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Preface

Our original purpose in writing this book was to provide a text for the under-
graduate linear algebra course at the Massachusetts Institute of Technology. This
course was designed for mathematics majors at the junior level, although three-
fourths of the students were drawn from other scientific and technological disciplines
and ranged from freshmen through graduate students. This description of the
M.I.T. audience for the text remains generally accurate today. The ten years since
the first edition have seen the proliferation of linear algebra courses throughout
the country and have afforded one of the authors the opportunity to teach the
basic material to a variety of groups at Brandeis University, Washington Univer-
sity (St. Louis), and the University of California (Irvine).

Our principal aim in revising Linear Algebra has been to increase the variety
of courses which can easily be taught from it. On one hand, we have structured the
chapters, especially the more difficult ones, so that there are several natural stop-
ping points along the way, allowing the instructor in a one-quarter or one-semester
course to exercise a considerable amount of choice in the subject matter. On the
other hand, we have increased the amount of material in the text, so that it can be
used for a rather comprehensive one-year course in linear algebra and even as a
reference book for mathematicians.

The major changes have been in our treatments of canonical forms and inner
product spaces. In Chapter 6 we no longer begin with the general spatial theory
which underlies the theory of canonical forms. We first handle characteristic values
in relation to triangulation and diagonalization theorems and then build our way
up to the general theory. We have split Chapter 8 so that the basic material on
inner product spaces and unitary diagonalization is followed by a Chapter 9 which
treats sesqui-linear forms and the more sophisticated properties of normal opera-
tors, including normal operators on real inner product spaces.

We have also made a number of small changes and improvements from the
first edition. Bug the basic philosophy behind the text is unchanged.

We have made no particular concession to the fact that the majority of the
students may not be primarily interested in mathematics. For we believe a mathe-
matics course should not give science, engineering, or social science students a
hodgepodge of techniques, but should provide them with an understanding of
basic mathematical concepts.
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On the other hand, we have been keenly aware of the wide range of back-
grounds which the students may possess and, in particular, of the fact that the
students have had very little experience with abstract mathematical reasoning.
For this reason, we have avoided the introduction of too many abstract ideas at
the very beginning of the book. In addition, we have included an Appendix which
presents such basic ideas as set, function, and equivalence relation. We have found
it most profitable not to dwell on these ideas independently, but to advise the
students to read the Appendix when these ideas arise.

Throughout the book we have included a great variety of examples of the
important concepts which occur. The study of such examples is of fundamental
importance and tends to minimize the number of students who can repeat defini-
tion, theorem, proof in logical order without grasping the meaning of the abstract
concepts. The book also contains a wide variety of graded exercises (about six
hundred), ranging from routine applications to ones which will extend the very
best students. These exercises are intended to be an important part of the text.

Chapter 1 deals with systems of linear equations and their solution by means
of elementary row operations on matrices. It has been our practice to spend about
six lectures on this material. It provides the student with some picture of the
origins of linear algebra and with the computational technique necessary to under-
stand examples of the more abstract ideas occurring in the later chapters. Chap-
ter 2 deals with vector spaces, subspaces, bases, and dimension. Chapter 3 treats
linear transformations, their algebra, their representation by matrices, as well as
isomorphism, linear functionals, and dual spaces. Chapter 4 defines the algebra of
polynomials over a field, the ideals in that algebra, and the prime factorization of
a polynomial. It also deals with roots, Taylor’s formula, and the Lagrange inter-
polation formula. Chapter 5 develops determinants of square matrices, the deter-
minant being viewed as an alternating n-linear function of the rows of a matrix,
and then proceeds to multilinear functions on modules as well as the Grassman ring.
The material on modules places the concept of determinant in a wider and more
comprehensive setting than is usually found in elementary textbooks. Chapters 6
and 7 contain a discussion of the concepts which are basic to the analysis of a single
linear transformation on a finite-dimensional vector space; the analysis of charac-
teristic (eigen) values, triangulable and diagonalizable transformations; the con-
cepts of the diagonalizable and nilpotent parts of a more general transformation,
and the rational and Jordan canonical forms. The primary and eyclic decomposition
theorems play a central role, the latter being arrived at through the study of
admissible subspaces. Chapter 7 includes a discussion of matrices over a polynomial
domain, the computation of invariant factors and elementary divisors of a matrix,
and the development of the Smith canonical form. The chapter ends with a dis-
cussion of semi-simple operators, to round out the analysis of a single operator.
Chapter 8 treats finite-dimensional inner product spaces in some detail. It covers
the basic geometry, relating orthogonalization to the idea of ‘best approximation
to a vector’ and leading to the concepts of the orthogonal projection of a vector
onto a subspace and the orthogonal complement of a subspace. The chapter treats
unitary operators and culminates in the diagonalization of self-adjoint and normal
operators, Chapter 9 introduces sesqui-linear forms, relates them to positive and
self-adjoint operators on an inner product space, moves on to the spectral theory
of normal operators and then to more sophisticated results concerning normal
operators on real or complex inner product spaces. Chapter 10 discusses bilinear
forms, emphasizing canonical forms for symmetric and skew-symmetric forms, as
well as groups preserving non-degenerate forms, especially the orthogonal, umtary,
pseudo-orthogonal and Lorentz groups.

