Uni+ -T
hroup:*
DesniHon: -

v/
A I'\On-gmp-ty Set (5 .}-OSQ*[T,QT woith a

binary oPeration ¥ - Gy x (n — s called o gvyoup

i4y the Jollowing condlHon avye Satisfied ‘

1) * 1S associatve ie) cax ( bac):=(axbd

v o_. b.C € &n.

q \
) Exisdence o4 denti-ny - . CD\\Q}

I

g an elemont ec Cﬁ\%
. 6@5\
e 1€ an jdeni 13$
D) EXist+ence o4 “78&"'5‘(—_7' ‘ - '
" avé\

F i \XZ}‘ |

1_9\ element aAa'e =

Q)

a |
Fol - a's p.0

X e =eraq 4w

is inverse o4 a.
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V) fdentity element o4 & 75 unique

) Joy any aqe€ &, the inverse o] 4
Lenigue

Pryoodf -

1) et e and e! be ‘+two jaentity

of 6.

Cleéemoenr

considey e as an inden+ 1ty
e'e = eeg! :el

Consiocey e!' as an icle o+ ry

.lc'.lent;i-j;\j o F 9'1"OL.LP C~» IS teni guweé
n et a' and a" be inverse o] a Consider
a' inverse of o. let be e 0§ an idéntty

Ca' = ala-=-e@

consicley all
C{a" - au‘:‘;‘:—e
Q‘ = ale - al (QQ")
Since &’ IS gyoup we bhave

al =2 fata)o

e
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e ——

Theovyem™m 3. &

T o group lef - <, Pight Cancellation

1S hetld
taw 1e) ab - ac.> b=c

Proed *

Now concsidcéy

ab - ac
Pre- muttiplying A7 On Lo cice cCimee ima
group inverse exists a™l s a inverco oy a
a™ Cab)d) = a7 o)
<inece = aAssodathvely
(o™ adb = Ca'a)d cC L. azsocciatve lawd)
eb - ec [ icent ey 1aw]

n'y
ba-=>b

By PaAs+r mawpriyicrg A& on bot Slae
(bado™ = Ccada™ Cassociatve laul)

b cey = cce>

b =c
we Ppreved TroT ba =qc
b=c
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“Theoryom 3.3

‘e G o be a Group and A, bt G Then
e Cqguaticns Q> =bHb &, yo=hb bove wutnicpu @
So lu+Horns —Jory ¢ ana 4y in &
Prooj-

| e+ tWoe concicloy T -a™ b e Cn
Q> = QOO ca b

= (a7 )b (.. Azzocimdrve

“rarmier Ty )
aoe = bbb

L =

To Prove ‘e LN GQoeene @S
let =2¢) and 222 be The —+uro Sola —
a>x =b
a>x, =b & < =Xa-b
A, = Cioco

o>C = 2o E Bl_-} Y= N C‘r:lnf_-c‘lrn"nr:n

[N Lt.")

- - N
X = a > 1< QA UnNniguwe Soln JC e |
i’
) le+ L 2 Consicler ‘-j—'— = £ (4

i ‘jar— Ca™ DA

L:. AsSsor.ctvs

: Ya = b (aa7d
FPaarcry <t |

:.ja-:_ cb

a =b
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U, a « Yy a
“, = un2 E_ L:'!_-J Piarnt CCIH{‘C-'-I\C:I'HL'nj
Y = ' R = S AL AR Lolm c._.’c;;-.—h
—TtThcoccyem 3 -4
e & G be a FGroup le+ =, b€ Cn
“hen CobdT = b7 o7 and ¢a) . 4
Pyeoq:
NCwuw cCconmnciaey
Cabd (b™ a7 ) = a (bht)a ( By associative)
= a ceya” [ 2y FNveEYse
= aa (st T = T e n h'r-_y)
Cav) (T a') -c Ey (+nveTrse PrcPoray)
QAGgain ,
(b7 &™) (k) « b7 (a2 k- [Ej A:;:..':c.c:ﬁ..zej
= b7 e b f_ = TNvETTE ProesTr
"."J'_j
= I»:_-.:_' o) __E S meo = s T ‘__"!J
— c
(l':"_‘a_l) (&"‘1:) - =
¢ abd ™ = b1 o’
Nfbt..-:
6 (a7 at! =€
B Poc T o Pl o on boTh Siaca .
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a

a?

