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Banach Algebra is a complex banach space which is
also an algebra with identity 1 and in which the
multiplicative structure is relative to the norm by
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General Preliminaries on Banach Algebra:

General Preliminaries on Banach Algebra:

Banach Algebra:

Banach Algebra is a complex banach space which is
also an algebra with identity 1 and in which the
multiplicative structure is relative to the norm by

(i) 1yl < [yl
(i) |11 =1

Banach Sub-Algebra:

A banach sub-algebra of banach algebra , if A is
closed and sub-algebra of A which contains 1.
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Disc Algebra:

& A simple application of morera’s theorem from
complex analysis show that it is closed and
therefore a banach sub-algebra p(D).
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General Preliminaries on Banach Algebra:

Disc Algebra:

& A simple application of morera’s theorem from
complex analysis show that it is closed and
therefore a banach sub-algebra p(D).

&  This banach algebra is called the disc algebra.
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General Preliminaries on Banach Algebra:

General Preliminaries on Banach Algebra:

Disc Algebra:

& A simple application of morera’s theorem from
complex analysis show that it is closed and
therefore a banach sub-algebra p(D).

&  This banach algebra is called the disc algebra.

C*—Algebra:

Banach sub-algebra of B(H)'s which are self-adjoint
are called C*—algebra.
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General Preliminaries on Banach Algebra:

General Preliminaries on Banach Algebra:

Weak operator topology:
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General Preliminaries on Banach Algebra:

Weak operator topology:

It is the weakest topology with respect to which all
these functions are continuous.

W*—Algebra:
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General Preliminaries on Banach Algebra:

General Preliminaries on Banach Algebra:

Weak operator topology:

It is the weakest topology with respect to which all
these functions are continuous.

W*—Algebra:

A C*—algebra with the further property of being
closed in the weak operator topology is called a
W*—algebra.

Algebras of this kind are also called rings of
operators (or) Neumann algebras.
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General Preliminaries on Banach Algebra:

Regular Elements:
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General Preliminaries on Banach Algebra:

Regular Elements:

Let R be a ring with identity x € R has an inverse.
Then x is said to be regular element.

Singular Element:
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General Preliminaries on Banach Algebra:

General Preliminaries on Banach Algebra:

Regular Elements:

Let R be a ring with identity x € R has an inverse.
Then x is said to be regular element.

Singular Element:

An elements which are not regular is called a
singular elements.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Theorem 1

Every element x for which ||x — 1|| < 1 is regular
and the inverse of such element is given by

x1=1+3(1-x)"
n=1
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Every element x for which ||x — 1|| < 1 is regular
and the inverse of such element is given by

x1=1+3(1-x)"
n=1

Let r = ||x —1||, So that r < 1.
Then, [|(1 = x)"ll < |1 — x||" < "
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Every element x for which ||x — 1|| < 1 is regular
and the inverse of such element is given by

x1=1+3(1-x)"
n=1

Proof:

Let r = ||x —1||, So that r < 1.
Then, [|(1— x)"ll < |1 — x||" < "

Let S, =(1—x)+ (1 —x)2+...+ (1 —x)".
For n > m,




General Preliminaries on Banach Algebra:

150 = Smll = [I(1 =)™ + (1= x)™*
...+ (1 —x)"]

< 1@ =)™ 1 = X))
+.. (1 —x)"]
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5 {S,} is cauchy sequence in A.
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£3 Hence,
5 {S,} is cauchy sequence in A.

|Sh — Sm|| =0 n— oc.

Z3 A'is complete.
3 S} is converges to an element y € A.
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General Preliminaries on Banach Algebra:

£3 Hence,
5 {S,} is cauchy sequence in A.

|Sh — Sm|| =0 n— oc.

Z3 A'is complete.
3 S} is converges to an element y € A.

Ly lety =1+ (1—x)"
n=1
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General Preliminaries on Banach Algebra:

£3 Hence,
5 {S,} is cauchy sequence in A.

|Sh — Sm|| =0 n— oc.

Z3 A'is complete.
3 S} is converges to an element y € A.

Ly lety =1+ (1—x)"
n=1

£ Consider,
1+S,=1+(1—-x)+(1—=x)2+...+(1—=x)"
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General Preliminaries on Banach Algebra:

145, = 14+) (1-x)"
m=1

= 1+Z(1 — x)Masn — oo

m=1

1+ S, =y, Then the joint continuous of
multiplication in A.
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General Preliminaries on Banach Algebra:

145, = 14+) (1-x)"
m=1

= 1+Z(1 — x)Masn — oo

m=1

1+ S, =y, Then the joint continuous of
multiplication in A.

(L=x)(1+5) = (L =x)y (1)
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General Preliminaries on Banach Algebra:

145, = 14+) (1-x)"
m=1

= 1+Z(1 — x)Masn — oo

m=1

1+ S, =y, Then the joint continuous of
multiplication in A.

(L=x)(1+5) = (L =x)y (1)
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General Preliminaries on Banach Algeb

(1-x)(1+S,)=y—-1 (2)
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(1-x)(1+S5,)=y—1 (2)
From, Eq.(1) and (2)




General Preliminaries on Banach Algebra:

(1-x)(1+S5,)=y—1 (2)
From, Eq.(1) and (2)

(1-x)y = y-1
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(1-x)(1+S5,)=y—1 (2)
From, Eq.(1) and (2)

1-x)y = y—-1
xy

I
[ay

Therefore, x is regular implies x 1 = 1+ (1 — x)”




(1-x)(1+S5,)=y—1 (2)
From, Eq.(1) and (2)

(I-x)y = y-1
Xy
y = x

I
[ay

Therefore, x is regular implies x 1 = 1+ (1 — x)”




Theorem 2

If G is an open set and therefore s is a closed set.
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General Preliminaries on Banach Algebra:

If G is an open set and therefore s is a closed set.

Let xp be an element in G and let x be any
element in A.
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General Preliminaries on Banach Algebra:

If G is an open set and therefore s is a closed set.

Proof:
Let xp be an element in G and let x be any
element in A.

Such that, ||x — xo|| <

1
[Ix=H]
Now,
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If G is an open set and therefore s is a closed set.

Proof:
Let xp be an element in G and let x be any
element in A.

1
Such that, ||x — xo|| < W
X

Now,

o 'x =1 = x5 (x — )l
1 1

< Il
0
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If G is an open set and therefore s is a closed set.

Proof:
Let xp be an element in G and let x be any
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If G is an open set and therefore s is a closed set.

Proof:
Let xp be an element in G and let x be any
element in A.

1
Such that, ||x — xo|| < W
X
Now,
botx =1 = x5 (x =)
1
< o ==
HX01H

< 1




General Preliminaries on Banach Algebra:

& By Theorem—1, X(;lX isin G.




General Preliminaries on Banach Algebra:

& By Theorem—1, X(;lX isin G.

