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Preface

Our original purpose in writing this book was to provide a text for the under-
graduate linear algebra course at the Massachusetts Institute of Technology. This
course was designed for mathematics majors at the junior level, although three-
fourths of the students were drawn from other scientific and technological disciplines
and ranged from freshmen through graduate students. This description of the
M.I.T. audience for the text remains generally accurate today. The ten years since
the first edition have seen the proliferation of linear algebra courses throughout
the country and have afforded one of the authors the opportunity to teach the
basic material to a variety of groups at Brandeis University, Washington Univer-
sity (St. Louis), and the University of California (Irvine).

Our principal aim in revising Linear Algebra has been to increase the variety
of courses which can easily be taught from it. On one hand, we have structured the
chapters, especially the more difficult ones, so that there are several natural stop-
ping points along the way, allowing the instructor in a one-quarter or one-semester
course to exercise a considerable amount of choice in the subject matter. On the
other hand, we have increased the amount of material in the text, so that it can be
used for a rather comprehensive one-year course in linear algebra and even as a
reference book for mathematicians.

The major changes have been in our treatments of canonical forms and inner
product spaces. In Chapter 6 we no longer begin with the general spatial theory
which underlies the theory of canonical forms. We first handle characteristic values
in relation to triangulation and diagonalization theorems and then build our way
up to the general theory. We have split Chapter 8 so that the basic material on
inner product spaces and unitary diagonalization is followed by a Chapter 9 which
treats sesqui-linear forms and the more sophisticated properties of normal opera-
tors, including normal operators on real inner product spaces.

We have also made a number of small changes and improvements from the
first edition. Bug the basic philosophy behind the text is unchanged.

We have made no particular concession to the fact that the majority of the
students may not be primarily interested in mathematics. For we believe a mathe-
matics course should not give science, engineering, or social science students a
hodgepodge of techniques, but should provide them with an understanding of
basic mathematical concepts.
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On the other hand, we have been keenly aware of the wide range of back-
grounds which the students may possess and, in particular, of the fact that the
students have had very little experience with abstract mathematical reasoning.
For this reason, we have avoided the introduction of too many abstract ideas at
the very beginning of the book. In addition, we have included an Appendix which
presents such basic ideas as set, function, and equivalence relation. We have found
it most profitable not to dwell on these ideas independently, but to advise the
students to read the Appendix when these ideas arise.

Throughout the book we have included a great variety of examples of the
important concepts which occur. The study of such examples is of fundamental
importance and tends to minimize the number of students who can repeat defini-
tion, theorem, proof in logical order without grasping the meaning of the abstract
concepts. The book also contains a wide variety of graded exercises (about six
hundred), ranging from routine applications to ones which will extend the very
best students. These exercises are intended to be an important part of the text.

Chapter 1 deals with systems of linear equations and their solution by means
of elementary row operations on matrices. It has been our practice to spend about
six lectures on this material. It provides the student with some picture of the
origins of linear algebra and with the computational technique necessary to under-
stand examples of the more abstract ideas occurring in the later chapters. Chap-
ter 2 deals with vector spaces, subspaces, bases, and dimension. Chapter 3 treats
linear transformations, their algebra, their representation by matrices, as well as
isomorphism, linear functionals, and dual spaces. Chapter 4 defines the algebra of
polynomials over a field, the ideals in that algebra, and the prime factorization of
a polynomial. It also deals with roots, Taylor’s formula, and the Lagrange inter-
polation formula. Chapter 5 develops determinants of square matrices, the deter-
minant being viewed as an alternating n-linear function of the rows of a matrix,
and then proceeds to multilinear functions on modules as well as the Grassman ring.
The material on modules places the concept of determinant in a wider and more
comprehensive setting than is usually found in elementary textbooks. Chapters 6
and 7 contain a discussion of the concepts which are basic to the analysis of a single
linear transformation on a finite-dimensional vector space; the analysis of charac-
teristic (eigen) values, triangulable and diagonalizable transformations; the con-
cepts of the diagonalizable and nilpotent parts of a more general transformation,
and the rational and Jordan canonical forms. The primary and eyclic decomposition
theorems play a central role, the latter being arrived at through the study of
admissible subspaces. Chapter 7 includes a discussion of matrices over a polynomial
domain, the computation of invariant factors and elementary divisors of a matrix,
and the development of the Smith canonical form. The chapter ends with a dis-
cussion of semi-simple operators, to round out the analysis of a single operator.
Chapter 8 treats finite-dimensional inner product spaces in some detail. It covers
the basic geometry, relating orthogonalization to the idea of ‘best approximation
to a vector’ and leading to the concepts of the orthogonal projection of a vector
onto a subspace and the orthogonal complement of a subspace. The chapter treats
unitary operators and culminates in the diagonalization of self-adjoint and normal
operators, Chapter 9 introduces sesqui-linear forms, relates them to positive and
self-adjoint operators on an inner product space, moves on to the spectral theory
of normal operators and then to more sophisticated results concerning normal
operators on real or complex inner product spaces. Chapter 10 discusses bilinear
forms, emphasizing canonical forms for symmetric and skew-symmetric forms, as
well as groups preserving non-degenerate forms, especially the orthogonal, umtary,
pseudo-orthogonal and Lorentz groups.

We feel that any course which uses this text should cover Chapters 1, 2, and 3
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thoroughly, possibly excluding Sections 3.6 and 3.7 which deal with the double dual
and the transpose of a linear transformation. Chapters 4 and 5, on polynomials and
determinants, may be treated with varying degrees of thoroughness. In fact,
polynomial ideals and basic properties of determinants may be covered quite
sketchily without serious damage to the flow of the logic in the text; however, our
inclination is to deal with these chapters carefully (except the results on modules),
because the material illustrates so well the basic ideas of linear algebra. An ele-
mentary course may now be concluded nicely with the first four sections of Chap-
ter 6, together with (the new) Chapter 8. If the rational and Jordan forms are to
be included, a more extensive coverage of Chapter 6 is necessary.

Our indebtedness remains to those who contributed to the first edition, espe-
cially to Professors Harry Furstenberg, Louis Howard, Daniel Kan, Edward Thorp,
to Mrs. Judith Bowers, Mrs. Betty Ann (Sargent) Rose and Miss Phyllis Ruby.
In addition, we would like to thank the many students and colleagues whose per-
ceptive comments led to this revision, and the staff of Prentice-Hall for their
patience in dealing with two authors caught in the throes of academic administra-
tion. Lastly, special thanks are due to Mrs. Sophia Koulouras for both her skill
and her tireless efforts in typing the revised manuseript.
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3. Linear Transformations

3.1. Linear Transformations

We shall now introduce linear transformations, the objects which we

shall study in most of the remainder of this book. The reader may find it
helpful to read (or reread) the discussion of functions in the Appendix,
since we shall freely use the terminology of that discussion.

Definition, Let V and W be veclor spaces over the field F. A linear
transformation from V into W s a function T from V into W such that

T(ca + ) = ¢(Ta) + TB

for all o and B in V and all scalars ¢ in F.

Examprg 1. If V is any vector space, the identity transformation

I, defined by Ia = «, is a linear transformation from V into V. The

zero transformation 0, defined by Ox = 0, is a linear transformation
from V into V.

ExamrLe 2. Let F be a field and let V be the space of polynomial
functions f from F into F, given by

f@) =cotcx + -+ + ezt

(DY) = a1 + 2c02 + -+ - + ke L

Then D is a linear transformation from V into V—the differentiation
transformation.

67
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ExampLE 3. Let A be a fixed m X n matrix with entries in the field F.
The function T defined by T(X) = AX is a linear transformation from
F~<1 into F™<!, The function U defined by U(a) = aA is a linear trans-
formation from F™ into F».

ExaMmpLE 4. Let P be a fixed m X m matrix with entries in the field F
and let Q be a fixed n X n matrix over F. Define a function T from the
space Fm< into itself by T(A) = PAQ. Then T is a linear transformation
from Fm» into F™<* because

T(cA + B) = P(cA + B)Q

(cPA + PB)Q
cPAQ + PBQ
¢T(A) + T(B).

i

i

ExampLE 5. Let R be the field of real numbers and let V be the space
of all functions from R into R which are continuous. Define T by

(TH@) = [ 1) at.

Then T is a linear transformation from V into V. The function T7f is
not only continuous but has a continuous first derivative. The linearity
of integration is one of its fundamental properties.

The reader should have no difficulty in verifying that the transfor-
mations defined in Examples 1, 2, 3, and 5 are linear transformations. We
shall expand our list of examples considerably as we learn more about
linear transformations.

It is important to note that if 7' is a linear transformation from V
into W, then T'(0) = 0; one can see this from the definition because

T) = T+ 0) = TO) + 7(0).

This point is often confusing to the person who is studying linear algebra
for the first time, since he probably has been exposed to a slightly different
use of the term ‘linear function.” A brief comment should clear up the
confusion. Suppose V is the vector space E'. A linear transformation from
V into V is then a particular type of real-valued function on the real line R.
In a calculus course, one would probably call such a function linear if its
graph is a straight line. A linear transformation from E! into B!, according
to our definition, will be a function from R into E, the graph of which is a
straight line passing through the origin.

In addition to the property T'(0) = 0, let us point out another property
of the general linear transformation 7. Such a transformation ‘preserves’
linear combinations; that is, if ey, . . ., @, are vectorsin V and ¢y, . . ., ¢a
are scalars, then

T(Clal + v + cnan) = cl<Tal) + ct + Cn(Tan)-



Sec. 3.1 Linear Transformations

This follows readily from the definition. For example,

T(clal + 62(12) = cl(Tal) —|‘ T(Czolz)
= Cl(TCh) + CQ(T&Q).

Theorem 1. Let V be a finite-dimensional vector space over the field ¥
and let {a, . . ., a,} be an ordered basis for V. Let W be a vector space over the
same field F and let By, . . . , Ba be any vectors in W. Then there is precisely
one linear transformation T from V into W such that

Taj=ﬁj, j=1,...,n.
Proof. To prove there is some linear transformation T’ with T'e; =
8, we proceed as follows. Given a in V, there is a unique n-tuple (zy, . . . , )

such that
(24 leal—'l— +xnan~

For this vector « we define
Ta = xlﬁl + et + xn,Bn-

Then T is a well-defined rule for associating with each vector a in V a
vector T in W. From the definition it is clear that Ta; = B; for each j.
To see that T' is linear, let

B =1thar+ - F Ynotn
be in V and let ¢ be any scalar. Now
ca+ B = (ct1+ y)as + ++ + (¢Tn + Yn)an
and so by definition
T(ca + B8) = (cx1 + yBL A - A (exn + Yn)Bn.
On the other hand,

c(Ta) + T8 = cé}l zifs + i_zz:l yiBi
= iZZDI (czi + y4)Bi
and thus
T(ca + 8) = c(Ta) + TB.
If U is a linear transformation from V into W with Ue; = 8;, J§ =
1,...,n, then for the vector « = £1 x;a; we have

Ua = U(% -’Uiai)
i=1

Il
F.M:
-

8
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A
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so that U is exactly the rule 7' which we defined above. This shows that the
linear transformation 7' with T'a; = B; is unique. [

Theorem 1 is quite elementary; however, it is so basic that we have
stated it formally. The concept of function is very general. If V and W are
(non-zero) vector spaces, there is a multitude of functions from V into W.
Theorem 1 helps to underseore the fact that the functions which are linear
are extremely special.

ExampLE 6. The vectors

ap = (1) 2)

Qg = (37 4)
are linearly independent and therefore form a basis for R2. According to
Theorem 1, there is a unique linear transformation from E? into R® such
that

Tal = (3, 2, 1)

Tas = (6, 5, 4).
If so, we must be able to find T'(e;). We find scalars ¢;, ¢; such that ¢ =
cion + coxp and then we know that Te = T + 2T If (1,0) =
ci(l, 2) + ¢(3, 4) then ¢, = —2 and ¢; = 1. Thus
0, 1, 2).

Il

ExampLE 7. Let T be a linear transformation from the m-tuple space
Fm into the n-tuple space F». Theorem 1 tells us that 7 is uniquely de-
termined by the sequence of vectors 8y, . . ., 8w Where
ﬁizTEi, i=1,...,m.

In short, T is uniquely determined by the images of the standard basis
vectors. The determination is

o= (T ...,%m)
Ta =181+ *++ + Tunbn.
If B is the m X m matrix which has row vectors i, . . ., 8, this says that
Ta = aB.
In other words, if 8; = (B, .. ., Bi), then
Bll tee Bln
T(xy, ...,2,) =[x1 - 2a] |: : .
Bml ctt an

This is a very explicit description of the linear transformation. In Section
3.4 we shall make a serious study of the relationship between linear trans-
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formations and matrices. We shall not pursue the particular deseription
Ta = aB because it has the matrix B on the right of the vector «, and that
can lead to some confusion. The point of this example is to show that we
can give an explicit and reasonably simple description of all linear trans-
formations from F™ into F».

