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definition of Gaussian curvaure or e surrace.
Theorem (Gauss-Bonnet). For any curve C which encloses a simply

connected region R on surface, ex C is equal to the total curvature of R

Proof. We shall use Liouville’s formula for K, and find j K, ds with the help
g

of Green’s theore.m in the plane for a simply connected region R bounded by C So
we shall quote this Green’s theorem as a lemma as applicable for a region R ;)f a

surface.
Lemma. If Risasimply connected region bounded by a closed curve C, then

‘l' Pdu+ Qadv = J}[[%—%——%)dudv

where P and Q are differentiable functions of ¥ and vin R.
Proof of the Theorem. From the Liouville's formula,

— ’
K, =6 +Pu'+QV

Integrating along the curve C, we have

J’xgds=_[ 6+ Pu' + Qv ds= | @0+ Pdu+Qa) A1)
Cc

(o C

where @ is the angle between the curve C and the parametric curve v = constant
and P and Q are differentiable functions of u, v.

Let us suppose the simple closed curve C contains a finite number of arcs
starting from A. Then at each point of the arc there passes a curve v = constant
making an angle 6 with C. Hence when we describe the curve C, the tangents at
various members of the family v = constant described in the positive sense returns

to the starting point after increasing the angles of rotation by 27.
This increase 2 7 after complete rotation in the positive sense also includes the
angle between the tangents at the finite number of vertices. Hence we have

‘J.d9+z Q=21
C r=1

-(2)

n
From the definition ex C= 27— Y, 0= _[ K, dS (3)
¢

r=1

Scanned with CamScanner



Differential Geometry-—A First C;"Ef"
1
224

) in (3), we obtain
sing (1) and (2) in (
= 10 - [ J 40 + Pdu+ Qdv
exC=2m- [2” - fc‘ c
(4)
Thus ch=-—I Pdu+ Qdv

: i >ntiable function
v imply connected region and P and Q are differe
Since R is a simply
of u, v, we have by Green'’s theorem,

oP w5}
— — |dudy
J‘ (Pdu+ Qdv) = IJ(E v) e
Since the surface element ds = H dudv, we rewrite (5) as
1 90 _ a_P] 1S ..(6)
| (Pdu+de)=ﬁJ'J.(E 5 |
C
“Using (6) in (4), we get
90 _ 9P A7)
exC=- H.”(E avJ
If we take K = — %(gﬁ - gpj, We can rewrite (7) as
u v
exC = '”. Kds -.(8)
R

where K is a function of i and y and it is independent of the C and defined over the
region R of the surface,

of R. Then We must haye K> Kor K
Let us first consider K K.
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. Surface

(:o‘lhﬁ'!"l‘!.(" | .
. . o d0 -
o the piven surface is of class 3, == and = 4re cont: '
. ; du )y € continuous in R so tha
there eXLE small region Ry of R contaninig the point A such that K-K>0 t
) -

every point of Ry. For this region R containing R, IJ (K = Kyds > 0 which
)

contradicts (10). We get a similar contradiction ”' (k -~ K)ds <0 at A when
R,

K < K. These contradictions prove that K = K at every point of R,
That is, K is uniquelly determined as a function of u and v,

Defining j KdS as the total curvature of R we have proved that the total

R
curvature is exactly the ex C in any region R enclosed by C. This completes the
proof of Gauss-Bonnet Theorem.,

Note 1. exc= j KdS shows that there is a certain function K of u and v
R

which is determined by E, F and G and that the excess of any curve C which
encloses a simply connected region R is the integral of K over R. Also from the
uniqueness of K and the form of the integral, K is invariant in the sense that it is
independent of the parametric system. Since K can be found from the metric, K is
an intrinsic geometrical invariant.

Definition 4. The invariant K as defined above is called the Gaussian

curvature of the surface and J’ KdS is called the total curvature or integral
R
curvature of R where R is any region whether simply connected or not.

Note 2. We rewrite the excess of a curve C using the integral as follows.