& Since, x = xo(xy ') implies x is also in G.
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General Preliminaries on Banach Algebra:

& By Theorem—1, X(;lX isin G.
& Since, x = xo(xy ') implies x is also in G.

& Therefore, G contains a nbhd of each of its
points.
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General Preliminaries on Banach Algebra:

& By Theorem—1, x0’1x isin G.
& Since, x = xo(xy ') implies x is also in G.

& Therefore, G contains a nbhd of each of its
points.

& Hence, G is open.
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General Preliminaries on Banach Algebra:

& By Theorem—1, x0’1x isin G.

& Since, x = xp(x; !) implies x is also in G.

& Therefore, G contains a nbhd of each of its
points.

& Hence, G is open.

& Tmplies its Complements is closed.
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General Preliminaries on Banach Algebra:

&
&
&

&
&

lyisin G.

By Theorem—1, Xy
Since, x = xo(x; ') implies x is also in G.
Therefore, G contains a nbhd of each of its
points.

Hence, G is open.

Implies its Complements is closed.
Thus, s is closed.
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General Preliminaries on Banach Algebra:

Theorem 3

The mapping x — x~ ! of G into G is continuous
and is therefore a homeomorphism of G onto
itself.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Theorem 3

The mapping x — x~ ! of G into G is continuous
and is therefore a homeomorphism of G onto
itself.

Proof:
& Let f: G — G be given by f(x) = xVx € G.
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General Preliminaries on Banach Algebra:

The radical and semi-simplicit Old Question

Theorem 3

The mapping x — x~ ! of G into G is continuous

and is therefore a homeomorphism of G onto
itself.

Proof:
& Let f: G — G be given by f(x) = xVx € G.

& Tet x be an element of G and x be another
element of G.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit:

Old Question

Theorem 3

The mapping x — x~ ! of G into G is continuous
and is therefore a homeomorphism of G onto
itself.

Proof:
& Let f: G — G be given by f(x) = xVx € G.

& Tet x be an element of G and x be another
element of G.

& Such that ||x — xo|| <

1
2/1x |
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General Preliminaries on Banach Algebra:
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43 Let € > 0 be given such that e < ||x 71|
€

2/ *[[*

Let 6 =




General Preliminaries on Banach Algebra: e ra n simplicit:

43 Let € > 0 be given such that e < ||x 71|

€
Let 5 =
2|13 |2

#5 Now,
£ Jxgx = 1] =[x (x = x0)|




43 Let € > 0 be given such that e < ||x7}]|.

€

£ Tet 6 = ——.
2/[x5 12

#5 Now,
£ Jxgx = 1] =[x (x = x0)|

) on_lx—lﬂ <1




43 Let € > 0 be given such that e < ||x7}]|.

£ Tet § = €

2|Ixg 12
#5 Now,
£ Jxgx = 1] =[x (x = x0)|
L ||Ixx—1]| <1
#5 By Theorem—1, Xy Ix is in G and

x"Ixg = (x5 'x) 71




43 Let € > 0 be given such that e < ||x7}]|.

£ Tet § = €

2|Ixg 12
#5 Now,
£ Jxgx = 1] =[x (x = x0)|
L ||Ixx—1]| <1
#5 By Theorem—1, Xy Ix is in G and

x"Ixg = (x5 'x) 71

A xIxg =1+ > (1 — x5 1x)" when ||x — xo|| < §
n=1
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General Preliminaries on Banach Algebra:

Now,

-1

[1£(x) = £ (o)l

[Ix

— x|
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Now,

[~ = x|

[1£(x) = £ (o)l

IA

2l 1% IPllx = ol
2|1 *[[*0

A\
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Now,

[~ = x|

[1£(x) = £ (o)l

IA

2l 1% IPllx = ol
2|1 *[[*0

€

<
<




General Preliminaries on Banach Algebra: e Old Q

Now,

() = FOll = [Ix7" = x5
< 2[lx |Pllx = ol
< 2l [[*
1£(x) = Flo)ll < e




Now,

() = FOll = [Ix7" = x5
< 2[lx |Pllx = ol
< 2l [[*
1£(x) = Flo)ll < e

Implies f is continuous at xg, f is continuous on G.
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To prove: f is 1 — 1 Now,

fx) = fy)
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To prove: f is 1 — 1 Now,

fx) = fy)
x1 =yt




General Preliminaries on Banach Algebra:

To prove: f is 1 — 1 Now,

fx) = fy)
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To prove: f is 1 — 1 Now,

fx) = fy)
x1 =yt

X =Y




General Preliminaries on Banach Algebra:

simplicit

To prove: f is 1 — 1 Now,

fix) = f(y)
X—l — y—l
X =y

Therefore fis1—1.
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General Preliminaries on Banach Algebra:

To prove: f is Onto
For all x~! € G,
There exist x € G Such that f(x ! = x € G)
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

To prove: f is Onto

For all x1 € G,

There exist x € G Such that f(x ! = x € G)
Therefore, f is onto.
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To prove: f is Onto

For all x~! € G,

There exist x € G Such that f(x ! = x € G)
Therefore, f is onto.

Then, f~lis also continuous.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

To prove: f is Onto

For all x~! € G,

There exist x € G Such that f(x ! = x € G)
Therefore, f is onto.

Then, f~lis also continuous.

Hence, f is homomorphism.
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General Preliminaries on Banach Algebra:

Topological divisor of zero:

An element z in an banach algebra A is called a
topological divisor of zero. If there exist a sequence
{z,} in A such that ||z,|| = land either zz, — 0 or
zp,z — 0.
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Theorem 4

Every divisor of zero is a topological divisor of
Zero.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Every divisor of zero is a topological divisor of
Zero.

Let b € A be a divisor of zero.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Every divisor of zero is a topological divisor of
Zero.

Proof:
Let b € A be a divisor of zero.
There exist a # 0 such that ab= ba =0
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Every divisor of zero is a topological divisor of
Zero.

Proof:

Let b € A be a divisor of zero.

There exist a # 0 such that ab= ba =0

To prove: b is a topological divisor of zero.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Every divisor of zero is a topological divisor of
Zero.

Proof:
Let b € A be a divisor of zero.
There exist a # 0 such that ab= ba =0

To prove: b is a topological divisor of zero.
a

Let z, = —
Ell
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Every divisor of zero is a topological divisor of
Zero.

Proof:

Let b € A be a divisor of zero.

There exist a # 0 such that ab= ba =0

To prove: b is a topological divisor of zero.

Let z, = ||—
a

Therefore, ||z,|| =1
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Every divisor of zero is a topological divisor of
Zero.

Proof:

Let b € A be a divisor of zero.

There exist a # 0 such that ab= ba =0

To prove: b is a topological divisor of zero.

Let z, = ||—
a

Therefore, ||z,|| =1
Z,b— 0

Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Every divisor of zero is a topological divisor of
Zero.

