
14.2 KLEIN-GORDAN EQUATION II'-I ELECTH‘GMRGNETIG FIELD

An clectromagnetic field can be umqml; represented by-a vector pnwnhal & and a'scalar paotential
&. These potentials form 2 four veelor Ay whose compansnts ate Ay, Az A5 and Ag = i and tnsform

: I AT ; fif | .
fiice mementum-cncrgy four vectar g, Iaving components py, pa, pa, gy = A Therefore the poteniials &

and ¢ should he included in Klein Gordan equation with momentum and éncrgy.
If #is the charge on the perticle, ther in walogy wilh non-relativistic expression poand & are replaced

by p - % and £ - eb respoctivaly e
B—p- e
s k2
£= K A
S the relalbvistic exprossion bc{men mmenium and é] ergy ol aparticle of chamr £im e1el:-|r._|1|:1..g-
netic ficld becomes, :

E -y = I“:- —%T +r e

Lo, E—ef = (cp - ) A7 Ay
Ruplacing vperators Ednd p by ifi % ﬂn_i] ~ih W respeciively a

wo-gel Kleln Gerdan equation ag

[”J Ejlji . ﬂ¢[ yo==ifie ¥ - ea“.}:zr + e 14r e A4H)
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¥ = n|r1[1 1—%] Al 1)

If Z is 50 large st (214 ]]2 St negative, there is 1o IEEEr safiskying equation ond the series
does nol lerminate, Hanve the Soletiions are net houmded and soguare imegrable,

3
Fing siructure. Expanding the enerpy eizen valucin o serfesin o,

Lo i |£X
21 (s

=gy 40— ———

w 2 IZ [ [2] 1}21

1 13 It (R (- 20
"l =l N ————— = PR
R [ _1]'[ et @iy

li
|
+
—
s
+
r |
iy e
A
|
B |
die)
I
o |
—_—
T
-
£
o
’

]
-
=
|
+
b
s
|-
e S
|
S
—_—
i
ol
SRR |
= -
—_
o

. B 4
. L .r I or
= gitil+1 1“_1 3 3
3 ()
3 4 -
| F ! F !
g e N L R AP ol LY
’ Lppes B
I+—

p 4
! 5 3
= mcg R~ e TN A = —-Iw
) ¢ ¥ " 3
I f———— !
[Fi :u+1] \ im}
'-;- r1 'r1 'Er'2 3:3_1] i
=t (A== S &
Pl B (2 +_1} & J
- 7l e _
= r'r'f{"-'[-—-"r—_}_f—-i il = 1 _ {15}
| in” da: I+]— & 1 .
L ok

This equaticn renresents an cxpression for binding energy of Klein Gordan particle
HS G LRI r :
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A
The first Term s the rest enengy; e second teom

el —J'F;E'Jz?l._d i -z
_ W PR 2
m lhc_ non-refativistic Rydberg semi, This third term removes the deprenermey of stams with the some y
bt 11.Iff<:r(‘.n[ Trothis is_ the fine stivcture. The fine: stuetune obtsined here dues 1ot sgres wilh Lthe
expenmentafly observed fine structure of the hydrogen som. Therefore the Klein-Gordan particle cannat
be an cleciron. The spin is absent in this solution, 1t is Vakid for spin zero particle orbiting abous o nucheus.

14.4 DIRAC'S RELATIVISTIC EQUATION.

I 1962, Dirpe formulated an equation to avoid the diffioulties ersing in Kleln Gordan equation on
the basis of reqguirements of Loreniz invatiance which demand that an equation which is linear in & and

hence i E must also be linear in p. This is hecanse boih Eandp enter linearly in four momentuim ot
aiven by fp.ié]- =
i ¢ A
Dirac epproached the problem of fnding a relativistit: wave equation from
4 i _
e, = in 20 : A1)
Linean'inti?n of Humiltonizn H = Dime toak o bolder approach by assoming that the Tlamillonian
At islinear in energy and momenmum, The simplest linearized Hamiltonian for o free paricle i
£, . o I = cﬁ"p't]]m::z {:2.1
_ Here [Fanl the componenis of e yet medetermined except that we postulate them o be Indspendent
of p. This implies thai they comaute with £ We can also coquite that they must be imdependent ol v 1.1n{1
7y sinee oiherwize the eneray of 3 particls in emply spuce would depend on the podition of the paricle
and the fostunt of ohsecvation. Thus they alse commule with .
Suobstituting & from (2) in (1), we get the wave cquation

(¢ &= p Bme’) wir, 1) = fna—‘%‘--’l N

Substiluting operator for p viz p— =0V, we oblain

(e @ (CERV) + Bty = e DD

m] W _ N ko
£t : (;'ti i +itie e V.2 ﬁm‘.':z" yic i) = (L e
; . Lo
As.already indicated if this equation is fo describe 2 free particle, ﬂlﬂ_l;: zom be oo term in the
Hamitionian that depend upon the space and trme coordinates. Consequently o and [} are independent of

v, ¢, pand £ snd hence commute with all of thent This doiss niot necessarily mean that &'and § arc numbers,
1 Fy ad i ¥ ol [ B,

since they need nol cn':_nmurea_wit_h eachi ofbier.

For simplicity writing again E for in ’faﬂt]_ﬁndl B for—ifi ¥V, f:quation (11} may be nlexpmsseﬁ itk

i  E @ ) Wie) = 0 - 15

\ —x 2 ] 1
o g . = - e 1
Operating abeve cquation by (B +.c @« p o+ fme7), from left we get

BB e L
(£ 4 c@p+ Pric’) (E=c®ep —Prmc) w=10

ar _[E'1 = (c&p+ ﬁmﬂz}EJ w =
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(& =A@ - B - wd (@) pome BE-p) Y =0 A8 |
{?FiI.'II1']“}"’ku:\F':inl""ij"’-kF-‘.' |I
@. p=0ufr + OGPy + Gl