If T is a linear transformation from V into W, then the range of T is
not only a subset of W; it is a subspace of W. Let Rr be the range of T, that
is, the set of all vectors 8 in W such that 8 = T« for some « in V. Let 8,
and B be in B and let ¢ be a scalar. There are vectors a; and a; in V such
that Tey = 8; and Tar = B,. Sinee T is linear

T(ca1 + ag) = cTa1 + TO(g
= ¢B1 + Ba

which shows that ¢8: + 8. is also in Ry.

Another interesting subspace associated with the linear transformation
T is the set N consisting of the vectors « in V such that Ta = 0. It is a
subspace of V because

(a) T(0) = 0, so that N is non-empty;
(b) if Tay = Taz = 0, then

T(COQ + 0[2) = cToq + Ta2
=c0+0
=0
so that ca; + @z is in N,

Definition. Let V and W be vector spaces over the field I and let T
be a linear transformation from V into W. The null space of T s the set
of all vectors a in V such that Ta = 0.

If V 1s finite-dimensional, the rank of T s the dimension of the range
of T and the nullity of T s the dimension of the null space of T.

The following is one of the most important results in linear algebra.

Theorem 2. Let V and W be vector spaces over the field T and let T be
a linear transformation from V into W. Suppose that V is finite-dimenstonal.
Then
rank (T} + nullity (T) = dim V.
Proof. Let {ai, ..., cr} be a basis for N, the null space of 7.
There are vectors axii, . . . , o, in V such that {ay, . . ., a.} is a basis for V.
We shall now prove that {Taxy, . .., Ta,} is a basis for the range of T.
The vectors T'ay, . . ., Ta, certainly span the range of T, and since Ta; = 0,
for 7 <k, we see that Tayyy, . . ., Ta, span the range. To see that these
vectors are independent, suppose we have scalars ¢; such that

i Ci(Ta,') = 0.

t=k+1

71
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This says that
T( 2": cia,-) =0

i=k+1
and accordingly the vector « = I c¢a; is in the null space of 7. Since
i=k+1
ai, . . ., o form a basis for N, there must be scalars by, . . ., b, such that
k
o = E b,-ai.
i=1
Thus
k n
E bia; - E Cijo; = 0
i=1 J=k+1
and since oy, . . ., a, are linearly independent we must have
by=--- =bk=ck+1= e =g, = 0.

If r is the rank of 7, the fact that Teyiq, . . ., Te, form a basis for
the range of T tells us that »r = n — k. Since % is the nullity of T and = is
the dimension of V, we are done. |

Theorem 3. If A is an m X n matriz with eniries in the field ¥, then
row rank (A) = column rank (A).

Proof. Let T be the linear transformation from FrX! into Fmx1
defined by T'(X) = AX. The null space of T is the solution space for the
system AX = 0, i.e., the set of all ecolumn matrices X such that 4AX = 0.
The range of T is the set of all m X 1 column matrices ¥ such that AX =
Y has a solution for X. If 44, ..., A, are the columns of 4, then

AX = x1A1+ v +ann
so that the range of T is the subspace spanned by the columns of 4. In
other words, the range of T is the column space of A. Therefore,
rank (7) = column rank (A4).

Theorem 2 tells us that if S is the solution space for the system AX = 0,
then
dim S 4+ column rank (4) = n.

We now refer to Example 15 of Chapter 2. Our deliberations there
showed that, if r is the dimension of the row space of 4, then the solution
space S has a basis consisting of n — r vectors:

dim 8 = n — row rank (4).
It is now apparent that .
row rank (4) = column rank (4). |J

The proof of Theorem 3 which we have just given depends upon
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explicit calculations concerning systems of linear equations. There is a
more conceptual proof which does not rely on such calculations. We shall
give such a proof in Section 3.7.

Exercises

1. Which of the following functions T from R? into R? are linear transformations?

(&) Ty, 22) = (1 + 21, 29);
(b) T(zy, 72) = (25, 21);
() T(zy, x2) = (a3, 72);
(d) T(zy, z9) = (sinzy, 23);
(e) T(Zl, Zz) = (xl — Ty, O).
2. Find the range, rank, null space, and nullity for the zero transformation and

the identity transformation on a finite-dimensional space V.

3. Describe the range and the null space for the differentiation transformation
of Example 2. Do the same for the integration transformation of Example 5.

4. Is there a linear transformation 7' from R? into R? such that T'(1, —1,1) =
(1,0) and T(1, 1,1) = (0, 1)?
5. If
oy = (17 —1)) Bl = (17 0)
ar=(2,-1), B=(0,1)
o3 = (_3; 2); 63 = (1’ 1)
is there a linear transformation 7 from R? into R? such that Toa; = 8;for¢ = 1, 2
and 3?
6. Describe explicitly (as in Exercises 1 and 2) the linear transformation 7 from
F?*into F? such that Te; = (q, b), Tea = (c, d).
7. Let F be a subfield of the complex numbers and let T be the function from
F3 into F® defined by
T(xl, Ta, 1‘3) = (x1 — X2 + 2233, 2231 + oy —T1 — 21‘2 + 2x3).

(a) Verify that T is a linear transformation.

(b) If (a, b, ¢) is a vector in F®, what are the conditions on a, b, and ¢ that
the vector be in the range of T? What is the rank of 7?

(c) What are the conditions on a, b, and ¢ that (a, b, ¢) be in the null space
of T'? What is the nullity of T?

8. Describe explicitly a linear transformation from R? into R which has as its
range the subspace spanned by (1,0, —1) and (1, 2, 2).

9. Let V be the vector space of all n X n matrices over the field F, and let B
be a fixed n X n matrix. If

T(A) = AB— B4
verify that T is a linear transformation from V into V.

10. Let V be the set of all complex numbers regarded as a vector space over the

73



74

Linear Transformations Chap. 3 -

field of real numbers (usual operations). Find a function from V into V which is
a linear transformation on the above vector space, but which is not a linear trans-
formation on (1, i.e., which is not complex linear.

11. Let V be the space of n X 1 matrices over F and let W be the space of m X 1
matrices over F. Let 4 be a fixed m X n matrix over F and let T be the linear
transformation from V into W defined by T(X) = AX. Prove that T is the zero
transformation if and only if A is the zero matrix.

12. Let V be an n-dimensional vector space over the field # and let T be a linear
transformation from V into V such that the range and null space of T are identical.
Prove that n is even. (Can you give an example of such a linear transformation 7'7)

13. Let V be a vector space and T & linear transformation from V into V. Prove
that the following two statements about T are equivalent.

(a) The intersection of the range of T and the null space of T is the zero
subspace of V.

(b) If T(Ta) = 0, then T = 0.

3.2. The Algebra of Linear Transformations

In the study of linear transformations from V into W, it is of funda-
mental importance that the set of these transformations inherits a natural
vector space structure. The set of linear transformations from a space V
into itself has even more algebraic structure, because ordinary composition
of functions provides a ‘multiplication’ of such transformations. We shall
explore these ideas in this section.

Theorem 4. Let V and W be vector spaces over the field F. Let T and
U be linear transformations from V into W. The function (T + U) defined by

(T + U)e) = Ta + Ua

18 @ linear transformation from V into W. If ¢ is any element of F, the function
(cT) defined by
(€T)(a) = ¢(Ta)

is a linear transformation from V into W. The set of all linear iransformations
from V into W, together with the addition and scalar multiplication defined
above, is a vector space over the field F.

Proof. Suppose T and U are linear transformations from V into
W and that we define (7' + U) as above. Then

(T + U)(ca + B) = T(ca + B) + Ulca + 8)
c(Ta) + T8 + c(Ua) + UB
¢(Ta + Ua) + (T8 + UB)
T+ U)a) + (T + U)(B)

which shows that (T + U) is a linear transformation. Similarly,

Il
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(cT)(do + B) = c[T(dex + B)]
c[d(Ta) + T8]
cd(Te) + c(TB)
dlc(Ta)] + «(T8)
= d[(cT)a] + (cT)8

which shows that (¢T') is a linear transformation.

To verify that the set of linear transformations of V into W (together
with these operations) is a vector space, one must directly check each of
the conditions on the vector addition and scalar multiplication. We leave
the bulk of this to the reader, and content ourselves with this comment:
The zero vector in this space will be the zero transformation, which sends
every vector of V into the zero vector in W; each of the properties of the
two operations follows from the corresponding property of the operations
in the space W. ||

We should perhaps mention another way of looking at this theorem.
If one defines sum and scalar multiple as we did above, then the set of
all functions from V into W becomes a vector space over the field F. This
has nothing to do with the fact that V is a vector space, only that V is a
non-empty set. When V 1s a vector space we can define a linear transforma-
tion from V into W, and Theorem 4 says that the linear transformations
are a subspace of the space of all functions from V into W.

We shall denote the space of linear transformations from V into W
by L(V, W). We remind the reader that L(V, W) is defined only when V
and W are vector spaces over the same field.

Theorem 5. Let V be an n-dimensional vector space over the field F,
and let W be an m-dimensional vector space over F. Then the space L(V, W)
18 finite-dimensional and has dimension mn,

Proof. Let
(B={a1,...,a,,} and G?)I:{Bl,...,ﬁm}

be ordered bases for ¥V and W, respectively. For each pair of integers (p, ¢)
with 1 <p <m and 1 < ¢ < n, we define a linear transformation E?.

from V into W by
{O, if ¢#gq
By if 1=4¢q

= 6iqﬂp-

According to Theorem 1, there is a unique linear transformation from V
into W satisfying these conditions. The claim is that the mn transforma-
tions E?:¢ form a basis for L(V, W).

Let T be a linear transformation from V into W. Foreachj, 1 < 7 < n,

I

Er(a;)
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let Ay, . .., Am; be the coordinates of the vector Te; in the ordered basis
&', ie.,
m

(3-1) Ta; = 21 ApiByp-

P
We wish to show that
(3-2) T=3 3 quEp,q.

p=1g=1

Let U be the linear transformation in the right-hand member of (3-2).
Then for each j
Uaj = Z 3 Ap 7 %(a;)
P g

=22 Arqaiqlgp
P q

z Apiﬂp
p=1
= Ta,-

and consequently U = T. Now (3-2) shows that the E?-¢ span L(V, W);
we must prove that they are independent. But this is clear from what
we did above; for, if the transformation

U =33 A,Lre
P q
is the zero transformation, then Ua; = 0 for each j, so
2 AyB,=10
p=1
and the independence of the 8, implies that A,; = 0 for every p and j. ||

Theorem 6. Let V, W, and Z be vecior spaces over the field F. Let T
be a linear transformation from V into W and U a linear transformation
from W into Z. Then the composed function UT defined by (UT)(a) =
U(T(e)) 7s a linear transformation from V into Z.

Proof.

(UT)(ce + ) = U[T(ca + B)]
U(cTa 4+ TB)
[U(Ta)] + U(TB)

c«(UT)e) + (UT)(B). 1

f

[

In what follows, we shall be primarily concerned with linear trans-
formation of a vector space into itself. Since we would so often have to
write ‘T is a linear transformation from V into V,” we shall replace this
with ‘T is a linear operator on V.’

Definition. IfV is a vector space over the field F, a linear operator on
V ¢s a linear transformation from V into V.
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In the case of Theorem 6 when V = W = Z, so that U and T are
linear operators on the space V, we see that the composition UT is again
a linear operator on V. Thus the space L(V, V) has a ‘multiplication’
defined on it by composition. In this case the operator TU is also defined,
and one should note that in general UT = TU, i.e., UT — TU # 0. We
should take special note of the fact that if T is a linear operator on V then
we can compose T with T. We shall use the notation 7% = T'T, and in
general 7" = T --- T (n times) forn = 1,2, 3,.... We define T° = [ if
T #0.

Lemma. Let V be a vector space over the field F; let U, Ty and Ts be
linear operators on V; let ¢ be an element of F.
(a) IU = UI = U;
(b) U(Ty 4+ T2) = UTy + UTy; (T1 + T»)U = TWU + T.U;
(¢) ¢(UTy) = (cU)T, = U(cTy).
Proof. (a) This property of the identity function is obvious. We
have stated it here merely for emphasis.