(=™ )

eqd a ™

( cam'D - 4

™ ¢

3 (-

v
L:F"‘.(‘.’-:.‘_ - .7
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e ———

covallaTy -
Iy oa..aqa, ancC G “then (A0 Qg an Y!

= an” ar-—”

_-[pa._.’-'.nF—Haﬂ
e .
e &~ be o gycup agna o e 0 For

@r\y‘ S 'In-'rch'Y N _ wwe C’IG‘—_-_[—.nQ

(g

& s o al a covyi+tren n Hmes)
Cleca~iy
- -
= o o o™ a™!

- (a”'l)r

we know define

o™ . aD" _ (any-!
Frnaolty we de+ne o -
Thus o©" i5 dejimead oy all in-egers ©
No+e : -
wobhen the l'bryoTy operations cn & TS
iy oo dene+e 2B pe 48 (a wrTren N 1o s)
as na

Problems ;-
D S5-T in a group G x2_ o,

‘-—-’Tr;r:_-f
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e =

To pPvove <Convevrce part

(PR o 2 L

8

o oo

e =l (| Ry ledt CAarcciiam,, .

LT dom Poclen

“An Clemoent a G '$ called on
Iﬁémpod‘:nr y a2 a

I~ a = YV owup 'C-;' —+iy o |¢_-_lc=n-r--'f-_tjv ) rpcen '.-_-_-

e cnly Talempodend 2flemont
Preblermms:

2. Im an aAbelian group Cabdec a? b*

In
=2l ) a5
(cb>*- () cab)
s o (bhad) b ( Ascociciive loyw.)
- c Ccabk) b ( A—‘«bi’-‘l-c?r"\)
= faoc) € »h) f A <acrncicat v2)
= a2 b=
':.L-. = -5 - P. "'l s
|
2. 1et G be a gvyoup Sueh Tthat QO ece ¥ Aaes

—Then O "s abeaelian

:C\Iﬂ
= o+ - @ 2 A e Cn
G Z . e
Qo <
® ot onr 2 Th i

...—-"'-

=
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| o La a™? - ea” ( Tnverse) )
aoc s Qa-'
a-~a’ (e - Tadent+iTty )

ab = [ abd™
= b_l ()

[eb = ba

——1

Hernce COmMmmMmutT atHve PmeT"y (= SC:H—IS:{-nc:d

Herce ¢~ s Abelian .
2 . let+ 1~ be a grvyoup Pn ecohich

4o 3 consecHve TITrtegers anda 4o au a.,b e e
’

Thern G~ fs abelian

Lo n
—_—
let: a. b e =
ler Cabd)™ - a™ pm
Cab)M?! _ am-r L eoayy,
Cap)™m*zx_ _ m=3= b ™M™+ =2
Nowo .
Cabd ™™ _ om0 g
™
CabD Cabd = Camad ( pm™, b)
D Cakb) = Ca™.amd) (b™. hd
™ .
P br Al AaA™M o Lb™m
By Pre iy
- T Mt oy -
e o anasl poso+4 mul—l—iph_._,‘;ng

Cab) b - g—™ Ca™a D (b™MpDp
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(o™ a™OL™ albb?) - (aMa™ ab™ (bp™)

ThAveTrse D)

e b™ aade : eabh™MMa (BPYy
, b™Ma = alb™,
"'y e
(ab) MFE | oM Mo
=2 LM o4 . ™k
b™ ba = ab™Pk
b™ ba=b™abkb by O)
ba = ab (RBy 124+ can)

let CH_ D) cnd (K, ¥) be gyoups we dHedine o

Logh
birary operations [0 on HIxk by (h, k) O Ch2a, Ka)-=

(W, hz_ k, &Ky ). Then WMIXK iS5 & group.