or
But

Iherefore equitian (i} becomss
* ‘3‘7_!’:'”5 b

- i k.
[hl - (Oippy + P + "’,:-_:'Fz}z - ﬁzmzﬁ — ¢ (OyPr * Tyl |
' — me B4 ch g W= ATH which is a unit matrix and therefore commules : . :
2 2 r:c 2 f“:x reypy t BBl have fourth 2 % 2 mudrix which catisfics huth properties of Diree Matrices, Now we show that the Dirae
fir {E_ w P ol pd valpy Haop F (W ¥ €y Uz PrPy e 8 ¥ Ot Pyl Mairices st be cven-dimensicnal. )
RE ) AT P ;;z!?:f - 51”'31'4 = "-""-"3 HEM o pa + (C‘f_-.-ﬂ + B py Lei ug choose a jepresentation iz which [i{'m diggonal & ¥ N matix e
= H ]
+ (@B Bodp | W=0 48] il S o~
e - p - = ] sl B
where e suhstmtions i1 (08 for Fand - iR ¥ for p are mplied. lein-Gardan cgquaton 14 0 B
|E? — If,f.r1 +pi+ 1} - e wo=[L AL 3 4 .
PR i Tl T Aspret b= land =21 =12 .M
Comparing cyuations {8 pad {2, we obtala Y -
L gt :-j E ! I].; | 1 Alsa sinee §° = ﬂf =1 (k= &5 det g ordel g
[ty =ﬁJ_-—_a;:, = - . This i ra iy o - L.
: T, ; implies 1f o e OF = r.v, 2) andl [ has an inverse
anid ety o+ 0 0 = U fay ey + 04 0) = 0; (o o + 00} = 1) l 41m s iEinplicsthal malrices & (I : i ; :fJL Jn. i
ﬁ;ﬂ 4 ['}"IJ.' =i fU-J-Pl £ o= 0 ':':':'-_’ﬁ' 4 Fuz} =1 | mc:ﬁ:lntu,ummuru:t with each compancnt of i, we iye
. o 3 el £ en i+ Pog =0k =an3)
That v the forr quaniiiies tf, thy Oy gril [ Have the fallowing propesties : . ) .
T : This relation may e cxpressed os
{ii thefr sgmares are WnNy and : Bog = — P
fei} ey anicemninie sith nae anethier in s, . ity ' __F
Sies Ex’g_mi B anticomonte cuthe than commute with soch othes, they connit e nambers, higpeover ur i B s — 0 g
iy quantities of this ype e be cxpressed 1 erms of maitces anrd 118 n:l-i:}m'cnis:m o Find o tatrin A u,;_! A T N
reproseiatiin of [em. b
. f Fand 159 ﬁl’-& = "[-{ A1
Fiatrfoes ToF 0EATHA | Taking trace of both sides, we get
_ Fhf: squares of uJI.Th-: fuulr matqces ar l?m[.}'; &0 yﬁat their mgcq-?'nluca are + 1 ‘f”d ~1. Lat us Trace {u{’ Bay = ~ Troce B
arhitratily choose [3 as the mairid that 1240 he diapons] and we rearrange its rows and cOlNTDS 50 that 1l o
the + 1 eigen valugs are grouped together in the mairix of rank nand afl the = 1 eigen values are groupsd ol Trave (o ) = — Truce § [Since Trace (ABC) = Trace (CAB)|
sopether in 4 matrix of rank m. T — ]
e T] . . ‘ﬂ' _an he cxoressed 43 o o Trace {ﬂ] = — Trace {ﬂ} {Smm: oy [!II =y
1¢ mairix [ooan he cxpressed as ! This gives 2 (Trace B) =or Trace () = 0
- |— t EIJ [Yi) Simitarty  Trace {og) = 0
) L II} e - 2 Thos T i ey
Foid A ! B R iy =, e - I'i \hg v =
which is an abhreviation of T S o (P Ve (G =0 LA(15)
| i 0 G T , 4. . o sheonvy thar the trace of each of the watricer o andd B must be sero !
G 1 ) 0 0 nomaidx {130 Jet e of the brare'+ | and ihe rost s of beare — 1 e,
p= ‘ {10 : by=b= =b = |
'[ {1 ] =1 HJ h ¥d bey) =hyz= .. =by=—|
i ; [ - i thaf i ; i
AT tha & A o i ey ﬂ 1.' ; . But the conditi .r ri=N L6
0 the fonr redrtess Sy, Gy O and [ are such thet-their squares ore whly el Hey qorafioamm s e caridition that Trace () = 0 requires it
e .:-.,-_a.:-' e hehe i ;.-;‘1‘.:-..1‘12!-}.&. s ,;:Irﬁ.-;.-z'}- e e well Fpown A ® imﬁ:r{'caﬁ e Oy amd o, rulled Pauli ) E‘r
spin matrices; which satisfy the ahove properties, - given by ' - P ,bﬂ' =r=s=0ie r=y

Hi'fd?.’l'l-j:_l'i"lll' {huaniunn Mectuanics -
1
Sice a'2 % 2 myatrix h

thiee of these are Oy, G Ty,

ur elements, there are four and anly four, independent 2 3¢ 2 magrices
carly indepenident of these three is -

J

ralher than zaticammu

as b
The only other matrix lin
i 0

! =[ 0o | W52)

tes wilh every o. Henee we can not

0
{

ERE

0 i o 10
ey ol Ay Al

o
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. 1 n i} | o
) : . ro o a 0 [
T view of (i coqualion (16 shows un o _l J = P
i = ok / L [ o T i)
Thus Dirae matrices icanid i most he even dimevsional. Therefore we can not use 3. % 3 mMatrices. ’ g - Y 0
The next simplest chotce i85 4 x4 muloces. We alrcmly have
Az -eigen values of all the four matrices are + and — 1. Let us arbitearily choose B as the matrix I ] n u :
which 15 to be diaganal and we arrange its rows and columns sa that all the 41 eigen values are prouped i = 0 | ] | i
iogether and all the — | eipen values ore grouped iopsther in a matnx a5 ) 0 f -1 0| ' e
13:[1 “] ol 18a) Lo fh R
0 d 0 o y Thake 4 = 2 matrices de evidently Hermilian and in abbrevigted fomm mary o expressed ws
! 0 ST T B o
p=| ¢ : 5 4 18] ' _ P=le - ] * [cr" o] .
0 u =1 ? where gach slement is g mutrix with two rows ad twe columns.
0 0 o0 -

The four components of W% £ [f the Trn nperatars a7 fo involve 4 by 4 matricas, then the Lirac

¥ - . ¥ ' W =
As fanticommutes with each compouent of iwe have operands rmust huve the foor components, 1kt is Divac W function, must have the form