Proof:

Let b € A be a divisor of zero.
There exist a # 0 such that ab= ba =0

To prove: b is a topological divisor of zero.
Let z, = —

|a
Therefore, ||z,|| =1

Z,b—0
Hence, b is a topological divisor of zero.
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General Preliminaries on Banach Algebra:

Theorem 5
The set of all topological divisor of zero Z is a

subset of the set Sof all singular element in A or
Z is a subset of S.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit:

Old Question

Theorem 5

The set of all topological divisor of zero Z is a
subset of the set Sof all singular element in A or
Z is a subset of S.

Proof:

Let z € Z and {z,} be a sequence in A such that
||za|| = 1 and zz, — 0.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Theorem 5
The set of all topological divisor of zero Z is a

subset of the set Sof all singular element in A or
Z is a subset of S.

Proof:

Let z € Z and {z,} be a sequence in A such that
||za|| = 1 and zz, — 0.

To prove: z€ S
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Theorem 5
The set of all topological divisor of zero Z is a

subset of the set Sof all singular element in A or
Z is a subset of S.

Proof:

Let z € Z and {z,} be a sequence in A such that
||za|| = 1 and zz, — 0.

To prove: z€ S

Suppose that z ¢ S
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Theorem 5

The set of all topological divisor of zero Z is a
subset of the set Sof all singular element in A or
Z is a subset of S.

Proof:

Let z € Z and {z,} be a sequence in A such that
||za|| = 1 and zz, — 0.

To prove: z€ S

Suppose that z ¢ S

Implies z € G [G is the complement of S]
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Theorem 5

The set of all topological divisor of zero Z is a
subset of the set Sof all singular element in A or
Z is a subset of S.

Proof:

Let z € Z and {z,} be a sequence in A such that
||za|| = 1 and zz, — 0.

To prove: z€ S

Suppose that z ¢ S

Implies z € G [G is the complement of S]
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By jointly continuous on multiplication
z Yzz,) = z71(0)
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By jointly continuous on multiplication
z Yzz,) = z71(0)
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

By jointly continuous on multiplication
z Yzz,) = z71(0)

S.zp— 0

Which is a contradiction to ||z,|| =1
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By jointly continuous on multiplication
z Yzz,) = z71(0)

S.zp— 0

Which is a contradiction to ||z,|| =1
Therefore, z € S
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Old Question

General Preliminaries on Banach Algebra: The radical and semi-simplicit:

By jointly continuous on multiplication
z Yzz,) = z71(0)

S.zp— 0

Which is a contradiction to ||z,|| =1
Therefore, z € S

Hence, Z C S.
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Theorem 6

The boundary of S is a subset of Z.




The radical and semi-simplicit Old Question

General Preliminaries on Banach Algebra:

The boundary of S is a subset of Z.

Proof:
Since, S is closed, it is boundary consists of all
points in S which are the limits of convergent

sequence in G.
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Old Question

General Preliminaries on Banach Algebra: The radical and semi-simplicit:

The boundary of S is a subset of Z.

Proof:
Since, S is closed, it is boundary consists of all
points in S which are the limits of convergent

sequence in G.
Let Z belongs to the boundary of S
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Old Question

General Preliminaries on Banach Algebra: The radical and semi-simplicit:

The boundary of S is a subset of Z.

Proof:

Since, S is closed, it is boundary consists of all
points in S which are the limits of convergent
sequence in G.

Let Z belongs to the boundary of S

To prove: z € Z
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

The boundary of S is a subset of Z.

Proof:

Since, S is closed, it is boundary consists of all
points in S which are the limits of convergent
sequence in G.

Let Z belongs to the boundary of S

To prove: z € Z

Suppose z € S and there exist a sequence {r,} in
G such that r, — z,
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

The boundary of S is a subset of Z.

Proof:

Since, S is closed, it is boundary consists of all
points in S which are the limits of convergent
sequence in G.

Let Z belongs to the boundary of S

To prove: z € Z

Suppose z € S and there exist a sequence {r,} in
G such that r, — z,

Then z is in Z.
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rlz—1=r"Yz-r,) (3)

45 Suppose {r; '} is bounded.
£y - ||r, Y| < kY positive integer k.

1
43 Since r, — z. Implies ||r, — z|| < EVn >m

Itz =1 = [l (z = )l
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45 Suppose {r; '} is bounded.
£y - ||r, Y| < kY positive integer k.

1
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£ From Eq.(3),
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@ By Theorem—1, r,” 'z is regular.
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@ Now, z = ry(r, 'z) € G Implies z € G
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Thus,

lr,tz—1|| < 1¥n>m

@ By Theorem—1, r,” 'z is regular.

@ Tmplies r, 'z € G

@ Now, z = ry(r, 'z) € G Implies z € G
@ Which is contraction to z € S
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General Preliminaries on Banach Algebra:

Thus,

lr,tz—1|| < 1¥n>m

@ By Theorem—1, r,” 'z is regular.

@ Tmplies r, 'z € G

@ Now, z = ry(r, 'z) € G Implies z € G
@ Which is contraction to z € S

@ - {r1} is unbounded.

Pandi Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algeb

@ Assume that [|r, ]| = oo.




General Preliminaries on Banach Algebra:

@ Assume that [|r, ]| = oo.
~1
p
@ Define z, = ——— Implies z, = 1
r

e

]




@ Assume that [|r, ]| = oo.
-1
@ Define Zn = H:"—lH Implies z, =1
n
-1
& Now, zz, = z fnil
[[ra=t]
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@ Assume that [|r, ]| = oo.
-1

@ Define z,,:"—i1
[Ira =]
-1

& Now, zz, = z fn
[Ira= ]

& .2z, — 0

andi
ANALYSIS UNIT-IV

Implies z, =1
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@ Assume that [|r, ]| = oo.
-1
@ Define Zn = H:"—lH Implies z, =1
n
-1
& Now, zz, = z fnil
[[ra=t]

& .2z, — 0

& - zisa topological divisor of zero.
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@ Assume that [|r, ]| = oo.
-1
@ Define Zn = H:"—lH Implies z, =1
n
-1
& Now, zz, = z fnil
[[ra=t]

& - zz, — 0
& - zisa topological divisor of zero.
& Hence, z € Z
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General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Spectrum

Let A be a banach algebra and x € A. Then
spectrum of H is defined to be the following
subsets of a complex plane.

o(x) = {\/(x — \) is singular}

Note

€ x — \.1is a continuous function of .

Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Spectrum

Let A be a banach algebra and x € A. Then
spectrum of H is defined to be the following
subsets of a complex plane.

o(x) = {\/(x — \) is singular}

Note

€ x — \.1is a continuous function of .

€2 The set of all singular elements A is closed.
Then o(x) is closed.
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o(x) is a subset of the closed disc {z/|z| < ||x||}

Proof:
Let A be a complex such that || > ||x]|.

