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UNIT I
SOLUTION OF EQUATIONSAND
EIGENVALUEPROBLEMS

Solution of equation

Fixed point iteration: x=g(x) method

Newton’s method

Solution of linear system by Gaussian elimination
Gauss — Jordon method

Gauss — Jacobi method

Gauss — Seidel method

I nverse of a matrix by Gauss Jordon method
Eigenvalue of a matrix by power method

Jacobi method for symmetric matrix.
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Solution of Algebraic and Transcendental Equations
The equation of the form

f(X)=a,x" +a,x"" +a,x"? +...... +a,,X+a, =0""""=====--= (A) is called rational integra]
eguation
Here, a, =0, Nisapositiveinteger, &, &, &, ....., & are constants.

The rational integral equation is classified into two parts
1. Algebraic Equation
2. Transcendental Equation
Algebraic Equation
In this equation, f(x) isapolynomial purely inx asin (A)
Example: x®-3x+1=0, x*+2x* -3x* +2x+1=0
Transcendental Equation
In this equation, f(x) contains some other functions such as trigonometric,
logarithmic or exponentia etc.,
Example: 3x-cosx-1=0, xlog, x-1.2=0.
Properties
1. If f(a) and f(b) have opposite signs then one root of f(x)=0 lies between a
and b
2. To find an equation whose roots are with opposites signs to those of the
given equ. change x to (—x)
3. To find an equation whose roots are reciprocals of the roots of of the given
equ. change x to (;)

4. Every equation of an odd degree has atleast one real root whose sign is
opposite to that of itslast term.

5. Every equation of an even degree with last term negative have atleast a pair
of real roots one positive and other negative.

Methods for solving Algebraic and Transcendental Equations
e Fixed point iteration: x = g(x) method (or) Method of successive
approximation.

e Newton’s method (or) Newton’s Raphson method

Fixed point iteration: x = g(x) method (or) Method of successive
approximation
Let f(x) =0 be the given equation whose roots are to be determined.
Steps for this method
1. Use the first property find ‘a’ and ‘b’ where the roots lies between.
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2. Write the given equation in the form x = @(x) with the condition | (x)|<1
3. Lettheinitial approximation be xo whichisliesin theinterva (a, b)

4. Continue the process using X, = ¢(Xn.1)

5. If the difference between the two consecutive values of x,, isvery small then

we stop the process and that value is the root of the equation.

Convergence of iteration method

The iteration process converges quickly if |¢'(x)|<1where x=¢(x) is the
given equation. If |o'(x)|>1, |x,—o|will become infinitely large and hence this

process will not converge. The convergenceislinear.
Example: Consider the equation f(x) = x*+x-1=0
we can write x=¢(X) in three types

1. x=1-x°

2. 1

X=
1+ x?

3. x=€-x*¥

but we take the type which has the convergence property |¢'(X)| <1

f(x) = x3+x-1
f(0)=-ve and f(1)=+ve
hence the root lies between 0 and 1
Now consider The equation (1.) x=1-x°
Here p(x)= 1-x°, ¢’(x)=-3%*
a x=0.9 ¢’(x)=-3(0.9)
¢’(x)=-3(0.81)=-2.81
= |(p' (X)| >1
—this equation x=1-x> will not converge
so the iteration will not work if we consider this equation
Now consider
theequation ,_ 1

1+ x?

Here ... -2x
()= 1+ x%)?

at x=0.9

-2x09 -18
"(X) = = = 0.54%4
v ) 1+0.9%)2 3.2761

= |go' (X)| <1
= the equation is converge
.we use this equation.

no need to consider the third type.
Pr oblems based on Fixed point iteration

1.Find areal root of the equation x*+x*1=0 by iteration method.
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Solution:

Let f(X)=x*x*1

f(0)= -ve and f(1)=+ve

Hence ared root lies between 0 and 1.

Now can be written as x=——~— — P(X)

V1+ X -
In thistype only |¢'(x)|<1in (0, 1)

Let theinitial approximation be x,=0.5
1

Xlzgo(xo):\/m

=0.81649

1
X, = - = 07419
2 =9(%) /0.81649+1

1
—p(X,)=——~" =0.75767
% =0(%) J0.74196+1

1
X, = -~ 075427
« = 0(%) J0.75767+1

1
= (X,) = —————— =0.75500
% =0(%) J0.75427+1

1
= =—————=0.75485
% =00%) +0.75500+1

1
X, = -~ 075488
7= (%) J0.75485+1

Here the difference between xg and X7 is very small.

therefore the root of the equation is 0.75488

2. Find the real root of the equation cosx = 3x-1, using iteration method.
Solution:

Let f(x)=cosx - 3x-1

f(0)= +ve and f(1)=-ve

A root lies between 0 and n/2

The given equation can be written as

X= :1%(1+ €osx) = p(X)

. —sinXx
X) =
@'(X) 3

Clearly, |¢'(x)|<1in (0, n/2)
Let the initial approximation be x,=0
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X =@(X) = %(1+ cos0) = 0.66667

X, = (%) = %(1+ c0s0.66667) = 0.59529
X =@(X%,) = é(1+ €0s0.59529) = 0.60933
X, = (%) = %(1+ €0s0.60933) = 0.60668
% = o(X,) = %(1+ c0s0.60668) = 0.60718
Xs = (%) = %(1+ €0s0.60718) = 0.60709
X, = (%) = %(1+ €0s0.60709) = 0.60710

% = (%) = é(1+ ¢0s0.60710) = 0.60710

Since the values of x; and xg are equal, the required root is 0.60710

———————————————————————————————————————————————————————————————————————————————————————————— 3.
Find the negative root of the equation x*-2x+5=0

Solution:

The given equation iS X3-2X+5=0 ------=--n-zmmmmmmmmmmmemmmmmcmmmccmmcoeeee (1)

we know that if a, B, y are the roots of the equation (1), then the equation whose
roots are -a, -, - v is x*(-1) 0 x*+(-1)%(-2x)+(-1)’5=0-==----=-====-=-=------- 2

The negative root of the equation (1) is same as the positive root of the equation
2

Let f(x)= x*-2x+5

Now f(2)=-ve and f(3) =+ve

Hence the root lies between 2 and 3. Equation (2) can be written as
X=(2x+ 5)§ =p(X)

where ' (¥)| <1 in (2, 3)

Let theinitial approximation be x,=2

Since the values of xg and x; are equal, theroot is 2.09455

Therefore the negative root of the given equation is -2.09455

Newton’s method (or) Newton’s Raphson method (Method of tangents)

L et f(x)=0 be the given equ. whose roots are to be determined.

f(x))

FORMULA: X ,=X ——1"1
n+l "'n f'(x)

n
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Stepsfor this method

I.  Usethefirst property find ‘a’ and ‘b’ where the roots lies between.
ii.  Theinitial approximation X is ‘a’ if| f (a)] <| f (b)|; theinitial approximation Xq
is ‘b’ if |f ()| <|f (a)|in theinterval (a, b).
lii.  Usethe formulaand continue the process
iv. If the difference between the two consecutive values of X, isvery small
then we stop the process and that value is the root of the equ.
Note
& The process will evidently fail if £ (x) = 0 in the neighbourhood of the root.
In such cases Regula-Falsi method should be used.
& |f we choose initial approximation X, close to the root then we get the root of
the equ. very quickly.
& The order of convergenceistwo
Condition for convergence of Newton’s Raphson method

(). T (] <| T X

Problems based on Newton’s Method
1 . Compute the real root of xlogiex=1.2 correct to three decimal places using
Newton’s Raphson Method
Solution:
Let f(x)= xlogyox-1.2
Now f(2)=-ve and f(3) =+ve
Hence the root lies between 2 and 3.
Let theinitial approximation be x,=3
f(X)= xlogyox-1.2

, 1 d 1
f'(x)=log,, X+ x.; log,, e { ™ (log, X) = ; Iogae}
= log,, x+0.4343 [ log,,e=0.4343 |
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iteration f(x,)
valueof x , =x ———"%
Xn 1 Xn fl(Xn)
1 x =3- 01000 X% =12 _, 74
log,, X, +0.4343

X, = 2.741 - X, log,, X, —1.2 _ o7
log,, X, + 0.4343

Hence the real root of f(x)=0, correct to three decimal placesis 2.741

Evaluate +12 to four decimal places by Newton’s Raphson Method
Solution:

Let x=112 =X°=12 = x*-12 =0

Let f(x)= x*-12 and f*(x)=2x

Now f(3)=-ve and f(4) =+ve.Hence the root lies between 3 and 4. Here
|f(3)|<|f(4)|theroot is nearer to 3. Therefore the initial approximation is x=3

initial iterationxo |3 |
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Solving Simultaneous Equations with two variables using Newton’s

M ethod

L et the ssmultaneous equations with two variables be f(x, y) =0 and g(x, y) =0

X1=Xp+h and y;=yo+k

_Dl

h= D,
D

andk =—=
D
(., (

2 R

6. ¢,

~

where D=

~

D,= Co o
gx,e gO

Problems

1. Find the solution of the equation 4x*+2xy+y*=30 and 2x*+3xy+y’=3
correct to 3 places of decimals, using Newton’s Raphson method, given

that Xo=-3 and y0:2.
Solution:

Let f(x, y) = 4x*+2xy+y*-30 and g(x, y) = 2x*+3xy+y>*-3

fx=8x +2y, f,=2x+2y, 0x=4x+3y, g,=3x+2y
Xo Yo <. ( ; ¢ . ¢, ;

-3 2 -20 -2 -6 -5
. ¢ |20 -
=| 2 7e= =88
QX—O de "6 'E‘
f ~
D,=|’ 4o |2 2‘=12
% G, |1 -5

~

fo| [-20 -
D,= ‘“i °|= j=—32

gx,g gO -6
he=Pr_712_ 1364
D 88
k=_D2 =¥=o.3636
D 88

X1=Xgth and y;=yo+k

fo e
-2 1
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= X;=-3.1364 and y,=2.364

X]_ yl (x ; (y e gx; gy/r fl gl
-3.1364 2.364 -20.360 -1544 | -5452 | -4.680 0.0995 0.0169

~

(., (
D=| "% _"¥-=86.8669
gx Z @y
A
D,=|" L {=-04395
gl ﬁy,r
Cof
D,= < * Y=0.1984
gx X gl
h=— D, _ 0.0051
D
k=— D, _ -0.0023
D

= Xp= -3.131and y,=2.362

~ ~

X2 Y2 ‘x 2 <y,; gx 2 ﬁy; fz 9>
-3.131 2362 | -20.324 | -1538 | -5438 | -4.669 | 0.0008 | -0.0009

~ ~

¢
D=2 ,’%|=86.5291
A o
D,=|* ,'%=-0.0051
Cof
D,= ‘Xi ?|=0.0226
O . 9
h==P:_ 00001
D
k=—P2__00003

= X3= -3.1309 and y;=2.3617.Since the two consecutive values of X,, X3 and y,, Y3

are approximately equal, the correct solution can be taken as x= -3.1309 and
y=2.3617.
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M ethod of False Position (or) Reqgula Falss M ethod (or) M ethod of
Chords

af (b) —bf (a)
f(b)—f(a)
Thisisthefirst approximation to the actual root.
Now if f(x1) and f(a) are of opposite signs, then the actual root lies between
xland a
Replacing b by x1 and keeping aasit is we get the next approx. x2 to the
actual root.
Continuing this manner we get the real root.

FORMULA: X =

YV V VY

Note:
& The convergence of the root in this method is slower than Newton’s
Raphson Method
Problems based on Requla Falsi M ethod

@

1 . Sove the equation xtanx=-1 by Regula-Falsi method starting with x,=2.5 and
X1 = 3.0 correct to 3 decimal places.
Solution:
Let f(x) = xtanx+1
f(2.5)=-ve and f(3)=+ve
Let us take a=3 and b=2.5

-II—-
_3f(25-25f(3 _ f(2.8012)=+ve
f(2.5)- f(3)

2.8012 25 X2:2.8012f(2.5) 25(28012) oo, f(2.7984)=+ve
f(2.5) - f(2.8012)

2.7984 25 | 2794 1(25 251(27%84) _, rop,
f(2.5) - f(2.7984)

Since the two consecutive values of x, and x5 are approximately equal, the
required root of the equation f(x)=0is 2.7984
2 . Find the root of x€* = 3 by Regula-Falsi method correct to 3 decimal places.
Solution:
Let f(x)=xe‘ -3
f(1)=+veand f(1.5) = -ve
. Theroot lies between 1 1nd 1.5
Takea=landb=15
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IH—-
_1f(15)-15f() _ f(1.035)=-
f(1.5)- f(1) 1.0%5 ve

- 1035 15  _10%5f(@15-15f(@10%) . f(1.045)=-
f (1.5) - f (1.035) ve
- 1045 15  _1046f@15-15f(1L0%K) 0 f(1.045)=-
f (L.5) - f (1.045) ' ve
- 1048 15  _1048f(@15-15f{(@108) .0
f (1.5) - f (1.048)

Since the two consecutive values of x3 and x4 are equal, the required root of the
equation f(x)=0is 1.048
Solutions of linear algebraic equations

A system of m linear equations (or a set of m simultaneous linear equations)
in ‘n’ unknowns x;, %,,.., X, iSaset of equations of the form,

A X+ aLX . +a, X, =Db
Ay Xy FAX, ... +a,,X, =h, (1)

A X+ 8rpXp oot B X, =By
Where the coefficients of x,x,,.., x, and b,b,,.., b are constants.

The left hand side members of (1) may be specified by the square array of
the coefficients, known as the coefficient matrix.

Is known as the augmented matrix.

There are two methods to solve such a system by numerical methods.
» Direct methods
> lterativeor indirect methods.
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Gaussian elimination method, Gauss-Jordan method, belongsto Direct
methods,

Gauss-Seiddl iterative method and relaxation method belongsto iterative
methods.

Back Substitution
Let A be a given square matrix of order ‘n’, b a given n-vector. We wish to
solve the linear system.
Ax=Db
For the unknown n-vector x. The solution vector x can be obtained without
difficulty in case A is upper-triangular with all diagona entries are non-zero. In
that case the system has the form

A X +apX, +...ta 1 Xy X, = bl
ApX; +..t 8y 1 Xy T X, = bz

............................................ I.O (1)
a'n—2,n—2Xn—2 + an—2,n—1xn—1 =2
a'n—l,n—lxn—l + an—l,an + an—ZXn = bn—l
ann Xn = bn
In particular, the last equation involves only x,; hence, since a,, # 0, we must have
b,
X, =
a

nn

Since we now know, the second last equation
Ay g naXng &0 X, = bn—l
Involves only one unknown, namely, x, ,.
Asa,, ., =0,itfollowsthat
A bn—l — 8,1, %,
T A
With x, and x,, now determined, the third from last equation
A on2Xn2 T on X T8 00X, = b,
Contains only one true unknown, namely, x._,. Once again, wince a,_,,, =0, we
can solvefor x, ,.

b ,— X ,—b - X
Xn_2: n-2 a'n—2,n—1 n-1 n-1 a'n—2,n n andg)on

a'n~2,n~2
This process of determining the solution of (1) is called Back substitution.

X
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Gauss elimination method

Basically the most effective direct solution techniques, currently being used
are applications of Gauss elimination, method which Gauss proposed over a
century ago. In this method, the given system is transformed into an equivalent
system with upper-triangular coefficient matrix i.e., a matrix in which al elements
below the diagonal elements are zero which can be solved by back substitution.

