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ASimple Harmonic Motion

l)e;'inition: .
.+ line such that is acceleration is always directed towards a fixed point

| :z:he jine and is proportional to the distance of the particle from the fixed point.

. A particle is said to execute simple harmonic motion if it moves
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LetObea fixed point on the line A'OA and P be the nosition of the particle

=x. So, that the acceleration of the particle in the sense oP

a time 1 where OP

ISX -
. The equation of motion is

dv

¥ =—px where U is a constant, taking X=v yr

e
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Integrating w.r.f. X we get
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Y__TK ¢ wherecisaconstant
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If A be the extreme position of the particle i.e., it is at rest at A i.e., when
2 2
= |
x=a, v=0 where 04 =a We g¢t 0= ;;a +c c=—-§.—,1.,

‘Hence 2 =#(az _xz)
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L%, The distance 04 =a 1€ the distance of the centre from m“ofﬁn;%
of rest is called the amplitude. POSiticyny

The period is independent of the amplitude i.¢., whatever be the i
the period is the same. .

The frequency is the aumber of complete oscillations in one seconq ot ‘
the frequency and 7, the periodic time

2 wparie Ju.
BT 28
Mr‘m V_ A -hin HHoo A 4 ( ’ ~
" The solution of the equation § = —ux namely . \

x = acosyut isthe simplest.

This is becwse of the choice of initial conditions. In case ;= does not

correspond to 1he instant when the particle is at the extreme position, then we

have & i
éos"l(f) = J;t +e'
a

Let g=-—y' when, x =qa so that the origin of time is ;’ seconds after the
particle is at the extreme position so that

. O= —‘f/—[-t',-}- e
s (%) i

s i acos(ﬁw e)
0T Lol TS Siilgmesin ._-*,:“» {1
where e= ‘f;t' Is called
) 4/ . ¥ 187 "‘ ‘v";;k ?; :
~ the epoch of the S.H.M'."’ &
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1The.phase of.8 §H.M. iathe.time,that s, olapsed since, the mmodW‘W

previous instant when the particle it :
so that any time to phase is K e Fxtigme position in the positive directiof),
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The penod remains the same and equal to =
w/.u “t

Wl A geomentrical presentation of the S.H.M.

Let a particle P move on a circle with

. constant angular velocity w aud let M be the foot
ndicular from P on any diameter OA.

If a be the radius of the circle, the only

acceleration of P towards Ois ¢2g .
Let ZAOP=6 and QM =x

the component of this accelartion along 04 = »?acos@

= 0> K+ 5
= a_a—wx towards O.

Hence the equation of motion of Mis i = —x

This is clearly S.H.M.

Thus if a particle describes a circle with constant angular velocity, the foot of
the perpendicular from it on any diameter executes a S.H.M.

4.2. Composition of two simple harmonic motions of the same period and in

the same straight line.

2

Let :/—'; be the common period. Let aj, € and a,, €, be respectively the

amplitudes and epochs of the two motions.

Lt the displacements of the two miotions be
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R = h cos € +a, cosez')cos,/;t
X Fioks. @ 0 ralh VIR 0D °
” ‘i-'('a] sin & +a; sin 62)51!1\““

k) ,‘," v P % i

-Acosecos ;n‘ Asmesm,[_t

)A’)cos(\/_ pt+ e)

f,/. : where ’
.II @b‘ Ol B — DT
I o A cos €= a; cos el +a2cos )

A sine= a; sin € +a s5In &,

* Squaring and adding

)y 008 i1t ’;:” ';‘(,!t- "' parie tapty 2 . . 2
U =(ajcos € +aycos &) +(a sin € +a, sin &)

s v a) +2aya, cos(e - &) o not R

Dividing

TP simgr +a, sin €,
a; €05 & +a, cos &,

Thus the composition s againa S.H.M. with the mmw
A and Epoch £ given by equations (3) and ).
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v=acon e (1)

ﬁfﬁl. FE 08 3Gk & r sidesdn o Al
"‘,‘ I“"' ”Q O eeees
it 9ifd o 19T T AN

%=cos;/;¢' ’ oualhoze WIslging

- From (2) % = FosJ;_zt_ cos €-sin \[;t sin €

; ’ 2
X x L XS
¢ =cos€e——,/l-—5sme
: a a
5
-—cose-—- l—-—— sine
a b a?