X
th —|| <1
e 11311
IL-@-l<1

By Theorem—1,(1 — ;) is regular.

. x — A1 is regular.
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Resolvant of x:

€2 The resolvent of x, denoted by p(x) is the
complement of o(x).
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€2 The resolvent of x, denoted by p(x) is the
complement of o(x).
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Servite Arts and Science College for women, Karur




Resolvant of x:

€2 The resolvent of x, denoted by p(x) is the
complement of o(x).

€2 Since o(x) is a closed subset of {z/|z| < ||x||}.

€® The resolvent of x is the function with values
in A defined on p(x) by x(\) = (x — A\.1)71




Resolvant of x:

€2 The resolvent of x, denoted by p(x) is the
complement of o(x).

€2 Since o(x) is a closed subset of {z/|z| < ||x||}.

€® The resolvent of x is the function with values
in A defined on p(x) by x(\) = (x — A\.1)71

€¢ By theorem x(\) = A(; — 1)t for A #£0




Resolvant of x:

€2 The resolvent of x, denoted by p(x) is the
complement of o(x).

€2 Since o(x) is a closed subset of {z/|z| < ||x||}.

€® The resolvent of x is the function with values
in A defined on p(x) by x(\) = (x — A\.1)71

€¢ By theorem x(\) = A(; — 1)t for A #£0

€ Implies x(\) = 0 as n — oo




Resolvent Equation:

If A\ and p are both in p(x) then,

x(0) = x(V[x — p1]x(1)
X(A)[x = A1+ (A — p).1]x(p)
= [T+ (A= pm)x(N)]x(n)
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Resolvent Equation:

If A\ and p are both in p(x) then,

x(\) = x()x - w1]x()
X(A)[x = A1+ (A — p).1]x(p)
[T+ (A = )x(N)x(w)
x(A) = x() + (A = p)x(A)x(p)
x(A) =x(p) = (A= p)x(M)x(p)

This relation is called the resolvent equation.




o(x) is non-empty.

Proof:

Let f be a functional on A.
(ie) An element of the conjugate space A* and
define f(\) by

F(A) = f(x(V) (4)

By the resolvent equation, we have

X(A) = x(p) = (A = p)x(A)x (1)




o(x) is non-empty.

Proof:

Let f be a functional on A.
(ie) An element of the conjugate space A* and
define f(\) by

F(A) = f(x(V) (4)

By the resolvent equation, we have

X(A) = x(p) = (A = p)x(A)x (1)




General Preliminaries on Banach Algebra:

Fx(A) = x(1)) = (A=) f(x(M)x(w))
= f(x(M)x(w))




F(x(A) —x(p) = (A= p)f(x(N)x(n))
F(A) — () _
(A —n)




Fx(A) = x(1)) = (A=) f(x(M)x(w))

) =) _ oy
A~ () _ 2
AI[:LW = f(x(u))

So f(A) has a derivative at each point of p(x).
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Consider |[f(N)| = ||f(x(N))]|

FO) =0 as n— oo (5)

To prove: o(x) is non-empty.
43 Suppose that o(x) is empty.
#5 By Liouvillies theorem,

5 f()) has a derivative at each point of p(x) in
entire complex plane.

5 Tmplies () is constant.
A3 Tmplies f(\) = OV, .- f(x(A)) =0
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@ Suppose (x(A)) #0

@ This is true for all f € A*, there exist f; € A*
such that fo(x(A)) = [|(x(A))[| # 0




@ Suppose (x(A)) #0

@ This is true for all f € A*, there exist f; € A*
such that fo(x(A)) = [|(x(A))[| # 0

@ Which is contradiction to (5)
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@ Suppose (x(A)) #0

@ This is true for all f € A*, there exist f; € A*
such that fo(x(A)) = [|(x(A))[| # 0

@ Which is contradiction to (5)
@ - x(\) =0V




@ Suppose (x(A)) #0

@ This is true for all f € A*, there exist f; € A*
such that fo(x(A)) = [|(x(A))[| # 0

@ Which is contradiction to (5)
@ - x(\) =0V
@ Thatis0€ G




@ Suppose (x(A)) #0

@ This is true for all f € A*, there exist f; € A*
such that fo(x(A)) = [|(x(A))[| # 0

@ Which is contradiction to (5)
@ - x(\) =0V

@ Thatis0e G

@ Which is contradiction to 0 ¢ G




@ Suppose (x(A)) #0

@ This is true for all f € A*, there exist f; € A*
such that fo(x(A)) = [|(x(A))[| # 0

@ Which is contradiction to (5)
@ - x(\) =0V

@ Thatis0e G

@ Which is contradiction to 0 ¢ G
@ . o(x) is non-empty.




Spectral radius of x:

The number r(x) defined by

r(x) = sup{|\|/\ € o(x)} is called the spectral
radius of x.

Note that 0 < r(x) < [|x]].
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General Preliminaries on Banach Algebra:

The radical and semi-simplicit

Old Question

If A is a division algebra then it equals the set of
all scalar multiples of the identity:.

«° If x € A then x = \.1 for some scalar \
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If A is a division algebra then it equals the set of
all scalar multiples of the identity:.

«° If x € A then x = \.1 for some scalar \
o Suppose that x £ A\.1VA
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General Preliminaries on Banach Algebra: The radical and semi-simplicit:

If A is a division algebra then it equals the set of
all scalar multiples of the identity:.

«° If x € A then x = \.1 for some scalar \
o Suppose that x £ A\.1VA
o7 Implies x — A.1 # OV
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General Preliminaries on Banach Algebra: The radical and semi-simplicit:

If A is a division algebra then it equals the set of
all scalar multiples of the identity:.

«° If x € A then x = \.1 for some scalar \
o Suppose that x £ A\.1VA
o7 Implies x — A.1 # OV

€8 Since A is a division ring, x — A\.1 is a regular.
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General Preliminaries on Banach Algebra: The radical and semi-simplicit:

If A is a division algebra then it equals the set of
all scalar multiples of the identity:.

€2 If x € A then x = \.1 for some scalar A

o Suppose that x £ A\.1VA

o7 Implies x — A.1 # OV

€2 Since A is a division ring, x — A.1 is a regular.

€¢ Implies o(x) is empty

Servite Arts and Science College for women, Karur




Old Question

General Preliminaries on Banach Algebra: The radical and semi-simplicit:

If A is a division algebra then it equals the set of
all scalar multiples of the identity:.

€2 If x € A then x = \.1 for some scalar A

o Suppose that x £ A\.1VA

o7 Implies x — A.1 # OV

€2 Since A is a division ring, x — A.1 is a regular.

€¢ Implies o(x) is empty
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€2 Which is a contradiction to o(x) is non-empty.
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€2 Which is a contradiction to o(x) is non-empty.

o] . x = A\ for some scalar .
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€2 Which is a contradiction to o(x) is non-empty.

o] . x = A\ for some scalar .