o+ G =0

Wi
the #f clement of which is (o) (B + B= 0. ) 1 v ury ] WA T3
Here fand i e the two eigen values of i, wlicl wre. .umngud in accordance wilth equation (18). ' W3 J
If E", = PBi then (ff + Bp = O and so (gl = 0; whereas of [ snd By have oppossic sigms, (hen _ bl
By + By = 0 so (g need not be zero. Therefore the matds for g may be cxpressed as d";f"-”- '”‘*”I“{ﬂ‘-‘rj”mpu’i‘?*-"'r;s an “rd'“ﬂ!?’]*““"-‘Tmli o x, v,z and £, Fien yr* ar W LG“E‘PU““ oy
. - . Ive coualion ure [afr A REST ¥ C Lo 800 -
A T . . o ., : A
- ("*-"[mﬂ : fﬁ o RS S . L v Iy, T s, ---M]
; = anel the correspopding Diize W is the llowing u;hmar_',' funciion, :
where ¢t has o rows snd m colutning and Tty biis on Tows a.nd f cntu:mnq Since tha square of (199 15 Ty o= W F U + s [73)
" unil malnx, that . = : Ye A
atmaing, Wenow e i | - (200) Twn Dirac yr's yr and yyy are said o B2 orthogonal to each-other if
| Oy = 4 : -
! Wi de = 0. - 26
Uity =1, = 420k I‘WW T ‘{ i
The unil ey appearing nn’ RH.S, of (20) bas n rows and m eolumns while (he unit matrix on this is, if _|r (W) vy + WY + Wit + Pag yagy) dt =4 -A2T)
E.H.S, of {20b) has s rows and a columes. The lime dependence of & Darac pertaioing b system whose Huniltonian is H i determined threagh
But no two matrices exist thal satisfy (20u) and {20m) Eimullaneuulsy it m # n, Therefore we must the equaticn
havem = & = 2 far 4 ¥ 4 malrices. T4 15 apparcat that Oy and o, can be put in a form similac o (19). i ! . t aw
Using Pauli spin malrices o;, 0, and o, and choosing : . : W=i it
Oy = g = T;; tien ' : - fffw’d‘
. : '[I- ; _'li}_ _ o L . ] ot o _ :.. ,‘;_1?,— :i qrj \ l;h,fa!
T 10 . _ R TS B PRV
: [ 0y 1 ] iy A2ay AT T ey, ) Ayt
i (1 | - y
- | G i The Dirar Fauation _ _
Simiiarly 258 ; i ﬁqu ation Ay = By with H given by (23 that i equation
’ : : : : E i N :
. 2 U ﬂ —1 {fﬁ_(}. F + ﬂ'ﬂil‘f_ J I'PI' = t"‘l'r i .,.{2’!}5]
ST, 0 i 0 ' - : i 129h)
%=1 e |=|- - _ (21by or - (coepy +eop, et p + Bme)y = By ey
.- & o —j 0 0
j i) __'u'J
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= H O B B0 8 o 0y (f, O

.ﬁ]‘i {uanzurs Mechamivs (With Applicationg) B = B O + opey (B, = By Cp) + oty (A, €, — F, G
- 2
with pr = = Fli d43x and so o, 15 called the Dire eqatton for free parcle. : = ; ) o (Since oy = u_pz = D::z =1}
To wrile it in more explicit form we replace of's and B Ty spevific mutncss and feplace Wby Bt E;l];. =[ ] [ UI i O, a0, 0--
four-component column symbol. % 4 |_ LTI ¥ 1] a, @,
o ﬂ cfz it — iy 11 W : ; J :[ Juu} . & ] = F{ 9. .8 ] = e,
o me oipytip)  —ep v R Similact My 9. i
(i3} oipy — g _sz- i} i ¥ =5 Yy - . _}lml M_y_} Mo = (a0 and (o, = uy
z_ 5 ¥ ‘e e "m'RJI“'E’=m'q"‘fﬂz'{ﬁxﬁ~—"BCT_'I+."G'Bl“.‘- _| ot : i
clpe tin) -y N e i < B Com B B+ 0 0y (B 0y — By
- T o . ’ i {T fed A 5. .
g0 that this equation reduces lo the four simultancons equations ) ) s L. 2 ¥ = ] i
! _ : i =b-C+i| 8 B B |=B.0riF . Bur
friny Wy 4 cme i+ e — i) e = B oy Cy c
(me'y Wa + cpeWy + e + im) Wa = Eyn Ex. 2 jf @\ and B ure Divae matrices, prove J'-’m.r-
frs rm:'z] W T i+ i wi = By ; |(..|_0'._— e, £, i)
(- mc) g ¥ epya + clpg 4 in) W= BN - ! (1) ety 0z 5 5 T oty B i
These equalions sy be expressed as i ) féii) Frace (i B) (- C) =4 B
(= "";2]' W = e M _ elfe = Gyl ya =10 N - ; where B and '!Tf';' ihree dimemsiona! vectory, (Meeret 1997, Rakifthand Foa)
(E—mpyn —ciprt !-I'-'_.,J ¥y up, F‘I-q =0 ] Solution. o= (o, Oy, te} airned F are -D!-"-!'J{- aErices, Han we bove the ru!|r_||.|l“]_£ [rrismertias. |
[+ ) Wy oo - rﬂ": =iy 'IIH =0y . ¥ : y 1o e squures of all metrices ave nuity
= . : | ; a 2 2
I.-L— % frr(:*:l g APy i A {F_'.l] 1I|r + ity 1+|'.. = ﬂ e - . - it 4. . Gy = (IT = D:l = HE =
I N B r""lit‘tr.' and get 2. AN faur murtrices enficommte in Pairs L,
Eiially. we opliee iy KR g ek L Ty = —evgy L vs Y
diys fa o { = :
( — me) i + il e S "*“ﬂim-'ﬂ]“’““ e e fo oty (4] = oo oy — e,
i | . 2 P4 1
ST o L T S OOy O = 0,0 F T = O 4oy
- §| i o oy o %, e B
b R S |é&r dy -I , dt A3 Oy ‘_'7_:' [0k B0y, 1)
'!!-r| P IJ = i ¢ A 3 g !
(E 4 mc) w:+=ﬁf§ *'““‘"['ai a'}]*”‘“ (if) focog o B, Bl = epegon B - B oo P
. 3
(F ) g+ it (S pd ) --hcfa-l-uhn =yt [+ oo B=opmo - opapo B
F e 4 < ! } ¥ -]
= 0y G O +- O 0l o 7 = = 3 o o 1ty
Fx. 1. [firepresenis three Dirae mateic F.i iy, Oyo €l and B and € are usnal Ln‘we dimensipnn! '.'ecmlf. : ) ﬂ 8
x4 Sy ¥ LrE Gl " .
. Lz::.::c-——ucm.m:‘.. T
ek shaw et . o o }_ T i Rl ﬁ ey
(i B @ C)=B-Ct+ivg'-Bx c - _ {£if) IF ey, . 0 dre cartesian cnmrmm:n_ls-n_? i _
0 B By B and (G € G
where &0 = ) EﬁJ”‘ﬂé X & mairis, o {Meerut 1992) { ¥ (Lr !
0 T S st it L are carlcsiah anpnnaﬂrs of three dimensional VECLaTS Boand €, then we have
E’!;eurg 2w 7 Pauli spin m d . ; ) {E" E} = f-n: ,'. |u, [ rJ,,J r, g+ _”,_ + 1.—;;
Solutiow, " oo =2 - T=eh, l:c._[s’. oo iy E
‘-E_}. ¥ Il{_l'.:" f_} = I:ﬂJ"H" + Oy H'r + Oy E:}I [ty [-‘1 + '-?-J {-'_}' + ﬂ'}: {”_'] . : { ) 3 i) s
, a 2 e B B Bl O By G B ) Similarly, (@~ €)= G+ 0 4 0
R o el # L Lo D {;f_ Bl A Uy B Ay byt | a3 s L
ke e - S b oty (B.Cp — Hi L) iﬂ’ B) (A" ) = (te By + 88, + 0 B) (00 + 6 Oy +'0e 6]
[Sinice Ol = = @G ete ] s tp, E‘ + uzcr, BIL} + e B, G, 4 Lx.,.ax,HI.C 1 a.,,ﬂ Gy o+ Gy Oy Cy