Squaring and simplifying
2

x° 2xy AR
ab -

o € which is a conic.

Note 1. If &= and futher a=b, the resutant mation will be a circular
motion »” +y* =a’ . | | LT
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E,T;imple 2
" horizontal shelf moves vertically with S.H
4 : H.M. of period 1 i
grr-test amplitude that the shelf can have so that objects resting zzclt X}\::tr l1Se'ct1he
ve

e

g iz
Scwition :
r X ]

| o
‘ Given 7—; =1

p=4n ,
will be jerked off when the max acc. of SHM is

Weights rest on the shelf
be jerked off. max acc. of SHM must be g

greater than g and if it is not to
Ha=§8

a:—g-.—_'-———g'2 :
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Example 3
ht line. In the first second after starting

A particle moves with S.H.M. in a straig
d in the next second a distance b metres

from rest, it travels a distance a metres an
24

ude of the motion is 20 30

in the same direction. Prove that the amplit




4.10
Solution :

Siftce the particle starts from rest it is clear that 8t £ = 0', it is t the extrgy,
position. Hence displacement at any time / is

x = acos

where o is the amplitude
For t=1 x=a~-a

’

Similarly for =2

x=a-(a+b)
. a-a=acos|u
a-(a+b)=acos2u

’ ' =a[2cos2J';7—l] '

-ef2(%5Y -1

2 2
a-a-—b—-;(a a) a

b 2
a’-aa-ab=2a’-4aa+2a* -a°

' 3ea-ab=2d | =

Example 4

A particle is performing S.H.M. of period T about a centre O, and it pesss
through a point P with velocity v in the direction OP. Show that the time v:=ich

: et 1 ol o
elapses before its return to P is ‘;‘a“ :




ot

;, Let the origin of time concide with the origin of displacement.
.. We have
x = asin fﬁt

2n 27
re = Ju ==
[ T

. x—asin(———z’")
e ' §

let t =¢, when x =OP;

4= v and the particle is at P moving in the direction OP.

S oP= asin( 3’11)
. T

g8

Time for one-fourth oscillation is —I—




Example 5

If in a simple Harmonic motion u, v, W be the velocities at distances a, b, ¢
om a fixed point on the straight line which is not the centre of force, show that

4n2 Ui

=3
the period T is given by the equation —TT(b = C)(C R a)(a = b) = \? I{ Cl

Solution :

Let ¢ be the intensity of force and 3 be the amplitude. The velocity at a

distance x from the centre of force is v’ = /1(/12 -~ xz)

Let d be the distance of the fixed point from the centre of force.
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%ﬂe Motion
W= u[fl’ “(a+ 4)2]
vi= p[A’ -(b+d)2]
wh = [ 2 ~(c+d)’|

2% 4r?
and T=ﬁ(0’)#=%

2
s ¥ +a®+2ad+d* -2 =0

2
L +b?+2bd+d? -2 =0
7]

w2 2 2
" +2cd+d> -4 =0

Eliminating dand d” - 77,

2
-5 & a4 1
at .
2
b =0
we get ﬂ2
TR e 1
Y7,

-




substituting for 4 we get the answer.

Example 6

The displacement x of a particle moving along a straight line is given by
x = Acosnt + Bsinnt where A, B, n are constants. Show that its metion § i

A=3 B=4,n=2 find its period amplitude, maximum velocity and maximuym

acceleration.

Solution :

------------

x = Acosnt + Bsinnt ),
x =—Ansinnt + Bncosnt e (2)
Syt 2 5%

¥ =—An” cosnt — Bn” sinnt

= (A cosnt + Bsin nt)

U7 R T 3)
- The motion is S.H. :
Period = y— = -2—75- =
n 2
dx
0 Y
= gives

—Ansinnt + Bncosnt =0

tanm=£=i
A i3

*+ Amplitude = Maximum x
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¢ Motion _ i
| 9 16 _25 _
; i 5units
‘ MaXImUm velocity = na =10
F M aximum acceleration = ,,2, _ 9.
. e |
S.H.M. with O as the mean position and « as the

P'“ide executing a
; a ; o
:ﬁ;de- When it is at a distance 5 from O, its velocity is quadrupled by a

-

ww ghow that its new amplitude is St

olution :
y and 4v.be the velocities immediately before and after the blow and

(o e .
e the new amplitude.