TO Pyove-
gy roLe P

(Hxx . O is a

Pyoay4 .
AGeoaciaton plaopReInLy

D), (ha, &,), (h3, kg) € 1Hxk

kKOO Lha, k2)J) O (ha k3z)

= (hiba_k, * k=2 ) O (l"a.ka)

lex ch,,

[ th..

= ([_h.‘ N2 )ha (% ka ) Ka )

Since H and kK AYye groul the A Ssociat ve

Proper £y
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= L‘n,('h:h:-,),k’;"l (ka 3 k3 ))

= Che.¥ 1 D™ (h2 ha , Kz » Ka)

C Ry nypo rme e )
= (h‘lzl-) | E(h:.-_,H_:_)D (hHJHB-)—J
lhenece Azccociative Propes 1y is Satie)ed

I'd:zn:!:‘-l:g eleament : -

hc ‘.dpr-,;__;-;y clementk: 1T K

Now we've 40 Show (e, e,) is idecntity

04+ W xk
e ( h,. %) € 11 xk

Then

{hlf‘*‘)Dan‘?-l) = (hr@. K. 'H'.Q;)

= (hi, D [ since € g € Vs

T oentry]
(Q, ) 0 Chi, kDY = (e, e, = ki)

= Chl,Kn)
Ch‘-hl)D (csE|) = (c?.ei}lj("\l, "“") '-'Ch‘f““)

(e. &) 15 on Ic:ler—r-ﬂ-'j Slement .
TInverse identiky: .

3
e h ! be

inveyce 4o he ' and e

be nvevse o ka K
u-e' ve - <howu

{ w7, ) be inverse c4 [h.v) & 14 =W
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W

....)
-1 -1 b
(h, )0 (PLuT) = [hhT, w4
- ( (2 - C5| ) r 'Y_-f\ e .3 1” ‘ :‘. ' .‘J‘
e | -
( WL RTD O (hok) - (RTh K
o (C:.(fl)
{ L. k1) 15 invereo c (1, =)
’ H XK is CGaryouf?
Note-.-
M ®x¥¥ s tThe direcar. Precluct €4 b o
Theorem 1 3-5
. (aa) ™m-th
1) a a” = , ™M.n & =2
[a m
D Ca™d". a™” . vLnez
-
P oo} We may IZ2rnve T Ly tevdere 0,
(i) wohen N =0
a™ a® = a™ o
am™m+n a™
Hhe ryeswue (1) 1S Ob\’iou,:.lv ace Jey oy o
Lechon m> o 41 (A 1
. oM ') A ([_1:.; Ve b g o
COohen =
= =1, Lk S =2 Qn”'_a”_tc__,
) }\JIIS P\”‘ "' - ﬁ.‘t-\ F
: ’_7 le‘\"l nﬁ\ (—ll
WWhoen " ~ -2, le & m - WY |
o™ a o-Pe . (07 ' da [T ™, ~yr7
.(n')p_'cd' o
. Z-
()7 ¢
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(v DA [.'-‘

cla )V
o
(Al
([a™) a A < i “r INE 7
Vilcr e “that vorwanlh te *yee by i

lo*f eV €Y SV e Py “t e *he there v e 0t vea lil

._-'!t‘ | (AU A |

1) . Py M
Fal | "" - n ;' r')
?*]n. ' —jl"\‘l’ 1 = ko
re v e 4 .
"\ e . N f,-;: a )
r . =~
~( " av ) { 134 A sse cnlive
. ("‘.._- - ..",.r--'.c'-
L SR CRVENEEY
- e = Lroe |
- ‘l
rm TR | cetroal
=) N r {_1"
- .y . HEE o - - 'o"“"l
This M eteas TRt TS Y SSCeel? & s “J
N kK-l
-t &

Flaoonee i):_f incdricdiecnm vree Thesof The TR b I T TN

FrelAd s for Nl AvS Laltecs ©f ool
.