(b) [U(Ty + T2)l(e) = U[(T1 + To)(e)]
U(Tla + Tza)
U(Twe) + U(T)
(UT)(e) + (UT:)(a)
so that U(Th + To) = UT: + UT.. Also
[(Ty + T)Ul(e) = (Ty + T2)(Ua)
TI(UC!) + Tz(Ua)
(TWU)(a) + (TU)(e)
so that (T) + T»)U = TWU 4 T.U. (The reader may note that the proofs
of these two distributive laws do not use the fact that 7, and 7% are linear,
and the proof of the second one does not use the fact that U is linear either.)
(¢) We leave the proof of part (¢) to the reader. |

Il

The contents of this lemma and a portion of Theorem 5 tell us that
the vector space L(V, V), together with the composition operation, is
what is known as a linear algebra with identity. We shall discuss this in
Chapter 4.

ExampLE 8. If A is an m X n matrix with entries in F, we have the
linear transformation T defined by T(X) = AX, from F» into F~<. If
B is a p X m matrix, we have the linear transformation U from F™! into
Fr»x1 defined by U(Y) = BY. The composition UT is easily described:

UT)X) = U(T(X))
UAX)
B(AX)
= (BA)X.
Thus UT is ‘left multiplication by the product matrix BA.’

{
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ExamrLE 9. Let F be a field and V the vector space of all polynomial
functions from F into F. Let D be the differentiation operator defined in
Example 2, and let T’ be the linear operator ‘multiplication by z’:

(Tf)(z) = zf(x).
Then DT = TD. In fact, the reader should find it easy to verify that
DT — TD = I, the identity operator.
Even though the ‘multiplication’ we have on L(V, V) is not commu-
tative, it is nicely related to the vector space operations of L(V, V).

Exampri 10. Let & = {ay, ..., a,} be an ordered basis for a vector
space V. Consider the linear operators E?¢ which arose in the proof of
Theorem 5:

Ere(ay) = Siap.
These n? linear operators form a basis for the space of linear operators on V.
What is E#:<E™? We have

(EP B (o) = EPa(bisa)

= 51,8Ep,q(ar)
= 0isbrqtp.
Therefore,
L. JO, if rsgq
fireaire = {Epvs, if g=r.

Let T be a linear operator on V. We showed in the proof of Theorem 5
that if

AJ' = [Taj](B
A - [Al,. . .,An]
then
T =33 Ad,Era.
P q
If

U = 2 2 BnEr.s
is another linear operator on V, then the last lemma tells us that
TU = (2 z quEp,q) (2 z BrsET's)
P g r 8

= 2 Z 2 z quBrsEﬂ'qEr's'

P g r 8

As we have noted, the only terms which survive in this huge sum are the
terms where ¢ = r, and since Er"E"s = E?*, we have

TU = E E (E AprBrs)Ep's
p s T
=33 (AB)E?".
p 8

Thus, the effect of composing 7 and U is to multiply the matrices A and B.
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In our discussion of algebraic operations with linear transformations
we have not yet said anything about invertibility. One specific question of
interest is this. For which linear operators T on the space V does there
exist a linear operator 7! such that 77! = 7T = I?

The function T from V into W is called invertible if there exists a
function U from W into V such that UT is the identity function on V and
TU is the identity function on W. If 7 is invertible, the function U is
unique and is denoted by T—1. (See Appendix.) Furthermore, T is invertible
if and only if

1. T'is 1:1, that is, Tee = TB implies « = §;
2. T is onto, that is, the range of T is (all of) W.

Theorem 7. Let V and W be vector spaces over the field I and let T
be a linear transformation from V into W. If T is invertible, then the tnverse
Sunction T~ 4s a linear transformation from W onto V.

Proof. We repeat ourselves in order to underscore a point. When
T 1s one-one and onto, there is a uniquely determined inverse function 7!
which maps W onto V such that 717" is the identity funection on V, and
TT-1 is the identity function on W. What we are proving here is that if a
linear function 7' is invertible, then the inverse T is also linear.
Let 81 and 8, be vectors in W and let ¢ be a scalar. We wish to show
that

T=(cBr + B2) = cT7B1 + T8,

Let a; = T8, ¢ = 1, 2, that is, let «; be the unique vector in V such that
Ta; = B;. Since T is linear,

T(coq + 052) = CTOLl + Ta2
= By + B

Thus coy + a» is the unique vector in V which is sent by 7" into ¢8; + 8,
and so

T-(cB1 + 32)

coy + ae

o(T7181) + T7'6e

and T-! is linear. |}

Suppose that we have an invertible linear transformation 7 from V
onto W and an invertible linear transformation U from W onto Z. Then UT
is invertible and (UT)~! = T-1U-1 That conclusion does not require the
linearity nor does it involve checking separately that UT is 1:1 and onto.
All it involves is verifying that 71U~ is both a left and a right inverse for
UT.

If T is linear, then T'(@¢ — 8) = Ta — TB; hence, Ta = T3 if and only
if T(a — B) = 0. This simplifies enormously the verification that 7' is 1:1.
Let us call a linear transformation T non-singular if Ty = 0 implies
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v = 0, i.e., if the null space of T'is {0}. Evidently, 7 is 1:1 if and only if 7'
is non-singular. The extension of this remark is that non-singular linear
transformations are those which preserve linear independence.

Theorem 8. Let T be a linear transformation from V into W. Then
T s non-singular if and only if T carries each linearly independent subset of
V onto a linearly independent subset of W.

Proof. First suppose that T is non-singular. Let S be a linearly
independent subset of V. If ay, . . ., a4 are vectors in S, then the vectors
Tay, . . ., Tay are linearly independent; for if

Cl(Totl) + e + Ck(T(xk) = 0
then
T(C]Oll + e + ckak) = 0

and since T is non-singular

car + -+ e = 0

from which it follows that each ¢; = 0 because S is an independent set.
This argument shows that the image of S under 7 is independent.

Suppose that T' carries independent subsets onto independent subsets.
Let a be a non-zero vector in V. Then the set S consisting of the one vector
o is independent. The image of S is the set consisting of the one vector T«,
and this set is independent. Therefore Ta # 0, because the set consisting
of the zero vector alone is dependent. This shows that the null space of T is
the zero subspace, i.e., T is non-singular. ||

ExampLE 11. Let F be a subfield of the complex numbers (or a field of
characteristic zero) and let V be the space of polynomial functions over F.
Consider the differentiation operator D and the ‘multiplication by z’
operator T, from Example 9. Since D sends all constants into 0, D is
singular; however, V is not finite dimensional, the range of D is all of V,
and it is possible to define a right inverse for D. For example, if £ is the
indefinite integral operator:

cnx"“

E(co+ cw + -+ + caz”) = 60$+%61$2+ +n_1*_1
then E is a linear operator on V and DE = I. On the other hand, ED = I
because £D sends the constants into 0. The operator T'is in what we might
call the reverse situation. If zf(z) = 0 for all z, then f = 0. Thus 7' is non-
singular and it is possible to find a left inverse for 7. For example if U is
the operation ‘remove the constant term and divide by 2’:

Uleo+ e+ -+ + ™) = c1 + cox + -+ + ez
then U is a linear operator on V and UT = I. But TU = I since every
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function in the range of T'U is in the range of T, which is the space of
polynomial functions f such that f(0) = 0.

ExampLE 12. Let F be a field and let T be the linear operator on F?
defined by
T(xy, 22) = (X1 + 22, T1).

Then T is non-singular, because if T(z;, z2) = 0 we have

Y1+ 2=0
x1=0

so that x; = 2, = 0. We also see that T’ is onto; for, let (2, z,) be any
vector in F2. To show that (2, ;) is in the range of T we must find scalars
2y and x. such that
T+ T =2
T =22
and the obvious solution is x; = 25, & = 2, — 2. This last computation
gives us an explicit formula for 7!, namely,

T2y, 22) = (23, 21 — 22).

We have seen in Example 11 that a linear transformation may be
non-singular without being onto and may be onto without being non-
singular. The present example illustrates an important case in which that
cannot happen.

Theorem 9. Let V and W be finste-dimensional vector spaces over the
field ¥ such that dim V = dim W. If T is a linear transformation from V into
W, the following are equivalent:

(i) T 7s tnvertible.
(ii) T s non-singular.
(iii) T ¢s onto, that s, the range of T is W.

Proof. Let n = dim V = dim W. From Theorem 2 we know that
rank (1) 4+ nullity (T) = n.

Now T is non-singular if and only if nullity (T) = 0, and (since n = dim
W) the range of 7' is W if and only if rank (T) = =. Since the rank plus the
nullity is n, the nullity is 0 precisely when the rank is n. Therefore T is
non-singular if and only if T(V) = W. So, if either condition (ii) or (iii)
holds, the other is satisfied as well and T is invertible. ||

We caution the reader not to apply Theorem 9 except in the presence
of finite-dimensionality and with dim ¥V = dim W. Under the hypotheses
of Theorem 9, the conditions (i), (ii), and (iil) are also equivalent to these.

(Av) If {ou, ..., an} is basis for V, then {Tay, . . ., Ta.} 78 a basis for
W.
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(v) There is some basis {a, . . ., an} for V such that {Tay, . . ., Tan}
1s a bastis for W.

We shall give a proof of the equivalence of the five conditions which
contains a different proof that (i), (ii), and (iii) are equivalent.

(i) = (ii). If T is invertible, 7' is non-singular. (ii) = (iii). Suppose
T is non-singular. Let {ai, ..., a,} be a basis for V. By Theorem 8,
{Tay, ..., Tay} is a linearly independent set of vectors in W, and since
the dimension of W is also n, this set of vectors is a basis for W. Now let 8
be any vector in W. There are scalars ¢, . . ., ¢, such that

ﬂ = Cl(Ta1) + e + C,.(Ta,,)
= T(cie1 + *++ =+ Cacn)

which shows that 8 is in the range of T. (iii) = (iv). We now assume that
T is onto. If {ey, ..., a,} is any basis for V, the vectors Tey, ..., Tan
span the range of 7', which is all of W by assumption. Since the dimension
of W isn, these n vectors must be linearly independent, that is, must comprise
a basis for W. (iv) = (v). This requires no comment. (v) — (i). Suppose
there is some basis {ai, ..., a,; for V such that {Tay, ..., Ta,} is a
basis for W. Since the T'a; span W, it is clear that the range of T'is all of W.
If @« = i1 + -+ + caan is in the null space of 7', then

T(Clal + -+ Cnan) =0

or

a(Tar)) + - + en(Tan) =0

and since the Ta; are independent each ¢; = 0, and thus « = 0. We have
shown that the range of T is W, and that T is non-singular, hence T is
invertible,

The set of invertible linear operators on a space V, with the operation
of composition, provides a nice example of what is known in algebra as
a ‘group.” Although we shall not have time to discuss groups in any detail,
we shall at least give the definition.

Definition. A group consists of the following.

1. A set G;
2. A rule (or operation) which associates with each pair of elements x,
v i G an element xy in G in such a way that
(a) x(yz) = (xy)z, for all X, y, and z in G (associativity);
(b) there is an element e in G such that ex = xe = x, for every x in G;
(¢) to each element x in G there corresponds an element x~! in G such
that xx™1 = x7Ix = e.

We have seen that composition (U, T) - UT associates with each
pair of invertible linear operators on a space V another invertible operator
on V. Composition is an associative operation. The identity operator I
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satisfies IT = T1I for each T, and for an invertible T there is (by Theorem
7) an.invertible linear operator 7! such that T77-! = T-'T = I. Thus the
set of invertible linear operators on V, together with this operation, is a
group. The set of invertible n X n matrices with matrix multiplica-
tion as the operation is another example of a group. A group is called
commutative if it satisfies the condition xy = yx for each z and y. The
two examples we gave above are not commutative groups, in general. One
often writes the operation in a commutative group as (z,y) =z + v,
rather than (z,y) = zy, and then uses the symbol 0 for the ‘identity’
element e. The set of vectors in a vector space, together with the operation
of vector addition, is a commutative group. A field can be described as a
set with two operations, called addition and multiplication, which is a
commutative group under addition, and in which the non-zero elements
form a commutative group under multiplication, with the distributive
law z(y + 2) = zy + xz holding.

Exercises

1. Let T and U be the linear operators on R? defined by
T(x1, x3) = (x5, 21) and U(zy, 22) = (21, 0).

(a) How would you describe T' and U geometrically?
(b) Give rules like the ones defining T and U for each of the transformations
(U+ 1), UT, TU, T, U~

2. Let T be the (unique) linear operator on C® for which
Te = (1,0,7), Te: = (0,1, 1), Te; = (1, 1, 0).

Is 7 invertible?

3. Let T be the linear operator on R? defined by

T(x1, x2, x3) = (a1, 21 — X2, 221 + 22 + 73).

Is T invertible? If so, find a rule for 7! like the one which defines T.

4. For the linear operator T of Exercise 3, prove that

(T*—I(T—3I)=0.

5. Let €2 be the complex vector space of 2 X 2 matrices with complex entries.

Let
1 -1
B= [—4 4]

and let T be the linear operator on 22 defined by T(4) = BA. What is the
rank of T? Can you describe 7'2?