Note

& This method fails if the element in the top of the first column is zero.
Therefore in this case we can interchange the rows so as to get the pivot
element in the top of the first column.

& |f we are not interested in the elimination of x,y,z in aparticular order, then
we can choose at each stage the numerically largest coefficient of the entire
coefficient matrix. This requires an interchange of equations and also an
interchange of the position of the variables.

Problems based on Gauss Elimination Method
1. Solve 2x+y+4z=12; 8x-3y+2z=20; 4x+11y-z=33 by gauss elimination method

Solution:
The given equations are,
2X+y+4z=12
8x-3y+2z=20
4x+11y-z=33
above equations can be written as
2 1 4x]| [12
8 -3 2|yl=|20
4 11 -1|z| |33
A X B
where, A-co efficient matrix; B-constants; X- unknown variables
The augmented matrix can be written as
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2 1 4 12
BBfis -3 2 20
4 11 -1 33
2 1 4 12
0 7 14 28 R, > 4R -R,
4 11 -1 33
2 1 4 12]
0 7 14 28 R, - 2R -R,
0 -9 9 -9
2 1 4 12]
07 14 28 R, - 9R + 7R,
0 0 189 189]

solutions are obtained from above matrix by back substitution method as
2Xty+4z =12 —————> (1)
7y+1l4z =28 —»(2)
189z =189 — »(3)
from the above equationswe get z=1, y=2, x=3
thus the solution of the equationsare x=3 ; y=2 ;z=1

2. Solve 3x+4y+5z= 18 2x-y+8z=13; 5x- 2y+7z 20 by gauss &imination method
Solution:

The given equations are,
3x+4y+5z=18
2x-y+8z=13
5x-2y+7z2=20
above equations can be written as
3 4 5[x]| [18
2 -1 8|y|=[13
5 -2 7|z| |20
A X B
where, A-co efficient matrix; B-constants; X- unknown variables
The augmented matrix can be written as
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3 4 5 18
BBil2 -1 8 13
5 -2 7 20
3 4 5 18

~l0 11 -14 3 R, > 2R -3R,,R, > 5R - 3R,
0 26 4 30

3 4 115 18

~l0 11 -14 -3 | R,—>26R,-1IR,

0 0 -408 —408

solutions are obtained from above matrix by back substitution method as
X+4y +5z =18 —— (1)
1ly-14z = -3 —— (2
408z =-408 ——» (3)

from the above equations we get z=1, y=1, x=3

Gauss— Jordan Method
This method is a modified from Gaussian elimination method. In this
method, the coefficient matrix is reduced to a diagonal matrix (or even a unit
matrix) rather than a triangular matrix as in the Gaussian method. Here the
elimination of the unknowns is done not only in the equations below, but aso in
the equations above the leading diagonal. Here we get the solution without using
the back substitution method since after completion of the Gauss — Jordan method
the equations become
(1 0 0 ... 0x] [a]

010 ... X, | |a,

10 0 0 .. 1]x,]| |a&a,
Note:
& This method involves more computation than in the Gaussian method.

& In this method we can find the values of x,Xx,,..,x, immediately without

using back substitution.
& |teration method is self-correcting method, since the error made in any
computation is corrected in the subsequent iterations.
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Problems based on Gauss Jordan Method

1. Solve 3x+4y+5z=18; 2x-y+8z=13; 5x-2y+7z=20 by gauss eimination method
Solution:
The given equations are,
3x+4y+5z=18
2X-y+8z=13
5x-2y+7z=20
above eguations can be written as
3 4 5|x]| [18
2 -1 8|y|=|13
5 -2 7|z| |20
A X B
where, A-co efficient matrix; B-constants; X- unknown variables
The augmented matrix can be written as
3 4 5 18
B2 -1 8 13
5 -2 7 20
3 4 5 18

~lo0 11 -14 3 R, - 2R -3R,,R, - 5R - 3R,
0 26 4 30

33 0 111 210

~|0 11 -14 -3 | R,>1IR,-4R, R, —>26R,-11IR,
|0 0 -408 —408

(13464 0O 0 40392
~| 0 -4488 0 —4488| R,->408R,+111R, R, - -408R +14R
0 0 408 -408

1 0 0 3
- R R, R,

0101 R~ %3464’%_) /4488’R3_> /408

0011

without back substitution method we get z=1,y=1, x=3
Thus the solution of the equationsare x=3 ; y=1 ;z=1

2. Solve 10x+y+z=12; 2x+10y+z=13; 2x+2y+10z=14 by gauss Jordan method
Solution:

The given equations are,
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10x+y+z=12
2x+10y+z=13
2x+2y+10z=14
above equations can be written as
10 1 1]x] [12

2 10 1|y|=|13
2 2 10| z| |14
A X B

A-co efficient matrix
B-constants
X- unknown variables

The augmented matrix can be written as

10 1 1 12
bB={2 10 1 13
2 2 10 14

M0 1 1 12

~|0 -49 -4 -53| R,>R,-5R,,R,>R,-5R,

|0 -9 -49 -58

(490 0 45 535

~| 0 -49 -4 -53| R, >49R,+R,,R,>9R,-49R,
0 0 2365 2365

(1158850 0 0 1158850

J| 0 115885 0 -115885| R,-»2865R,45R, R, > 2365R, + 4R, VIO
I 0 2365 2365
10 0 1
R R R
~10 1702} Ri—> Ry ey Re > Y 115885 Rs > Naes
0011

Jacobi’s (or Gauss — Jacobi’s) iteration method

L et the system of simultaneous equations be
ax+by+cz=d,

a,x+hy+c,z=d, (1)
ax+by+c,z=d,
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This system of equations can also be written as
X= 1 =
ai‘jl _bly_CIZ/

- 1 @)
b, @, -a,x-c,z |

1

Cs (13 —613X—b3y:
Let the first approximation be x,,y, and z,. Substituting x,,y, and z,in (2) we get,

y

Z=

1 ~
Xlzaﬂl_blyo_clzo/

1 -
y1=b—ﬂz—a2xo—czzo/
2

1 ~
lec_(jB_aSXO_bByO/

3

Substitution the values of x,y, and zin (2) we get the second approximations
X,,Y, and z, as given below

1 ~
X, =€ﬂl_bly1_clzlz

1 -
ylzb_ﬂz_ale_CZZi,
p)

1 -
Z=— ﬁS_aSXl_bByl/
Cs

Substituting the values of x,,y, and z, in (2) we get the third approximations x,, y,
and z,.

This process may be repeated till the difference between two consecutive
approximationsis negligible.

Problems based on Gauss Jacobi M ethod

1. Solve the following equations by Gauss Jacobi’s iteration method, 20x+y-2z=17,
3x+20y-z=-18, 2x-3y+20z=25.

Solution:

The given equations are

20x+y-2z=17,

3x+20y-z=-18,

2X-3y+20z=25.

The equations can be written as,
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x=2—1O [7—y+22:|

1 -
=— F18-3x+2z
y 20[ ]

1 -
z=— P5-2x+3
ZOE y_

[terati 1 - 1 - 1 p
X=_——§/-y+2z =— }18-3x+z z=— p5-2x+3y_

on 20 I-ye2z "% I - 20

Initial | X=0 yo=0 7,=0
x=—f73}085 %i=05 Fi8 1 -09 =5 B 125

2 X :i[7+09+25' y, =~ [18-3085+125 | 7 ~ 1 ps-17-27

2720 R 2720 - 2750 7-27

=102 =-0.965 =1.03

3 1 - 1 - 1 ope -
X% =26 J7+0965+2(1.3) | V5= = F18-31.02)+108 | z=5; I5-2102)+30965.
=1.00125 =-1.0015 Y g

4 X, = % [7+1.0015+ 2100325 | v, = F18-3(1.00125+1.00325 | 2= - B5- 2100129 + 310015
=1.0004 =-1.000025 =0.99965

X3~X4; Y3~VYa ; 23724
Thereforethe solution isx=1; y=-1; z=1

2.
X+10y+4z=6; 2x-4y+10z=-15

Solve the following equations by Gauss Jacobi’s method 9x+2y+4z=20;

Solution:
The given system of equationsis

Ox+2y+4z=20;
X+10y+4z=6;
2X-4y+10z=-15

1 —
== p0-2y-4
o
=g bt

1 -
z=— F15-2x+4
T I y.

The eguations can be written as

Let theinitial values be Xo=Yy;=2,=0
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[terati 1 - 1 - 1 -
x== p0-2y-4z =— Pp—X—-4z | z=— }15-2x+4

on ; Bo-2y-42. | y=1-b {z=5F y.

Initial | X=0 Yo=0 2,=0

1 20 6 -15
%77 Y 10 0.6 “ 10

2 X2=2.7556 y»=0.9778 2,=-1.7044

3 X3=2.762 y3=1.0062 Z23=-1.66

X2~X3, Y2~Ys3, 2773
Thereforethe solution is x=2.8; y=1; z=-1.7

Gauss— Seidal Iterative M ethod
L et the given system of equations be

a X +aLX, + A X+, +a,X, =C;
By, X + By Xy + BpaXg + ... +a,, X, =C,
g, X) + 855X, + AgaXs + .. + a5, X, =C,

A X + A%, FaX +.. +a,,Xx,=C

Such system is often amenable to an iterative process in which the system is first
rewritten in the form

1 -
X = cl TARX; T AKXz T — X, (1)

ay

1 -
Xy =— (:2 T8y Xy T AyXg T — &, X, _ (2)

a22

1 -
Xy=— cs T 85 Xy T AgaXg T 85, X, _ (3)

83
....... R X RiaHREREEERRR
ana cn_anZXZ_anSXS """ 8 X, _ (4)
First let usassumethat x, =X, =...=x,=0in (1) and findx,. Let it bex, . Putting x;
forx, and x,=x,=...=x,=0in (2) we get the value for x, and let it bex,. Putting
x, for x, and x, for x, and x, = x, =.... = x, =0 in (3) we get the value for x, and let

it bex;. In this way we can find the first approximate values forx,Xx,,..., X,.
Similarly we can find the better approximate value of x,x,,.,x, by using the
relation
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* 1 =~
X Z_Cl_a12X2_a13X3_ ------ — X, _
a,
1 * =
X =_—— cz T8y X Xy T Ao X _
ay,
1 * =
X3 _cs_aslxi A5 X3 T aSan,
Qg3
1 * =
X, = a Cn — X X3 T a, n—an—l,
Note:

& This method is very useful with less work for the given systems of equation whose
augmented matrix have alarge number of zero elements.

& We say a matrix is diagonally dominant if the numerical value of the leading
diagonal element in each row is greater than or equal to the sum of the numerical
values of the other elementsin that row.

& For the Gauss — Seidal method to coverage quickly, the coefficient matrix must be
diagonally dominant. If it is not so, we have to rearrange the equations in such a
way that the coefficient matrix is diagonally dominant and then only we can apply
Gauss — Seidal method.

Problems based on Gauss Seidal Method

1. Solve x+y+54z=110, 27x+6y-z=85, 6x+15y+2z=72, by using Gauss Seidal
method.
Solution:
The system of equationsis
X+y+54z=110,
27x+6y-z=85,
6Xx+15y+22=72,
The co-efficient matrix is
1 1 54]141+54
27 6 -1|6427+1

|6 15 2|236+15

(27 6 -1]27>6+1
1 1 54|1#1+54 HereRi=R,
|6 15 2 |2%6+15
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27 6

-1127>6+1

6 15 2 |15>6+2 Here R,=R;

1 1

54154 >1+1

Here the matrix is diagonally dominant
The diagonally dominant matrix is

2 6 -1
6 15 2
1 1 54

Thus the matrix is diagonally dominant, now the system of equationsis

27xX+6Yy-z=85,
6X+15y+22=72,
X+y+54z=110.

The equations can be written as

x:% (85-6y+2)

y=1 (72-6x-22)
15

z=1 (110-x-y)
54

Theinitia vaues be Xo=yo=2,=0.

Iteration | x=_1 (85-6y+2z) y=1 (72-6x-22) z=1 (110-x-y)
27 15 54
Initial Xo=0 Yo=0 =0
1 x,=85/27=3.148 y;=1 (72-18.888) z,=1(110-3.148-
15 54
=3.5408 3.541)
=1.9132
2 Xo= . (85:1.2448+1.9132) v= L(7214502:38264) | 2= 1 (1102432
—2 430 =3.572 3.572)
=1.9259
0 4957 =3.5729 3.5729)
=1.9259
4 Yo 2717 (85- V= 1715 (72-14.553-3.8518) | z,= 5714 (110-2.4255-
21.4374+1.9259) =3.5730 3.5730)
=2.4255 =1.9259
—2 4255 =3.5730 3.5730)
=1.9259
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2. Solve 8x-3y+2z=20; 6x+3y+12z=35; 4x+11y-z=33 by Gauss Seidal method
Solution:
The system of equationsis
8Xx-3y+2z=20;
6x+3y+122=35;
4x+11y-z=33
8 -3 2]8>3+2
The co-efficient matrixis |6 3 12 [3%6+12
4 11 -1|1#4+11
Thus the matrix is not diagonally dominant
8 -3 218>3+2
4 11 -1|11>4+1
6 3 12(12>6+3
Now the matrix is diagonally dominant
The system of equationsis
8x-3y+2z=20
4x+11y-z=33
6x+3y+12z=35
The equations can be written as

x=% (20+3y-27)
1 fnn
y—l—1 (33-4x+2)

1
=— (35-6x-3
T y)
Let theinitial values be Xo=Yo=2,=0
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lteration |, 1 o043y.27) | y=2L (33-4x+2) 2=1 (35-6x-3y)
8 11 12
Initial Xo=0 Yo=0 Zo=
1 X,=20/8=2.5 yr= 1i1 (33 2=L (3515
10)=2.0909 6)=11.439
2 xzzg (20+6-2.334) yzzli1 (33- 2= (35-17.749-
=2.9583 11.833+1.607) 6.2274)
3 Xi= < (20+6.2274 | y=-L (33- 2=~ (35-18.156-
8 11 12
1.8371) 12.104+0.91857) 5.9475)
=3.0260 =1.9825 =0.9077
4 x4:% (20-5.9475- y4:lil (33 2= 1 (35-18.0996-
1.8154) 12.066+0.9077) 5.9568)
=3.0165 =1.9856 =0.9120
> Xs=1 (20459568 | ys= - (38- 2= (35-18.0996-
1.824) 12.0664+0.9120) 5.9577)
=3.0166 =1.9859 =0.9120

Xa~Xs, Ya~Ys5 , 24~ 15,
Therefore the solution x=3.0165; y=1.9856; z=0.9120

| nver se of a Matrix

Gauss Jordan M ethod

a b ¢

Let A=|a, b, c, |bethegiven matrix

Step 1.