AcC{\1/Xe C} (6)
Then,

{AN1/AeC}CA (7)
From (6) and (7), We get,




€2 Which is a contradiction to o(x) is non-empty.

o] . x = A\ for some scalar .

AcC{\1/Xe C} (6)
Then,

{AN1/AeC}CA (7)

From (6) and (7), We get,
A={\1/xe C}




General Preliminaries on Banach Algebra: The radical and semi-simplicit Old Question

Theorem 10

If 0 is the only topological divisor of zero in A
then A= C.

@LetxeA
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Old Question

Theorem 10

If 0 is the only topological divisor of zero in A
then A= C.

Proof:

& Let x € A
& o(x) is non-empty
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Theorem 10

If 0 is the only topological divisor of zero in A
then A= C.

& Let x € A
& o(x) is non-empty
¥ That is A € o(x) Implies x — A.1 is singular
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Theorem 10

If 0 is the only topological divisor of zero in A
then A= C.

& Let x € A
& o(x) is non-empty
¥ That is A € o(x) Implies x — A.1 is singular

“ Let U be the neighbourhood of x — A.1 and
f:C— Aisgiven by f(\) =x—A1lis

continuous.
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@ - f71(U) is neighbourhood of A. f~1(U)
intersect both o(x) and p(x).

Servite Arts and Science College for women, Karur




@ - f71(U) is neighbourhood of A. f~1(U)
intersect both o(x) and p(x).

@ Implies 1 € o(x) N (V) Implies
flu)=x—pleSNU
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Cx-—A1=0
o7 Implies x = A.1 Implies x = C.
€8 Since x € A Implies x =C. ... AC C.
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General Preliminaries on Banach Algebra:

Cx-—A1=0

o7 Implies x = A.1 Implies x = C.

€8 Since x € A Implies x =C. ... AC C.
€ WKTCCA -~ A=C.
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Old Question

General Preliminaries on Banach Algebra: The radical and semi-simplicit:

Theorem 11

If the norm in A satisfies the inequality

||| > k||x]|||y]| for some positive constant k.
Then A= C.

Proof:
#5 Let z be the topological divisor of zero in A.
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General Preliminaries on Banach Algebra:

Theorem 11
If the norm in A satisfies the inequality
||| > k||x]|||y]| for some positive constant k.

Then A= C.
Proof:

#5 Let z be the topological divisor of zero in A.

43 Suppose z # 0, there exist a sequence {z,} in
A such that zz, — 0 and ||z|| = 1.
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If the norm in A satisfies the inequality
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Then A= C.
Proof:
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Thus,
lim ||zz,[| > kl|z[| >0 (8)

£ lim ||zz,|| = 0

n—o00
5 Which is a contradiction to (8) ..z =0

#5 - 0 is a only topological divisor of zero in A
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General Preliminaries on Banach Algebra:

Thus,
||zz,|| > kl|z|[ >0 (8)

[im
n—oo

£ lim ||zz,|| = 0

n—o00
5 Which is a contradiction to (8) ..z =0
#5 - 0 is a only topological divisor of zero in A
#5 By above theorem, We get, A= C
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General Preliminaries on Banach Algebra: The radical and semi-simplicity Old Question

Theorem 12

If A is a banach subalgebra of a banach algebra
A then the spectra of an element x in A with
respect to A and A! are related as follows

I op(x) C oa(x).
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Theorem 12

If A is a banach subalgebra of a banach algebra
A then the spectra of an element x in A with
respect to A and A! are related as follows

I oa(x) C oa(x).
i Each boundary point of oa(x) is also a
boundary point of g1 (x) .

@ Let A € ou(x) Implies x — A.1 is singular in
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Theorem 12

If A is a banach subalgebra of a banach algebra
A then the spectra of an element x in A with
respect to A and A! are related as follows

I oa(x) C oa(x).
i Each boundary point of oa(x) is also a
boundary point of g1 (x) .

@ Let A € ou(x) Implies x — A.1 is singular in
Al
@ Implies \ € oa(x). Hence, oa1(x) C oa(x).
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“ U be the neighbourhood of A in C. A\ is a
boundary point of oa(x).

@ op(x) C oa(x) Implies par(x) D pa(x).

¥ - U intersects pa(x), A € U and X € oa(x),
U intersects o a1(x)

& - )\is boundary point of g 41(x)

¥ Each boundary point of oa(x) is also a
boundary point of o (x).
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¥ Let A be a non-zero complex numbers.
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There fore,

x"=A1=(x—=X.1),(x—=X2.1), ..., (x = A\,.1) (9)

& Let A€ o(x"). .. x" — X is singular.

@ If all the factors on the R.H.S of (9) are
regular then the product is regular atleast
(x — A;.1) is singular for some /.
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There fore,

(0(x))" C a(x") (11)
From (10) and (11) we get,
o(x") = (o(x))"
r(x) =1l dlE
Proof:

The formula for the spectral radius is

r(x) = sup{|Al/A € a(x)}
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[rCI" = [sup{[Al/A € a(x)}]”
= sup{[A]"/A" € o(x")}




Old Question

[rCI" = [sup{[Al/A € a(x)}]”
= sup{[A]"/A" € o(x")}

[r()]" = r(x")

Now, 0 < r(x) < ||x|| Implies r(x") < ||x"||

r(x) < ||x"||"Vn (12)

To prove: If a is any real number such that
r(x) < a then |[x"]|2 < a for all but a finite
number of n’s
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X=X+ Y5 (13)
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x(A) = =21+ ) );—:] (13)
n=1

If f is any functional on A, then (13) gives

n

() = ~A1F(1) + 3 5

f(x(N) = =A[F(1) +Zf DATTIVIAL > [l]]
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@ f(x(N)) is an analytic function in the region
Al > r(x)

@ Since (14) is its laurent expansion for
Al > []x]].

@ Let o be any real number such that
r(x) < a < a.

Xn

@ Then it follows that the series Z f(—

converges.

an

@ So its terms from a bounded sequence.
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Since this true for every f in A* and the
Xn
elements — form a bounded sequence in A.
x”a
Thus ||—|| < k then, ||x"|| < a"k
an
1 1

||x"||n < a"kn for some positive constant k
and every n.

1
[x"|n < a (15)

for all but a finite numbers n’s.

A. Thanga Pandi Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra: The radical and semi-simplicity Old Question

Since this true for every f in A* and the
Xn
elements — form a bounded sequence in A.
x”a
Thus ||—|| < k then, ||x"|| < a"k
an
1 1

||x"||n < a"kn for some positive constant k
and every n.

1
[x"|n < a (15)

for all but a finite numbers n’s.

A. Thanga Pandi Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra:

From (12) and (15), we have,
1

r(x) = HX”HE < a¥n > m where a is any real
number such that r(x) < a.

Servite Arts and Science College for women, Karur




From (12) and (15), we have,
1

r(x) = HX”HE < a¥n > m where a is any real
number such that r(x) < a.