6. Let T be a linear transformation from R® into R?, and let U be a linear trans-
formation from R? into R3. Prove that the transformation UT is not invertible.
Generalize the theorem.
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7. Find two linear operators 7 and U on R? such that T7U = 0 but UT £ 0.

8. Let V be a vector space over the field  and T a linear operator on V. If T2 = 0,
what can you say about the relation of the range of T to the null space of T7?
Give an example of a linear operator T on R? such that 72 = 0 but T 0.

9. Let T be a linear operator on the finite-dimensional space V. Suppose there
is & linear operator U on V such that TU = I. Prove that T is invertible and
U = T71, Give an example which shows that this is false when V is not finite-
dimensional. (Hint: Let T = D, the differentiation operator on the space of poly-
nomial functions.)

10. Let A be an m X n matrix with entries in ¥ and let 7' be the linear transforma-
tion from FX! into F™<! defined by T(X) = AX. Show that if m < n it may
happen that T is onto without being non-singular. Similarly, show that if m > n
we may have T non-singular but not onto.

11. Let V be a finite-dimensional vector space and let T be a linear operator on V.
Suppose that rank (7?) = rank (7). Prove that the range and null space of T are
disjoint, i.e., have only the zero vector in common.

12. Let p, m, and n be positive integers and F a field. Let V be the space of m X n
matrices over F and W the space of p X n matrices over F. Let B be a fixed p X m
matrix and let T be the linear transformation from V into W defined by
T(A) = BA. Prove that T is invertible if and only if p = m and B is an invertible
m X m matrix.

3.3. Isomorphism

If V and W are vector spaces over the field F, any one-one linear
transformation T of V onto W is called an isomorphism of V onto W.
If there exists an isomorphism of V onto W, we say that V is isomorphic
to W.

Note that V is trivially isomorphic to V, the identity operator being
an isomorphism of V onto V. Also, if V is isomorphic to W via an iso-
morphism 7', then W is isomorphic to V, because 7! is an isomorphism
of W onto V. The reader should find it easy to verify that if V is iso-
morphie to W and W is isomorphie to Z, then V is isomorphic to Z. Briefly,
isomorphism is an equivalence relation on the class of vector spaces. If
there exists an isomorphism of V onto W, we may sometimes say that V
and W are isomorphie, rather than V is isomorphic to W. This will cause
no confusion because V is isomorphic to W if and only if W is isomorphic

to V.

Theorem 10. Every n-dimensional vector space over the field ¥ is iso-
morphic to the space F.

Proof. Let V be an n-dimensional space over the field F and let
® = {ay ..., o, be an ordered basis for V. We define a function 7
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from V into F», as follows: If « is in V, let Ta be the n-tuple (z,, . . ., z,)
of coordinates of & relative to the ordered basis ®, i.e., the n-tuple such
that

a = T+ -+ Tatn.

In our discussion of coordinates in Chapter 2, we verified that this T is
linear, one-one, and maps V onto F=. |

For many purposes one often regards isomorphic vector spaces as
being ‘the same,” although the vectors and operations in the spaces may
be quite different, that is, one often identifies isomorphic spaces. We
shall not attempt a lengthy discussion of this idea at present but shall
let the understanding of isomorphism and the sense in which isomorphic
spaces are ‘the same’ grow as we continue our study of vector spaces.

We shall make a few brief comments. Suppose 7' is an isomorphism
of V onto W. If S is a subset of V, then Theorem 8 tells us that S is linearly
independent if and only if the set 7(S) in W is independent. Thus in
deciding whether S is independent it doesn’t matter whether we look at S
or T(S). From this one sees that an isomorphism is ‘dimension preserving,’
that is, any finite-dimensional subspace of V has the same dimension as its
image under 7. Here is a very simple illustration of this idea. Suppose A
is an m X n matrix over the field F. We have really given two definitions
of the solution space of the matrix A. The first is the set of all n-tuples
(®1, . . ., z,) in F» which satisfy each of the equations in the system AX =
0. The second is the set of all n X 1 column matrices X such that AX = 0.
The first solution space is thus a subspace of F» and the second is a subspace
of the space of all n X 1 matrices over #. Now there is a completely
obvious isomorphism between F* and F»<!, namely,

I
(X1, . -y 0) &
Zn

Under this isomorphism, the first solution space of A is carried onto the
second solution space. These spaces have the same dimension, and so
if we want to prove a theorem about the dimension of the solution space,
it is immaterial which space we choose to discuss. In faet, the reader
would probably not balk if we chose to identify F» and the space of n X 1
matrices. We may do this when it is convenient, and when it is not con-
venient we shall not.

Exercises
1. Let V be the set of complex numbers and let F be the field of real numbers.

With the usual operations, V is a vector space over F. Describe explicitly an iso-
morphism of this space onto R2
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2. Let V be a vector space over the field of complex numbers, and suppose there
is an isomorphism 7 of V onto C3. Let a, o, cvs, ats be vectors in V such that
Tay = (1,0,71), Tas = (—=2,1+1,0),
Taz = (—1,1,1), Tay= (V2,1 3).
(a) Is @ in the subspace spanned by a; and a;?
(b) Let W, be the subspace spanned by a; and a,, and let W, be the subspace
spanned by a3 and o, What is the intersection of Wy and W,?
(e) Find a basis for the subspace of V spanned by the four vectors «;.
3. Let W be the set of all 2 X 2 complex Hermitian matrices, that is, the set

of 2 X 2 complex matrices A such that 4;; = A;; (the bar denoting complex
conjugation). As we pointed out in Example 6 of Chapter 2, W is a vector space
over the field of real numbers, under the usual operations. Verify that

<x,1,z,t)a[‘“ y“‘z]

y—1tz t—=x
is an isomorphism of R* onto W.
4, Show that F™*» is isomorphic to F™».

5. Let V be the set of complex numbers regarded as a vector space over the
field of real numbers (Exercise 1). We define a function T from V into the space
of 2 X 2 real matrices, as follows. If z = « + 4y with « and y real numbers, then

[+ 7y 5y
T@ = [ -10y =z - 7y:|'

(a) Verify that T is a one-one (real) linear transformation of V into the
space of 2 X 2 real matrices.

(b) Verify that T(z1z5) = T(21) T (22).

(¢) How would you describe the range of 77

6. Let V and W be finite-dimensional vector spaces over the field F. Prove that
V and W are isomorphic if and only if dim V = dim W.

7. Let V and W be vector spaces over the field ¥ and let U be an isomorphism
of V onto W. Prove that T — UTU1is an isomorphism of L(V, V) onto L(W, W).

3.4. Representation of Transformations

by Matrices

Let V be an n-dimensional vector space over the field F and let W
be an m-dimensional vector space over F. Let ® = {a1, ..., a,; be an
ordered basis for V and & = {8y, ..., 8=} an ordered basis for W. If T'
is any linear transformation from V into W, then 7' is determined by its
action on the vectors «;. Each of the n vectors T'e; is uniquely expressible
as a linear combination

(3-3) Taj = '72:31 A,’jﬁi
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of the 8;, the scalars A,;, ..., A,; being the coordinates of Ta; in the
ordered basis ®’. Accordingly, the transformation 7 is determined by
the mn scalars A;; via the formulas (3-3). The m X n matrix A defined
by A(@,7) = Aj;is called the matrix of 7T relative to the pair of ordered
bases & and ®'. Our immediate task is to understand explicitly how
the matrix A determines the linear transformation 7'.

If @« = xj01 + -+« + Tae, is a vector in V, then

TO{ = T(% .’Ejaj>
j=1

z; ?1 A

m n
= X ( Aiﬂi,‘> ﬁi.
i=1 \j=1

If X is the coordinate matrix of « in the ordered basis @, then the com-
putation above shows that AX is the coordinate matrix of the vector T
in the ordered basis ®’, because the scalar

n
Z Ay,
i=1

is the entry in the 7th row of the column matrix AX. Let us also observe
that if A is any m X n matrix over the field F, then
(3-4) T<E xi“i) =2 <E Az’j%‘) B

i=1 i=1 \j=1
defines a linear transformation 7' from V into W, the matrix of which is
A, relative to ®, ®’. We summarize formally:

Theorem 11. Let V be an n-dimensional vector space over the field F
and W an m-dimensional vector space over F. Let & be an ordered basis for
V and ®' an ordered basis for W. For each linear transformation T from V
into W, there is an m X n matriz A with entries in F such that

[Tale = Alels

for every vector a in V. Furthermore, T — A is a one-one correspondence
between the set of all linear transformations from V into W and the set of
all m X n matrices over the field F.

The matrix A which is associated with T in Theorem 11 is called the
matrix of 7 relative to the ordered bases ®, ®'. Note that Equation
(3-3) says that A is the matrix whose columns 4y, . .., 4, are given by

A; = [Tajle, G=1,...,m
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If U is another linear transformation from V into W and B = [By, . . ., B.]
is the matrix of U relative to the ordered bases ®, &’ then ¢4 + B is the
matrix of ¢T + U relative to ®, ®'. That is clear because

¢A; + B; = c[Toj]le + [Uajla
[cTe; + Uajler
= [(cT + U)aj)e-

Theorem 12. Let V be an n-dimensional vector space over the field F
and let W be an m-dimensional vector space over F. For each pair of ordered
bases ®, ®' for V and W respectively, the function which assigns to a linear
transformation T its matriz relative to ®, ®’ is an isomorphism between the
space L(V, W) and the space of all m X n matrices over the field F.

Proof. We observed above that the function in question is linear,
and as stated in Theorem 11, this function is one-one and maps L(V, W)
onto the set of m X n matrices. §

We shall be particularly interested in the representation by matrices
of linear transformations of a space into itself, i.e., linear operators on a
space V. In this case it is most convenient to use the same ordered basis
in each case, that is, to take 8 = ®’. We shall then call the representing
matrix simply the matrix of T relative to the ordered basis ®. Since
this concept will be so important to us, we shall review its definition. If 7
is a linear operator on the finite-dimensional vector space V and ® =
{oa, . . ., a,} is an ordered basis for V, the matrix of T relative to ® (or, the
matrix of 7' in the ordered basis ®) is the n X n matrix A whose entries
A ;; are defined by the equations

(3-5) TO!j = i A,’jai, ] = 1, ey N
i=1

One must always remember that this matrix representing 7' depends upon
the ordered basis ®, and that there is a representing matrix for 7' in each
ordered basis for V. (For transformations of one space into another the
matrix depends upon two ordered bases, one for ¥ and one for W.) In order
that we shall not forget this dependence, we shall use the notation

[T]e
for the matrix of the linear operator 7' in the ordered basis ®. The manner
in which this matrix and the ordered basis describe T is that for each ¢ in V

[Tals = [Tlela]a.

ExampLE 13. Let V be the space of n X 1 column matrices over the
field F; let W be the space of m X 1 matrices over F; and let A be a fixed
m X n matrix over F. Let T' be the linear transformation of V into W
defined by T(X) = AX. Let ® be the ordered basis for V analogous to the
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standard basis in F», i.e., the 7th vector in ® in the n X 1 matrix X; with
a 1 in row 7 and all other entries 0. Let ®’ be the corresponding ordered
basis for W, i.e., the jth vector in ®’ is the m X 1 matrix ¥; with a 1 in row
J and all other entries 0. Then the matrix of T relative to the pair ®, ®’ is
the matrix A itself. This is clear because the matrix AX; is the jth column
of 4.

ExamrLE 14. Let F be a field and let 7' be the operator on F2?defined by
T(z1, 22) = (x1, 0).
It is easy to see that T is a linear operator on F2. Let ® be the standard
ordered basis for F?, ® = {«, &}. Now
T = T(1,0) = (1,0) = lg + Oe,
Tea = T(0,1) = (0,0) = O¢; + Ocz
so the matrix of T’ in the ordered basis ® is

s =[5 o}

ExamprLE 15. Let V be the space of all polynomial functions from R
into R of the form

f(:v) = ¢+ ar + 621)2 + csx3

that is, the space of polynomial functions of degree three or less. The
differentiation operator D of Example 2 maps V into V, since D is ‘degree
decreasing.’ Let ® be the ordered basis for V consisting of the four functions
1, fz, fa, f4 defined by f,(x) = 271, Then

Df)x) = 0, Df; = 0fi + 0f: + Ofs + 0fs

(Dfe)(x) = 1, Df, 1fy + 0f: + Ofs + Ofs

(Dfy)(@) = 2z, Dfs = 0fi + 2f2 + 0fs + 0,

(Df)(x) = 327, Df, = 0fi + 0fs + 3fs + Of,
so that the matrix of D in the ordered basis ® is

i

0100

00 20
Pla=19 0 0 3]
0 00O

We have seen what happens to representing matrices when transfor-

mations are added, namely, that the matrices add. We should now like
to ask what happens when we compose transformations. More specifically,
let V, W, and Z be vector spaces over the field F of respective dimensions
n, m, and p. Let T be a linear transformation from V into W and U a linear
transformation from W into Z. Suppose we have ordered bases

(B={a1:--';an}; (Blz{ﬁly---)BM}: (B”={'er---:717}

89



90

Lanear Transformations Chap. 3

for the respective spaces V, W, and Z. Let A be the matrix of T relative
to the pair @, ® and let B be the matrix of U relative to the pair &', ®”.
It is then easy to see that the matrix C of the transformation UT relative
to the pair 8, ®'’ is the product of B and A; for, if « is any vector in V
[Tale = Alale
[U(Te)]er = B[Te]w
and so
[(UT)(a)]e = BAlals
and hence, by the definition and uniqueness of the representing matrix,

we must have C = BA. One can also see this by carrying out the computa-
tion

(UT)(ej) = U(Ta;)

U ( g Akjﬁk)
k=1

ﬁn) A (UBL)
k=1

m P
= Z_} Ak] E kY4

1
I M

m
E kAk])
1 \k=1
so that we must have

m
(3-6) Cy= 121 B A ;.