Sty gy ) : & ity By Oy o+ 41 e I, Oy A R

”_J

Scanned with CamSecanner - ' Scanned with CamScannar



PDF Compressor Free Version
616" Cheantum Mechanicr (With Application}
E EEB!CJ' * u'\'z By Gy + “E B Cot mpoy B Uy + u}'“xnl'dl-*'.u;iulﬂlcﬂ + 00 B, Cy

+ e By Cr + 020y B; G,y
- o 2B,Cy 4 620G+ By Gyt (B,Cs = B G
= U, H;CIJI"E:‘ H_.,(.!‘.*' ﬂ: R:C2+ﬂ1ﬁ.}. {B_-;E_-f HFC;':|+IIQHI{ R ST R

4oy (B0 — B G w1
MNow o, oy, wnd o are 4% 4 matrices having s:ﬁsares-pniw ie.

rLo6 o0 0

1 2 F n o1 0 d
Ll e T
O b o0 |
ro o 0 V1[0 B 0 -i P00
Mo maae|® O n]u b i Dl |G.-i 0 B
B TR O I I R R R 0 D i D
b0 0 al[i D o0 0 0.0 ~il
[0 o1 n‘lfn Y N i S ot < W, TR+
Lo aoa —1\ o o ool l-1 0 0 0
= g olle 10w _\i_] RN
[ =1 ® nl L o o ol 6 0 -1 0
[0 0 0 =iT1[0 0 L 0} 0 @ O 07
G PR I TG nl‘ﬂ,n 4 -1 _i:‘ a0 u||
ad ST oo o1 oooelTie 00 il
' i n.o o 0)p0 -1 0-a0 \r_w o 00l
"Bubsiiuliog thess ralues tn (1), we ges .
[t o o @ .
{@- Bl {of- C) = ||[r; :1 ‘:l' ﬂ\{f!:{.‘x+ﬂr§}-+ﬂzcg‘]
R

4 1 LI
Do-i u\ ; -4 D 00 _
+|{:I i} 1 f {E-’"(':FHET(I]JF{ 0 0 i i [BJ_-_C_-,'—E, E-r.:l
U ¢ (R T TR WA 1 (O
Eo. i1 0
1 | 0 - -
+ ] n n i {H'.' [': = Br Lﬂ
noono

: . 0|

A the teace of a mtrid s the som of its diazonal woms, we have

Trace (@B () =4 (B, G+ ByCu+ BiC) + U D4 D)
SR g _

145 DIRAC FREE PARTIGLE SOLUTIONS OR PLANE WAVE SOLUTIONS

The veave fonction y nas 4 componems and the Dirac cquation s exacthy 8 ser of 4 first arder lingar

pareiat dilferentia sopaiions. The plane wave sututions of these companent wave-Tunctions wilk e the
torim '

¥, (F.4) = y fr' [k-r—{ﬂl!];. | i
wlere j= 1, 2,37
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iy e numbers, iy (n ¢ are eipen fimctions of the cnecgy aod monsciium eperatiss with eipen values
Fo=1i woand p = H Eespectively. After substitutlen, we get

[E - mr.z] ty = opoy = oy — gy g =1
(E - e = (pe ipy) uy 4 oy g =0 3
{E 4+ mc:l'} My — cpoup = (g — i) 03 = i

(E + .IH{.'Z} g — o (oA dpyh oy +oopp g = i

These cquations being homogencous will bave non-trivial solution oaly if the determnant uf the
cocfficionts of wp. uz, i3, ly 5 2200 0T .

[ (E-me) @ cepy = (e — ipy)
} (S {E— nrn'?':l - iy ¥ i) op; )
— &y —cfpy — ip)  (E 4 meT] 0
' ; . 1
=iy +ip) ofz 0 (E -+ mc} J
: z 21
ar (B - pict =Sy =0 - e
1 ay-relplinn for a free particic,
Thag is an Agrecment with momenlm cucrgy telutinn . . .
Explicil solutions can b found for any momeniom p 1;}' :t:??smg wsign for eneley, iy
Hi =k 1_L"2|',l'l+i'ﬂ. cl
Toe detarminunt (3) 18 af rank 7. To show this we replass 5 hn.' A,
| tF— iﬁr;aj —e{pe + i) o= 'l
& =l— m;.‘z‘a - | —elpy = iy (E 5 o) g q \
TS T | CLE & omeTy) L
\ 0 (E = ) s '|
— | - (. —eipy - gy i ] !
: l —ofpe+ fP_»-h P (K 4+ mo7) I|
0 £ - mczﬁ —olpe + iy |
i o 2
— ¢ipy — iyl —eP —cdpy —ipy) (B & e
o+ iy cp: 0

Alter solving we obtain ) = sl
L‘u.—_f{F.J -'_J.I.IE{'.'”—L' PIE - - B) =0
o0 each cofeetor s zero and 80 v :
Erom (3} we oblaip . oy 4]1:’1 :
' E=f(p ¢ +me
: : ‘i aereenient with Schrocdinger pseture. o |
s i hetween £ and 15 1n AETCETUEIL WHE cdipgor pictuse. - R
e '~q-.:ig|.: nunicrical values to lwnﬂf'u‘s.Wcuhn-:;sﬁlarm}e._c_mnanmnﬂ_, anc ohtam L
Hence we CRI' 58 _ ; ;
indepéndent soluiions,
‘laking fimsl o Y Bl
' L=+ o AR i

simin L x Ll " \\'}C‘[l:?"1
- i .. b RrE i ™ .1.‘ 1n iy l_ S Aty ke i t-.tﬂ‘_._i |': § [.
[ s WL [ =] I i F"E“[..I'_ [1{ '1-“ Ji.li“n [IE \r'1!l[; s COn J':j.'l.t..-. L » u i
i dlits & v Isarey t.-\.-._[ "'. L]
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€ lpr + dpd

2
Ey + me

W=, k] =0 iy ==- cpz Fi gy =

el | L8y

] _E 7 — 'P}-} — |

e =0, ug = 1, u3 T T = , }

E;y +.mc B + mc
Similacly if vee choose the negative square roof
=i +m
we oblain (wo new salutions from ficst twio of (23

g ¢ e — iy
|-:1=—'r]‘1 5 ol = {pﬁi.u}:h ”4""”\
CEL-me L — e i i Y

r — i — e
ﬂv&.m=i,,,3=u,uﬂ=,'l

Wi = b7
E_— mé £ —mt

Fach af these sabitions van be normalised by multiplying it by & ln the sense
Wiy =L . =

L TR A S e TR R T T PR |
e PR, T = A N
o SR - +pa

= Wl leos B2 TR = !:‘;}
! (E, + micTy (B~ 4+ mey

1

o - ) W= = ;1 ,_.- —_— 1_.1 )
. B 1 +_L. {2 P;_q-.f_é_._ Lo LEp

F
&R
Y

[?E‘_ -l-_mclj'I ) {Ex + mc™)

e P .
N —[ 1+ 1}1 LA

(Ey+ ne
14.6 PROBABILITY DENSITY AND CURRENT DENSITY

Vel ug check whether the Dirac equation Teads to the correct probability deng‘ll_flr,
The 1Hrac equation for a frec particle is
[E - !"E} p_—'ﬁm{:z] W= 1,

where E anik p ara operaters given by

Eev il
p—— iV,
ety ih % + it L. Vy-B met o= 0 ' iy
A Hemnitian eonyogate cquation gives (Hormitian conjogate s denoted by dugges 1]
~ it -E".—d‘{_i ~ it eV @ v P = 0 Reig