Write the augmented matrix /1

Step 2:

a by ¢

L LW
FE o
£ 0

o O -
o +» O

= O O
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Use either row or column operations make the augmented matrix [A/l] as[l /A™.
Here A isthe required inverse of the given matrix.
Problems based on | nverse of a Matrix

2 11
1. Point theinverse of amatrix |3 2 3| by using Gauss-Jordan Method.
1 49
Solution:
2 11|11 00
B/t 3 2 3/010
1 49(00 1
2 1 1|1 0 O
~|l0 -1 -3|3 -2 0 |R,>3R-2R,R,>R-2R,
0 -7 -17|1 0 -2

2 0 -2|4 -2 0

~l0 -1 -3|3 -2 0R>R+R,R>7R-R,
0 0 -4|20 -14 2

4 0 O0]-12 10 -2
~|0 -4 0 |-48 334 -6R—>2R-R,R, >R, -3R,
0 0 -4| 20 -14 2

1 0 0]-3 25 -05
~10 1 0112 -85 15 Rl—>%,R2—>&4,R3—>&4
0 0 1{-5 35 -05

-3 25 -05
~A'=/12 -85 15
-5 35 -05
8 -4 O
2. Point theinverse of amatrix |-4 8 -4/| by using Gauss-Jordan Method.
0 -4 8
Solution:
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8 -4 0100
B/t -4 8 -4|01 0
0O -4 8|00 1

'8 -4 0]1 00
~|0 12 -8|1 2 0|R,>R+2R,
0 -4 8|0 0 1
(24 0 -8|4 2 0
~/0 12 -8|1 2 0|R>3R+R,R >R +3R,
0 0 16|1 2 3
(48 0 0|9 6 3]
~|0 24 0|3 6 3R>2R+R,R,>2R +R,
|0 0 16|1 2 3]
10031i
P Rem R
~01o§ZéFei—>4—8,Rz—>£,FeS—>E
0o 1/ L 1 3
i 6 8 16|
(3 1 1]
16 8 16
aatof 1
8 4 8
1 1 3
116 8 16,

Eigen values and Eigenvectors

Let A be any square matrix of order n. then for any scalar 1, we can form a
matrix @-1_ where | is the n" order unit matrix. The determinant of this matrix
equated to zero is called the characteristic equation of A. i.e., the characteristic
equation of the matrix A is |A-24,|=0. Clearly this a polynomial of degreenin 2
having n roots fori, say4,,4,,..., 4,. These values are called eigenvalues of the

given matrix A.
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For each of these eigenvaues, the system of equations € -1 X =0 has a non-
X X

trivial solution for the vector X = X . This solution X = X is cdled a latent

X X

n n

vector or eigen vector corresponding to the eigenvalue .
If A isof order n, then its characteristic equation is of n" degree. If nislarge, it is
very difficult to find the exact roots of the characteristic equation and hence the
eigenvalues are difficult to find. But there are numerical methods available for
such cases. We list below two such methods called

» Power method

» Jacobi’s method

The second method can be applied only for symmetric matrices.

Power method

This method can be applied to find numerically the greatest eigenvalue of a square
matrix (also called the dominant eigenvalue). The method is explained below.

Let 4,,4,... 4, bethe eigenvalues of A and let 4, be the dominant eigenval ue.

e, |42 = |4)....2 |4

if the corresponding eigenvectors are x,, %, %,,...X,, then any arbitrary vector y can
be written as y=ax,+ax+..+ax,, Snce the eigenvectors are linearly
Independent. Now

Ay = A“QX, +...+a X,

= g%, + adix +..+a i | AX =4 ]

k
A
= A a0x0+a1(—2J o
A4
But | <1.4=2,...n . Hence Ay = ia,x, and A“'y=A"a X, .

J
k+1

Hence, if k is large, 4:': Y where the division is carried out in the
y

k

corresponding components.
Here y is quite arbitrary. But generally we choose it as the vector having al its
components ones.
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Note:
& It 2,4,,.., 4, are the eigenvalues of A, then the eigenvalue 4, is dominant if

4] >|4] for i=23...n.

X,
& The eigenvector | % corresponding to the eigenvalue 4, is called the

Xn
dominant eigenvector.
& If the eigenvalues of A are-3,1,2, then -3 is dominant.

& If the eigen values of A are -4,1,4 then A has no dominant eigenvalue since
~4=14.

& The power method will work satisfactorily only if A has a dominant

eigenvalue.
1 1 0
& Eigen vector may be |1| (or) |0| (or) (0] for 3 X 3 matrix.
1 0 1

Problems based on Eigen value of a matrix

1. Using power method to find a dominant eigen value of a given matrix

2 -1 0
-1 2 -1
0O -1 2
Solution;
2 -1 0 1
Let A=|-1 2 -1|andx,=|0
0O -1 2 0
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2 -1 0|1 2 1
Ax,=|-1 2 -—-1|0|=|-1|=2-1/2
O -1 2|0 0 0
1
Here x =|-1/2
0
2 -1 O 1 2.5 1
Ax=|-1 2 -1||-12/2|=-2|=25-0.38
O -1 2 o 0.5 0.2
1
Here x,=|-0.8
0.2
2 -1 O 1 2.8 1
Ax,=-1 2 -1|-08|=-28|=28 -1
O -1 2| 02 1.2 0.428
1
Here x;=| -1
0.428
2 -1 O 1 3 —0.875
Ax,=|-1 2 -1 -1 |=|-3428|=-3.42 1
O -1 2 |0428 1.856 —0.541
—0.875
Here Xx, = 1
—0.541
2 -1 O ||-0.875 —2.75 —0.805
Ax,=|-1 2 -1 1 =| 3.416 |=341 1
O -1 2|-0541 —2.082 —0.609
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—0.805
Here X, =

—0.609

-1 0 ||-0.805 —2.61 —0.764
Ax =l-1 2 { =13.414 |=3.41 1
-1 2 || -0.609 —-2.3 —0.65
—0.764
Here ]
—0.65
-1 0| -0.764 —2.528 —-0.74
Ax,=|-1 2 { =| 3414 |=341 1
-1 2| -0.65 - 2.3 —0.674
—-0.74
Here ]
—-0.674
-1 0| -0.74 —2.48 —0.726
Ax,=-1 2 -1 1 =| 3.414 =341 1
O -1 2 |-0674 —2.348 —0.68

Here x; =Xg approximately.
. A=3.414
Eigen value=3.414

-0.72
Eigenvector=| 1

-0.68
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Stepsfor finding the smallest eigen value

& First obtained the largest eigen value A, of the given matrix.
& Let B=A-A4l. Let A bethelargest eigen value of the matrix B then the
numerically smallest eigen value of A iSA+A,.
2. Find the largest eigen value and the corresponding eigen vector of the

1 2 3
matrix|0 -4 2|and hence find the remaining eigen values.
O 0 7
Solution:
1 2 3
Let A=|0 -4 2
0 0 7
Step 1
To find the largest Eigen value of A
0
Let Xo=| 0
1
1 2 3|(0 3 0.43
AXp=|0 -4 2||0|=|2|=7|0.29
0 0 7|\1) (7 1
0.43
X =10.29
1
1 2 3|(043) (401 0.57
Ax =|0 -4 2||029|=|084|=7|0.12
0 0 7|(1 7 1
0.57
X, =|0.12
1

1 2 3|(057 0.54
Ax,=[0 -4 2||012|=7|0.22
0O 0 7|1 1
0.54
X, =10.22
1
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1 2
Ax,=|0 -4
0 O
0.56
x,=|0.16
1
1 2
Ax,=|0 -4
0O O
0.556
X =| 0.19
1
1 2
Ax,=|0 -4
0 O
0.56
X, =| 0.18
1

3((0.54 0.56
0.22|=7/0.16
7|10 1 1

N

3((0.56 0.556
0.16 |=7| 0.19

N

3|(0.556 0.56
2|| 0.19 |=7|0.18
7 1 1

X5 = Xg @pproximately
-.Eigen value =A=7

0.56

Eigen vector =| 0.18

Step 2

To find the largest Eigen value of B

-6
B=A-Al=| O
0
0
Letyo=|0
1

-6 2

1

2 3
-11 2
0 O

3/(0) (O

By,=| 0 -11 2||o|=|0].

0O O

Of(1 0
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Here the we get elgen vector is zero . But the eigen vector should be non- zero. So

1
we consider th value of yybe (0]

0

The numerically largest eigen valueof B =-6 =4

Numerically smallest eigen valueof A = A+A;=-6+ 7 =1=A,
A1tA,+A3 = sum of the main diagonalsof A = 1-4+7 =4

ie) 7+1+\3=4

:>7\,3 =4

Theeigenvauesare 1, -4, 7.

1
Here y, =y, = {OJ
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UNIT I
INTERPOLATION AND APPROXIMATION

Lagrangian Polynomials

Divided differences

| nterpolating with a cubic spline
Newton’s forward difference formula

Newton’s backward difference formulA
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LAGRANGIAN POLYNOMIALS

Formula
y(X) = ‘(_Xi:‘(_xz\:‘(_xsj\‘(_)&:‘\(_)%: Yo+
€% &% &% &-X &% _
LSRR SR S S
«2_)(0:‘(2_)(1:«2_X3:«2_X4:«2_X5: ’
€ X X KX kox KXo
«4_)(0:‘(4_)(1:‘(4_)(2: 4_X3:‘(4_X5: )

€ X &—x, &-x &—x, &-X_ -y
€% &% &-x &-X &- % '
«- xo\/« X &%, &- x4,(< Xs_ \y3+
€% &-x &% €% &-X_
S S SRS TN
«-% &% &% &-X &-X

Problems based on Lagrange’s Method

1. Using Lagrange’s formula to calculate f(3) from the following table (A.U. N/D. 2007)

fx) 1 14 15 5 6 19 Solution:

N I N

We know that Lagrange’s formula is

€% %X, &% kX K%
€% &% &% &-X &- % '
€ o x KX kox Kox 0
€% €% €—x, €—x, &- % ?
xkox T kotox
«-% &% &% &-X &-

y(X) = ‘(_Xi:«_xz\:«_xs:\«_)&:‘\(_xsj Yo +
€% &% &% &% &% _

LR SIS S S R
_Xo:‘(z_xlj‘(z_xej«z_x4:«2_xs: ’

€ x &ox KX KX KX
«4_)(0:‘(4_)(1:«4_)(2:«4_)(3:«4_X5: )

«-1&2&-4&-5&-6, & 0&-2&-4&-5&-6_

YN = 0 10-20-40-50-6 " (ot 24-4¢-5¢-6 "7
«-02«—1;« 4 &-5 &- 6:(5) «—02«—1;« 2 &-5 &- 6:(5)
€-00-1€-4€-5€-6_ ¢-0¢-1¢-2¢-5¢-6_
«—o;« 1&-2 &-4 &- 6,() «-0 &-1&-2 &-4 &- 519)
6-06-16-26-46-6_ 6-06-16-26-46-5_
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C1&2& 4 & 5& 6 €&&2&4&5&6

YX) = ¢/1}2/}4iS\¢/6\ TR EY Y T R
« &1 &4 &5 &-6_ « &-1&-2 &-5&-6_
ez eses T geeeiez OF
« &-1&-2 &4 &6 «&-1&-2&-4&-5_
ceeer O eseer
put x=3 we get
y@ . B-DE- 2)(3243)(3 5)(3-6)  33-2@3- 2)0(3 5)3-6) 1 33-D(3= 425, 5E-6) 4
L 3E-DE-2(E-5(-6) o 3E-DE-2(E-9(-6) HE-VE-IE-HE-HE-6)
48 60 240
_ 20 12)4(,02)( 3) 3(1)( 1)6(0 2)(- 3)( 14) 200 (= 1)( 2)(-3) 15)
3(2)(1)( 2)(- 3)( 5)— 32D (- 3)( 6)+ 3(2)(1)( 1)( 2) 19)
48 60 240

12 252 540 180 108 228

T 240 60 48 48 60 240
~ 12-1008+ 2700+ 900432+ 228

240

_ 2400
240

Answer: y(3) = 10.

We know that Lagrange’s formula is
Cox Ko Ko X o X K o KX X
€% €% €% &% &% &% &-X &-X &-X &- % '
€ KX X Kox Kox ] | X Ko ko Rox Kex
G €% €% €G-X &% €% &% &-X €-X &X_

y(x) =
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y(X) = (Xx=D(x-3)(x—4) (-12) + (X-0)(x-D(x-3) ©)
(0-1)(0-3)(0-4) 1-0@-3)(1-4
N (Xx=0)(x=D(x—4) (6) + (X=0(x-D)(x-3) 12)
(3-0(3-1)(3-4) (4-0)(4-1)(4-3)
y(X) — (X—l)(X—3)(X—4) (_12) + (X)(X_l)(x_4) (6) + (X)(X_l)(x_s) (12)
(-D(=3)(-4) @ (-1 HERMO
y(X) = (X=)(x=3)(X—4) = Xx(x=1)(x—4) + () (X - (x—3)
= (X=1D[x* = 3x—4x+12— X + 4x+ X* —3X]
= (Xx=D[x* —6x+12]
= X3 —6x% +12X— x* +6x-12
y(X) =X —7x* +18x-12— ———————————————————— @

Substituting x=2in (1), we get
y(2) = 22-7(29)+18(2)-12 =8-28+36-12 =44-40=4
Answer: y(2) = 4.

3. Using Lagrange’s interpolation find the polynomial through (0, 0), (1, 1) and (2, 2)

(A.U. M/J. 2007)

‘f(x) 0o 1 2 \

We know that Lagrange’s formula is
«-x &-x,_ «-% &-x,_  &-

= Xl< 2/\yo'*' X0< 2/\y1+ XO\ ~Y>
«O_XI/‘(O_XZ/ ‘(l_XO/%_XZ/ ‘(Z_XO/Z_XI/

«-1&-2 &-0&-2. &-0&-1_

X) = = —0+ =— =<1+ S

Y= 01020 (o2 e0e-1°

«&-2 . «&-1

TG e
=—X(X—2) + x(x-1)
=X+ 2X+ X* = X

y(X) =X

.. Therequired polynomial is y = x

Solution:

y(x)

=2
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4. The following table gives certain corresponding values of x and Ioglox. Compute the value of

|0g10323.5, by using Lagrange’s formula

| x 321.0 322.8 324.2 325.0
f(x) 250651 250893 2.51081 2.51188

Solution:

X0=321.0 X1=322.8 Xp=324.2 X3=325.0
yo= 2.50651 J y.=2.50893 | y,=2.51081 | ys= 2.51188

Y= €I Ko Ko, x| € KX Ko o K
G-% &% &% &KX &% €&-X €-X &KX €-X €&-X_

€ X KX KX KX Kox | kX ko o X x|

€G- &% €% €% €% &% &-X &-X €&-Xx, &-X_

Substituting these values in Lagrange’s interpolation formula, we get,
(323.5-322.8)(323.5—-324.2)(323.5—- 325) (2.5061) +
(321-322.8)(321—-324.2)(321- 325)
(323.5-321)(323.5-324.2)(323.5—- 325) (2.50893)
(322.8—321)(322.8—-324.2)(322.8 - 325)
N (323.5-321)(323.5-322.8)(323.5-325) (2.51081) +
(324.2-321)(324.2—322.8)(324.2— 325)
(323.5-321)(323.5-322.8)(323.5-324.2) (2.51188)
(325-321)(325—-322.8)(325-324.2)
=-0.07996+1.18794+1.83897-0.43708

f (323.5) = 2.50987

f(3235) =

|nverse lnterpolation
The process of finding a value of x for the corresponding value of y is called inverse

interpolation.
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X = Q’—yl\:V—yzi\--Q’—yn:\xo
‘/ yl/ 0 yZ/ VO yl"l/
4/ yo/(/ yz/ € - ynQ(1
q/ Yo €~ Y, 1/1 Yo _
1/ Yo /- yl, 4 - yn_l/\x
v O v y]_/ v yn—1/
Problems based on | nver se | nterpolation

1. Find the value of x when y=85, using Lagrange’s formula from the following table

|y 948 879 813 68.7\
Solution:

e v—yl\}—yzjy—ysi% ¢- yoy Y, §- ys,Q“
qo_yl/o_yz/ 0o~ Ys_ 1/ yo/l y2/1 Ys_

V%Y Y%y,
"2_yo/‘(2_y1/ >~ Ys_ Q’s_yo/ 3= Y1 WY,
Substituting the above values, we get,

(85-948)@5-813(85-68.7) o
(87.9-94.8)(87.9—81.3)(87.9— 68.7)

(85—-94.8)(85—-87.9)(85—-68.7) 8+ (85—94.8)(85—-87.9)(85—-81.3) 14)
(81.3-94.8)(81.3—87.9)(81.3-68.7) (68.7—-94.8)(68.7—87.9)(68.7 —81.3)

X = 0.1438778+3.3798011+3.3010599-0.2331532 = 6.3038

Therefore the value of x when y = 6.3038

__(85-87.9(85-813)(85-687) .,
" (94.8-87.9)(94.8—81.3)(94.8—68.7)

certain values of 0. Find @ if y(8) = 0.3887
21° 23° 25°

y(6) 0.3706 0.4068 0.4433

Solution:
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VYY) YN8y,
"o_yl/o_yz/o_ys/ vl_yo/ 1_y2/ 1_y3/
V=Y Y-, 9=, ,, Y-% 9% 9=y, ,
‘/2_YO/‘(2_y1/ 2_y3/ ‘/3_yo/ 3_y1/ 3_YZ/

I (S =
T

we have

_ (0:3887-04068)(0.3887-04433) , (0.3887-03706)(03887-04433) o
(0.3706— 0.4068) (0.3706— 0.4433) (0.4068— 0.3706) (0.4068— 0.4433)

(0.3887-03706)(0.3887-0.4068)
(0.3706— 0.3706)(0.3706— 0.4068)

6 =21.999°

Therefore the value of 6 such that y(8) = 0.3887 is 6=21.999°
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DIVIDED DIFFERENCES
Problems based on Newton’s Divided Difference Formula )
2.2.1 Let the function y= f € take the values f &, .f € Jf &, ,. f €, corresponding to

the values x,,x, x,,..x,for the argument x where X, —X,,X, —X,.., X, — X, need not be
necessarily equal.
Thefirst divided of f & for the argument x,, X is defined as
~ & - T&_ :
A 'Y % ..(1)
&> &
X _Xl

f €, % = & 1€ and so on.
X2

Similarly f €,x, > —22 =1

Thus, for defining afirst divided difference, we need the functional values
corresponding to two arguments.