I »r -
! 4 7 e 1 S selet AN r"l e o TR AWl ol &l Yo Cwldlhs

t‘-,_f-j Fladut-pn o - n
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m—
LA
D la ™ )

A™T e n 2

r"lc."t"‘*"

rf r

(P Fu rY"I.-"l:r b oriedd 1)--‘;-»-_,,. = & BT | v, doaam b

(A™)° .\

POYE A (
' i "
[ -l '!‘ e «t @ ¥ e *
- - e hviyees g
-—r;_‘c_ Yo "|i r-— J 1 'J
r ) - TSl bl ( by @s@deeriees
i
rn ;-r.i r
- 1 = . -t
e~ el - (e ') o .
L-'\h. Al LA ( )
~ " a !
FII' \ M [
s )
L lhen a2 & o4 . p P
1 - £l L] . . . .
( B Tr) - f M f) [ . ‘l X g
' Fl l" ¥ :’
P
f ;’:l' v ‘__"l' |-J te. fp o
L !l "r!: -: ne r & :nl‘ ﬂ | o "'J'T.'_ J? s -
"-4 - £ £ %na 7% 8 . q. g T TV . ' .y

Vali—~ 4o
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Edutiavad |
h:k)l"
(_Qm)‘{ :-C.'Jmh

Nous Jor ne k+

cla Mkt o oatm) ([ K-+D

TFiT.S shaws‘ “‘tThat yYesu\+ 1S -Frue -jto-r' e k1

Hlence ba inaluecton MHethed the theoyen

heora Jor =y the Value °f ne z.

Ny Jov nze we can pyove -thet Lame

Y e.cult J’U Tnaweton g —n .
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Eauivalent DTefinitions o} a group
Peofinihon:
let+ * be a binavy operation detinad
oh Gi An @lemont @ € G 1€ called a 104+

‘|.-.-.{en1.'i-t.—:j 'l:| e o = QA —jo"r all A € .

- »

e 7s called a right ldentity ?:f— aAX @ - a

dor all aebn-

Examples: -

In R T we da.}—‘:ne aox b = Oll-)o . He“r‘a_ a

| ond -1 are Tight ldent! Heo .

Tn 7 we dejfine Z, 0 Zs = | 21 22 -

Heye all element == Such —that |zl =1 AQye

| et idantrites - |

DPatinfkdt-on: -

- - - _d
et % be A oy ey c:perc::-hcm AeAne

be 4he 1dentty €lemaent Ler

VS callted
et An eleme
vV P colled Q

\ej+ inverse o1 <
ax al=e
right inverse o1 & TF

Theoryem 2'b

let &6 be oo non—empPity Servc wolTh an

| Qccocsabive bInovy opervation acedined on 1 E

Cuenh TtThaot There oxist+s a et jdenthiry €

in &6 and @ach element a & Gn has a le4t

! - -
"'?m\re‘l'se al '-_‘-".'.-rh rYespeear 4o @ . Then G IS 99T ocup

e
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ﬂ‘-' o
I 'S lefd4 Ynveryace €4 a edith Yo SpPeter 4o

[ate - o)

> - L] e, . -
l e o T b>¢ tThe ledd in vy S C"-f At G

AV Al - e

Then
! - ~ '(‘{-'-
A = € (aa') —_ ( Since e’ isiden 1y )
"~
- "
C a. a'detaa) -2 by eaq nc2>])
— nll ]
( A'adeo o C =y A::s:r‘f‘f‘";""'.]
— {'."" -
Cecar) | . rgy (gql_:n-lir“n{l)j
— dl' -~ 1 . S
A - [ gince & Po lef -
~i
| R ; L By € Quatien ¢237
4 Al is The Yigm  Ypvey oo <] A
Hlence  Thnvemyoe
| e FDTEPF‘--f_y Sraic.)-icel
T e

A = & o s, [ leregy + 'u,-fr-'nf-i-r-y ]
= C Ay
da = 1_-?5.}' € . cianten (';'}-J