Rezall and b arve Hermitian, Multiply (1) on the left by wT and (2} on she right side by .

my S i Ry -y =0
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Retarivisic reantum Mechanics ¥ rﬂ H;),
a_&'j oy
ISy e i evyl@y 0
dt FYY -y — oyt izt
Dn ﬁuh[mu‘i];gl : "l"l ﬂ"-rr =1
ihi [ R I
; G W eV ay) =, _
This equution may he expressed ng )

i
g{ll't W+ "F-i{qf' EEy =0

eormpanng, this equation with squation of continnity ri'TF"I V.g=0
1l '

weidentily (he probalifity density and -:;.urrcm densiy as

P =y y |
; S {r.d _‘rrl'l rivy | S
_ The expression for probsabiliy density is familiy : [
i we mile o @is the velocity of the panticle i il
it

P
e
Ar

r. The current density expresston lnaks moge plausthe
usnal sunse

=l bl =l @opr jim'nq‘? =it since [1, 7 =11

.

=i )
I'ni_te' implias hf;-we.v&r. that the eizen values of ibe velncily opeeater (in the usual seose) e o7 | his

= = 5 . : i . . TR ¥

resull 5 often atiributed o Ziterbowogung and tneeprated iy enecriainly principls. A very pracise

Mesisuresient of instantancoos velicile fwirich b ilistinet from T ir e relativily wory| requires

the aveyrite measwrement of the positien of U pacticle a1 twe slialdy diftara Ty, Such accurnte

" pusitian st reinenis ieply thit the moimentus of the perticls s conpletely k0w, S0 it very lroe

moamenii of the pacticle become possible aod igs welneities resule In a s sEReR (50 35 nol quils
earcect, Bacase W posiiion ogaraior and e veloelty vperator bave t6 bs defined properly. This equira
the Foldy-Woothuysen transtoemarion,

14.7 ELECTROMAGNETIC POTENTIALS : MAGHETIC MOMENT QF THE ELECTRON

In ordes to introdece cleclomagnetic polendals, we make e wsoal changes, # A dnd o are
clectromigneric vestor and scalar puvenlivls, 1hen

A el
e e B
¢ ;
g e
wherd ¢ nepeescals charge wn the jadticte,
Su that the Diac cgualion . _
= 2
(F— ity p— [y =10
in electrnmaznetic Geld fakes the fore et L
(B~ e - e = en) — a0
Fare E ai g stand for gt asponiding Ceraiom, vz

Eos g, ip==iny

il

operating equalioa (1) by . 3,
. . . i:E =&+ T o — &5 = i ome |
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1"+ n—c‘n:r;:l~u

N g
j’—[:.,: g =0
LI 1

z h o, = constant

AL

ur
Hence the quantity 3 = (L + | T &) commstes with IF and fherefore can be taken as the otl

angular moefsnim,
W refer 1o the operutoc

)

S=%h=:r_”

ax (he span anpelor memeniem: of the electren.
Hemce Dirac't theory sutomaticatly endows the cleerron witlh propuiies that peconnt for the
Plenam e previousty @eribed to o fypathetically spinning metion of Mhe aleciron,

14.9 SPIN-ORBIT ENERGY

The spin orhi caupling energy follows as & resull o Diros cquation s 2 centmal el The e is
hiwewer of ordar vEre” and in order woobtals 4 CONSIREnl APPEOKITANON W proceed by two-compuisnl
reduction af Dirac equation in the cental field Vi),

llh Praras eaualion Tor the contral field is:

[c @ p+ﬁmr + VA gy = Ey

Writing y = [EI |whic]: epresent the firstand the 1ast eao componcnls of 4 rospectively,

SO IETHERT T M
[f Tre W ] l mfzwnl 1*’14”] [Ewl |
e TR W — e W Vo) [ £ |
This eguaticn is equivalent to Tollowing twn equations
Ty Y VY =Ey
e py—me sV = E Y2
(E- '-’—:J:c‘j‘}'wl—-c Tep g =0
5 (E-Vimehya—cTrpy; =0
Assuming that yy aad g together mnstiml_.c.a pon-relativistic cnevey- elpen-Tunclion, whiich means

anl
w1}

that
E F Hm

or than an operator; the noa-rulativistic ensigy £ and ’s" are assnmed to be

-a) i3
)

Scanned with CamScanner

s egarded as o number rath

. ; 3
sialler in-comparison.with me
The wave equativns 1) ten BECye

[E* 1-"{r}11|:1| r':? !.Pi—ﬁ'
IE'-}-EHrf'—P'{r'}] yi—ra-py =10

Relartiviyre ugntim Mechanicr 625
e From {Jb), we have
coep
Wos—— 3 =W Ak
E"+me = Vo
Suhstituting s value of s in {3a), we get
B =V yy = ¢ (@ p) 1& r2md —vin) 'S
Tep =¥V ] |
=R L T py
2m [ El'm:2
_ap v
= I [l 2 ]E}'l" 1N
N E'—
- Lt mwn- 5 B2 e 15)
L dmc
Using the identity
(TR} (E-C) = B+CHig RxC
we have
= . 1
(B p)(Tp) = prptiO pXp =P -
Also if u is any function
L]

[p_',l’]l::{p'p" Vel =

pVu-V¥pu

h V{Vu)— Vh‘?‘n

= E-[i"?u-ﬂi?ﬂ-—"r’
i

h

LV
i

jfu?LJ:[t—:*'.FV]u
i

ip V-vplu=[=iiV¥u
(pV-Vp) = —if TV
pV=Vp-iti vV
(G V= V(@ p) - E’- invyv

AT
)

(B VG p)