The second divided difference of f(x) for three arguments
Xo, X1, X2 ISdefined as

%0 6%, (i)
X, = X
\ ~
Similarly f €,x,,%, > f(<2,><)3(;;(<1,x2/
_

The third divided difference of f(x) for the four arguments
Xo, X1, X2 X3 1S defined as

~ €%, % — T &, X, %,
f &, %, %, X% = Ll = ... (i
€ % % % o 3 (iii)
The quantitiesin (i), (i) and (iii) are called divided differences of orders 1, 2, 3
respectively.

1. Using Newton’s Divided Difference formula, find the value of f(8) and f(5) given
the following data.

‘f(x) 48 100 294 900 1210 2028\
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Solution:

f(x0)=48 | f(x1)=100 | f(x2)=294 | f(x3)=900 | f(x4)=1210 | f(xs5)=2028

The divided difference table for the given datais given below.
Newton’s divided difference formula,

f(x) = f(X0) + (X-Xo)f(Xo.X1) + (X-Xo) (X-X1) F(X0,:X1,X2) + (X-Xg) (X-X1) (X-X2) f(Xo,X1,X2,X3)

T
X f(X) Af(x) A%(X) A%(X) A%(x)
4 48
100-48 _55
5-4
97 -52
=15
5 100 4
294-100 _o7 100-48 5
7-5 5-4
292-97
7 294 =21
2 10-5 0
900- 294 _o02 100-48 _5
10-7 5-4
310— 202
=27
10 900 = 0
1210-900 _ 5.4 100-48 _,
11-10 5-4
409- 310
=33
11 1210 1310
2028-1210 — 409
13-11
13 2028

Using divided differences and the given datain (1),
f(X) = 48 + 52(x-4) + 15(x-4)(x-5) +(x-4)(X-5)(x-7)
when x=8,
f(8) =48 + 208 +180 +12 =448
Therefore f(8) =448
when x=15,
f(15) = 48 + 572 +1650 +880 =3150
Therefore f(15) =3150

2. Use Newton’s divided difference formula, to fit a polynomial to the data
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and find y when x=1

The divided difference table for the given data as follows.

X y Ay A%y A%(X)
1 -8
3v8 11
0+1
-1-11
——4
0 e 2+1
1-3_ 4+4 .,
2-0 3+1
11+1
=4
2 ! 2+1
12-1_,,
3-2
3 12

By Newton’s divided difference formula,
f(X) = f(x0) + (X-Xo)f (XoXa) + (X-Xo) (X-X1) f(X0,X1,X2) + (X-Xo) (X-X1) (X-X2) f(Xo,X1,X2,X3)
Using these we get,
f(X) = -8+(x+1)11+(x+1)x(-4)+(Xx+1)x(x-2)2
-8+11x+11-4x>-4x-+2X>-2%%-4X
2x3-6x°+3x+3
y = 233-6x°+3x+3
y(1) = 2-6+3+3 =2
Answer: y(1)=2
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I nterpolating with a Cubic Spline

Definition: Cubic Spline
A cubic polynomial approximating the curve in every subinterva is called is called
satisfying the following properties.
1. F(xi)=fi fori=0,1,2, ......... , 1.
2. Oneachinterval [X.1, Xi], 1 <i<n, F(x) is a third degree polynomial.
3. F(x), F’(x) and F”(x) are continuous on the interval [Xo, Xp].

The second derivatives at the end points of the given range are denoted as My and M,
respectively.

Natural cubic spline

A cubic spline F(x) with end conditions My=0 and M=0 where f’(x;)=M; in the interval
[X01 Xn]
i.e., ’(x0) = 0 and (x,) = Ois called anatura cubic spline.

Fitting a natural cubic splinefor the given data:
In case of natural cubic spline the derivatives ’(xo) = 0 and f’(x,) = 0. i.e., Mp=0 and
Mn:o
Suppose that the values of x are equally spaced with a spacing h.
The cubic spline approximation in the subinterval (xi.1, Xi) IS given by

{—(X‘_XFM +(X_)§‘1)3M}+Xi_x(y- —h—zl\/l» j+x_xi_1£y-—h—2M'j
i-1 i h i-1 i-1 i i

1
F(X)=—
() 6 6 6 h 6

h

Mi1+4M;i+Mi+1 :h_62 [Vi-1tYi+1-2yi] wherei =1, 2, ....., n- 1 with My=0 and M=0.

Problems based on Cubic spline
1. Obtain the cubic spline approximation for the function y = f(x) from the following data,

given that yo"=y3"=0.

y -1 1 3 35

Solution:

The values of x are equally spaced with h =1.
Therefore we have
Mi.1+4Mi+Mj. =6 [yi-1+yi+1-2yi] wherei=1,2,....,n-1
Further My=0 and M3=0
Mo+4M1+M2 =6 (Yot+Y2-2y1)
SAM 1 +M 3 =0 oo ---(1)
and
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M1+4Mo+M3 = 6 (y1+y3-2y2)
= 6(1-6+35) = 180
LY PRV PN o [ —— S — 2)
Solving (1) and (2), M;=-12 M, =48
The cubic splinein (X;.1, X;) is given by

O O (525 o - e

1 6

wherei=1,2,.....,n- 1.
Intheinterval -1<x<0, i.e., xo< x< x1(i=1) the cubic spline is given by

| 0a=%)° (X=%p)° x-xy, 1 X%, _1
y_|: 6 M0+ 6 M1:|+[ 1 j[yo 6M0j+( l )[yl 6Mlj
y= %[(X+1)3(—12)] + (=)D +(x+1)1+2)

= (-2)(*+3x%+3x+1)+x+3x+3
y = -2x>-6x2-2x+1
In the interval 0< x<1, i.e., x1< X< x(i=2) the cubic splineis given by

[ =%)° (x=x)° N-xY, _1 j (X—le( 21 )
y—|: 6 M, + 6 Mz]"( 1 j(yl 6M1 + 1 Y> 6M2
= y= %[(1— X)%(~12) + x*(48)] + (1- X)(A+ 2) + (x— 0)(3—4)
= (-2)(1-x)*+8x3+3-3x-x
= y=23-6x°+6x-2+8x3+3-4x
y = 10x3-6x%+2x+1
In the interval 1< x<2, i.e., X< x< x3(1=3) the cubic splineis given by

[ (=%)° (x=%,)° =Xy, 1 X=X 1
PRCEEUNSEEa Ny e R M NS BN

1
= y= 6[(2_ X)*(48)]+ (2~ X)(3-8) + (x~1)(35)
= 8(8-12x+6x°-x’)+5x-10+35x-35

= y=-8x*+48x°-56x+19
Sy = -8x3+48x>-56x+19
Hence the required cubic spline approximation for the given function is

—2x*—6x*—2x+1 for -1<x<0
y=410x*-6x"+2x+1  for 0<x<1

—8x>+48x* -56x+19 for 1<x<?2

2. Obtain the natural cubic spline which agrees with y(x) at the set of data points given
below:

U

y 11 49 123

Hence find y(2.5)
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Solution:

123

The values of x are equally spaced with h =1.
Therefore we have
Mi.1+4Mi+Mii1 =6 [Yi1+Yie-2yi] wherei=1,2, .....,n- 1
Further My=0 and M»,=0
Mo+4M 1+M, =6 (y0+y2-2y1)
—=4M=6(11-98+123)

M1:54
The cubic splinein (X;.1, X;) is given by
L o (= P @
6 6 1 6 1 6
wherei=1,2,.....,n- 1.

In the interval 2< x< 3, i.e., xo< x< x1(i=1) the cubic spline is given by
y= {(Xl ;X)a M, + (X_6X°)3 Ml}-{xll_ Xj[yo —%Mo]+(x—_1x9](yl _éMlj
= y:%[(x—2)3(54)]+(3— X)(1D + (x—2)(49-9)
= 9(x>-6x%+12x-8)+33-11x+40x-80

y = 9x>-54x%+137x-119
In the interval 3< x<4, i.e., x1< X< X»(i1=2) the cubic splineis given by

1 (=%° (x=x)° X =X 1 X% 1

= y= %[(4— X)*(54)] + (4 - X)(40) + (x - 3)(123)

= 9(64-48x+12x%-x%)+160-40x+123x-369
=  y=-9x°+108x*+349x+367
Hence the required cubic spline approximation for the given function is
{9x3—54x2+137x-119 for 2<x<3

-9x®+108x?—-349x +367 for 3<x<4

Newton’s Forward and Backward Difference Formulas
Introduction:

If a function y=f(x) is not known explicitly the value of y can obtained when a set of
valuesof (xi, yi)i=1, 2, 3, ....n are known by using the methods based on the principles of finite
differences, provided the function y=f(x) is continuous. Here the values of x being equally
spaced, i.e, Xn =X tnh,n=20,1,2, ..., n

Forward Differences

www.padeepz.net



www.padeepz.net

If Yo, Y1, Y2,-.., yn denote the set of values of y, then the first forward differences of y =
f(x) are defined by

Ayo = Y1-Yo; Ay1=Y2-Y1; --enee 5 AYn-1=Yn-Yn1
where A is called the forward difference operator.

Forward Differencetable

Formula

Y(X +nh) =y, +NAY, +

n(n-1) Ay, + n(n-1)(n—2)
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Problems based on Newton’s forward interpolation formula

1. Using Newton’s Forward interpolation formula, find f(1.5) from the following data

f(x) 858.3 869.6 880.9 829.3 903.6

Solution:

596 | 8309 5036

Difference Table
To X y Ay A%y Ay Ay
find 0 8583
y for 869.6-858.3=11.3
x = 1 | 8696 11.3-11.3=0
1.5 880.9-869.6=11.3 0.1-0=0.1
2 8809 11.4-11.3=0.1 -0.2-0.1=-0.3
892.3-880.9=11.4 -0.1-0.1=-0.2
By 3 8923 11.3-11.4=-0.1
Newt 903.6-892.3=11.3
on s 903.6
forw

ard interpolation formula,

nin-1 A

~1(n-2
: L N=D0=2)

3
L (L5) - 8696 + (05)1L3) + (0.5)(05 —21) 05-2) 0+ (0.5)(05 —21) 05-2) 0D+ (0.5)(05-1) (oés - 2)(05-3) 03

= y(L5) = 869.6 + (0.5)(11.3) + (0'5)(02'5) @5 (0.1) + (0'5)(0'515(1'5)(2'5) (0.3)

Y(x +nh) = Y, + nAy, +

0

(00379 _(0.28125)

6
= y(L5) = 869.6 + 5.65 + 0.01875 + 0.46875

= y(15) = 875.7375

= y(1.5) =869.6 + 5.65 +

2. Using Newton’s forward interpolation, find the value of log;,,given log3.141 =

0.4970679364  10g3.142 = 0.4972061807 [093.143 = 0.4973443810
l0g3.144 = 0.49748253704  1093.145 = 0.4974825374

Solution

— 3 4
x| y=logx Ay Ay Ay wwiwpadeepz.net
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0 0.4970679364
0.1382443x10°
1 0.4972061807 11.3-11.3=0
0.1382003x10° 0.1-0=0.1
2 0.4973443810 11.4-11.3=0.1 -0.2-0.1=-0.3
0.1381564x10° -0.1-0.1=-0.2
3 0.49748253704 11.3-11.4=-0.1
0.1381124x10°
4 0.4974825374
Here x0=3.141, h = 0.001, yo = 0.4970679364
The Newton’s forward interpolation formula is
Xotnh=n=3.1415926536
B 3.1415926536-3.141 _
n= 0.001 =0. 5926536
y(X, +nh) = y, + NAy, + n(nZI—l) APy, + n(n—l;(n— 2 AYy+..

-~ o —7
= () = 0.497067934 -+ (0.5926536) (0.000138244) + 0-2926536-0.4073464)(-0.440x10"')

= y() = 0.497067934 + 0.0000819310+ 0.0000000053
= y(r) = 0.4971498727

3. From the following data, estimate the no. of persons earning weekly wages between 60
and 70 rupess.

Wages(in Rs.)
No.of person(in thousands)

Below 40 40-60
250 120

60-80 80-100 100-120
100 70 50

Solution

250 250+120=370 | 370+100=470 | 470+70=540 | 540+50=590

Here x0=40, h = 20, yo = 250
The Newton’s forward interpolation formula is

Xo+nh=70
70-40
n= =
20
wages
0= Frequency(y) Ay Y Ay Y
Below | 250
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y(X%

= Y(

=¥
= ¥(
No
. of
per
so
ns
wh
ose
we
ekly wages below 70 =423.5937

No. of persons whose weekly wages below 60 = 370

No. of persons whose weekly wages | No. of persons whose weekly wages below 70-
between 60 and 70 = No. of persons whose weekly wages below 60

= 423.5937-370
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Newton’s Backward Interpolation formula

The formulais used mainly to interpolate the values of y near the end of a set of values of

y ashort distance ahead (to the right) of y.