1
n

cor(x) = lim||x”

g andi Servite Arts and Science College for women, Karur

ANALYSIS UNIT-IV



From (12) and (15), we have,
1

r(x) = HX”HE < a¥n > m where a is any real
number such that r(x) < a.

1
n

cor(x) = lim||x”

g andi Servite Arts and Science College for women, Karur

ANALYSIS UNIT-IV



General Preliminaries on Banach Algebra The radical and semi-simplicity: Old Question

The radical and semi-simplicity:

An ideal in A is defined to be a subset | with the
following three properties

Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra The radical and semi-simplicity: Old Question

The radical and semi-simplicity:

An ideal in A is defined to be a subset | with the
following three properties

© / is a linear space of A

Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra The radical and semi-simplicity: Old Question

The radical and semi-simplicity:

An ideal in A is defined to be a subset | with the
following three properties

© / is a linear space of A
Q@ / €/ Implies xi € | for every element x € A

Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra The radical and semi-simplicity: Old Question

The radical and semi-simplicity:

An ideal in A is defined to be a subset / with the
following three properties

© / is a linear space of A

Q@ / €/ Implies xi € | for every element x € A

Q / €/ Implies ix € | for every element x € A
If | satisfies the conditions (1) and (2) is called “left

ideal” and / satisfies the conditions (1) and (3) is
called “right ideal”.

Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra The radical and semi-simplicity: Old Question

The radical and semi-simplicity:

An ideal in A is defined to be a subset / with the
following three properties

© / is a linear space of A

Q@ / €/ Implies xi € | for every element x € A

Q / €/ Implies ix € | for every element x € A
If | satisfies the conditions (1) and (2) is called “left

ideal” and / satisfies the conditions (1) and (3) is
called “right ideal”.

Servite Arts and Science College for women, Karur




General Preliminaries on Banach Algebra The radical and semi-simplicity: Old Question

Regular and Singular

Z5 An element x in A is regular if there exist an
element y such that xy = yx = 1.
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element y such that xy = yx = 1.
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called left singular.

“5 x is Right regular if there exists an element
y such that xy = 1 and x is not left regular is
called right singular.

Servite Arts and Science College for women, Karur




The radical and semi-simplicity:

Maximal left ideal
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proper left ideal which is not properly contained
in any other proper left ideal.
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Maximal left ideal

A maximal left ideal in A is defined to be a
proper left ideal which is not properly contained
in any other proper left ideal.
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The radical R of A is defined to be a proper left
ideal which is not properly contained in any other
proper left ideal.
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@ Let 1 — r be left singular.
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@ Let 1 — r be left singular.
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If r is an element of R. Then 1 — r is left regular.

Proof
@ Let 1 — r be left singular.

@ Sothat L=A(l—r)={x—xr/x € A} is a
proper left ideal which contain 1 — r

@ Let a, 3 be scalars and x — xr and y —yr € L
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If r is an element of R. Then 1 — r is left regular.

Proof
@ Let 1 — r be left singular.

@ Sothat L=A(l—r)={x—xr/x € A} is a
proper left ideal which contain 1 — r

@ Let a, 3 be scalars and x — xr and y —yr € L
@ Now,
a(x—xr)+B(y—yr) = ax+By—(ax+By)r € L
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If r is an element of R. Then 1 — r is left regular.

Proof

@ Let 1 — r be left singular.

@ Sothat L=A(l—r)={x—xr/x € A} is a
proper left ideal which contain 1 — r

@ Let a, 3 be scalars and x — xr and y —yr € L
@ Now,

a(x—xr)+B(y —yr) = ax+fy—(ax+fy)r € L
@ Implies L is a linear subspace.
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Ly Let x—xrel,ycA

£ Then y(x —xr) = yx —yxr € L

“5 - | is a left ideal which contains 1 — r.

£ Now, 1 € A, x — xr = 1 implies x(1 — r) =1
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“5 - | is a left ideal which contains 1 — r.

£ Now, 1 € A, x — xr = 1 implies x(1 — r) =1
#5 Since, 1 — r is a left singular for any x € A
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o Let x —xre L,y e A

£ Then y(x —xr) = yx —yxr € L

“5 - | is a left ideal which contains 1 — r.

£ Now, 1 € A, x — xr = 1 implies x(1 — r) =1
#5 Since, 1 — r is a left singular for any x € A
£y x(1—r)#1Vx e A

#5 Which is a contradiction to x — xr = 1.

Z3 There is no x € A such that x — xr = 1,
s 1éL
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@ 1=(1-r)+r e MImplies M is a proper
subset of A.
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@ Imbedded L is a maximal left ideal M

@ (Clearly 1—re M, Sincere R,(1e M

@ 1=(1-r)+r e MImplies M is a proper
subset of A.

@ Implies M C A

@ 2cAthena=aleM

@ Tmpliess ACM - A=M

@ Which is contradiction to M £ A
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@ Imbedded L is a maximal left ideal M

@ (Clearly 1—re M, Sincere R,(1e M

@ 1=(1-r)+r e MImplies M is a proper
subset of A.

@ Implies M C A

@ 2cAthena=aleM

@ Tmpliess ACM - A=M

@ Which is contradiction to M £ A

@ Hence, 1 — r is left regular.
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nach Algebra The radical and semi-simplicity:

If r is an element of R. Then 1 — r is regular.

Since r € R.
Let By Previous Lemma, 1 — r is left regular.
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If r is an element of R. Then 1 — r is regular.

Proof
Since r € R.

Let By Previous Lemma, 1 — r is left regular.

There exist S € A such that S(1 —r) =1
Implies S — Sr =1
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Proof
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If r is an element of R. Then 1 — r is regular.
Since r € R.
Let By Previous Lemma, 1 — r is left regular.

There exist S € A such that S(1 —r) =1
Implies S — Sr =1

Implies S =1+ Sr, then S =1— (=S)r

Since R is a left ideal. Implies (—S)r € R and
1 — (—=9S)r is left regular.
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If r is an element of R. Then 1 — r is regular.

Since r € R.
Let By Previous Lemma, 1 — r is left regular.

There exist S € A such that S(1 —r) =1
Implies S — Sr =1

Implies S =1+ Sr, then S =1— (=S)r

Since R is a left ideal. Implies (—S)r € R and
1 — (—=9S)r is left regular.

Thus § is regular with inverse 1 — r is regular.
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If r is an element of R. Then 1 — xr is regular for
every X.

Servite Arts and Science College for women, Karur




Lemma 4

If r is an element of R. Then 1 — xr is regular for
every X.

€2 Let R be left ideal.
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If r is an element of R. Then 1 — xr is regular for
every X.