: E‘""" =¥} gy = E @) 11
U fim & o
oL (@pEe - 3 VE R E - G-V ¥ ()
e o1 - A
de
L E g L@y
-larﬂzf-'! Amitc 4?"1 C
il )
==+
\4mie” ). AT
- d (9 qu;:imnﬂlﬂ"‘ i
Lis HiH {b-'} s " 5 ] 4 rﬁ' Uhn-rﬂ'vvxp}liw".
2L oy o i - % P +'_1__
(E'-V)¥ = .I'? Vi 1[ Apm r= 4m ';]
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E’wua[[J_E':_'r"ﬁl' p "
1 |ao Yy ——L-‘F . L]
. Imet | 2m 13t Ve o
N : . - (LR TR VS
oW F Vg spherically Symmelric, we havg 4 dnt 2 LR L ol 100}
VvV = l di -
rodr
mgud dv a
(Fyh.y==Ltae
rdr
Vexp=[ldV 1dv
anif noting gy 0y o £ oo, s
: L Zp | SUAULN (10} glves
: f 2 v o2 .
Efyy = h] _H’-_f.?.‘;_rl Loayly, - i avdy = 1dv
. ope” | 2m amtl dr A PR AP L &
Naw using 111 e 5 and
? FRp = L, we luve
] x M 1
By =Ly £ T VD i 1dv
. _b lav .
| MU Bl dmtd dr e 5 2R dr U (W A1)
Fhe frst and second lerms on right hand side of abow ion 7
cquation. The third term is the class it o duation give the non-relativistic Sehrasdinge
r erm 15 the classien) Telatvisie mase ¢ i - S The
cxhiiii comestion term which ean be ablained iy the
e 2 21
i E'= E-md = (s a2 |
3342 E v |
5 ’ 2 e Y T
= e | |+ E1L—1 ~ et = et | gL \ g
e \ 2 | e
mig
2 2 A 0 I
= nic” I+—pﬁ-—£,-—+ ...... — e’
| e B e
2 4
8 e,
U geted A
The fourth term is a similar relalivistic comection w the potental enerzy, which does it Tave 4
- PR &z ah ¥ | " ie ' L a ) ; 5 %
classical analogue an\_I the last tenn is the spin orbit coupling etiergy which uppears o un Fl“‘LL-n--nl"
consequence of the Dirac cquation. ; ' .
Thus the spiv-orbit coupling creray 15
1 14y
Uil =g = ’ LA1E

(urasetusm Mechanicy (Wil Applicaiiong)

Y T dr

where 8 is spin angular momenium and L is orbital‘anpular momeniumn.

14.10 ZITTERBEWEGUNG

Let us consider the motion of an electrun scedrding 1o Dirac equation iu Heisenbers repressation

where the Hamilionian bepomss iime dependenL

1L telativisoe linearised Hamiltonian in electromagneiic field described by vector and scalur poten-

lals ¢ and A 15
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Relativistic Quantum Mechanics

H =i (cp—aﬁj+|}r.lr::2+cq k1)
Mow nccarding to Heisenberg represeniation, the equation of motion for operator x
x= #[x.h'] = #['.r. @ (op—eh)+Bmc’ +ef] (2
_ Omitting the tefins which commule with x, we get
e #Ix‘ﬂi%] = ool pll = T O TN = o0t )
_In general the vulncity'npcmun.' = vis given by s

i - Y= fﬁ
The priobability density function socording to Dirac couation is g 1 W thereby giving momeniom
density for Dirac pacticle as y 1 py and the veloeity density for Dirac particle appears (o be
' + t=
vy =y @y =cy' Ty o
The eigen-values nfeach o are + | therefore the observed value of any component of '-'ﬁl:JBl_l!r' i
£ ¢ this is peculiar result. sihce according to relativistic mechanics speed of Hght is the uppet bimit far

flie speed of material particle.
I find the significance of the this resull let us imvesiigate the motion of an electron under no field L

(f.e. & = U and & = 0). The Hamiltonian then is capresaed as
= @ p+Pamc (5)

Writting the eguation of motten for cperalor 0y, we have
T

2 1
G g (o] = 3 0 H=Hog)

. ’ . 2
oy oy = oy (e T-p+ﬂmc1] * u-{?- B [EmeT)
= 20 [LEafhy + Cyple + 00+ Boc) + ¢ (g P+ 0y g+ O+ faec) oy = e
Moy = 2ep.—or 1L AT

“Bul

In vicw of s equation (6) pives
oy = E?H (20 H —Lepy) )

As for a free particle the energy and momentum are conserved, we have
iBpy = fon H] = 0 and (065 = (HHI =0
therefore A and pp are independent of fime; Kecping this in mind, the differentdal of equ;nmn__t:ﬁ will
fespect ta lime gives o ' |
| R (R A9
; 'U'-x = E (2o H)

This may he expressed 25

Integrating w.r. to lime 1. we get |
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% . IUEEEI}Z_E'H{-'-K
& being a constant of integration,

far=00, = (=g 7 we huve
. K = log {o)= g
Bquation (10} gives : =

- : e _'...
lﬁg__{,[‘. : Ti' Hr+]“g{u-: =0

iE. Loy 4 - i =_ ET:H[
(Cirreg
] L] 2::'\
or Oy = (Orhag CAP l[—g JHI‘}

Sllh!iﬁ““il'l_g this an {.E:L we EE-I i
I
{L'f.x,lll Ay Exp[ -== Fit l = _jh [1(]',‘_ H -2 CPI}

W have = p3 Fmc = E, therefore )
H= lipzcz + m?'c%] w!
"Fiis implics that H iz the reclprocal uF_H'_I with cigen value !

Fram equativn { 12, we hivee

4

(e rp,...'f_1+124h{l:L:}Fnun_p[- %:I H;-"lﬂ_l

Fheyedoie

: 2 T P -1
=l =o er" -e--l;]’ﬁcml};:ﬂcxpil-i:- Ht‘!H
Integration of above aquation pives

i -1 Cady i
x=cpH :—%ch {%}g:ﬂﬂxp_[“%Ht.llﬁ_l‘F:{n

when 3p i constant of integration

heecrnatume: Mechanivs (With Applicerions)

AL

(11

WA 12

el 13
SRR

A1

Sinca
! = e [ H'j. r=—J-I—[H ) = l-[ur'. cHi =g
x { !.1'[ 3.5 ] ]h 1=l = ﬁl il '.' D"x
fulso prand B are Hermitian, therefore tight hand side of I[i ig HL‘.rnit{:'m if we ignore the Costant

ol integrarion which would obviously represent the  initial pusmnn ut‘ pdmcl& 'I‘I'l.en x wonld -bean

observable quantity and its expectation value i -"wan b:;
"ilpr" i : 250
RN IL{'.Ex:II n'..‘«‘“l‘ltl['—_ L

E E_l &

whers < (b =g > 1% the vioen value of o, st i=0. :

l':|

crIx =

w16

Scanned with CamScanner

Relarivistic Quantum Mechanics f24

MNow we have

= (e mh? o

=i B .
nnd writing T O cquation (16 may be capressed as

2= E :r;:{{“ﬂ: u?-‘E" k © ALT)

In this cquation the first tgrm rcpmsénts usual temn

Spa ot _mag

E - 2 m

of classical mechanics aud the second teem becsuse of 1he éxponcniiat Tactor Tepresents the motion o
particle, oseillating with angular frequency . This trembling motion of e alrciton was fies ohserved
by Sehroedinger and is cafled the Zitterbewenne and it fmparts the value 1o the velocity of electzon. That
Is the slectron's motian is something like the snperposition of classical motian and sleciromugnetic wave

mation,
However the fregquency )