— “\ ' ;
[4 Car'cz) ;[ E"_—j A S Mcioativee lanw)

f

e .~ E‘a_:j =a.n 127

T = ae

- ——— e —

C‘ -
= YighTr Ventity

A'an = Aaa! -

Hence "G ic a Gy eup
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The oY rhm 2.7

‘ -
let " be a non—emply ot coith an
A Sy aative b'lhr.:\'ry opovyatimn oedqinoa on

T4 Such That Theye @xists o Yight lotentity
e in Gn anda €ach element a & & has A

Tight inverse a' wlth yespecr 4= €. Then
G iS5 o gyoup

S oln ven  The
Ol G

e

(@ LYY 9@31& Fnvoas e C—‘T, a WwiITh :J'I(Z.S‘Pe‘d: = ¢
Ko That .

a@':@—-&@

o "8 he nverse o

alall . & @

J-—‘«’-‘l‘ o ]

al (n (63

Then

' - @
aa = (acave (since ¢ s Tight dontig)

Ca'a) ta' an) (@4 c2dd

= a!' (aal) aV rEJ associative )

« a' ea'

(By V)
= a!® al (Since @ 5 Tight iclontiy)
ala -e - & ba (2)
) a' is The legx inveryse of

I-tence 1nhverse pPropeYEy & RIS K|

AlSo,

A - ae (e s 'riﬂh'\.. iclentay)

= a (a'ad) By c3))

= (aada (By acaociarion)
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= ca lByd)
A= o.a
s a ]e_f-r idi’f'f\'l‘:l"l:j Oj oA

= a'la = aal
= &

- A

Fiemee & 7 1s a gvoup .
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P————— —— — - —

Theorem S -8

let & be an non-—empity Ser covTh oun
Assoclat on binavy opevation clefyined on it Sueh
“that the €aquations O=>=b and ya=b have cenig ue

solutions Jor o and Y in G . Then 6 is o gvoup .

Prond !

—
—

1LeC1 aé &
Then I a wnigue e ¢ 6
5] ea=c. __ oY
Moo | let bée &

Then F o unigue Soln X 1n G

57 a>x =b . -

Nouw,
eb= elax) - (by (23D
=(Cadx — = L by Associative]
= Qao=x —_— Cey aquatrion (1Y)
[eb - b] - CLey equahen ]
' e (IS let b iadentiky in &G

ler a e &

Then ya=b has unigue Solution a'

(ba'd)a =p
bla'ad=b -+ LBy Associahve]

.—I -~
b'b ta'a) = b L pre Muibiply Byws )

€la'ad=e __ (e 14t vAaACAE Ty )
a'a = e
: 1 -
L @ i The led+ inverce o-f a in i
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leance by Knowen e ovyem

ler 7 ko a NeN — EMPIYy S o Eh an ASE D Ciavhy,

binayy opéEryarHon ded-ped on it Sueh That J b o

Q e+ igdenby € in Ancl ¢caech fc10mMment O E

bas a le3+ igeat1y inveysEe Q' worh Y OSpoctk T @

Theon ©w°® & A gyoufr

. Hervye I le4t ‘dentsiy And 1ed-+

\nvevyse for given -C""dt‘j-'nc.‘d On Ascoec ative

binaryy opevya+rcn

Theorem 2. g

1€ &7 be awvw Jfinlte o with an a ssociative
binary opération déjgined on & in wohicen Lo

cancellation laws hold Good. &
pProod:-

let G".:'Ela'.al,"""an%

s G¥oup

ler aAa_b € CGn
consicler The elements,

aa-;aalaaa.ﬂ; -

.0 Gan
A These elements are dictinck . Jovr T4

aQy = aAaaxg

Ay *Ox ('edE cancen ron
IC‘LW)
l+opce Qa,, g8z, ... , aan Aa-ve
TJus+ The elements o34 a,, Az, ... , o