We motivated the definition (3-6) of matrix multiplication via operations
on the rows of a matrix. One sees here that a very strong motivation for
the definition is to be found in ecomposing linear transformations. Let us
summarize formally.

Theorem 13. Let V, W, and Z be finite-dimensional vector spaces over
the field ¥, let T be a linear transformation from V into W and U a linear
transformation from W into Z. If ®, ®’', and ®'' are ordered bases for the
spaces V, W, and Z, respectively, if A is the matrix of T relative to the par
®, ®', and B is the matriz of U relative to the pair &', ®", then the matrix
of the composition UT relative to the pair ®, ®'' is the product matriz C = BA.

We remark that Theorem 13 gives a proof that matrix multiplication
is associative—a proof which requires no calculations and is independent
of the proof we gave in Chapter 1. We should also point out that we proved
a special case of Theorem 13 in Example 12.

It is important to note that if 7 and U are linear operators on a
space V and we are representing by a single ordered basis &, then Theorem
13 assumes the simple form [UT]g = [Ulg[T]@. Thus in this case, the
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correspondence which & determines between operators and matrices is not
only a vector space isomorphism but also preserves products. A simple
consequence of this is that the linear operator T' is invertible if and only if
[T]g is an invertible matrix. For, the identity operator I is represented by
the identity matrix in any ordered basis, and thus

UT=TU=1
is equivalent to

[Uls[Tle = [T]a[U)s = I.
Of course, when T is invertible
[T-'e = [T]&".
Now we should like to inquire what happens to representing matrices
when the ordered basis is changed. For the sake of simplicity, we shall
consider this question only for linear operators on a space V, so that we

can use a single ordered basis. The specific question is this. Let T be a
linear operator on the finite-dimensional space V, and let

®=A{ay,...,a,y and & = {ai,...,an}

be two ordered bases for V. How are the matrices [T]g and [T related?
As we observed in Chapter 2, there is a unique (invertible) n X n matrix P
such that

@-7) [ele = Pla]e

for every vector @ in V. It is the matrix P = [Py,.. ., P,] where P; =
[af]g. By definition

(3-8) [Tale = [T]sle]s.

Applying (3-7) to the vector Te, we have

(3-9) [Tals = P[Talg-

Combining (3-7), (3-8), and (3-9), we obtain

[TgPla]a = P[Tale
or
PA[T]gPlele = [Tale

and so it must be that
(3-10) (Tle = P [T]aP.

This answers our question.
Before stating this result formally, let us observe the following. There
is a unique linear operator U which carries & onto ®’, defined by

, .
Ua; = aj, ji=1...,n.

This operator U is invertible since it carries a basis for ¥V onto a basis for
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V. The matrix P (above) is precisely the matrix of the operator U in the

ordered basis ®. For, P is defined by

n

’

aj = ZP,;ja,-
=1

iz
and since Ua; = o}, this equation can be written
n
Uaj = E Pi]-ai.
i=1

So P = [Ulg, by definition.

Theorem 14. Let V be a finite-dimensional vector space over the field ¥,

and let

®={oy,...,a,0 and & = {of,...

be ordered bases for V. Suppose T is a linear operator on V. If P = [P, . .

P.] is the n X n matriz with columns P; = [of]g, then

[Tlg = P [T]gP.

A

Alternatively, of U is the invertible operator on V defined by Ua; = af, ] =

1,...,n, then

[Tla = [Ulg'[T]e[Ule.

ExamprE 16. Let T be the linear operator on R? defined by T'(z1, x2) =
(71, 0). In Example 14 we showed that the matrix of T in the standard

ordered basis ® = {e, e} is

[Tls = [(1) g]

Suppose ®' is the ordered basis for R? consisting of the vectors ¢ = (1, 1),

& = (2, 1). Then
&= a-+e

€& = 2¢ + €

1 2

- .
1_[1 1]
L1
P“[ 1 —1]

[Tle = P [T]eP
-1 27 [1 0][
L1 —1flo o
-1 27 [1 2]
"L 1 -1flo o
-1 -2]
1 2]

so that P is the matrix

By a short computation

Thus

1 2
11

]
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We can easily check that this is correct because
Tee = (1,0) = —ei+ &
Te = (2,0) = —2¢ + 2¢.

ExampLE 17. Let V be the space of polynomial functions from R into
R which have ‘degree’ less than or equal to 3. As in Example 15, let D be
the differentiation operator on V, and let

& = {fl’fZ)f(i;f‘i}
be the ordered basis for V defined by fi(x) = x* 1. Let ¢ be a real number
and define ¢;(z) = (z + )%, that is
g1 = f1
g2 = tfi + fo
g3 = t2f1 4 Qtfz +f3
s = t3f1 + 3t%, + 3tfs + fu.

Since the matrix

1t e 8

0 1 2t 3
P= 00 1 3¢

0 0 0 1

is easily seen to be invertible with

1 —t t2 —3

0 1 -2t 3t?

0 0 1 —3t

0O 0 o 1

it follows that &' = {g1, ¢, g3, g4} is an ordered basis for V. In Example 15,
we found that the matrix of D in the ordered basis ® is

P =

0100
00 20
Pla=1g ¢ o 3
0 0 0O
The matrix of D in the ordered basis ®' is thus
1 —t¢ t2 £70 1 0 01 ¢t 2 ¢
_ 0 1 —2 3210 0 2 0O({0 1 2t 3t
PPleP =1 o 1 —3t{lo oo 3lloo 1 3
0 0 0 14J10 0 0 0JJO 0 0 1
(1 —t 12 10 1 2t 32
I S 32110 0 2 6t
{0 0 1 -3t ({0 0 ¢ 3
0 0 0 1110 0 0 O
01 0 0
10 0 2 0}
“]o 0 0 3]
10 0 0 O
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Thus D is represented by the same matrix in the ordered bases & and ®'.
Of course, one can see this somewhat more directly since

Dgl =
Dg: = ¢
Dgs = 2¢g,
Dg4 = 3{]3.

This example illustrates a good point. If one knows the matrix of a linear
operator in some ordered basis ® and wishes to find the matrix in another
ordered basis ®’, it is often most convenient to perform the coordinate
change using the invertible matrix P; however, it may be a much simpler
task to find the representing matrix by a direct appeal to its definition.

Definition. Let A and B be n X n (square) matrices over the field F.
We say that B is similar to A over I if there 7s an tnvertible n X n matrix
P over F such that B = P71AP.

According to Theorem 14, we have the following: If V is an n-dimen-
sional vector space over F and & and ®’ are two ordered bases for V,
then for each linear operator T on V the matrix B = [T]g is similar to
the matrix A = [T]g. The argument also goes in the other direction.
Suppose A and B are n X n matrices and that B is similar to 4. Let
V be any n-dimensional space over F and let & be an ordered basis for V.
Let T be the linear operator on V which is represented in the basis ® by
A.If B = P714P, let ® be the ordered basis for V obtained from ® by P,
ie.,

n
’
a; = E P,-ja,-.
i=1

Then the matrix of 7 in the ordered basis ®’ will be B.

Thus the statement that B is similar to A means that on each n-
dimensional space over F the matrices A and B represent the same linear
transformation in two (possibly) different ordered bases.

Note that each n X n matrix A is similar to itself, using P = I; if
B is similar to A4, then A is similar to B, for B = P~'AP implies that
A = (P"Y)"1BP1;if B is similar to 4 and C is similar to B, then C is similar
to A, for B = P7'AP and C = @ 'BQ imply that C = (PQ)A(PQ).
Thus, similarity is an equivalence relation on the set of n X n matrices
over the field F. Also note that the only matrix similar to the identity
matrix I is I itself, and that the only matrix similar to the zero matrix is
the zero matrix itself.
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Exercises

1. Let T be the linear operator on C? defined by T(zy, z,) = (x, 0). Let & be
the standard ordered basis for C% and let &' = {a, a2} be the ordered basis defined
by ar = (1,4), a2 = (—3, 2).

(a) What is the matrix of T relative to the pair B, ®'?
(b) What is the matrix of T relative to the pair &', ®?
(¢) What is the matrix of T in the ordered basis ®’?

(d) What is the matrix of 7 in the ordered basis {as, ai}?

2. Let T be the linear transformation from R? into R? defined by
T(xll T2, T) = (xl + x5, 225 — xl).

(a) If ® is the standard ordered basis for R® and ®' is the standard ordered
basis for B2, what is the matrix of T relative to the pair ®, B'?
(b) If ® = {ou, o, a5} and B’ = {B, B}, where

ay = (1) 0, =1), = 1,1, 1)) a3 = (1) 0, 0)1 B = (O; l)y B = (1; 0)
what is the matrix of T relative to the pair &, ®'?

3. Let T be a linear operator on F, let A be the matrix of T in the standard
ordered basis for }», and let W be the subspace of F* spanned by the column
vectors of 4. What does W have to do with T7?

4. Let V be a two-dimensional vector space over the field 7, and let & be an
ordered basis for V. If T is a linear operator on ¥ and

(Tle = [z 2]

prove that 7% — (a + d)T + (ad — be)l = 0.

5. Let T be the linear operator on K?, the matrix of which in the standard ordered

basis is
1 21
A= |: 0 1 1:|'
-1 3 4

Find a basis for the range of T and a basis for the null space of T.
6. Let T be the linear operator on R? defined by
T(l‘h 332) = (—xz, ]31).

(a) What is the matrix of 7 in the standard ordered basis for E??

(b) What is the matrix of T in the ordered basis @ = {an, @s}, wherea, = (1, 2)
and Oy = (1, '—1)?

(¢) Prove that for every real number ¢ the operator (T — cI) is invertible.

(d) Prove that if ® is any ordered basis for R2and [T]a = 4, then 4,24 # 0.

7. Let T be the linear operator on R® defined by
T(xy, T2, 25) = (321 + T3, — 221 + 22, —T1 + 222 + 4T5).
(a) What is the matrix of 7 in the standard ordered basis for E??



96

Linear Transformations Chap. 3

(b) What is the matrix of 7 in the ordered basis

{ab Qg, a3}
whereay = (1,0,1), a2 = (—1,2,1), and a3 = (2, 1, 1)?
(c¢) Prove that T is invertible and give a rule for 7! like the one which de-
fines T.

8. Let 6 be a real number. Prove that the following two matrices are similar
over the field of complex numbers:

[cosﬂ —sin 0:|, [e"’ 0 ]
sin 6 cos @ 0 *

(Hint: Let T be the linear operator on C? which is represented by the first matrix
in the standard ordered basis. Then find vectors oy and a; such that Ta; = ey,
Tay = e‘“’a2, and {a;, (12} isa baSiS.)

9. Let V be a finite-dimensional vector space over the field F and let S and T
be linear operators on V. We ask: When do there exist ordered bases ® and ®’
for V such that [Slg = [T]g? Prove that such bases exist if and only if there is
an invertible linear operator U on V such that T = USU-L (Outline of proof:
If [Sle = [T, let U be the operator which carries ® onto ®’ and show that
S = UTU. Conversely, if T = USU™ for some invertible U, let ® be any
ordered basis for V and let ®’ be its image under U. Then show that [Slg = [T]a".)

10. We have seen that the linear operator T on R? defined by T'(x:, 3) = (1, 0)
is represented in the standard ordered basis by the matrix

10
=[5 o}
This operator satisfies 72 = T. Prove that if S is a linear operator on B2 such that

2= 8, then 8§ =0, or S = I, or there is an ordered basis ® for R? such that
[Sle = A (above).