-  1E Irru{:z
M=
il

wd

is w0 tugiu that the depariure from the classioal mechanics torm oy 1 s nmdetsctubls, The, .:f.ntr:'hrwbung

did not appeat in oar nonrelativistic thenr:.n e reanan thai this plle-l.'ll}mﬁﬂﬂ_‘ 15 die o e res r;m,rgg, af

thee electron which resmnaing unaccounted in classical machanics,

16,11 DIRAC'S EGUATION OF A CEMTRAL FIELD FOACE (H-ATOW]-

The Dirac cyuation for centeal ficld force is gven trj.'_
Hy = Ew
2 .
or Icﬂ_}‘p+ﬂmir+l"{r]]'.|f:hl|1
z
e
with ¥iry =— S

f.e Dirac l.,-f]LI!dlI!{JI'I tar an clectron in s Coulomb's fizld of 4 mucheuws 15
1

i
Hy = ca‘p{-ﬁmc - r y

The Hamilionian mkes be form i ] ' 5
1z
H= {;:{ffp-;-ﬁmc ==

eictar and scalar potentials will be

A=00{)= @tr}

Fuir u:u:nl:ml. fiekd force the ¥

Now (1 ] reclices 1o
_

(=t = (e 2Ry -’} ¢ =

Thie .Illllvlj'1 I l _“_[L_tu[\ﬂ '|

d]

RS
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This equation may be wiitten o four equivalent cquations, twa coreespanding 1 posttive enery and
= {H-%} U"'?'-‘-'_IU*' |-fH"; o= et the remaining two corresponding 1o negative energy stales of (e pastiche, Aveanding 1 fi"ﬁi-.-wl
i 3 = a v = Hq
z mechamics pegative energy states can be exclnded on physical geomnds 5 b sceording 1 HitaREL
mechamies, 3 i6 not v becanse encrpy chanpes take place discontintiously aimd the transities from povitive

Cheanteen Mechanics Wil Applicamions) F

_— f1 il !1
{4 1l!+i__ -.[q.i} w41
liv “l:ﬂﬂﬂ'l'c cRsipy sinles and vice=versa are ]“Jiiihll{'

and
=EI.—%HJ+-‘I-‘J.—1{I+11._1= ! e ol .
: : T If equation (1) is expressed as o matris equation assuming all the clements of malnces repesentine
=Ty ! i [ n ing
and thus k= I+ il[' J Sty - i, %, i B e real and ol those of matns representing [ o be purely imoginary or zem, then 1 we ke
Consid i : = M = I_'% A2 eomplex eonfupate of (1) remembering
, _ oenewder = 13 the ground state: o can be tefo or woe, et &% U Fi y | 2
&= 4+ 1. Trom (42) it Tollows that in the non-relalivistic cose, ihr:at:m: s -"im;,- RS e Eueih GI md ==Xy
" ::' f 3 lkl=%k=2 HI' L Y we gl
Sy = STk = Losotae stale 15 Py c]
e - B (= E = ¢ 8) =0 (= — eA) 4 Pene’] " = 1)
=Lkl =1, k=1 the stne ix 5. T S 1. "
k=-1" the stuie is P!;,II k or [E & 29] - n-{rplcﬁﬁ-ﬁm:‘nr =10 A
The Tust two states ave depenerate and dercrmined R AR Thus each solution of the wave-cquation (1) has for its camplex canjigale a sdlution of ¢2). Further
Fou Wo=3, ; 3 S if the solution yr of (1) belongs ta nepative value for (£ — ed) the corresponding solution y* of equation
w =0kl =3, we get P {2) will befong 10 a pesitive enegy for (E+ ¢ 8). Bul the operator in equation {2) is just what one would
Ww=11k= .2. i k=1 ' ~ get if one sehstitutes — e for e in the operator of (13, 1L follows that each negative energy soluton of the
' ' { =" Paras - ’ ﬁ'nvc-ﬂqunlirrn is obtained from (1) by substtution of — e for e, Thus later solulion represents an electron
, Loke==1, D, . of charge + & {instead of — ve as we had upto de present) moving through the given elecimmagnetic Geld
e ek { b=l S ) Thus the unwanted solution of (1) 5 conmeeied with the motion of an eléciron of charge + e {10 is
A s P.w- . . ’ = - i " pol pnssfh!c, of ¢ourse with an wrbitrery electiomagnelic feld, tn separate the solulien of (1) definitely
_Heuce the energy spootrum is. : ) it those refarring ta pus'tlj_vc amd those referring 10 negative vabues Tor (£—ed), as such a separation
Ples: o . Schrcedinger il . -would imply the transitions from one kind to theother do notoccur. The preceding digenssinn i= therelire
Dy ' only a rough one, applying 1o ihe case when such a separation 15 approxiriaishy pessible).
; In this way we are lad to infer that the negalive
e :]I.Plfﬁ .[13.-"2 e 3.'.':'[,.'1_, F!.-"l- P?..-"l . nil{\zl D.:l.-"l energy salations of (1) refer to the maotinn af a new
35 F kimd of particle having the_ mass of an electron and m\\\\\*:f?ﬁ?& &\\\\?g-\}j
i 3110 Pra . oppasite charge. Such particles have been phserved ELECTRUN \\\-&\‘\\Yﬁﬁ"? G
) cxperimentally and are called postirans. We cannat o \\ TRl R‘& e
2Py f however assert that the negative coergy SolUlonS  ganaTio Rapiayiny
: R : VAT
: represent pasitrons, as this would make {he dynami- "_j‘{ ______________ Lo o
i3 1-&1]_}2 e PI;E 1.'5';';1 . PUE F Fj_."} cal relatinns all WD, Fur mstance 5 i ’.'A‘.‘Tlﬂil'll}" i T
e - ative kinet i We ! )
, ‘ true that 2 positron has & negative kinefic {:In-:rg} . L
— A8 T must-therefore estahlish the theory af pesitron on 2 T\Eﬁiﬁ\\\\k\\}\\ﬁ%ﬁ\\
i ' | : OLE i i
Flg 144 oo surnewhat different footing. ) \\\\\\—;'\NEJLT-‘:'IE&\}.\' % %1
; ' s i : el 3 (bl pear]yoal) the pegative ener- Enibadis
In 1947 W.E. Lamb and R.C. Rutherford obszrved a splitting hetween 28| and 2 Piyo states of Disac proposed sl nearly s B
| shifiis well s aties are oceupied with ane clectronin cich siate
hydrogen atom nod accounted by equation (40}, The shift is well known Lamb-shifl and can be secounted BY i Baull axeligion peinciple 478 _
satisfactonly if we consider the irteraciton of electron with the guantised radiation field, L4 :-r!_L,un:lanE S “electrons. ;50 that Fig. 14.2, Dirac piclure of positlve and nagate efte o
) (here mre no posiive ERCIEY GlEC i distas of an Slectron (v = & 4 &7
nergy as all T
' siiot of a Nekd [ e vamwes i

clectrons can ru longer reduce in their @ o
Thisexplatng i ground staie deliv

| state of vecuum consists of an
getic ar araviiational effects

14,15 NEGATIVE SMERGY STATE OF ELECTAON ; THEORY OF POSITRON

: el . 5
infimite density of nepapye enciEs

he megalive netyy. SLal GIe fufl,
af these elestrons bl

in thie new detinition. Thus the norma
electons. I is assumed that there are nd electromag

We have Dirac eryuattn in Eiccll'{:lil'.liign{:l'il:.ﬁéld a5 _
o : o
[E—ed—T&"(cp—eh}—Bme' |y = ©
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be abserved.