- ” ~Ee Oraar and

Scanned with CamScanner

Scanned with CamScanner



p— e ———
Vience Cian -b -:I-U‘r Lome 1

Mence Hyvs waill he 1n the Jorom O Aa=x =)
Thus The egualbions ax =h has A unigue

C. <on Jory 5 &

E|
"T qaking ke aements

a.a, Az q, i , Ena
All Hhrece CPlements aAYye dAdisyunck . 4o
Agya ~ Ag A
Qy = Qs r_'l'lﬂhr cancellection law]
Hence A a. az o, . » AQnd arye juse The

elements o3 a, . q-a . Aan c4 &1 in Some ovdes

Oncl

Hence aia = do¥y Some |
Hence +his Lol be in e Fovm 04 x>xa=>b

Thus The equation @a =k haes q unig ue

-Qolut'iOn —~+tor X in [
Hence by the Kknown Theorem

€= G pe a non - EMPry Set tuikh an ass ocative
binavyy opevration dedned Oon it Such Thai JT be
a lefr ldenkiky @ in &G and each element aéebln

hous a lefk Tnverse o' Lo ™ Yecpeclk 1o e

-

Then Ca° iS a group'
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Progy-

ledt :x‘,:j e ¢
Then x = A+ b
where a ¢ b Ave not

Simul +an aaus'j
Zere

how .'.::a (at+ib) (c+id)
= Qca+aid +i1be +12bd

—
—

(ae — bd) —+i Cad+be)
we have +4p prove That ac-bd and aAd+l,.-
are het _gimulq-l-e.hou.sla lEYO

Suppose Ac-bd =0—=> O and

ad—+bc
O xd = acd —bd* =0 = &

Bxc > acd + be® = 0=>®
Solving & G &
@-ﬁ—" ade + bd-n—“"’a

®2 ade-bd*:v

A —

——
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cithea lpso oy 7 A2, o

Cither b= o (ov) (C-0 and A- o)
- (<o and d!Lﬂ)
. i They a=o (or)
_S-.m,lc\vlj e i
Thws (a=z=0 and b:o) oy (c=c ~nd o)
t -
hich 5 C‘r::n-r‘rc*-J-'c-h'nn
= o
X -0 (D‘l) tj o
~
Henee :Jc(tj € C

i : o - Sl
N owe \etr oc rG\—Ilb"dsC"—!ld cn B

Then ot ty=z) = (a+ik) [ cevad ceiig]

: (a+ib) [(e-a4) a4 tcic-acj)_j

Ace - add +ibce — V badd 4 iade

—_—

(ace - ax =4 - bde - be 4) + 5 (bce - by

T+ ade +ocd)
n'y

be,)z = (ca-+ib) C et i) t e4-i-4)
= Lac+iad+ibc - bad Cé—rn'j)
e
= aAce —Fiade —r—?bce-—-bdo‘-l
— | 2 ady T j 2 bcd - i >4
i beCG
= (GCF— bde - ac:!d - ld(_‘_-f)rt-i (__au{:’.:' -+ b

-.—‘-‘:I("‘,"-‘. ”d'ﬂ ,)
Honwe o ty2z) o rxyI0Z

s i VE
T+ Qatlstied fhe accoc

proper
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sz"rrnu_r-}aﬁcq GCavoupRs: - S

-:!-'rt-m A o -l"l:jt'lj- Cal i\t P mMutadon ,

Example . -
A = ? |‘ o, 3' Jl 3
j- n—> A given b_j
:’!\')r_.g.'}fﬂ_)‘:‘.ﬂ-{g): L, Fud=23

e <shan woride thas Permutatcone ac

1 2- 3 2 >
2 [ “r 3
dAfhe botterm Yow o Mg

Ar clemeont in

c_‘Ji- The element ‘Tu_f-'.* —bbove I+ wn —he Uppey

1% = W isl
Note .
1 2. 3 J-f) L 3 1 -
Hence any yearrangement  ©f celumns

in a PE T mutaten 15 immateral
Sy mmcohic grvoof-
et = be a J4int® Se+ contain
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