11. Let W be the space of all n X 1 column matrices over a field F. If 4 is an
n X n matrix over F, then A defines a linear operator Ly, on W through left
multiplication: La(X) = AX. Prove that every linear operator on W is left multi-
plication by some n X n matrix, i.e., is L4 for some A.

Now suppose V is an n-dimensional vector space over the field F, and let B
be an ordered basis for V. For each a in V, define Ua = [a]g. Prove that U is an
isomorphism of ¥V onto W. If T is a linear operator on V, then UTU™! is a linear
operator on W. Accordingly, UT U1 is left multiplication by some n X n matrix 4.
What is A?

12. Let V be an n-dimensional vector space over the field F, and let & =
{4, . . ., as} be an ordered basis for V.
(a) According to Theorem 1, there is a unique linear operator 7 on V such that

v

Taj=ajy, j=1...,n~1, Tay, = 0.
What is the matrix A of T in the ordered basis ®?

(b) Prove that T» = 0 but T»1 = 0.

(c¢) Let S be any linear operator on ¥V such that S* = 0 but S*1 > 0. Prove
that there is an ordered basis B’ for V such that the matrix of S in the ordered
basis ®’ is the matrix 4 of part (a).
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(d) Prove that if M and N are n X n matrices over F such that M» = N» = 0
but M1 0 52 N*~L then M and N are similar.

13. Let V and W be finite-dimensional vector spaces over the field F and let T
be a linear transformation from V into W. If

(B={oz1,...,a,,} and &I={Bl,...,ﬁm}
are ordered bases for V and W, respectively, define the linear transformations E».¢

as in the proof of Theorem 5: E?»¢(a;) = §:;;8,- Then the Ere, 1 < p < m,
1 £ ¢ £ n, form a basis for L(V, W), and so

m n
T=73% 2 ApEre
p=1¢g=1
for certain scalars A,, (the coordinates of T in this basis for L(V, W)). Show that
the matrix A with entries A(p, ¢) = 4y, is precisely the matrix of T relative to
the pair ®, ®’.

97

3.5. Linear Functionals

If V is a vector space over the field F, a linear transformation f from V
into the scalar field F is also called a linear functional on V. If we start
from scratch, this means that f is a function from V into F such that

flea + B) = of(@) +1(8)

for all vectors « and 8 in V and all sealars ¢ in F. The concept of linear
functional is important in the study of finite-dimensional spaces because
it helps to organize and clarify the discussion of subspaces, linear equations,
and coordinates.

IExampiE 18. Let F be a field and let ay, . . . , a, bescalarsin F. Define
a funetion f on F» by

f(xl;- . '7xn) = a1x1+ <t +anxn~

Then f is a linear functional on F=. It is the linear functional which is
represented by the matrix [a; - - - a,] relative to the standard ordered
basis for F» and the basis {1} for F:

aizf(e:l); lexyn
Every linear functional on F* is of this form, for some scalars ay, . . . , @n.
That is immediate from the definition of linear functional because we define
a; = f(¢;) and use the linearity

. J@y,...,z.) =f (? xiéa’)
= ? z;f(e;)

= 2 a,x;.
7
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ExampLE 19. Here is an important example of a linear functional.
Let n be a positive integer and F a field. If 4 is an n X n matrix with
entries in F, the trace of 4 is the scalar

trA =Au+ A+ -+ + Apn.

The trace function is a linear functional on the matrix space F™<" because

tr (¢cA + B) = _Enl (A + By)

I
(o]

b4
e
+
b4
&

=ctrA + tr B.

Exampii 20. Let V be the space of all polynomial functions from the
field F into itself. Let ¢ be an element of F. If we define

Li(p) = p(t)

then L, is a linear functional on V. One usually describes this by saying
that, for each ¢, ‘evaluation at ' is a linear functional on the space of
polynomial functions. Perhaps we should remark that the fact that the
functions are polynomials plays no role in this example. Evaluation at ¢
is a linear functional on the space of all funetions from F into F.

ExampLE 21. This may be the most important linear functional in
mathematies. Let [a, b] be a closed interval on the real line and let C([a, b])
be the space of continuous real-valued functions on [a, b]. Then

L) = [ gty at

defines a linear functional L on C([a, b]).

If V is a vector space, the collection of all linear functionals on V
forms a vector space in a natural way. It is the space L(V, F). We denote
this space by V* and call it the dual space of V:

V* = L(V, F).

If V is finite-dimensional, we ean obtain a rather explicit description
of the dual space V* From Theorem 5 we know something about the
space V* namely that

dim V* = dim V.

Let ® = {ay,..., e} be a basis for V. According to Theorem 1, there
is (for each 7) a unique linear functional f; on V such that

(3-11) Jilag) = 8.

In this way we obtain from ® a set of n distinct linear functionalsfi, . . ., fa
on V. These functionals are also linearly independent. For, suppose
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(3-12) f= 32 efs
i=1
Then
fley) = El cifile;)
= % Cibij
i=]
= Cj.
In particular, if f is the zero functional, f(a;) = 0 for each 7 and hence
the scalars ¢; are all 0. Now fi, ..., f, are n linearly independent func-

tionals, and since we know that V* has dimension »n, it must be that

®* = {fi,...,fn} is a basis for V*. This basis is called the dual basis
of ®.

Theorem 15. Let V be a finite-dimenstonal vector space over the field T,

and let ® = {ay, ..., an} be a basis for V. Then there is a unique dual
basis ®* = {f1, . .., fu} for V* such that fi(e;) = 8i;. For each linear func-
tional f on V we have
(3-13) f= > f(a;)fi

i=1

and for each vector a in 'V we have
(3-14) a= E} fi(a)a;.
i=1

Proof. We have shown above that there is a unique basis which is
‘dual’ to ®. If f is a linear functional on V| then f is some linear combination
(3-12) of the f;, and as we observed after (3-12) the scalars ¢; must be given
by ¢; = f(a;). Similarly, if

o = 2 X0
1=1
is a vector in V, then
fila) = Z ifi(e)
i=
n
= 2 zdij
i=1

so that the unique expression for « as a linear combination of the a; is
n
a= 3 fila)a;. |
i=1

Equation (3-14) provides us with a nice way of describing what the
dual basis is. It says, if ® = {ay, ..., as} is an ordered basis for V and

99
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®* = {fi,...,f.} is the dual basis, then f; is precisely the function
which assigns to each vector a in V the 7th coordinate of « relative to the
ordered basis ®. Thus we may also call the f; the coordinate functions for
®. The formula (3-13), when combined with (3-14) telis us the following:
If fis in V*, and we let f(a;) = oy, then when

a = 2:lal"l' o +xnan
we have

(3-15) fla) = axxy + -+ + a,r,.

In other words, if we choose an ordered basis & for V and describe each
vector in V by its n-tuple of coordinates (zy, . . ., ©,) relative to ®, then
every linear functional on V has the form (3-15). This is the natural
generalization of Example 18, which is the special case V = F» and ® =

{61, ey e,,}.

ExampLE 22. Let V be the vector space of all polynomial functions
from E into R which have degree less than or equal to 2. Let ¢y, £, and £,
be any three distinct real numbers, and let

Li(p) = p(t:).
Then L,, L,, and L; are linear functionals on V. These functionals are
linearly independent; for, suppose
L= 61L1 + Cng + CaLa.

If L = 0,1ie.,if L(p) = 0 for each p in V, then applying L to the particular
polynomial ‘functions’ 1, x, z2, we obtain

ate+ea=0
bier + toce + tscs = 0
t%Cl + tgcz + t.gscs =0

From this it follows that ¢; = ¢, = ¢; = 0, because (as a short computation
shows) the matrix

1 11
b ot
£ £ @

is invertible when {;, t,, and & are distinet. Now the L; are independent,
and since V has dimension 3, these functionals form a basis for V*. What
is the basis for V, of which this is the dual? Such a basis {pi, ps, ps} for V
must satisfy

Lip;) = &;
or

pits) = dij.

These polynomial functions are rather easily seen to be
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(IE -—_ tz) (:1: - ta)
(h— )t — &)

_ (:E — tl)(:v - ta)
) = G =) = )
=t —t)
Pale) = t—t)t — b)

The basis {pi, ps, ps} for V is interesting, because according to (3-14) we
have for each pin V

p = pltpr + plt)p: + p(ts)ps.

Thus, if ¢1, ¢z, and ¢; are any real numbers, there is exactly one polynomial
funetion p over R which has degree at most 2 and satisfies p(t;) = ¢;, J =
1, 2, 3. This polynomial function is p = ep1 + cap2 + csps.

Now let us discuss the relationship between linear functionals and
subspaces. If f is a non-zero linear functional, then the rank of fis 1 because
the range of f is a non-zero subspace of the scalar field and must (therefore)
be the scalar field. If the underlying space V is finite-dimensional, the rank
plus nullity theorem (Theorem 2) tells us that the null space N, has
dimension

nx) =

dim N; = dim V — 1.

In a vector space of dimension 7, a subspace of dimension n — 1 is called
a hyperspace. Such spaces are sometimes called hyperplanes or subspaces
of codimension 1. Is every hyperspace the null space of a linear functional?
The answer is easily seen to be yes. It is not much more difficult to show
that each d-dimensional subspace of an n-dimensional space is the inter-
section of the null spaces of (n — d) linear functionals (Theorem 16 below).

Definition. If V is a vector space over the field ¥ and S is a subset of V,
the annihilator of S s the set 8° of linear functionals f on V such that
f(e) = O for every a in S.

It should be clear to the reader that S° is a subspace of V*, whether
S is a subspace of V or not. If S is the set consisting of the zero vector
alone, then 8 = V* If § = V, then S° is the zero subspace of V*. (This is
easy to see when V is finite-dimensional.)

Theorem 16. Let V be a finite-dimensional vector space over the field F,
and let W be a subspace of V. Then
dim W 4 dim W° = dim V.

Proof. Let k be the dimension of W and {ay, . . ., ax} a basis for
W. Choose vectors agyy, - - . , an in V such that {a, ..., a.} is a basis for
V. Let {fi,...,f.; be the basis for V* which is dual to this basis for V.
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The claim is that {fit1, . . ., fa} is a basis for the annihilator W?. Certainly
fi belongs to W for ¢ > k 4 1, because

filaj) = &;
and é;; = 0if 7 > k + 1andj < k; from this it follows that, for{ > k£ + 1,
fi(e) = 0 whenever « is a linear combination of a;, . . ., a;. The functionals
fit1y - - ., fn are independent, so all we must show is that they span W?°,

Suppose f is in V*. Now
= Elf(ai)fi

so that if f is in W we have f(a;) = 0 for 7 < k and

f= 2 [fle)fe
i=k+1
We have shown that if dim W = k and dim V = n then dim W° =
n—k |

Corollary. If W is a k-dimensional subspace of an n-dimensional vector
space V, then W 1s the intersection of (n — k) hyperspaces in V.

Proof. This is a corollary of the proof of Theorem 16 rather than
its statement. In the notation of the proof, W is exactly the set of vectors «
such that fi(e) = 0,2 =k 4+ 1,...,n. Incase k = n — 1, W is the null
space of f,. ||

Corollary. If W, and W, are subspaces of a finite-dimensional vector
space, then W, = W, if and only if W = W3.

Proof. If W, = W,, then of course Wi = W3. If W, # W,, then
one of the two subspaces contains a vector which is not in the other.
Suppose there is a vector a which is in W, but not in W,. By the previous
corollaries (or the proof of Theorem 16) there is a linear functional f such
that f(8) = 0 for all 8 in W, but f(e) 0. Then f is in W9 but not in W3
and W9 = W3, |

In the next section we shall give different proofs for these two corol-
laries. The first corollary says that, if we select some ordered basis for the
space, each k-dimensional subspace can be described by specifying (n — k)
homogeneous linear conditions on the coordinates relative to that basis.

Let us look briefly at systems of homogeneous linear equations from
the point of view of linear functionals. Suppose we have a system of linear
equations,

Apry + - + Az, =0

A?V'lel + e + Am.nxn = 0
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for which we wish to find the solutions. If we let f;, 7 = 1,. .., m, be the
linear functional on F* defined by

fi(:cl, ey xn) = Ailxl + e + Ainxn
then we are seeking the subspace of F* of all « such that
f«;(a)=0, 1,'=1,...,m.

In other words, we are seeking the subspace annihilated by fi, .. ., fa
Row-reduction of the coefficient matrix provides us with a systematic
method of finding this subspace. The n-tuple (A4, ..., Au) gives the
coordinates of the linear functional f; relative to the basis which is dual
to the standard basis for F». The row space of the coefficient matrix may
thus be regarded as the space of linear functionals spanned by fi, . . ., fu.
The solution space is the subspace annihilated by this space of functionals.