Proof

€ Let R be left ideal,

o7 Since, xr € RVx

€ Let By Previous Lemma, 1 — xr is regular.
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Lemma 5

If r is an element of A with the property that
1 — xr is regular for every x. Then r is in R.
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General Preliminaries on Banach Algebra

The radical and semi-simplicity: Old Question

If r is an element of A with the property that
1 — xr is regular for every x. Then r is in R.

Proof

¥ Assume that r ¢ R, so that r is not in some
maximal left ideal M.
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If r is an element of A with the property that
1 — xr is regular for every x. Then r is in R.

Proof

¥ Assume that r ¢ R, so that r is not in some
maximal left ideal M.

& Let M+ Ar={m+ xr/m € Mand x € A}

To prove M + Ar is a left ideal.
Let o, B be scalars,
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Let my + xr, my + yr € M 4+ Ar where
my,my € Mandx,y € A.
Hence, M + Ar is a linear subspace of A.

& Let ac Am+xre M+ Ar
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Let my + xr, my + yr € M 4+ Ar where
my,my € Mandx,y € A.
Hence, M + Ar is a linear subspace of A.

& Let ac Am+xre M+ Ar
@ Implies a(m+ xr) = am+ (ax)r e M + Ar

M C M+ Ar (16)
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¥ From (16) and (17), M + Ar contains both
M and r

& Since, M is a maximal left ideal and
ré¢ M M+Ar=A1cA
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¥ From (16) and (17), M + Ar contains both
M and r

& Since, M is a maximal left ideal and
ré¢ M M+Ar=A1cA

& 1 = m+ xr for some me M, x € A.
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¥ From (16) and (17), M + Ar contains both
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M and r

& Since, M is a maximal left ideal and
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¥ From (16) and (17), M + Ar contains both
M and r

& Since, M is a maximal left ideal and
ré¢ M M+Ar=A1cA

& 1 = m+ xr for some me M, x € A.

€ m=1-—xris regular.

& Implies m! € Athenl=m'meM
& acAlmpliecsa=aleM_ ACM
¥ ButMCA.  A=M
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AR e & %

From (16) and (17), M + Ar contains both
M and r

Since, M is a maximal left ideal and
ré¢ M M+Ar=A1cA
1 = m+ xr for some me M, x € A.

m =1 — xr is regular.

Implies m! € Athenl=m'meM
acAlmpliecsa=aleM_ ACM
But MCA. . A=M

which is contradiction to M is a proper left
ideal. Hence, r € R
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Lemma 6

If 1 — xr is regular then 1 — rx is also regular.

Assume that 1 — xr is regular with inverse

S=(1-xr)"!

S—xr$=5—-5xr=1 (18)
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Assume that 1 — xr is regular with inverse

S=(1—-xr)"?
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Servite Arts and Science College for women, Karur




ral Prelimin 3 The radical and semi-simplicity:

€& Consider, (1 — m)(1+ rsx) =1 — rx + rx




ral Prelimin 3 The radical and semi-simplicity:

€& Consider, (1 — m)(1+ rsx) =1 — rx + rx
€ 1—m)(1+rsx)=1




The radical and semi-simplicity:

€& Consider, (1 — m)(1+ rsx) =1 — rx + rx
€ 1—m)(1+rsx)=1
€ Similarly, (1+ rsx)(1 — rx) =1 — rx + rx
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€& Consider, (1 — m)(1+ rsx) =1 — rx + rx
€ 1—m)(1+rsx)=1

€ Similarly, (1+ rsx)(1 — rx) =1 — rx + rx
€ 1+r)(1l-mx)=1
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€& Consider, (1 — m)(1+ rsx) =1 — rx + rx
€ 1—m)(1+rsx)=1

€ Similarly, (1+ rsx)(1 — rx) =1 — rx + rx
€ 1+r)(1l-mx)=1

€® Hence,(1 — rx) is regular with its inverse
(1 + rsx).




General Preliminaries on Banach Algebra The radical and semi-simplicity: Old Question

Theorem 14

The radical R of A equals each of the four sets in
NMLI = {r/1 — xr} is regular for every x and
NMRI = {r/1 — rx} is regular for x is a proper
two sided ideal.

€8 If x € R then 1 — xr is regular Vx [By
lemma-4]
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There fore,
R =nNMLI (19)

Similarly,
R = NMRI (20)

45 From (19) and (20),
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There fore,
R =nNMLI (19)
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R = NMRI (20)

45 From (19) and (20),
£ MLl = R = NMRI

“3 NMLI is a proper left ideal and NMRI is a
proper right ideal




The radical and semi-simplicity:

Semi-simple

A is said to be semi-simple if its radical equals the
zero ideal {0}, that is if each non-zero element of
A is outside of some maximal left ideal.
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Semi-simple

A is said to be semi-simple if its radical equals the
zero ideal {0}, that is if each non-zero element of
A is outside of some maximal left ideal.

Theorem 15
The radical R of A is a proper closed two-sided
ideal.
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Semi-simple

A is said to be semi-simple if its radical equals the
zero ideal {0}, that is if each non-zero element of
A is outside of some maximal left ideal.

Theorem 15
The radical R of A is a proper closed two-sided
ideal.

If x € R, then 1 — xr is regular Vx
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Semi-simple

A is said to be semi-simple if its radical equals the
zero ideal {0}, that is if each non-zero element of
A is outside of some maximal left ideal.

Theorem 15

The radical R of A is a proper closed two-sided
ideal.

Proof

If x € R, then 1 — xr is regular Vx
To prove Every maximal left ideal in A is closed.
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zero ideal {0}, that is if each non-zero element of
A is outside of some maximal left ideal.
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ideal.

Proof
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By above theorem, "MLl = R

Since, ML/ is closed Implies "MLI = R is
closed.

R is closed
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. Lin A is closed.
By above theorem, "MLl = R

Since, ML/ is closed Implies "MLI = R is
closed.

R is closed
R is a proper two sided ideal.

Hence, R is a proper closed two sided ideal.
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. Lin A is closed.
By above theorem, "MLl = R

Since, ML/ is closed Implies "MLI = R is
closed.

R is closed
R is a proper two sided ideal.

Hence, R is a proper closed two sided ideal.
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Theorem 16

If I is a proper closed two-sided ideal in A. Then

the quotient algebra n is Banach algebra.
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If I is a proper closed two-sided ideal in A. Then

the quotient algebra n is Banach algebra.

K Let | is a proper closed two-sided ideal in A.
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Theorem 16

If I is a proper closed two-sided ideal in A. Then

the quotient algebra n is Banach algebra.

Proof
K Let | is a proper closed two-sided ideal in A.

A
ke S n is a non-trivial complex Banach space

with respect to the norm defined by
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Theorem 16

If I is a proper closed two-sided ideal in A. Then

the quotient algebra n is Banach algebra.

Proof
K Let | is a proper closed two-sided ideal in A.

A
ke S n is a non-trivial complex Banach space
with respect to the norm defined by
F||x + 1| = inf{||x +i||/i € I}
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Theorem 16

If I is a proper closed two-sided ideal in A. Then

the quotient algebra n is Banach algebra.