Formula:

y(x, +nh) =y, +nVy, + Mvzyn + WVW

Problems based on Newton’s backward difference formula
1. Thefollowing data are taken from the steam table:

Temp:°C 140 150 160 170

180

Pressure kgf/cm® | 3.685 4.854 6.302 8.076

10.225

Find the pressure at temperaturet = 142°C and t = 175°C

Solution: We form the difference table:

t p Ap A’p A’p A'p
140 =~ 3685
1.169
150 4.854 0.279
1.448 0.047
160 6.302 0.326 0.002
1774 0.049
170 8.076 0.375
2149
180 10.225
p4
L02% oésj 18" g.0a77 92 0.854:1 18%28° ¢ 00y
=3.685+0.2338-0.02332+0.002256-0.0000672
=3.807668
=3.808
P, (=175 = P,|180+ —ljxlo  wherey=1P=180_ 45
N 2 10
=P +WP, + ve Jrl’VzPn +.
=10.225+ € 0.5 €.149 + ‘Lf’/o.wsj
L€ 0.5/2.5/1.5/ 000 ¢ 0.5/0.;(.5/(2.5/ 0002

=10.225-1.0745-0.0046875-0.0030625-0.000078125
=9.10048438=9.100
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UNIT 111
NUMERICAL DIFFERENTIATION AND

INTEGRATION

Differentiation using interpolation formulae
Numerical integration by trapezoidal rule
Simpson’s 1/3 and 3/8 rules

Romberg’s method

Two and Three point Gaussian quadrature formulas

Double integrals using trapezoidal and simpsons’s rules.

www.padeepz.net



www.padeepz.net

Numerical Differentiation
> Differentiation using Forward Interpolation formula(for equal interval)

Differentiation using Backward I nter polation formula(for equal interval)
Differentiation using Stirling’s(Central Difference) Formula(for equal interval)
Maximum and Minimum

Differentiation using divided difference(for unequal interval)

YV V V

Forward difference formula to compute the derivative

Newton’s forward interpolation formula is

r¢-1, r€-1€¢-2_, r¢-1€¢-2¢-3
Yo 3 Yo a

(Hereusing of r for nisonly for convenience)

Differentiating w.r.t. we get,

2r-1, 3r2—6r+2As 2r3—9r? +11r -3

~

f &, +rh =y, +Ay, + ALY+

hf'(<o+rh}Ayo+TA Yo + 5 Yo + 5 Ay, + ...
(1
2_
h?f" &, +rh = A’y, + € -1 Ny, +w&)’o +
e
hf"' &, +rh = A3y, + 2 _3A4y0 +...
e

Similarly we can find the remaining derivatives.

If we want to find the derivatives at apoint X = X,,then X, +rh =X,

i.e, r=0.

Hence on substituting this value of r=0 in the above formula (1), (2) and (3), we get

, 1 1 1 1

f'& > E|:Ayo _EAZyO + §A3y0 _ZA4yO"':|
n 1 ]J-

f'€ > F[Azyo—&y(,ntEA“yo—..}

f' & > h—la[ASyo + gA“yo + } andsoon.
Note: If the x value is nearer to the starting of the given table we use Forward
Interpolation formula

Backward difference formula to compute the derivatives

Newton’s backward difference formula is

f& +rh =y +Vy, +

r‘+1/V2yn+r‘+1"+2/v3yn+r‘+1/‘+2"+3’v4yn+
3 4
=~ 2 3 2
Qr+1)vzyn+2r +6r+2v3yn+2r +6r°+11r +3
2 6 12

f'& +rh = %{Vyn +

V4yn+...}
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2
h*f" &, +rh =V?y + €+1V%y, +WV4% +..
2r+3
2

h®f" & +rh =V, + Vi, +
Similarly we can find the remaining derivatives.
At the point X=X,i.e, X, +rh=x,wehaver=0.

f' &, > %[Vyn —%szn +%V3yn —%A“yn--}

1 1
fr& ¥ |V +Viy +—=V'y —..
ﬁn;hz[ Yot VYot 5V }
m ™ 1 3 3 4
f T \% yn+§V Yy, +...| andsoon.
Note: If the x valueis nearer to the end of the given table we use backward Interpolation formula

Central difference formulafor computing the derivatives
We know that Stirling’s central difference formula is
r E

2

f € +rh =y, + r(AyOJFTAy_lJ+r—2V2y—1

2 2 2
;)Vy 2+ ¢ 1} {5y2+A5y_3}...

(Hereusing of r for nisonly for convenlence)
2

(Ayo+_Ay1)+rEvzy_1

~

3 7 A3y 3y 4 .2
i.e.,+‘3r{Ay 1+ Ay 2j+‘ 4]r iy 2

ANy-1+ A3y—2JJr
2

fé+rh =y, +r

2

5 3 h -
+ ‘5—;'*4"45)/_2 oh Asy_s /+
Differentiating (1) w.r.t. ‘T’ we get,
— 2 f— =

3_ 4
+[2r ' JA“y2 +(w ¢, + A5y—3j+

12 5
y'%+rh:=1[(%+—wj+&y—l+(3r J(\:"yﬁﬁyz
h 2 12
3 4 2
+(%j&y_2+(€r —155r +4{5y_2+A5y_3j+...}

(2

Differentiating (2) w.r.t. ‘r’, we get,
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. 6r2-1
y' & +rh = hz[Ayﬁ ¢3y1+Ay_2j( 5 JA“V_Z

20r°® —30r ~
+ (T]ﬁyz +AY 5 F..
Similarly we can find theremaining derivatives.
If wewant to find the derivative at a point X= X,,then X, +rh=x,
i.e, r=0
Substituting r=0 in (2) and (3) we get,

e~ 1Ay, +Ay-1 1
Y‘%/=—[(M) LSRN y_zj (\5y2+A5y3 i

h 2
y' & = [Azyl—iA“yz }
12
Similarly we can find theremaining derivatives.

Note:
& If thex value is middle of the given table we use central Difference formula
Maximum and Minimum:

Steps

- Write the Newton’s Forward difference formula y(x), %
X
- Writethe forward difference table

- Find ﬂ
dx

- Put gi =0 and find the value of x

2
-~ Find —Z 2/
2

- For every vaue of x find %

2> |If ((jjxy <0,y is maximum at that x(maximum point)

2
2> If %>0 , Y isminimum at that x(minimum point)
X

- To find the maximum and minimum val ue substitute the maximum and minimum
points in y(x) formularespectively.
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Problems based on Differentiation using | nterpolation formula

1. Findthefirst, second and third derivatives of the function tabulated below at the point

x=1.5
X 15 2.0 25 3.0 35 4.0
f(x) | 3.375 | 7.0 | 13.625 | 24.0 | 38.875 | 59.0
Solution
Thedifferencetableisasfollows:
X y=f(x) Ay A'y Ay A'y
1.5%, 3.375y,
3625 @y,
20 7.0 30 €y,
6.625 0.75 €y,
25 13.625 3.75 0
10.375 0.75
3.0 24.0 4.50 0
14.875 0.75
35 38.875 5.25
20.125
4.0 59.0

Here we haveto find the derivative at the point x=1.5 which istheinitial value of thetable.
Therefore by Newton’s forward difference formula for derivatives at x=x,, we have

. 1 1 1
f'& > E[Ayo _EAZyO + éAsyO - }

Here xo=1.5, h=0.5

e 1 1 1
f'q5 > —[3.625 -5 €0 3 Q.75 > }

0.5
f'€5 > 475
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At thepoint X= X,,

" 1 1
f }F{Azyo —A3y0+EA4y0—..}
Here xo=1.5, h=0.5

1 -
f"€5>——< p0o-075
( _a 0.53 t -
f"¢5 =90
At the point X=X,
1 3
1 3 e 2]
el " 27 (53— €75 360
Q5
f"" €5 6.0
2,
Compute f(0) and f’(4) from the data
X 0 1 2 3 4
y 1 2.718 7.381 20.086 54.598

Solution:

x | y=fx) Ay ey T Ny Ay

I A
L
m-----

Here we have to find £°(0) .ie.x=0 which is the starting of the given table. So we use the
forward interpolation formula.
www.padeepz.net
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, 1 1 1 1
N E|:Ayo AV S8, _ZA4YO---:|
f'Q > %[1.718 —%2.945 + %5.097 - %8.668} =-0.2225

Here we have to find f’(4) .ie.x=4 which is the end of the given table. So we use the
backward interpolation formula.

" 1 11
f }F[szn +Vy +Ev4yn —}

f'@ > 112[21.807 +13.765 + %8.668} = 43.5177
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2
2. Find %and (le glat x = 51 from the following data.

X
X 50 60 70 80 90

y 19.96 36.65 58.81 77.21 94.61
Solution:

Here h=10. To find the derivatives of y at x=51 we use Forward difference formula
taking the origin at x¢=50.

Wehave r = X=% _51=90_ 44
10
. at x=51, r=0.1
2 3 2
(ﬂ) :(y) :1 Ayo+2r 1A2y0+3r 6r+2A3y0+2r O +11r 3A4y0+...
dx)._, \dx/)._o, N 2 6 12
The difference table is given by
=f A 2 3 4
X y=f(x) y Ay Ay Ay
50x 19.96y
0 0
16.69 €y,
60 | 36.65 5.47 .
¢ZYO,

221 -9.23

6 ¢3y0,
70 | 58.81 -3.76 11.09

Q4YO,

184 2.76

0
80 | 77.21 -1.00

174

0
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90 |94.61
( yj
dx ), s

dy)
=1 3(0.1)% - 6(0.1) + 2 ~ [2(0.1°-9(0.1)? +11(0.1) - 3
( ) o1 10 {16 69+ 22" 5.47)+ [6% 9.23/{ - }11.99%

- E [6.69— 2.188-2.1998-1.9863 }1.0316

2_
L 6ri 18 +11A4y0+_1

Il

dx*> ) . dx® 12
(dzfj :(dZZj i{s 47+ Q.1-11-9.23) + 6(0.0)” ~18(0.1 +11(11.99)}
dx* ) o, \adx® ) _,, 100 12
% b.47+8307+9.2523 +0.2303
3. Find the maximum and minimum value of y tabulated bel ow.
X 2 |1 |o 1 2 3 4
y 2 - 0 - 2 15.75 | 56
0.25 0.25
Solution:
2 3 2
gi HAYO 2r _1A2y0+ 3r —gsr +2A3y0+ 2r —9r12+11r —3A4y0+_.}
X y=f(x) Ay APy Ay Aty Ay
-2 2
-2.25
-1 -0.25 2.5
0.25 -3
0 0 -0.5 6
-0.25 3 0
1 -0.25 2.5 6
2.25 9 0
2 2 115 6
13.75 15
3 15.75 26.5
40.25
4 56
Choosing X¢=0, r =%2 = X
dy 1{ 025+ 2x (25) —6x+2(9)+2x3—9x2+11x—3(6)}
dx 1 6 12
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=% Jo.25+25x-1.25+ 45x% —9x+ 3+ x° - 45x° +55x-15_

ﬂ:xtx
ax
Now Q:O:x:"—x:o
dx
=Xx=0,x=1,x=-1
2
d—¥:3x2—1
dx
2 2 2
at x=0 d gz—ve at x=1 d Z=+ve at x=-1 d ¥=+ve
X X X
-y ismaximum at x=0, minimum at x=1 and -1
X(Xx=1
SY(X) =1 Y, + XAY, + > AYo+ ...

Maximum value =y(0) =0, Minimum vaue =y(1)=-0.25.

X 0.2 0.4 0.6 0.8 1.0

f(x) 0.9798652 | 0.9177710 | 0.8080348 | 0.6386093 | 0.3843735
Find £°(0.25),f°(0.6) and £(0.95).

Solution:

Here h=0.2

% 0.25is nearer to the starting of the given table. So we use Newton’s forward

interpolation formula to evaluate £°(0.25)

@ 0.95 is nearer to the ending of the given table. So we use Newton’s backward

interpolation formula to evaluate £7(0.95)

% 0.6 ismiddle point of the given table. So we use Central Difference formulato

evaluate £7(0.6)
Thedifferencetable
X y=t0) | Ay A’y Ay A'y
0.2xo | 0.9798652y,
-0.0620942
| <,
04 | 09177710 0.047642 €2y,
\ |V -0.1097362 -0.0120473 €%y,
i‘o.e? 0.8080348 -0.0596893 ¢y,
| 0.01310985
¢y,
-0.1694255 -
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0.02515715 €y,
0.8 | 0.6386093 = )
0.08484645 €'y,
0.25427195 €y, |
1.0 | 0.3843735 K
Xn | Yn _;
To find £(0.25) Q@
Newton’s forward interpolation formula for derivative
_ 2 _ 3 _ 2 _
hf'(<0+rh:=Ayo+2r 1A2y0+3r 6r+2A3y0+2r Or-+11r 3A4y0+...
2 6 12
-0.0620942+ 2(0+5)‘1 (~0.047642)
2 - ~~
fr@25 =L | H02) —00.29%2 ¢ 5150473
- 02 6 -
3 _ 2 _
L 20.25) 9(0.2152) +11(0.25) -3 (0.01310985

=-0.2536(correct to four decimal places)
To find £°(0.95)

X y=f(x) Ay A’y Ay Ay
02% | 0.9798652(y5) I

-0.0620042 QY ,

0.4 0.9177710 (y.) 2,
JEA \ o N 0.047642 6 Yo )
‘ 01097362 Qy 00120473 Py
0.6 0.8080348 (yo) A 2., 4.
7 | <0.0s06803 €2y | B ¢y, 5
-0.01310985
_ W\ N _ S
| -0.1694255 Qyo _ -0.02515715 6 Y,
0.8 | 0.6386093(y1)

<0.0sa4645 €2y, :

| ~
-0.25427195 Q\y,

1.0 _| 0.3843735(y,)

Newton’s backward interpolation formula for derivative
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-~ 2 3 2
Fg + rh::l vy + €r +1/szn N 2r° +6r +2ngn N 2r°+6r°+11r +3V4yn N
h 2 6 12
P X% 095-1_ 025
h 0.2
-0.25427195+ 20029+ neapaean
f@.95 = 0—12 4 025" +:(_0'25) "2 0.02515715"
L 2-025°+ 9(—0.125)2 +1U-029)+3 11310085

£(0.95) =-1.71604
To find £°(0.6)
Central Difference formula (Stirling’s Formula)

2 3 4 2 R
f' &, +rh}iKAy0+2Ayl]+rA2yl+(3r12 1]63y,1+A3y,2}[2r12 rJA“yi2 +(w{s)ﬂz +A5Y3j+---}

(— 0.1694255-0.1097362
~ 1

. j +(0.2)(~0.00596893

f' Q.6

(-0.01310985...

= ho 2 3 _
02, (3(0'?2 1} € 0.02515715- 0.0120473 [72(0'2) O'ZJ

£2(0.6)=-0.74295(correct to 5 decimal places)

5. Given the following data, find y’(6), y’(5) and the maximum value of y

X 0 2 3 4 7 9

y 4 26 58 112 466 922
Solution:
Sincetheintervalsare , we will use Newton’s divided difference formula.
Divided Difference Table '

x | y=f(x) = Af(X) A £ (X) A (%) A (X)

0 4 [ 4

11=f(xo,X1) |
2 26 7= f(X0,X1,X2)

__| QL 1= f(Xo,Xl,Xz,Xg)

3 _|_58_ N 11 0= f(Xo,X1,X2,X3, Xa)
__ o e 1
|4, | 112 16 0

118 1
oA | 466 22

228

9 922

By Newton’s Divided Difference formula,
y =F(X)=f(X0)+(X-X0)f (X0, X1)+ (X-X0) (X-X1)f(X0, X1,X2)*..........
=4+(x-0)11+(x-0)(x-2) 7+(x-0)(x-2)(x-3)1
=x>+2x%+3x+4
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Therefore, f*(x) = 3x%+4x+3
f'(6)=135
£(5)=98.