Now one may look at the system of equations from the ‘dual’ point
of view, That is, suppose that we are given m vectors in F»

a; = (Aa, ..., din)
and we wish to find the annihilator of the subspace spanned by these
vectors. Since a typical linear funectional on F» has the form
f@y, ..., 2) = a1+ -+ caa
the condition that f be in this annihilator is that

n
Z A =0, t1=1...,m
i=1

that is, that (¢, . . ., ¢.) be a solution of the system AX = 0. From this
point of view, row-reduction gives us a systematic method of finding the
annihilator of the subspace spanned by a given finite set of vectors in F.

ExamrLe 23. Here are three linear functionals on RB*:

fl(xh x?; x37 x4> =T + 2%2 + 2x3 + X4
falxy, s, 23, 1) = 220 + 24
falws, 2o, 23, 20) = — 20y — 425 -+ 324

The subspace which they annihilate may be found explicitly by finding the
row-reduced echelon form of the matrix

1 2 21
A= 0 2 0 1}
-2 0 —4 3

A short calculation, or a peek at Example 21 of Chapter 2, shows that

1020
R=(0 10 0}
0 001
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Therefore, the linear functionals

911, Ts, T3, Ta) = Ty + 273
92(T1, To, T3y T4) = T2
93(Z1, T2, Ta, Ts) = T4

span the same subspace of (B*)* and annihilate the same subspace of R4
as do fi, fs, fs. The subspace annihilated consists of the vectors with

T = —2273
Ty = Ly = 0.

ExampLe 24. Let W be the subspace of R® which is spanned by the
vectors

a = (2: _21 3: 4; —1)) a3 = (Oy 0; —1’ _27 3)
a=(—1,1,25 2): as = (1, -1,23, O)

How does one describe W°, the annihilator of W? Let us form the 4 X 5
matrix A with row vectors ai, as, a3, a4, and find the row-reduced echelon
matrix R which is row-equivalent to A4 :

2 =2 3 4 —1 1 -1 0 -1 0
-1 1 2 5 2 0 01 20
4=1 0 o0 -1 -2 3[7F= |0 00 o1
1 -1 2 3 0 0 090 00
If f is a linear functional on R5:
5
f(xl,...,x5)=.21 Cix;
i=

then f is in WY if and only if f(a) = 0,7 = 1, 2, 3, 4, i.e., if and only if

J

5
AijCj=0, 1S$S4

=1

This is equivalent to

5
2 Rijc; =0, 1<:<L3
=1

7

or
61—62’—C4=0
¢+ 2¢ =0
C5=0.

We obtain all such linear functionals f by assigning arbitrary values to
¢z and ¢y, say ¢ = a and ¢; = b, and then finding the corresponding ¢; =
a—+b,cs = —2b, ¢; = 0. S0 W° consists of all linear functionals f of the
form

flay, @y 3, 24y 75) = (@ + b)xy + axz — 2bxs + bxa.
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The dimension of W is 2 and a basis {fi, fo} for W9 can be found by first
takinga = 1, b = 0 and thena = 0, b = 1:

f1($€1, ceey ) = X+ 2

f2($1, ey .’135) = — 2.’133 + 3.
The above general f in W°is f = af, + bf.

Exercises
1. In B3 leta; = (1,0, 1), a2 = (0,1, —=2), o5 = (—1, —1,0).
(a) If f is a linear functional on R? such that
fla) =1,  flow) = =1,  flew) =3,
and if @ = (q, b, ¢), find f(a).
(b) Describe explicitly a linear functional f on B?® such that
floy) = flaz) = 0 but flag) # 0.
(c¢) Let f be any linear functional such that
flew) = flaz) = 0 and flas) # 0.
If @ = (2,3, —1), show that f(a) = 0.
2. Let ® = {ou, as, a3} be the basis for C? defined by
o= (1,0, —1), ax=(1,1,1), a3=(220).
Find the dual basis of &.

3. If A and B are n X n matrices over the field 7, show that trace (4B) = trace
(BA). Now show that similar matrices have the same trace.

4. Let V be the vector space of all polynomial functions p from R into R which
have degree 2 or less:
p(x) = ¢o + ax + ¢zl
Define three linear functionals on V by

i = [ p@dr,  £@) = [Tp@ds s = [ pa) da.

Show that {fi, f2, fs} is a basis for V* by exhibiting the basis for V of which it is
the dual.

5. If A and B are n X n complex matrices, show that AB — BA = [ is im-
possible.

6. Let m and n be positive integers and F a field. Let fi, . . ., fa be linear func-
tionals on F». For « in F* define

Ta = (fi(a), . . ., fxla)).

Show that T is a linear transformation from F» into F=. Then show that every
linear transformation from F» into F™ is of the above form, for some fi, . . ., fm.

7. Let oy = (1,0, —1,2) and o = (2, 3, 1, 1), and let W be the subspace of E*
spanned by a; and a,. Which linear functionals f:
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f(xlr T2, X3y .’1?4) = €171 + a2 + caxz + c4xy
are in the annihilator of W?

8. Let W be the subspace of R® which is spanned by the vectors

o = € + 26 + €, ay = €3+ 363 + 3e4 I €
a3 = & + 46 + b€z + 4deq T €5

Find a basis for W,

9. Let V be the vector space of all 2 X 2 matrices over the field of real numbers,

and let
2 -2
B= [—1 1]’

Let W be the subspace of V consisting of all 4 such that AB = 0. Let f be a linear
functional on V which is in the annihilator of W. Suppose that f(J) = 0 and
f(C) = 3, where I is the 2 X 2 identity matrix and

o=[o 1]
Find f(B).

10. Let F be a subfield of the complex numbers. We define » linear functionals
on F» (n > 2) by

n
Je(@y, ooy @) = '21 k—pz;, 1Zk<n
i

What is the dimension of the subspace annihilated by fi, . . ., fa?

11. Let W, and W, be subspaces of a finite-dimensional vector space V.
(a) Prove that (W, 4 Wy)° = WiN Wi
(b) Prove that (W, N Wy)° = Wi 4 W9,

12, Let V be a finite-dimensional vector space over the field 7 and let W be a
subspace of V. If f is a linear functional on W, prove that there is a linear functional
g on V such that g(a) = f(a) for each « in the subspace W.

13. Let F be a subfield of the field of complex numbers and let V be any vector
space over F. Suppose that f and g are linear functionals on V such that the func-
tion h defined by A(a) = f(a)g(e) is also a linear functional on V. Prove that
eitherf = 0org = 0.

14. Let F be a field of characteristic zero and let V be a finite-dimensional vector

space over F. If ay, . . . , an are finitely many vectors in V, each different from the
zero vector, prove that there is a linear functional f on ¥ such that
fla) # 0, i=1,...,m

15. According to Exercise 3, similar matrices have the same trace. Thus we can
define the trace of a linear operator on a finite-dimensional space to be the trace
of any matrix which represents the operator in an ordered basis. This is well-
defined since all such representing matrices for one operator are similar.

Now let V be the space of all 2 X 2 matrices over the field F and let P be a
fixed 2 X 2 matrix. Let T be the linear operator on V defined by T(4) = PA.
Prove that trace (T') = 2 trace (P).
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16. Show that the trace functional on n X n matrices is unique in the following
sense. If W is the space of n X n matrices over the field F and if f is a linear func-
tional on W such that f(AB) = f(BA) for each A and B in W, then f is a scalar
multiple of the trace function. If, in addition, f(I) = n, then f is the trace function.

17. Let W be the space of n X n matrices over the field 7, and let W, be the sub-
space spanned by the matrices C' of the form C = AB — BA. Prove that W, is
exactly the subspace of matrices which have trace zero. (Hvnt: What is the dimen-
sion of the space of matrices of trace zero? Use the matrix ‘units,’ i.e., matrices with

exactly one non-zero entry, to construct enough linearly independent matrices of
the form AB — BA.)
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One question about dual bases which we did not answer in the last
section was whether every basis for V* is the dual of some basis for V. One
way to answer that question is to consider V**, the dual space of V*,

If « is a vector in V, then « induces a linear functional L, on V*

defined b
e L) = f@), [ in V%

The fact that L, is linear is just a reformulation of the definition of linear
operations in V*:

La(cf + 9) = (¢f + 9)(a)

(ef) (@) + g(a)

of (@) + g(a)

cLao(f) + La(g)-

If V is finite-dimensional and « = 0, then L, # 0; in other words, there
exists a linear functional f such that f(«) ¢ 0. The proof is very simple
and was given in Section 3.5: Choose an ordered basis 8 = {on, ..., o}
for V such that a; = o and let f be the linear funetional which assigns to
each vector in V its first coordinate in the ordered basis ®.

fl

Theorem 17. Let V be a finite-dimensional vector space over the field I.
For each vector o in 'V define

L.(f) = f(e), f in V%
The mapping o = L, 1s then an isomorphism of V onto V**,

Proof. We showed that for each « the function L, is linear.
Suppose a and B arein V and cisin F, and let ¥y = ca 4 8. Then for each f

in V*
Ly(f) = f(¥)
= flca + B)
= ¢f(a) + f(8)
= cLa(f) + Ls(f)
and so

Ly = cLo + Ls.
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This shows that the mapping a = L, is a linear transformation from V
into V** This transformation is non-singular; for, according to the
remarks above L, = 0 if and only if &« = 0. Now a = L, is a non-singular
linear transformation from V into V**, and since

dim V** = dim V* = dim V

Theorem 9 tells us that this transformation is invertible, and is therefore
an isomorphism of V onto V**. |

Corollary. Let V be a finite-dimensional vector space over the field F.
If L s a linear functional on the dual space V* of V, then there is a unique
vector a in 'V such that

L) = f(a)

for every f in V*,

Corollary. Let V be a finite-dimensional vector space over the field F.
Each basis for V* is the dual of some basis for V.

Proof. Let ®* = {f\, ..., f.} be a basis for V*. By Theorem 15,
there is a basis {L, .. ., L.} for V** such that

Li(f5) = 8.
Using the corollary above, for each ¢ there is a vector a; in V such that

Li(f) = flas)

for every f in V* i.e., such that L, = L,. It follows immediately that
{a, . . ., e} is a basis for V and that ®* is the dual of this basis. J

In view of Theorem 17, we usually identify « with L, and say that V
‘is’ the dual space of V* or that the spaces V, V* are naturally in duality
with one another. Each is the dual space of the other. In the last corollary
we have an illustration of how that can be useful. Here is a further illustra-
tion.

If F is a subset of V*, then the annihilator E° is (technically) a subset
of V**, If we choose to identify ¥V and V** as in Theorem 17, then E° is a
subspace of V, namely, the set of all « in V such that f(a) = O forallfin E.
In a corollary of Theorem 16 we noted that each subspace W is determined
by its annihilator W° How is it determined? The answer is that W is the
subspace annihilated by all f in W? that is, the intersection of the null
spaces of all f’s in W°. In our present notation for annihilators, the answer
may be phrased very simply: W = (W?)°,

Theorem 18. If S s any subset of a finite-dimensional vector space V,
then (89)° 4s the subspace spanned by S.
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Proof. Let W be the subspace spanned by S. Clearly Wt = 89,
Therefore, what we are to prove is that W = W%, We have given one
proof. Here is another. By Theorem 16

dim W 4+ dim W° = dim V
dim W° 4 dim W = dim V*

and since dim ¥V = dim V* we have
dim W = dim W,
Since W is a subspace of W, we see that W = W, |

The results of this section hold for arbitrary vector spaces; however,
the proofs require the use of the so-called Axiom of Choice. We want to
avoid becoming embroiled in a lengthy discussion of that axiom, so we shall
not tackle annihilators for general vector spaces. But, there are two results
about linear functionals on arbitrary vector spaces which are so fundamen-
tal that we should include them.

Let V be a vector space. We want to define hyperspaces in V. Unless
V is finite-dimensional, we cannot do that with the dimension of the
hyperspace. But, we can express the idea that a space N falls just one
dimension short of filling out V, in the following way :

1. N is a proper subspace of V;
2. if W is a subspace of V which contains N, then either W = N or
W =1V.

Conditions (1) and (2) together say that N is a proper subspace and there
is no larger proper subspace, in short, N is a maximal proper subspace.

Definition. If V is a vector space, a hyperspace in V is a mazimal
proper subspace of V.

Theorem 19. If f is a non-zero linear functional on the vector space V,
then the null space of f is a hyperspace in V. Conversely, every hyperspace in V
1s the null space of a (not unique) non-zero linear functional on V.

Proof. Let f be a non-zero linear functional on V and N, its null
space. Let a be a vector in V which is not in Ny, Le., a vector such that
fa) # 0. We shall show that every vector in V is in the subspace spanned
by N, and a. That subspace consists of all vectors

v + ca, yin Ny cin F.