Proof
K Let | is a proper closed two-sided ideal in A.

ke S ? is a non-trivial complex Banach space
with respect to the norm defined by

F ||x + /|| = inf{||x +i||/i € 1}

# Since A is a ring with identity 1, / is a
two-sided ideal.
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A
- - is a ring with identity y +/.

Consider,

alx+ Dy +1) = axy+1)
= (ax)y + 1/
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A
- - is a ring with identity y +/.

Consider,

alx+ Dy +1) = axy+1)
(ax)y +1
— o(x+Naly +1)
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A
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Now,

I(x+ Dy + DIl =[xy + )]
= inf{||xy +i||/i € I}

Servite s and Science College for women, K




The radical and semi-simplicity:

A
Letx+l,y+/€7

Now,
O+ Dy + DI = [l(xy + D

inf{||xy +il|/i € I}
— inf{||(x + 1) (y + 2)||/i, o € 1}

Servite Arts and Science College for women, Karur

AL ANALYSIS UNIT-IV



The radical and semi-simplicity:

A
Letx+l,y+/€7

Now,

|(x+ Dy + DIl = ll(xy + 1|

inf{||xy +i||/i € I}

inf{[|(x + i)y + 2)||/it, 2 € I}
inf{||x + i|l|ly + i2||/i1, 2 € 1}

IA




The radical and semi-simplicity:

A
Letx+/,y+/€7

Now,

|(x+ Dy + DIl = [0y + 1|

inf{||xy +i||/i € I}

inf{[|(x +i)(y + )|/, € 1}
inf{[|x + i|[lly + i||/i, i € I}
[Ix + ][]y + 1]]

IA A




The radical and semi-simplicity:

A
Letx+/,y+/€7

Now,

I(x+ Dy + DI =[xy + D]

= inf{||xy +i||/i € I}

= inf{||(x + i)(y + 2)|[/i, 2 € I}
< inf{||x + alllly + &||/h, 2 € 1}
< [lx+ Iy + 1]




The radical and semi-simplicity:

A
Letx+/,y+/€7

Now,

I(x+ Dy + DI =[xy + D]

= inf{||xy +i||/i € I}

= inf{||(x + i)(y + 2)|[/i, 2 € I}
< inf{||x + alllly + &||/h, 2 € 1}
< [lx+ Iy + 1]




ral Prelimina The radical and semi-simplicity: Old Q

Consider,

11 +11]

12+ 1@+ )]
< [lL+1172




ral Prelimina The radical and semi-simplicity: Old Q

Consider,

11 +11]

12+ 1@+ )]
< [l1+1172




General Preliminaries on Banach / a The radical and semi-simplicity: Old Q

Consider,

12+ = NI+ DA+ D]

< [l1+1172

1<||1+41]] (21)
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Consider,

I+ = I+ D+ 1]
< |1+
1 <1+ (21)

141 =inf{||L+1||/i €I}

1+ <1 (22)
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Consider,

I+ = I+ D+ 1]
< |1+
1 <1+ (21)

11+ ]| = inf{[|1+ 1]|/i € I}
114 1]] <1 (22)

From (21) and (22), I =1

ebra
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A
Let R is a semi-simple banach algebra

Proof
# Since Ris a proper closed two sided ideal in A.

A
To prove I is a semi-simple.
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Let M be the set of all maximal left ideal of A
A
and L that of R

Define f : M — L by f(m) = T(m)Vm € M.
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Let M be the set of all maximal left ideal of A
A
and L that of R

Define f : M — L by f(m) = T(m)Vm € M.
To prove f is one-to-one and onto

Let f(Ml) = f(MQ) then T(Ml) = T(Mz)
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Let M be the set of all maximal left ideal of A
A
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SECTION C — (3 x 10 = 30) S.No. 7534 P 16 MA 41
Answer any THREE questions 8
16. Let N and N be normed linear spaces and 7' a
linear transformation of N into N'. Prove that
the following conditions on T are all equivalent'to 1
one another. M.Sc. DEGREE EXAMINATION, APRIL 2018.
(@) T is continuous
() T is continuous at the origin, in the sense
that x, »0=T(x,)>0.
() There exists a real number K20 with the 175 okt
property that [T(2)| < K| for every ze N Time : Three hours Maximum : 75 marks

(For candidates admitted from 2016-2017 onwards)

Mathematics

FUNCTIONAL ANALYSIS

(@ If S={x:[x|<1} is the closed unit sphere in SECTION A — (10 x 2 = 20)

N, then its image. T(S) is a bounded set
in N'.

17. (@) Prove that a closed convex subset C of a

Hilbert space H contains a unique vector of

smallest norm.

Prove that an operator T on H is unitary

< it is an isometric isomorphism of H onto

itself.

18.  State and prove spectral theorem.

19. () If I isa proper closed two sided ideal in 4,
then prove that the quotient algebra /11 isa

Answer ALL questions.

Define linear transformation.

State Hahn-Banach theorem.

Define orthonormal set in Hilbert space H

2

If A, and A, are self-adjoint operators on H and
A, = A,A,, then prove that A A, is self -adjoint.

If 7 is normal, then prove that M,'s are pairwise
banach algebra. orthogonal.
() Prove that o(x) is non-empty.
20, State and prove Gelfand-Newmark theorem

Define standard kronecker delta.

Define Banach algebra.

4 S.No. 7534

Thanga Pandi s and Science College for women, Ke

FUNCTIONAL ANALYSIS UNIT-IV



Old Question Paper

Old Question Papers

8. Prove that Z (the set of all topological divisors of
zero) is a subset of S

9. Define multiplicative functional.

10. 1f ||

Banach algebra 4, then prove that r(x)= ||

for every x on arbitrary commutative

every x
SECTION B — (5 x 5 = 25)
Answer ALL questions, choosing either (a) or (b).
11 (@ If R is a commutative ring with identity,
then prove that R is a field < it has no

non-trivial ideals.

Or i

() If N is a normal linear space, then prove
that the closed uniit sphere S* in N'* is a
compact Hausdorff space in the weak®
topology.

12. (a) If M is a closed linear subspace of a Hilbert
space H, then prove that H =M ® M*.

, Or
(b) State and prove Bessel's inequality.

2 S.No. 75634
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®

(b)

(a)

®

N ilar
Prove that two matrices in 4, are simil

& they are the matrices of a single operator

on H relative to (possibly) different bases.
or

Show that there exists a unique positive
operator A on H such that A*=T.

1€ 1-xr is regular, then prove that 1-rx is

regular.
Or

Prove that the boundary of S is a subset
of Z

Prove that M -» /,, is a one-to-one mapping
of the set 77 of all maximal ideals in A into

the set of all its multiplicative functions.
or

If A is self-adjoint, then prove that A is
dense in € ()

3 S.No. 7534
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