Numerical I ntegration

% Singleintegra
- Trapezoidal
- Simpson’s one-third rule
- Simpson’s three-eighth rule
- Romberg method
- Two and Three point Gaussian Quadrature Formulas

% Doubleintegral
- Trapezoidal rule
- Simpson’s Rule

Single Integral

Trapezoidal Rule

I f(x)dx= g umof the firstand last ordinates + 2€umof theremainingordinates
%o

X, <
ie, If (X)dx=g k. + Yo F2€+ Yy et Yo
%

Simpson’s one third rule
X]. f (x)cx = h[ €umof the first and last ordinates *+ 2€umof theremaining odd ordinates
: ~ 3| +4€umof theremaining evenordinates

3

Xn
. h ~ - -
ie, If (X)dXZE B/O+ Vo +2€,+Ys+.. Y, +4€,+Y,+.F Y,
X0

Simpson’s three eight rule
éumof the first and last ordinates

Xn
jf (X)dx = “\ + 36umof theremaining ordinateswhicharenot divisibleby 3
R + 2€umof theremaining ordinateswhichare divisibleby 3:

Xn

h - . -
JEO9cx=" B+ ¥, Sr3€+ Yo+ Yot Yo bonit Yos 526+ Yo bt Yoo
%o
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Rule Degree of y(x) | No.of intervals | Error Order

Trapezoidal Rule One Any (b—a)hM | h®

B <—0—

12

Simpson’s one third rule | Two Even (b—a) h*M h*

Bl <
Simpson’s three eight three Multiple of 3 3h° h°
rule [E|< 5

Two and Three point Gaussian Quadr atur e For mulas
Gaussian Two point formula

. . . 4 -1 1 .
@ If the Limit of theintegral is-1to 1 then we appl f (X)dx= f(—J'f‘ f(—j This
ey apply { (%) NMWE

formulais exact for polynomials upto degree 3.
b
w If J. f (X)dx then x:b;zat + b+Ta and dx = b;za using these conditions convert

b 1 1

) -1 1
f (X)dxinto |f (t)dtand thenwe ly theformula |f(t)dt=f| —= |+ f| —=
aj() !() apply {() (Ej (ﬁj

Gaussian Three point formula
@ If the Limit of theintegral is-1to 1 then we apply

1
If (x)dx=g{f[— \E]+ f(\/g]}rg f (0) . Thisformulais exact for polynomials upto
-1

degree 5.

b
@  Otherwise I f (x)dx then X:b;zaub%a and dx :B using these conditions

b 1
convert I f (x)dxinto jf(t)dt and then we apply the formula

T[f(t)dt=g{f[—\/gj+f[\/gﬂ+gf(0)

Problems based on singleintegrals

T

2
1. Using Trapezoidal rule evaluate I\/sinxdx
0
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Solution
x| 0 15 30 45 60 75 0
y 0 | 0.5087 0.7071 0.8408 0.9306 0.9828 1

Trapezoidal rule

Xy <
JO00c=2 oy, 5 2044 ot ¥,
X

2J‘\/sin xXdx =

0

fo+1)+2(0.5087 +0.7071 + 0.8408 + 0.9306 + 0.9828) _

NSRS

1.17024

2. By dividing the range into ten equal parts, evaluate jsin xdx by Trapezoidal rule and
0
Simpson’s Rule. Verify your answer with integration
Solution:
Range = n-0=n. Hence h="
10

we tabulate below the values of y at different x’s
X 0 V4 2r 3r 4 57 6r r | 8r Oor |7

0 |10 |10 |10 |10 |10 |10 |10 | 10

sinx | 0 309 | .5878 | .809 |.9511 |1 9511 | .809 |.5878 |.309 |0

Trapezoidal rule

B .
JEO00k=2 W+ ¥, 3260y, oY,
X

z T

2 ) -
_[sin Xdx = % [0+ 0) +2(0.3090 + 0.5878 + 0.8090 + 0.9306 +0.9511 +1+ 0.9511 + 0.9306 +0.8090 +0.3090) _
0

=1.9843 nearly
Simpson’s one third Rule:
we use Simpson’s one third rule only when the no.of intervals is even
here the no of intervals =10(even)

Xy

h < - -
[0gcx= o+ ¥, 3261+ Yoot Vo A Yt Yy
%o
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T

2 = ]
J'sin xdx = % |0+ 0) + 2(0.9511 + 0.5878 + 0.9306 + 0.9511 + 0.9306) + 4(0.3090 + 0.8090 + 1+ 0.8090 +0.3090) _
0

= 2.00091 nearly
We use Simpson’s three eight rule only when the no.of intervals divisible by 3

Here the no of intervals =10 which is not divisible by 3.
So we cannot use this method.

By actual integration,

/3
jsin xdx= € cosx ; =2
0

Hence, Simpson’s one third rule is more accurate than the Trapezoidal rule.

1 1
3. Evaluate (i) J (3x* +5x*)dx and (ii) I (3%* +5x*)dx by Gaussian two and three point
-1 0
formulas
Solution:
1
(i) j (3x% +5x*)dx
-1

Gaussian two point formula
Giveninterval is-1 and 1.
Hence we can apply

];f (x)dx = f(_T;J+ f[%j
:>1j(3x2 +5x")dx= {_T;]Z +5(_T;j4 +{%]Z +5(%)4 =3.112

Gaussian two point formula
Giveninterval is-1 and 1.
Hence we can apply

lossg (G (Gjso
e sewn S A3 T 4o

1
[(@x*+5x*)dx =4
-1
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(i) 1j(3x2 +5x")dx

Gaussian two point formula
Heretheinterval is0to 1. So we use the formula

x=P=a bra =222
T2 2

2

i.e x—t—Jrl and dx —ﬂ
2 2

:1{3(%)2 +5(t ’;1j }dt 1.556

Gaussian two point formula
Heretheinterva is0to 1. So we use the formula

_b-a, bra =" e x=tlandax=™t
2 2 2 2 2

:JH%M“J 91 o o
f(t)=Ht;1j2+5(t;1J }

froa=g o[-+ ([ [g]|+510

(3 [y {27 o
()40 oo eaa

£(0) = HOTHJ . 5(07”” 10625

1 \ N
IHMJ \ 5(”1j }dtjo_lgg +4.287 > (1.0625)
2 2 ° °

-1

= 4(approximately)

(45 o5 a2

N~
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Double Integral
Trapezoidal Rule

db
Evaluate j j f (%, y)dxdywhere a, b, ¢, d are constants.

® [ [t 1] ©

J M N H

I @) P G

@|EF|®

I:%{[sum of valuesin]+2(sum of valuesin 1 +4{sum of remaining valuesfr

Simpson’s Rule
éumof thevaluesof f at fourcorners.

+ 2(sumof thevaluesof f at theodd positionson the
boundaryexcept thecorners)

+ 4(sumof thevaluesof f at theeven positionson theboundary)
hk |+{4(sumof thevaluesof f at theodd positions) +

9 |8(sumof thevaluesof f at theeven positions)

on theoddrow f of thematrix exceptboundaryrows}+
{8(sumof thevaluesof f at theodd positions) +

16(sumof thevaluesof f at theeven positions)

on theevenrow f of thematrix}

Problems based on Double integrals

14
1. Evauate I I idxdyusing Trapezoidal and Simpson’s rule. Verify your result by actual

1224

integration.
Solution:
Divide the range of x and y into 4 equal parts
h=24=2_01
4
k= 14-1_ 0.1
4

Get the values of f(x, y) = % at nodal points
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y\X 2.1 2.2 2.3 2.4

1 05 0.4762 0.4545 0.4348 0.4167
11 0.4545 0.4329 0.4132 0.3953 0.3788
12 0.4167 0.3968 0.3788 0.3623 0.3472
13 0.3846 0.3663 0.3497 0.3344 0.3205
14 0.3571 0.3401 0.3247 0.3106 0.2976

(i) Trapezoida Rule

I
4

=0.0614

0.4545+ 0.4167+ 0.3846+ 0.4762+ 0.4545+
_ (0.1)(0.1) | ©.5+0.4167+0.3571+ 0.2976 + 2| 0.4348+ 0.3788+ 0.3472+ 0.3205+ 0.3106+
- 0.3247+ 0.3401

+40.4329+ 0.4132+ 0.3953+ 0.3968+ 0.3788+ 0.3623+ 0.3663+ 0.3497+ 0.3344

(if) Simpson’s Rule:

I
[=0.0613

0.5+ 0.4167+ 0.3571+ 0.2976} 2(0.4167 + 0.4545+ 0.3472+ 0.3247)

_ (0.D)(0.1) |+4(0.3846+ 0.4545+ 0.4762+ 0.4348+ 0.3788+ 0.3205+ 0.3106

9 +0.3401+ 0.3788)+ 8(0.3968+ 0.3623+ 0.3497+ 0.4132) +
16(0.3663+ 0.3344+ 0.4329+ 0.3953)

_ 0.01(55.2116)
9
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Oailk -3
Paxk- A
; G Jind dy
. skale NQ.LO-\-G'n's _SD*M “&fg&ﬁk :FO'\‘M\LLQ e
and 4Y ot X=To
dx*
2 2 f
e : - & % B9 an
g = e} DY = S0 A 28 - ]
a (%% == Xo \\\ 2 3

3 4y .
L) . _\_{&30,33«,.\._“331590 ]
df X =Xeo ﬁ*

39'3 k I':D(Q'\'?»\
2. Write bYre Sormula o Compule d_&‘_imﬂd _d_laou

=9\ A

Jox o Fiven dakta (X,B0
2p 3
BV, S Ip-6e+A Agso-»zp’—c\p AW -5’3‘3&:

Ans+- Ay 1| by + T
az h[ o A e d
2
. J—\Azgo* (- &9, + "__\’__.,__“?a"*“ Aly,+:]
ax n

3. Stote Newkton's badkWw axd i'ntmr‘:b\ou\{ o Fovrmulat & fomd

d.i d):‘\'

Ans - c&__)'

=0 [vsn*r vy, kgﬁﬂ_..]

2
dy . ' e +v%y 40 V"Hn*"]
4 &'y ok
4. Wrxite the Formula & Qm?u-b- %%3( an =

&%y .,

ta:x“-y'p\\ Se¥v Ythe deda (X, 4, Lo, -
A\ns " dy L lvy +2p ¥ 2 3‘;1% y2 3 +M

dx | X

E
dl 2 Y i q"g“-)-...J
;\—;:‘%L Fids [V Ynd (PHD Ty, 2 6P Hr8pIh ¢
n 3 <1yt J d t
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5. Fépd dy at x=2 Fvomw Ehe :Fouow'u-sg data
ax
* 2 3 b
< a. sg Nha
1 -
Avs ay =32 &y,=54 &y, =32
e 3 = &\.
’ ﬁ = 32 - 3 (@1}
aAx

Following tav\e

2 3] 6
9 3 " an
Ans - Vy,= \b vY,, =8 <y % gs
ds P 5 S -
Ei;_)x:k a2 [\““ _i.] = \o .
N ] 2 ca,n Q’h‘:\
. t\‘\w\xq\‘ e ‘;o\t\ts Cy,o
7. A Cuaswe pPassSing e o e
the
¢ 3\e! of
C4:8). Find ¥the pR 4}\5
Ang - = 4 u a4
\ 0
1
4 \ Y3
2
LY 5
sal inteyvals . Se W& use Nowtons Divided Aiffeserce
uneq :

Sovwula

S (X FCADH > X -Xe) S Cxo, XD ¥ -

=

2 OF (-9 ) +Cx vt -2 ‘/3

ey =

32X -\ = 2X
> 2
(-]
'5\'0‘)0- at =>x=3 s 9-(:) o

xg) X=X §Cxe Xy, X2)

8

R I S —3\(—1 - 32 + &)
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8. State the basTe \DT‘L\\LLP\Q Fo deviving Simps:rn!s A
sule.

Ars:: The C SN Q

Po‘\i\ks c\’s TQ.P\M bj a

qus\nj \:\n-coucb\n Chyee <ComngecuMye
Fa.:\nlotr\o.

A. Staks the o©¥dew OB onLe’ uUo SLm.?&,sns
’ . q
A EByvor N S'\MPSG“S |/3 wuls & G.B endan W

x .
'O-Us‘m<3 .S’\m_?sm's Tus, Sind 's’e AxX qives ey €272,

e 7.3q , %2 20.09 and e .oy 6

v u
o Se"csx; —‘;[Q\* Bu.)4 (2.72 4 200N+ zc'I-B"lﬂ
o

=T 53.-873 N
3 I\ T
[ No.o§ iotervale N =even: we usf AUmpPions /2 J

. A cuxve passes t\mcu%\n Ca,8), (3,87, (y,bh) and
obweern = axis
(5,128). Find the oneo a‘st\m cunve b

oand the bmes -2 and ~x=% \93 b\u.‘aamei&og- wula .

Vi 5 .
Ans: § waxq= Ja—[(g.‘.\ns) + a(&'!%l;)] = 157. % 3%.@\\&3

a

2
12. Compuh, S‘_*_:L us.‘u-c% _gigm‘a,sen's e W Mo gg
]

Ahs‘_.
R "N \ 12w [ R B 2

Y \ ©-8 © -bbb ©-%7) 0.5

No.of | ,
§ intevvalg =L ~even . we  usg A\"‘\P*G“'s e TR

2
Ax . - /%
§ = () % [L\ +°.5)+ \_‘ LO-S -0 5'1\)“’ 9—(0'6‘)‘)]

= O-6943),
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13. Dse S‘\m\:»sm's. 3’8 Tula  wibta Yw=0.2 to <wluote

\
axt
155

Ans - - o o.5 \

J ' 2 X
3 a

P o use
N°'°b wltoavaly = 2. = net Aivisible by 3, Sp we Conne

|
N 3
Lo psewns IS yula

!
. Evaluate :\.\1\41 with two Aubintewals by 3\«\‘3&@3'4
-
vule amd by TTa.FtuzgiAal wulo .
2.
Avs By S'anscn's yule, 2= -%[\-}-O‘Pﬂ -

By Trapezoidal vl 2= L [wy) =)

5. ¢ I =0775 , I,- 07828 Fmd 2 usiog Rombergs

By Romberg.ls me thod J= _‘Y& ¥ (Iﬂ;l‘) - ©.7802 .

\
b. Find T = J% by Ewo point Graussian  Sormula .
3
-1

14
"

3 ) = _55' = |-5 115'(:7‘:7) '.5("&)

_) D,
1+ y3 1+Y,

) )
M. Find - ji& b'd Giamssian tuwo Peiﬂt —jc-rmm
o

12573
Ang ! A \ ;
— A WA= j__b usimg o= 13t then 2= & 206923
S e+3 Q 341 - ) IS
VES N

-

‘ -
18. Evaluate §cogxdx usvnﬂ two Fo‘u\\: Graussiom formula
-1

Ang - '
-‘J' Coexdx = 2 COS(?L;) = |. 6758.

p—
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UNIT IV
INITIAL VALUE PROBLEMSFOR
ORDINARY DIFFERENTIAL EQUATIONS

Taylor series method

Euler methods

Runge-Kutta method for solving first and second order equations
Milne’spredictor and corrector method

Adam’s predictor and corrector method.
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I ntroduction
An ordinary differential equation of order n is a reation of the form

FEY. Y,y .. y©=0 where y=y& and y‘L%. The solution of this differential
X

equation involves n constants and these constants are determined with the help of n conditions
Y, Y\ Y YO are prescribed at x = x,, by

Y€ > Yo, V' & > Vo Y& > Y

These conditions are called theinitial conditions because they depend only on X, .