Sinceex C = J Kds, we have
R

n
J KdS=2n- 2 o, - L K, ds
R r=1
We give a few examples to illustrate Gauss-Bonnet theorem.
Example 1. Find the curvature of a geodesic triangle ABC enclosing a region R
on the surface.
Since ex C gives total curvature of a region bounded by
find ex C in the examples where C is known. ‘ _
ABCis a geodesic triangle enclosing a region R on the St{rface with the 1
angles A, B, C. So in this case the curve C is the geodesic triangle ABC.

C, it is enough if we

nterior
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“Pagg T Uetined in abstracto, wiviesT moy 8

: e i bilics
F._ Pact surfaces whose points are um
°T the firgt fow theorems of this chapter We shall use tp,

def;,....
Do?mt'c’“ of surface given in Chapter 11, and assume that eyq
v has 4 neighbourhood (homeomorphlc to an open 2.cq)

Whj ) - —
?\ch €an be described by parametric equations I = r{u, v).
S 0ur firgt, theorem of differential geometry in the large we sha))

prOVe
THEOREY 2.1. The only compact surfaces of class =2 for whig

€Ty point is an umbilic are spheres.
th;al;,}jlis is an example of a global theorem since Part of the hyp,.

“SI8—viz. the compactness of the surface considered as a set of
boints in E;—evidently involves the surface as a whole. A ugefy]
technique in proving global theorems in differential geometry i
first to establish the result locally in some neighbourhood of ap
arbitrary point, and then to try to extend the result so that it
applies globally. We employ precisely this technique in proving
iI‘h eorem 2.1. By means of the local differential geometry developed
In Chapters II and III we shall prove that in the neighbourhood
of any point the surface is either spherical or plane. We then use
the property of compactness to reject one alternative, and show
that the surface must in fact be a sphere.

Let S be a compact surface of class > 2 for which every point
is an umbilic. Let P be any point on 8, and let ¥ be a coordinate
neighbourhood of § containing P, in which part of S is represented
parametrically by r = r(u, v). :

Since every point of V is an umbilic, it follows that every cur™
lying in V must be a line of curvature. Hence, from Rodrig'®
formula, at all points of ¥V,

dN+Kdr = 0’

ev

(21
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the **
Hilbeft’s lemma

‘\Ve shall make use of the :

pali )
This lemma is purely local in characte

: I-and we shal] u
of Chapter III to prove it. We prefer to restate the 1e;§:S$t:

sﬂéhtly different form suggested by W. F. Newns.

. Ifata pownt F, of any surface, the principal curvatures k_, w, are
a» b

A & By and «y, has a
o RAS manvmum at By and «, has a

swan curvature K cannot be positive

such that either (1) ko > iy, 1, has a mazimum at
inimum at Py, or (i) x, < iy,
maximum at Py, then-the Gaus
at Py
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Geometry of Surfaces in the Large .

'y
Jemma by the method of COntrag;,,.
a is false. Then thereis a point p v.-}l-gr"
ave distinct extreme values, one much

130

We shall prove the
Suppose that the lemm

the principal curvatures hav _ o Ay
mum and the other minimum. Taking the lines of CUrvatyy, \:
parametric curves, the principal curvalures are 3
xk,= L|E, xy=DN|G o
(cf. ILI, (3.4)). The Codazzi equations are (cf. Chapter I1], E-"erei;\;e
9.1) L
4 (3.9)
L
5 =16(3+7)
from which we find
ok, 1 E, )
iy A
(3.3)
aKb_ I GI(K —K)
TR A

Since the principal curvatures have extrema, the léft-hang
members vanish at F,. It follows that at B, B, = G, = 0, and

hence that, at B,
Pk, 1K,
Er Nl (kp—x4)
32Kb 1 G
et "5 (e
There are now two possibilities: either
(i) «, has a maximum. In this case

Ke—Kp > 0, O, lov? <0, rplou > 0

(3.4)

or 5 (3.5)

(ii) «, has a minimum, Then _
o >0, PR >0, a0 (3)
In either case we see that E,, > 0 and G, > 0. (Notice that t.he

signs of «,, x, are irrelevant.) But this contradict
s th
(17.3)) that the Gaussian curvature K satisfies ot pee I

1
K = — 550 (But6y),

since the right-hand member is negative or zero w
strictly positive. This contradiction completeg
lemma.,

hile x jg assumed
the proof of the
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