2D 2
From v2=n (a —X)

b
. 2
2 a
a 2 2
2 Sl ptlar - —=
o n | a - 4 1 4
Ta
L4y, w5 L6
al-::———a oo 2

4

' Example8 Tk e
{ P s - XLh of s p

| 5 : ing a S.H.M. requires OnE-SE = T 5.
? Show that a particle executing ‘ ent to one in whi

| 8 f‘ifmove from the‘ position of maximum displacem

‘¥ displacement in one-half the amplitude.




4.16
Solution :

simple B22

let 1=0, x=a

But ¢
a
and 7 =1, when x = 3
Then we have
From "y = acosnt"
e s
2—a = acosnt, £ xamp
Ab
ntl = z the po‘
3 veloci
b
[] = 1 = l(gﬁ) = i(perlod) 1 e
. ..6\"n 6
Solu’
Hence the problem.

=t

Example 9

A point executes a S.H.M. such that in two of its positions on the same side
of the mean position, its velocities are , v and the corresponding accelerationg

9

(a+ﬁ)-

2
are o and f. Show that the distance between these positionsis ¥ ¥

Solution :
We have "v* = nz(a2 —xz)"

When X=d v=u, ¥=q
xde’v=u’ x:ﬂ

.
e =n2(a2-d12)
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p ngmonie Motion
B S & .- :

P =n’d,

.~ put & = n'd,
2wl

o ~d =_._l_u___

| 2 n2d|+"2d2

_vi-d?

a+p -’

gxample 10
A body moving in a straight line OAB with

: 7 S.HM.h :

the pqmts A and B whose distances from O are a andaz zreers(;::tli(:::;y wh;n at
velocity V when half way between them. Show that the comple)t’eager?:z

| A(b=2)
B
2
Solution :
Let a; be the amplitude of S.H.M. and O, be the centre of force.

—

0, is the midpoint of AB.

o A [0) B
001:a+b \
2
Amplitude a; = A0
=001_0A:a+b_a:b—a
2 2

We have V? = y(all —xz)

At the mid-point of AB, y=v and x=0

Pl
vZ = paj




Example 11
Show that the resultant of two S.H.M’s of the same period in the same stra I

line, the amplitudes of which are 3 metres and ametres re§pective1y and the phase
of the second a quarter of a period in advance of the first is another S.H.M. of the 4
same period, whose amplitude is 3,10 metres and whose phase is Etan-l(g,) -3
of a period in advance of the first. : i
Solution :
2 : £
e that the phase ofthe

Let < _\/7 be the common period, and let us assum

- =

€ i & 27
first be zero so that of the second is :/_‘; 4

71
i 7
2

Hence the two S.H.M’s can be taken in the form

X =3cos\/;t
X) = 9005(\/;t ¥ %)
= -9 sin \/;t
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‘ onic Motion v
iE=e they are in the same straight line, the resyjtant motion iy giy, 1o

;E X =x +x,

2 =3cosﬁft—9sinJZt

s can be put in the form

n i

X = Acos(,//—u+ e)
where Acose=3
Asine=9

lThl's is also S.H.M. of the same period with amplitude

3= a2
A=yY32192 L3 g metres and a phase in advance of the first

= z—lf;tan'l(3) of T

Exercise

1. The maximum velocity of a particle executing S.H.M is 1 metre/sec; and its

1
of a second. Find the amplitude and maximum acceleration.

period is 5

1
[Ans: —— metre; 107 metre / sec” |

2. Find the period and amplitude for each of the following S.H.M’s described:

() The maximum speed is 1metre/sec and the maximum acceleration

i 2 metre / sec? .