The differential equation together with theinitial conditionsis called an initial value problem.
Taylor’s Series
Point wise solution

If y& isthesolution of (1), then by Tailor series,

—_ \‘ — 2 “ — > "
Y€ Yo+ ((ﬂx"%m ¢ 2f°”yo+ ¢ 3X°’yo+---

Put x, = X, + h where histhe step-size, we have

< h . h . h .
Y€ Y= Yo+ Yot o Yot Yot (3)
oncey, has been calculated form (1), v,,Y,, Y, can be calculated from
y=f&y_
Expanding y((: inaTaylor series about X = X, we get

h . h . K .

Y, = y1+EY1+Ey1+§y1 ..
Where y, = y&, and X, =X +h

The Tailor agorithm is given as follows
2 3

R

yml_ym_'_]_lym_'_ 2! ym+ 3 ym+"'

Where y,?z% at thepoint €y, where m=012,...
X

Problems based on Taylor’s Series
Solve y'= y?+ x; y@Q >1 using Taylor series method and compute y@Q.1 and y@.2_

Solution
Here X, =0,y, =1.
Given y'=y?+Xx ; Yo =1
y'=2yy'+1 : Yo=3
y''=2yy'+2y°? ; Yo =8
y" =6y'+2yy" ; Yo =34 etc.,
Tofind
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Here h=0.1
By Taylor algorithm

h . h* . h®.
y1=y0+iyo+_yo+§yo+"'

-~ 001 ~ 0.001 ,~ 0.001
=1+ Q.1 + +
014 +——@: 5 6 - ”
().1}1.1164
Tofind yQ.2_

X, =% +h where x,=0.2
h . n . n

Y, = yl+iyl+5yl+§

y, = 0.1+ € 1164 3=1.3463

y, =1+ 2. 1164 ¥ 3463 > 4.006

y, =2€.1164 $.006 J} 23463 >

= 12.5696
y©0.2 =1.1164+ ©.1 €.3463 + 0—01 ¢.006 + %001 (2.5696

¢4

Y, +..

2. Evaluate y Q.l: and y().2:, correct to four decimal places by Taylor series method, if y((:
satisfies y'=xy+1yQ 1

Solution

Here X, =0,y,=1
y'=xy+1 ; Yo =
Y'=Xy+y : Yo =
Y= xy'+2y ; Yo=2
y" =xy"+3y" ’ Yo =3

Tofind y@Q.1

By Taylor algorithm

Lyl
yl_y0+1|y0+2!y0+3y0+"'

Let x, =X, +h where h=0.1

2% =01
~, 001 ~ 0001 _~ 0.0001 -
=1+ Q.1 + +
e Syl 3
:1.1057\
Tofind y@.2_

Let y,=y€, where x,=x +h
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X% =02
By Taylor algorithm,
h . h* . h®.
Y, = yl+iyl+5yl+§yl +

y; =1+ Q.1 §.1057 31.11057
y, = Q1§ 11057 31.1057 =1.216757
y, = Q.1 4216757 } 211057 ¥ 2.3428157

.y, =11057+ ©.1 11057 + 0'701 (.216757 + %001 €.342815

=y, =1.2178
Hence y@Q.1 >1.1057 and y@Q.2 >1.2178 .

3.Solve by Taylor series method, y'= xy+ y?, y()} lat x=0.1and 0.2,, correct to four decimal

places.

Solution

Given x,=0,y, =1
y'=xy+y? ; Yo=1
Y'= Y+ Xy+2yy ; Yo=3
y''=2y'+xy'+24/ E +2W' y, =10
YV =3yxy 8y Y2y Yo =47

Tofind y, =y Q.1

Let x, =%, +h.Here h=0.1
X=X%+h=>x=01

By Taylor algorithm

2 h3

h . . .
Y, = y0+iyo+5yo+§yo+-"

g1 0114 00 g 0001 g3, 000 -
=1.1+0.015+ 0.0017+ 0.0002

- y€Q.13¥1.1169

Tofind y@.2_

y,=y& where X, =x +h

Here x, =0.1,h=0.1,x, =0.02

By Taylor algorithm,
_y, 4D '+h—2 "+h—3 L+
Y=Y 1|y1 2)/1 33/1

x =01y, =1.1169
Y= XY+ Y =y, =1.35925
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Yi= Vit XYy+ 2y, =y, =1.35025

=1.1169 + Q.1 §.35925 } 2 1169 35925
= 4.2891

' " . "
Y, =2y, +xY, +2€; © +2y,y;
— 27185+ 0.42891+ 3.6951+ 6.5810
~16.4235
Yy =3y, + XY, +6Y, Y, +2y,Y,
— 212.8673+1.64235+ 34.9797+ 36.6868

=86.17615
Y, =1.1169+ Q.1 €.35925 + 0'701 €¢.2891 + %01 €6.4235 + %301 €6.17615
=1.1169+ 0.135925+ 0.02144+ 0.00274+ 0.00036
- yQ0.2 =1.2774
Hence yQ.1 >1.1169 and y@.2 >1.2774 .
Taylor series method for ssimultaneousfirst order differential equation
We can solve the equations of the form % =f&y, W g& Y,z withinitia
X

~dx
conditions y&, > Y, and z&, > 7.
Thevauesof yandz a x, = X, +h are given by Taylor algorithm,

2 h3

h . .
y1=yo+iyo+5yo+§

Yo + .
h . 2., hn .
21=ZO+EZO+EZO+§ZO+...

The derivatives on R.H.S of the above expressions are found at x = X, using the given

equations.

Similarly y, and z, correspondingto x, = X, +h are calculated by Taylor series method.
Problems

~ -~ . dx dy .

1.Evaluate xQ.1 and y@Q.1 given a=1+ty,a=—tx given x=0,y=1 a t=0 by Taylor
series method.
Solution

Givent,=0,%=0,y,=1
X'=1+ty y'=—tX
X'= y+ty' y"=—|<+tx':
X"=2y'+ty" y'=— IZx'+t><':
X" = 3y"+ty"" y" =—px+x"
Then
X =1 Yo =0
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X, =1 Yo=0
Xo =0 Yo =-2
% =0 Yo =—3

By Taylor algorithm, we have

2 3

h . h® . .
Y, = y0+iyo+5yo+§yo+-"
-.-0.01 ~ 0001, .~ 0.0001, -

Ly01=1+ Q.1 + 2 +——¢€3
yO0.1: 0’0’20’6¢’24¢’
- y@Q.130.9%7

~. .ho n.ohn
x().1;>(1_xo+ix0+5x0+§xo+...
=0+ QLT G
=0.105

dx dy .
— =Xy+2t;— =2ty + X, with
R S

2. Find xQ.2_and y€Q.2_ using Taylor series method given that

initial conditions x=1,y=1at t=0.
Solution

Givent,;=0,x, =1y, =-1
Taking h=02,t, =t,+h=1=0.2

X'=Xy+2t y'=2ty+ X
X'=Xy+X'y+2 y'=2ty'+2y + X
X"=xy'+2X'y+ X'y y''=4y'+2ty"+ X'
X, =—1 Y, =1

X =4 Yo=-3

Xo =—9 Yo=8

By Taylor algorithm, we have

h.. h® . h ..
X, =%, +ix0 +EX° +§x0 +...
h. h? . h
Y1=Yo +iy° +Ey0 +§
2 x0.2 =1+ 02 €1 +20.2° —g 02°+..
- xQ.2 X0.7%
y, = y02 =-1+02- (.5}).04}%1 0.008
=-0.8493
Hence x€.2 > 0.796 and y@Q.2 > -0.8493

Yo + oo
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Taylor series method for second order differential equations
2

Consider the differential equation %= f[x, y%j with the initial conditions y €, Y,

and y' €, y,, where y,, y, are known values.

This equation can be reduced into a set of simultaneous equations, by putting y'= p
. wehave y'=p,y€ > Y, 1)
And p'=f €Y, p p& > P, =Y, @)
Successively differentiating y", the expression for y"',y" etc., are known.
By Taylor series method, we find
h . h . h® .
Y1 = yo+iyo+5yo+§yo +..

2 3

v atp s .
—yo"' po"'Epo"'Epo"""

Also by Taylor series method, we have
2 3

. h . h .

PL=Y1= po+i po*‘E po+§
Thenthevaues v,,y, ,y, arefound from y;,y, etc

h . h* . Rk
Y, = y1+iy1+5yl+§
Thuswe calculate Y, Y,,...
Problems
LFind y0.2 and ©.4 given y'=xy if y@Q =1y €@ >1 by Taylor series method.
Solution
Given y'=xy, %, =0,y,=1and y' @ =1
Then we have
y'=Xxy+y
y¥ = xy"+2y'
y' =3y"+xy"" etc
Yo =0,yy =1y?=2,y®=0
By Taylor Algorithm,

Py + .o

Y, +..

2 3

h .
Y= yo+iy0+5yo+§yo+"-

Taking, h=0.2,x, =X, +h=x =0.2

- 4~ 004~ 0.008 ,~ 00016 -
Yi=y& =1+ 02 L=~ 0+~ — O+ ¢

2 ~ 6 ~ 24 -
- y0.2 =1.2014
Tofindy,
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Set p=y'. Then p'=xy
Lop'= XYY P= X2y pY =By Xy
Po=1P,=0,p,=1p, =2 py =0
By Taylor Algorithm,
h . 2., n .
P = p0+_l po+5 po+§ Py + ...

~ 004 ~ 008

P =14+ Q20 o G @

=y =1+ 0.02+o.0027
=1.0227

Let X, =X +h.Since h=02,x =02=x,=04

By Taylor series method,
Ly&, =

2 h3

- h . h .
y0-4,=y1+iy1+5y1+§

Y, + ..

Y'=xy=Yy, =xY, = 0.2 §.2014 3 0.24028
Y'=xy+y=y, = Q.2 L0227 }1.2014 =1.405%4

Y =2y+xy' =y
0. 04

:>yo4\14084
Hence y@Q.2 312014 and yQ.4 *1.4084

2Findy a x=111.2 given y'=x’—y%y, y(

using Taylor series method.

Solution

Given x, =1y, =1y, =1

Y'=X —yy'=y,=0

y'=3C -2y - Yy =y, =

y"' =6x-2y° —4yy'y'-2yy'y'-y’y"
=Yy =6-2-0-0-1=3

yO o O, yo A 0, yO 1 y(v]_

By Taylor series method,

2 3

h . .
y1:y0+iy0+5yo+§yo+-"

Taking, h=0.1x,=1Lx =% +h=0.1

We have
0.01 .~ 0.001

= Q.2 §.024028 } 20227 >

.y, =1.2014+ 0.2 0.0227 + 29 ¢ 0240087 2908

7 0.00048 +2.04%4 = 2.0459

€.40594 + 00016 0459

Lyl =1+ Q11+
- y€1 311002

+— +
20’ 6(’

24

and y' € =1, correct to four decimal places

[

~ 0.0001 -

—
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Tofindy,
Set p=y'. Then p'=x’-y’y', py =y, =1
pt=1-1=0, p, =1, p, = 3 €tc.,

h . h* . h .
pl:p0+ip0+5p0+§p0+"'
= p =1+ ().1:()}0'701 (}0'?01 Q_:

- p,=1.0083 = y, =1.0053

y'=x*-y’y'=y, = €13- 1002 30053

=0.11415

y'=3xy’ -2y € - y’y' =y, =3€13-2€1002 0053 3 1002 3Q.11415 _
=1.268

By Taylor Algorithm,

2 h3

h . . .
y2:y1+iy1+EY1+§y1 +..

Where y, = Y&, %, =12

~ 0.01 ~ 0.01

=1.1002+ ©.1 €.0053 *+ = 011415 e €.268

= y¢(.2 =1.2015
Hence y€.1 +1.1002 and y€.2 >1.2015

Euler method
Let y,=y€ ,where x, =x,+h
Then y, = y&, +h . Then by Taylor’s series,

2
L I R @
Neglecting the terms with h* and higher powers of h, we get from (1),
Y= Yo+ hf €, y,_ 2
Expression (2) gives an approximate valueof y at x, = X, +h.
Similarly, weget y, =y, + hf €.y, for x,=x +h.
. foranym, y, .=y, +hf €,,y, ,m-—012,... (3)
In Euler’s method, we use (3) to compute successively Y,, Y,,... €tc., with an Error = 0(12:

M odified Euler method

The agorithm presented already in Modified Euler method in unit 1V is sometimes
referred as Improved Euler Method.

Therefore a different algorithm for Modified Euler method to solve

% = f & Yy,y& =Y, isexplained with illustrations.
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Explanation: Modified Euler M ethod
y&+h = y& + j{f[ﬂg,wg f & y:ﬂ

h h |
(Or) yn+l:yn+h|:f(xn+§'yn+§ f ‘(!y/j:|

Where y,,, = y&,+h_ and histhe step—size
Problems based on Euler’s Method

: ... d ~
1,Using Euler’s method, compute y in the range 0< X<0.5, if y satisfies d_z(l = 3x+ Y7, yQ =1,

Solution

Here f €y ¥3x+y?, % =0,y,=1
By Euler’s, method
Yo = Yo+ f &, ¥, N=012...
Choosing h= 0.1, we compute the values of y using (1)
Yo = Yo+ hf €, ¥, h=012...
y().l} ¥, = Yo + hf &, yo:: 1+ Olj():+ ‘j .
=11
yQ2 >y, =y +hf €,y, F11+ ().11.3+ 1
=1.251 ]
yO3 =y, =y, +hf &, y, =1251+ Q.1 6+ €.251°
=1.4675
yO4 =y, =y, +hf &, y, =14675+ Q.1 P9+ (4675
=1.7728
yO5 =y, =y, +hf &, y, =1.7728+ 0.1} 2+ € 77287
=22071

dx y+Xx
five steps.
Solution
Given y,=1%,=0, choosing h=0.002,
X =%, +1h,i=12345

Tofind v, Y,, Vs Y.and y;where y, = y €

y—X
Here f ,
&y > Y

using y,., =Y, +hf €,,y, n=012,.
We get
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~ 1-0
Yi=Yt hf «01 Yo = 1+ oozi_:|

1+0
=102
1.02-0.02
=v +hf &, 2102+ Q.02
yz yl glylj Q 1.02_'_0.02}
=1.0392
11.0392 - 0.04 |
=y, +hf€,y, x1.0392 + Q02—
Y=Y, +hf &y, > Q Plmoz 008
=1.0577
11.0577 —0.06]
—vy.+hf €,y. X1.0577 + Q.02 ]
Ya=Ys ((3)’3)‘ Q m_
=1.07%6
1.0756 —0.08 |
-y, +hf €, vy, ~1.0756 + Q.02
Yo = Yot i &,y > < 1.0756 +0.08 |
=1.0928

Hence y=1.0928 and x=0.1

Solution

Here f €Yy ¥ 2xy,%,=0,y, =1
Choose h=0.25,x, =X, +h=0.25
By Modified Euler method

h h 3
y1=yo+h{f(><o+§,yo+§ f %,yo/ﬂ
1€, Yo >2Q 30
f(x0 +2,yo+g f (<0,y0§= f Q1251 > 0.25

Sy, =1+ Q.25 0.25 >1.0625
Hence .. y€Q.25 >1.0625 .

4.Using Modified Euler method, find y@.1_ and y€.2_ given 3—3): =x"+y’,y0 =1.