Let 8 be in V. Define
_I®
fle)

c
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which makes sense because f(e) # 0. Then the vector y = 8 — ca is in N;
since
fov) =B — ca)
= {) B) — of(a)

So 8 is in the subspace spanned by N; and a.

Now let N be a hyperspace in V. Fix some vector « which is not in N.
Since N is a maximal proper subspace, the subspace spanned by N and «o
is the entire space V. Therefore each vector 8 in V has the form

B8 =7 ca, yin N, ¢cin F.
The vector v and the scalar ¢ are uniquely determined by 8. If we have also
B=v"4 o ¥y in N, ¢ inF.
then
(¢ —ca=v—7"
If ¢ — ¢ # 0, then « would be in N; hence, ¢’ = ¢ and v’ = v. Another
way to phrase our conclusion is this: If 8 is in V, there is a unique scalar ¢

such that 8 — ca i1s in V. Call that scalar g(g8). It is easy to see that g is a
linear functional on V and that N is the null space of g. |l

Lemma. If f and g are linear functionals on a vector space V, then g
1s a scalar multiple of f if and only if the null space of g contains the null space
of f, that is, if and only of f(a) = 0 implies g(a) = 0.

Proof. If f = 0 then ¢ = 0 as well and ¢ is trivially a scalar
multiple of f. Suppose f # 0 so that the null space N, is a hyperspace in V.
Choose some vector « in V with f(a) # 0 and let

_ (@)

Jle)
The linear functional A = ¢ — cf is 0 on N, since both f and ¢ are 0 there,
and h(a) = g(a) — ¢f(e) = 0. Thus k is 0 on the subspace spanned by N,
and o—and that subspace is V. We conclude that h = 0, i.e., that g =
I |

c

Theorem 20. Lei g, {y, . . ., {; be linear functionals on a vector space V
with respective null spaces N, Ny, . . ., N;. Then g is a linear combination of
fi, . . ., I if and only ¢f N contains the intersection Ny (N --- (N N,

Proof. If g = cifi + --- + ¢fr and fi(e) = 0 for each 7, then
clearly g(a) = 0. Therefore, N contains Ny --- N N,

We shall prove the converse (the ‘if’ half of the theorem) by induction
on the number r. The preceding lemma handles the case » = 1. Suppose we
know the result forr = &k — 1, and let fi, . . ., fi be linear functionals with
null spaces Ny, . .., Ni such that Ny --- N Ni is contained in N, the
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null space of g. Let ¢, fi, . . ., ft_1 be the restrictions of ¢, f1, ..., fi_s to
the subspace Ni. Then ¢/, f1, . . ., fi—1 are linear functionals on the vector
space Ng. Furthermore, if o is a vector in Ny and fi(e) = 0,2 =1,.. .,

k— 1, then @ is in Ny M --- M Ny and s0 ¢’(a) = 0. By the induction
hypothesis (the case r = k — 1), there are sealars ¢; such that

g =afi+ - + aafio1
Now let

k—1
(3-16) h=g— Z cf.
i=1

Then h is a linear funetional on V and (3-16) tells us that h(e) = O for
every « in N;. By the preceding lemma, h is a scalar multiple of f;.. If A =
Ckfk, then

k
g= Zcfs |
i=1

Exercises

1. Let n be a positive integer and F a field. Let W be the set of all vectors
(21, . .., &) In F* such that 2, + --- + 2, = 0.
(a) Prove that W° consists of all linear functionals f of the form

n
J@y, ... x0) =c¢ 421 z;.
j=

(b) Show that the dual space W* of W can be ‘naturally’ identified with the
linear functionals
f@y ...,z =ati+ -+ + cun

on F™ which satisfy ¢, + -+ 4+ ¢, = 0.
2. Use Theorem 20 to prove the following. If W is a subspace of a finite-dimen-
sional vector space V and if {g, .. ., g, is any basis for W?, then

W= N,
1=1

3. Let S be a set, F a field, and V(8S; F) the space of all functions from § into F:
f+ 9@ = f@) + 9(z)
() (z) = of(2).

Let W be any n-dimensional subspace of V(S; F). Show that there exist points
Zy, ..., %, in S and functions fi, . . ., f. in W such that fi(x;) = 6.
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Transformation

Suppose that we have two vector spaces over the field F, V, and W,
and a linear transformation 7' from V into W. Then T induces a linear



112

Linear Transformations Chap. 3

transformation from W* into V*, as follows. Suppose ¢ is a linear functional
on W, and let

(3-17) fla) = g(Ta)

for each & in V. Then (3-17) defines a function f from V into F, namely,
the composition of 7', a function from V into W, with g, a funetion from
W into F. Since both T and ¢ are linear, Theorem 6 tells us that f is also
linear, i.e., f is a linear functional on V. Thus T provides us with a rule 7'
which associates with each linear funetional ¢ on W a linear funetional
f =Tt on V, defined by (3-17). Note also that T is actually a linear
transformation from W* into V*; for, if ¢; and ¢, are in W* and ¢ is a scalar

[Tt(egr + g2)1(@) = (cg1 + 92)(Ter)
cgi(Ta) + go(Ta)
c(Tg) (@) + (T'g2) ()
so that T(cg1 + g2) = c¢T*g1 + T'gs. Let us summarize.

It

Theorem 21. Let V and W be vector spaces over the field F. For each
linear transformation T from V into W, there is a unique linear transformation
Tt from W* into V* such that

(T'g)(a) = g(Ta)
for every g in W* and o tn V.

We shall call T the transpose of T. This transformation 7 is often
called the adjoint of T'; however, we shall not use this terminology.

Theorem 22, Let V and W be vector spaces over the field ¥, and let T
be a linear transformation from V into W. The null space of T* is the annihi-
lator of the range of T. If V and W are finite-dimensional, then

(1) rank (T*) = rank (T)
(ii) the range of T* is the annihilator of the null space of T.

Proof. If g is in W*, then by definition

(T'g)(@) = g(Ta)

for each « in V. The statement that ¢ is in the null space of T means that
g(Te) = 0 for every « in V. Thus the null space of 7" is precisely the
annthilator of the range of 7.

Suppose that V and W are finite-dimensional, say dim V = n and
dim W = m. For (i): Let r be the rank of T, i.e., the dimension of the range
of T. By Theorem 16, the annihilator of the range of T then has dimension
(m — 7). By the first statement of this theorem, the nullity of T must be
(m — r). But then since 7T is a linear transformation on an m-dimensional
space, the rank of T*ism — (m — r) = r, and so T and T"* have the same
rank. For (ii): Let N be the null space of T. Every functional in the range
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of T'is in the annihilator of N ; for, suppose f = T'%g for some g in W*; then,
faisin N
fla) = (T"g)(a) = g(Ta) = g(0) = 0.
Now the range of T is a subspace of the space N, and
dim N® = n — dim N = rank (T) = rank (T
so that the range of T must be exactly N°. |

Theorem 23. Let V and W be finite-dimenstonal vector spaces over the
field F. Let B be an ordered basts for V with dual basis ®*, and let ®' be an
ordered basis for W with dual basis ®'*. Let T be a linear transformation
from V into W ; let A be the matriz of T relative to ®, ®’ and let B be the matriz
of Tt relative to ®'*, ®*. Then By; = Ajs.

Proof. Let

(B={a1,...,a,,}, (B/"_"{Bly"')ﬁm}}
(B*= {fl;-":fn}: ®™* = {gly"'xg"l}'

By definition,

Ta; = § A8, ji=1...,n
i=1
TY; = Z Bifs Jj=1...,m

On the other hand,
(T'g;) (i) = gi(Tas)

gi ( g Akiﬁk)
k=1

§ Arigi(Br)
k=1

Il
[RVE

Aribi

k=1

For any linear funetional f on V

i =2 faf.

If we apply this formula to the functional f = T'g; and use the fact that
(Tg,)(a;) = Aj;, we have

Ttg]. = -?1 Aj;fi

from which it immediately follows that B;; = A;;. 1
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Definition. If A is an m X n matriz over the field F, the transpose of
A is the n X m matriz At defined by Af; = Aj;.

Theorem 23 thus states that if T is a linear transformation from V
into W, the matrix of which in some pair of bases is A, then the transpose
transformation 7' is represented in the dual pair of bases by the transpose
matrix 4%

Theorem 24. Let A be any m X n matrix over the field . Then the
row rank of A is equal to the column rank of A.

Proof. Let ® be the standard ordered basis for F» and &’ the
standard ordered basis for F. Let T be the linear transformation from F=
into F™ such that the matrix of T relative to the pair B, &' is A4, i.e.,

T(Clh,. . ')xﬂ) = (yb' . 7ym)
where

yi = 2 Az
j=1

The column rank of A is the rank of the transformation 7', because the
range of T consists of all m-tuples which are linear combinations of the
column vectors of 4.

Relative to the dual bases ®* and &*, the transpose mapping 7' is
represented by the matrix At. Since the columns of A* are the rows of A4,
we see by the same reasoning that the row rank of A (the column rank of A*)
is equal to the rank of T*. By Theorem 22, T and T'* have the same rank,
and hence the row rank of A4 is equal to the column rank of A. |

Now we see that if A is an m X n matrix over F and T is the linear
transformation from F* into F defined above, then
rank (7) = row rank (4) = column rank (4)
and we shall call this number simply the rank of A.
ExampLe 25. This example will be of a general nature—more dis-
cussion than example. Let V be an n-dimensional vector space over the
field F, and let T be a linear operator on V. Suppose B = {ay, . . ., an}

is an ordered basis for V. The matrix of T in the ordered basis & is defined
to be the n X n matrix A such that

n
Taj = E A,-,-a;
j=1

in other words, 4;; is the 7th coordinate of the vector Te; in the ordered
basis ®. If {fi, ..., f.) is the dual basis of ®, this can be stated simply

Ay = fi(Ta;).



Sec. 3.7 The Transpose of a Linear Transformation

Let us see what happens when we change basis. Suppose
® = {al,...,an

is another ordered basis for V, with dual basis {f1, ..., f:}. If B is the
matrix of T in the ordered basis ®’, then

Bi; = fi(Ta)).
Let U be the invertible linear operator such that Ua; = «f. Then the

transpose of U is given by UY; = f;. It is easy to verify that since U is
invertible, so is Ut and (U*)~! = (U™)% Thusfi = (UV)Y,2=1,...,n.

Therefore,
Bij = [(UN)Y](Tap)

= f(U'Taj)

= fi(U‘lTUaj).
Now what does this say? Well, f;,(UT'Ug;) is the 7, 7 entry of the matrix
of U—'TU in the ordered basis ®. Our computation above shows that this
scalar is also the 4, 7 entry of the matrix of T in the ordered basis ®'. In
other words

[T]le = [U'TU]g
= [U]a[T]elUls
= [Ule'[T]elUls

and this is precisely the change-of-basis formula which we derived earlier.

Exercises

1. Let F be a field and let f be the linear functional on /2 defined by f(zy, x2) =
ax; + bzs. For each of the following linear operators T, let ¢ = T, and find
g9(z1, 2).

(@) T(m, x2) = (21, 0);
(b) T(z1, 2) = (—2 21);
(¢) T(zxy, x2) = (@1 — X2, T1 + Z9).
2. Let V be the vector space of all polynomial functions over the field of real

numbers. Let @ and b be fixed real numbers and let f be the linear functional on V
defined by

b
i® = [ @ d.
If D is the differentiation operator on V, what is D¥f?

3. Let V be the space of all n X n matrices over a field ¥ and let B be a fixed
n X n matrix. If T is the linear operator on V defined by T(A) = AB — BA,
and if f is the trace function, what is T4?

4. Let V be a finite-dimensional vector space over the field F and let T be a
linear operator on V. Let ¢ be a scalar and suppose there is a non-zero vector «
in V such that Ta = ca. Prove that there is a non-zero linear functional f on V
such that T = cf.
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5. Let A be an m X n matrix with real entries. Prove that 4 = 0 if and only
if trace (4:4) = 0.

6. Let n be a positive integer and let V be the space of all polynomial functions
over the field of real numbers which have degree at most n, i.e., functions of the
form

f@)y=ca+azx+ - + cazm.

Let D be the differentiation operator on V. Find a basis for the null space of the
transpose operator D°.

7. Let V be a finite-dimensional vector space over the field F. Show that T — T
is an isomorphism of L(V, V) onto L(V*, V*).

8. Let V be the vector space of n X n matrices over the field 7.

(a) If B is a fixed n X n matrix, define a function f5 on V by fs(4) = trace
(B!A). Show that f5 is a linear functional on V.,

(b) Show that every linear functional on V is of the above form, i.e., is f
for some B.

(c¢) Show that B — fzis an isomorphism of V onto V*.