Quannm Mechanies (With Application: )

or-af more the negative enerpy stales can

BEvidently Dirac relativistic S ) .
eleciran - lafivistic equation gives two regioos of the cantinuous encrgy spectrum of u free

- E =% ip'c +m'c’)

) For minitm enerpy of electron p = 0 ; therefore when these Dirae elsctrons ore at rest, 'the encrgy
differnce ‘.u_etwetn nositive and negative enespy siates is suparated by o gap= mic’, Both in the positive
“1'"1. negalive encigy stales, the electrons can take conkinuowns values of enezgy states, upto infinity. The
positive hranch of enerpy is simifar W the clagsical relativistie encegy; but the negative encrgy states of
& free slectron bas no classicnl analogues.

h_‘ﬂw the transition from negative encrgy states to positive eneoiy state will create an unoccwpicd
nEg uu_ ve eneriy state, Thysically this unoccupicd nomlive enerpy state will naw apper as somelhiog with
3 positive eacrpy, singe 1 ake it disappesr o th G icup, we shoold bive to add be it clestran with
newalive energy, These anaccupled negative encrgy stetes are called holes or positrons,

" The assumptions require thers to he a distribution ol electmos of infinite density everywhere in the
welt. A perfect vacuum is @ tegion where all the sates of positive energy ares wnoccupied and af those of
nepative enerey are occupied, In e perfect vacoum, Maxwsll's equation -

VL =1
must, of courze, e valid, This means that the infinite. disidibation ol negative cpersy electrons does pot
contsibute 10 the eleeiron Reld, Onky depacture from the distbution in a vacuum will contribuie 1o he
electns denzity po in baxwell equation, ]
VeE = dufm

Thus there will be a contribition —e for esch occupied state of prsitive coerpy aid a contribution of
e for each uroccipied stwe of Ropetive cerpy.

Fhe exclusion principle will operats {o prevent positive cnergy elgoimon ocdinarily from” making
{ransitions to states of negative energy. It will be stifl possible far such un electron b drop 10 46 oeeupied
state of negative energy, fuluscase we chould have ap ¢lecron anid positron disappearog s.imulumc?uslg.'.
lheir enecgy being minitied i3 ke foen of radiation, The roverse provess wonld consist in the crealion c_f

-an eleatron and & positron [rnom clectramagnets radiatian. . Ny

It in posséhle for 4 negative cRErgy wslectrn 1o ahsorh Tadiation and be excited into 3 pusitive-shersy
stufe as shown in Fig. 14.2. In this process we ohszrve an elootron of charge — ¢ 1 and chergy + I anc in
addition & hole in the negative encrgy sth. The hole shows Lhe n_bsmmc of an fi_ccu'un of charge —l & .l
and energy +E; that is the positron. I iz called pair production on {he h?ms d",fi.ltlm ;ﬁ:eﬁﬁfli
Correspondingly glectron jimps in the pepative envriy Scd with emission of radiatlon

electron-posittan annihilation.

[3irac equation predicis the eaied /
higl accuraiy. hMareover posireil predicted by the & B
sives the existeoce of antiparticles as well us particles, The p o by g
colution for Dirae equation and 1 the presert case are elegtrons of mass m and ¢ '_FE el 2
;unLip}:JTqu::s are dosiribed Dy ntgaitve cneTgy spfulice ; and in (e present Rsiance LrC POsT i) g

piand charge + el -
Thus the hole toery reaudts L a Ao tunt Sl
aitiparticle and in particular the existence of elecirons impies t

i theqry has been experimentally obzervied, This theury

articlen are described by prsitive encrzy
~lel, the

.t;undumcnml symeelry in faure “Io each parfnlrlle these fx an
tiew the exintence of positront

Seanned with CamScanner
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Brlariviciy Quantum Meshanics Al
13.14 COVARIANT FORMULATION OF DIRAC EQUATION
It has already been poiated oot that the relativistic formulation nf_cqurrtiun ."}f mnh'm_n Tequires
Tinearization of eaergy £ and momentum p though iz requirament {5 Tulfilled hy Dirac equation
(e p+Bmc )y (r ) = i %ftr. ] <1
sut it doés not appedr in convariant form, Here we pmirccd to find s covarizut form.
Replacing ;:-J_. by —fh '%" cquation (1} may be expressid 24
i
s O O R :
—ific & a’b% --Eh—'ﬁl'q.r[rt,r}q-ﬁmc.q.'{x =10
| 10 R e at ]
rig. 3 & @], .4 ik =g
—ihl=—4+ EZ 0 —| L{.;t}-ﬁ-l}.ﬁrt"\l_l:‘".”'.— -
ar ‘h[r;ﬁ.r o B.rka
Using of = ¥ and multplyiag on the J=ft by [, we gef
g | i I e
o o=rh ﬁ_i—'- B ﬂct"‘--%E ur{.:u.x"'l&mmw g,y =10 (1
@t el A ;

This L':-qifﬂliﬂl'l is mow symemmical in o and :r{ru}. Lt us aow defing 3 5et of Tour malices called

Westcip Pirac's -I"—mn!ri::e.s-‘,-'” (= 0, L2 i1 m{=r:'n:r:5 &8 faFluw-:
i - o = i ol S n £ e 1 = ""l

T W 7 -.":Ir.z;'..ﬁl o = o o= 1. 2.3

Then equation (21 may be exprosgad a5

T F Lo e [ L)

f—!"r* :—;,'rrg'-!f{x =4 ]

iR

. [ 3 = dreatadd on
in g eovariant fe leeanst h_;:ra: 51

I ion Eppears spies apd Hime denvatives

This cijuafion Bppe g

cyual footing. i
From known form oF o

e ooy _(F 0
p<o=fs IJ7<s )

p Foynimat, EnoWn & Feymncn §

(1), oz Fmatices have peEaailaton
L . [ﬂ Sy 5
@ 0] le o |

epresenition of sraerices. From thess

sipes Tand f and eqguation

This representation is due t
definifions, We oblan i . ;I"..’:k"r |:| _ q,r; - ﬁJ o u'l' ]. .
arl {151)2' s {.._:3 3 L;'ﬁz =i _| e

That 13 }'ﬂ is hepuitian and ';"& 5, w anfinermaitian, Tt en follows tha: the
dnfic L:u;m1|taLi0!! relations

matrices ob2y Jihe

B!
where g i the metric given by

gig= Lan

P T T, L
=1, i DR T

<ug = g =~ Ligw = 0 forp =Y

art ;!;:y.“.n.rr‘r__JTI';-:‘_P:' e yReaEry.
qarg i x

L
i
2 |

and e tne ddeniy e
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