Solution
Here x,=0,y,=1,h=0.1

f & y:: X2 + y2’yo+g f ((0,y0::1+0—é1 ()+1::1_05

Vi = yo+hf(x0+2,yo+g (o,yoj:uo.lf Q.051.05_
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=1+0.1Q.05 2+ €05 3=1.1105
y@Q.1 >1.1105

f&,y, > Q111105 > Q.17+ 1105 3=1.24321

Y, +g f &, y, =1.1105+ ©.05 ¢.24321 =1.17266

h h
S Y ZY1+hf(X1+§7y1+§ f (<11 ylj

=1.1105 + .1} Q.15,1.17266 _
~1.1105 + Q.1 J0.15 3+ €17266 3
~yQ2 >y, =1.2503

y@Q.2 >1.2503

Fourth-order Range-K utta method

This method is commonly used

d - -
ey v = Yo
dx

Working Rule

value problem

Thevalueof Yy, = y(<1: where x, = x, + h where his the step-size is obtained as follows.

We calculate successively.

k= hf &, Y,

h
k2=hf(xo+§,yo+%J

2
k,=hf € +h,y,+k,_
Finally compute the increment

Ay:% k+2k +2k+k,

D)

The approximate value of Y, isgiven by

1 -
3/1:yo"'Ay:> y1:yo+6‘(1+2k2+2k3+k4,

Error in R-K fourth order method = 06°
In general, the algorithm can be written as

Yiir = ym+%(<1+2k2+2k3+k4jwhere
k= hf €, Y,

h
k2:hf(xm+5,ym+%)
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h k

= hf -, 2
Kk, [x +2 Yo + 2]
k,=hf €, +hy, +k, where m=01.2,...

Runge-Kutta method for second order differential equations
2
Consider the second order differential equation %: f(x, y%] with initial conditions

y& >V, and y' & >y,. This can be reduced to a system of simultaneous linear first order
equations, by putting z= % . Then we have,

dy .

— =2Z with

B Y& > Yo

dz

5= &Yz vith 7€ 3y € 3

ie, g_i: 0& Y,z , where g€ Y,z >z

and j—)z(: f &Y,z withinitial conditions y€, >y, and

26, 3 7, where z, =y,
Now, starting from &, Y, Z, : theincrements Ay and Aziny and z are given by (h-step size)

k1=hg(0,yo,20: I1=hf «O’yOlZO:

h | h I
kzzhg[xo+§’y0+%’zo+§1) |2:hf(xo+§|y0+%120+§lj

h k I h k I
k3:hg(xo+§,y0+32,zo+52) I3:hf(x0+§,y0+32,zo+52j
k, =hg& +h,y,+Ky, 2, +15 |, =hf € +h,y,+k;, 2+,
Ay:é[1+2k2+2k3+k4: Az:%[+2lz+2l3+l4:

Thenfor x, =X, +h,thevaluesof yandzare y, = y, + Ay and z = z,+ Az respectively.

By repeating the above algorithm the value of y at X, = X, +h can be found.
Problems based on RK Method

1.Thevalueof y a x=0.2 if y satisfies g—i =X’y +X, y()}l taking h=0.1 using Runge-Kutta

method of fourth order.

Solution

Here f €y > xX*y+x,% =0,y, =1

Let x, = %, +h, choosing h=0.1,x =0.1.
Then by R-K fourth order method,

y1:y0+%(<1+2k2+2k3+k4:
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k =hf &,y, > C1p+0=0
k, = hf (xo g Yo +%) = hf ©.05,1 =0.00525

k, = hf (xo =, Y, + '%J hf ©.05,1.0026 = 0.00525
k, = hf € +h, Yy, +k, >hf €.11.00525 30.0110050
y, =1+ % 0+ 0.00525+0.00525 2 +0.011005 }1.0053

y@Q.1 >:1.0053
Tofind y, = y&, where X, =x +h.Then x,=0.2

yZ:yl+1 k2« +k, rk,
k, = hf<<1 y, = 0.1 .1+ ©.01 €.0083 "=0.0110
h Kk K
o =t %+ y+ 2 |- 01§15+ 0157 (o108 "L 0.01727

2
K, = hf & +h,y, +k, = 0192+ €27 €02258"= 0.02409

"y, =1.0053+ % p.0110+20.01727+0.01728 3+ 0.02409 }1.0227

k3=hf(x2+g,y2+ﬁJ 0115+ Q153013985 - 0.01728

- yQ.2 ¥1.0227
Hence y@.2 X1.0227 .

2. Apply Runge-Kutta method to find an apprOX|mate value of y for x = 0.2 in steps of 0.1 if
dy
dx
Solution

=X+ V7, y(); 1, correct to four decimal places.

Here f €y > x+Yy%, % =0,y,=1
We choose h=0.1

ylzyo+ékl+2k2+2k3+k4:

k =hf €.y, > Q1 +12 =01

k2=hf(xo+b Yo + j 01 fo5+ €05 Jo1m
K, —hf[x0+ ’y°+kEJ 01§05+ ¢os6 Louss

K, = hf € +h,y, +k, = 0.1 .1+ € 11687 =01347
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LY = 1+% b.1+20.1152+0.1168 +0.1347

-y, =1.1165
Hence y@Q.1 >1.1165.

3.Use Runge-Kutta method to find y when x=1.2 in steps of 0.1, given that j—i =x*+Yy* and

y3>15.
Solution

Given T €Y F X +y2, % =1Yy,=15
Let x, = X, +h, wechoose h=0.1

y1:ye+é [1+2k2+2k3+k4:

k =hf &y, = 01§+ €52 =0325

kzzhf[x0 +g,y0+ﬁj= 01 fos7 + ¢es Losmss
k3=hf(xo+ ,y0+—j 01 ko523 286573 0397

K, = hf & +h,y,+k, = 0.1 .17+ €897 =04809

LY = 1.5+?15 P.325+ 20.3866+0.397 +0.4809 +1.8955

=y, =1.895
To compute y€.2
Y, =y&, where x,=x +h=12 since h=0.1

y, = y1+% k26 +k 3k,

k, = hf €, yl} 0113+ 8955 3 = 0.4808

k2=hf( >Nt ] 01k 152+ €13%6 2 = 05883

k, = hf(x2 +2, Y, +k—22j = ().11.3225 ¥ €.1897 3:: 0.6117
k,=hf € +h,y,+k, > 0.1]44+6.28 =0.7726

LY, = 1.8955+% P.4803+ 20.5883 + 20.6117 +0.7726 ¥ 2.5043
Hence y«€.2 >2.5043.

d d
4.Solve the equationd—i(/ = xz+:Ld—)Z( =-Xxy forx=0.3and 0.6. Giventhat y=0,z=1when x=0
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Solution
Here f, € Y,z ¥1+x2,% =0,y,=0,z,=0 and h=0.3

Tofind y@Q.3 and zQ.3
k, = hf &,y, > 0.3 8+13>0.3

k, = hf(xo +2, Yo +%) = Q.3 p.15+1 =0.3450

ky = hf(xo +2, Yo +k—22j = Q.3 P.15x0.9966 +1 = 0.3448

k, =hf € +h,y,+k, > €3 }.3x0.99224 +1 =0.3893

l, = hf &, y01zo} 0'3}}0

l, =hf(xo+g,yo+%,zo+|§1)= Q.3 } 0.15x0.15 = -0.00675

l, = hf(xo +g, Yo +k—22,z0 +'§2j = Q.3 } 0.15%0.1725 =-0.00776
|, =hf € +h,y,+k;, 2z, +, > 0.3 }0.3x0.3448 =-0.031036

yO3 =y, = y0+% k+2k +2k+k,

= 0+é P.3+20.3450+0.3448 + 0.3893
- y€@Q.3 30.3448

20.3::zl:zo+% [+2,+2,+1,

=203 =1- % Pp+20.00675+0.00776 +0.031036

2.3 >0.98%9
Tofindy at x = 0.6, the starting values are X, =0.3,y, =0.3448,7 =0.989 and h=0.3
k, =hf &Y, > 0.3 ]+ 0.3 3.9899 >-0.3891

k, = hf (xo + g Yo +%J = Q.3 ]+ Q.45 §.9744 =0.4315

k, = hf (xo + g Yo +k—22) = 0.3 ]+ 0.45 ©.9535 _=0.4287
k,=hf € +h,y,+k, > €3]+ Q.6 §.9142 - 0.4645

l, = hf &, s, 2 > 0.3 } 0.3 §.3448 = -0.0310

l, = hf(xo +2, Yo +%,z0 +'—§j = Q.3 } Q.45 §1.53935 - -0.0728
|, = hf(xo +2, Yo +k—22, z, +'—§) = Q.3 J0.45 §.56055 = -0.0757
|, =hf € +h,y,+k;,z,+1, ¥ €3} €.6 §.7735 3= -0.1322
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Y, = yﬁ“% k+2kz+2k3+k4:
= O.3448+% P.3891+ 20.4315+0.4287 +0.4645
y@Q.6 >0.7738
1 -
2=7+7 [+2,+2,+1,

= 0.9899—% p.0310+20.0728+0.0757 +0.1392_
~.2€Q.3 X0.9210

Using R-K method of fourth order solvey'= x€' 32—y for x=0.2, given that y=1 and
y'=0 whenx =0.
Solution

Let y'=z then y'=7
Hence the given equation reduces to the form,

Y7 and g:xzz—y2
dx dx

Given x,=0,y,=12,=0 and h=0.2

Teke f, &Y,z X7 1, €Y,z > x2° -y
k=hf €.y, > €230

k, = hf(xO +g, Yo +k21j =Q2¥%013>-002

h k
k,=hf| X, +—,y, +—=2
3 (XO 2 yO 2

k, =hf € +h,y,+k, > @3 }0.198 =-0.03916

l,=hf €.Y,.2 > €2 P-12 =02

L =ht[ %+ Nyt 2z 1) g2k 2- QW3 =-

2= X%+ 2 ot 220+ = Q2 J0.1¥013- Q92 =-0.19%8

j = (.2 }0.999 =-0.01998

E:

;= hf[xo +2, y0+k22, Zy +|§j: 0-21?-1}0-0999 2-€9 3 =-0198

|, =hf € +h,y, +k, z+1, = 0.2 Jp.27€ 019587 - ©.987 =-0.1905

Y, = y0+% [l+2k2+2k3+k4:

- 1—(13 p.2+260.02+0.01998 + 0.03916

- y@Q.2 309801

Also z0.2 =0- % p.2+260.1998+ 0.1958 +0.1905 + -0.1969

www.padeepz.net



www.padeepz.net

Multi-Step M ethods (Predictor-Corrector Methods)
I ntroduction
Predictor-corrector methods are methods which require function vaues at

X,, X1, X 0, X5 TOr the computation of the function value at x,,,. A predictor is used to find the
valueof y a x,,, and then the corrector formulais used to improve thevalueof vy, ;.

The following two methods are discussed in this chapter
(1) Milne’s Method (2) Adam’s Method

Milne’s Predictor-corrector method

Consider the initial value problem %zf«,y;y«o}yo. Assume that

Vo= Y& Y, = V€ Y, = Y& , ad y,= y& where x,, =% +h,i =0123 are known, these
are the starting values.
Milne’s predictor formula

4h g . - T
y4,p =Y +§ [yl_ Y, +2y3_ and
Milne’s corrector formula

h ) ) - ) ~
Yac = y2+§ I/2+4y3+y4_where Ya= f (4’y4,p,

d ~ -
1.Using Milne’s method, compute y(0.8) given that d—y—l+ yz,y()/:], yQ.2 =0.2027 ,

> =
y@Q.4 30428 and y@Q.6 >0.6841

Solution
we have the following table of values
X y y'=1+y?
0 0 1.0

02 | 02027 | 10411
04 |04228 | 1.1787
0.6 | 06481 | 1.4681

5% =0,x=02x,=04,%=06
Yo=0,y,=0.2027,y, =0.4228, y, = 0.6341
Yo=L1y,=1.0411,y, =1.1787,y, =1.4681
Tofindy (0.8):

X, =0.8. Hereh=0.2
By Milne’s predictor formula,

ahg. . .-
y4,p=yo+§[y1—y2+2y3_

0+ O—f Be0411>-1.1787+2¢ 4681

5o Y =1.0239
www.padeepz.net
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Vo= €.y, 1+ €0239 3
=2.0480
By Milne’s corrector formula,

h ‘ . -
Yac = y2+_ I’2+4y3+y4_

_0.4208+ %2 [ 1787+ 44.4681 + 2.0480_

2.Given y'=x>-y, y() >1y@.130.9082, y() 2308213, find y(0.3) by Taylor series
method. Also fine y(0.4) by Milne’s method

Solution
Given x,=0, Yo =1
X =0.1, y, = 0.9052
X, =0.2, y, =0.8213
X, =03, Y;=Y&_
By Taylor agorithm

. h* .
Yo=Yz t Ny, + 0y, +
y=x'-y=y'=2x-y
y'=2-y,y"=y" ec
= 0.2 -0.8213=-0.7813
y, =20.2 +0.7813=1.1813
y, =2-1.1813=0.8187

y, =-8187
Y, =0.8213- 0.1 0.7813 + 0—01 (1813 %01 0. 8187\—%301 0.8187_
. y€Q.3 >0.742

For x, = 0.3y, = 0.74% and y, =0.09—0.7492 = —0.6592

Also y, =-1y, = Q.01 30.905 = -0.8952 and y, =-0.7813
By Milne’s method

Yay = yo+4—h byi-v.+2y; |

Yap = 1—— f0.8952 - 0.7813+20.6952 "

Yap = 0.6897

y, = €.16 3 €.6897 > -0.5297
By Correctors formula,
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hyg .
Yac = Y2+§ ['2+4y3+y4:|

Ya.=0. 8213~ 2% [ 7813+ 40.6592 +0.5297
Y, = 0.6897 = y().4 — 0.6897

Adam-Bash Forth Predlctor Corrector Method

Using Newton’s backward difference interpolation formula, we derive a set of predictor
and corrector formulae. This method also requires past four values to estimate the fifth value.
Adam’s predictor formula

h . . . .
yn+1,p = yn + ﬂ [Syn - 59yn—l + 37n—2 - 9yn—3 _

Adam’s corrector formula

h - S .
yn+1,c =Yt a [gyml + lgyn - 5n—l +VY., _

The errorsin these formulae are

251 19 ~
h V€ and ———h°f" tively.
T 1€ and 2 hE Y€ respectively
In particular,
h . ‘ ' -
y4,p =Y; +z l5y3 _59y2 +37y1 —9y0 -
And

h . ' . -
Yac=Ys +_ ly4 +19y3 _5y2 Y

Given y'=1+ y?, y()10 y@.2 >0.2027, yQ4104228 y@.6 > 0.6841 , estimate
y Q.8 using Adam’s method.

Solution

Form the given data
X, =0, Yo =0, Yo=1
x =0.2 y, = 0.2027 y, =1.0411
x,=0.4 y, =0.4228 y, =1.1786
X, = 0.6 y, = 0.6341 y, =1.4680

Tofine y, for x,=0.8. Hereh =0.2
h . . . .
Yap=1Y3 +2_ [5)/3 _59y2 +37y1 —9y0 :I

Vs, =0. 6841+ == [51 4680 -59¢.1786 +37¢.0411 -9
Ya.p =1.0235
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h . Co
Voo =Y+ 5 Bi+19%, 5%+, |

y, =1+ €.0235° = 2.0475
" Yy = 0.6481+ % pe.0475 +19¢.4680 -5¢.1786 +1.0411

Y, . =1.0297
. y0.8 =1.0297
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