We feel that any course which uses this text should cover Chapters 1, 2, and 3
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thoroughly, possibly excluding Sections 3.6 and 3.7 which deal with the double dual
and the transpose of a linear transformation. Chapters 4 and 5, on polynomials and
determinants, may be treated with varying degrees of thoroughness. In fact,
polynomial ideals and basic properties of determinants may be covered quite
sketchily without serious damage to the flow of the logic in the text; however, our
inclination is to deal with these chapters carefully (except the results on modules),
because the material illustrates so well the basic ideas of linear algebra. An ele-
mentary course may now be concluded nicely with the first four sections of Chap-
ter 6, together with (the new) Chapter 8. If the rational and Jordan forms are to
be included, a more extensive coverage of Chapter 6 is necessary.

Our indebtedness remains to those who contributed to the first edition, espe-
cially to Professors Harry Furstenberg, Louis Howard, Daniel Kan, Edward Thorp,
to Mrs. Judith Bowers, Mrs. Betty Ann (Sargent) Rose and Miss Phyllis Ruby.
In addition, we would like to thank the many students and colleagues whose per-
ceptive comments led to this revision, and the staff of Prentice-Hall for their
patience in dealing with two authors caught in the throes of academic administra-
tion. Lastly, special thanks are due to Mrs. Sophia Koulouras for both her skill
and her tireless efforts in typing the revised manuseript.

KMH /R AK



Contents

Chapter 1.

Chapter 2.

Chapter 3.

Ve

Linear Equations

1.1.
1.2.
1.3.
14.
1.5.
1.6.

Fields

Systems of Linear Equations

Matrices and Elementary Row Operations
Row-Reduced Echelon Matrices

Matrix Multiplication

Invertible Matrices

Vector Spaces

2.1,
2.2.
2.3.
24.
2.5.
2.6.

Vector Spaces

Subspaces

Bases and Dimension

Coordinates

Summary of Row-Equivalence
Computations Concerning Subspaces

Linear Transformations

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.

Linear Transformations

The Algebra of Linear Transformations
Isomorphism

Representation of Transformations by Matrices
Linear Functionals

The Double Dual

The Transpose of a Linear Transformation

28

28
34
40
49
55
58

67

67
74
84
86
97
107
111



Chapter 4.

Chapter 5.

Chapter 6.

Chapter 7.

Chapter 8.

Contents

Polynomials 117
4.1. Algebras 117
4.2. The Algebra of Polynomials 119
4.3. Lagrange Interpolation 124
4.4, Polynomial Ideals 127
4,5. The Prime Factorization of a Polynomial 134
Determinants 140
5.1. Commutative Rings 140
5.2. Determinant Functions 141
5.3. Permutations and the Uniqueness of Determinants 150
5.4, Additional Properties of Determinants 156
5.5. Modules 164
5.6. Multilinear Functions 166
5.7. The Grassman Ring 173
Elementary Canonical Forms 181
6.1. Introduction 181
6.2. Characteristic Values 182
6.3. Annihilating Polynomials 190
6.4. Invariant Subspaces 198
6.5. Simultaneous Triangulation; Simultaneous

Diagonalization 206
6.6. Direct-Sum Decompositions 209
6.7. Invariant Direct Sums 213
6.8. The Primary Decomposition Theorem 219
The Rational and Jordan Forms 227
7.1.  Cyeclic Subspaces and Annihilators 227
7.2. Cyeclic Decompositions and the Rational Form 231
7.3. The Jordan Form 244
7.4. Computation of Invariant Factors 251
7.5. Summary; Semi-Simple Operators 262
Inner Product Spaces 270
8.1. Inner Products 270
8.2. Inner Product Spaces 277
8.3. Linear Functionals and Adjoints 290
8.4. Unitary Operators 299

8.5. Normal Operators 311

Vs



198 Elementary Canonical Forms Chap. 6

2. Let a, b, and ¢ be elements of a field F, and let A be the following 3 X 3 matrix

over I';
0 0 ¢
A=|1 0 b
01 a

Prove that the characteristic polynomial for 4 is z3 — ax? — bz — ¢ and that this
is also the minimal polynomial for A.

3. Let A be the 4 X 4 real matrix

1 1 00
-1 -1 00

A_-2—2 2 1
1 1 =10

Show that the characteristic polynomial for A is 2?(z — 1)? and that it is also
the minimal polynomial.

4. Is the matrix A of Exercise 3 similar over the field of complex numbers to a
diagonal matrix?

5. Let V be an n-dimensional vector space and let T be a linear operator on V.
Suppose that there exists some positive integer k& so that 7% = 0. Prove that
n = (),

6. Find a 3 X 3 matrix for which the minimal polynomial is 22

7. Let n be a positive integer, and let V be the space of polynomials over B
which have degree at most n (throw in the 0-polynomial). Let D be the differentia-
tion operator on V. What is the minimal polynomial for D?

8. Let P be the operator on R which projects each vector onto the z-axis, parallel
to the y-axis: P(z, y) = (z, 0). Show that P is linear. What is the minimal poly-
nomial for P?

9. Let A be an n X n matrix with characteristic polynomial
f = (x —_ cl)dl. . (m — ck)dk_

cadi + « -+ + cudy = trace (4).
10. Let V be the vector space of » X n matrices over the field F. Let A be a fixed
n X n matrix. Let T be the linear operator on V defined by
T(B) = AB.
Show that the minimal polynomial for T is the minimal polynomial for A.
11. Let A and B be n X n matrices over the field F. According to Exercise 9 of
Section 6.1, the matrices AB and BA have the same characteristic values. Do

they have the same characteristic polynomial? Do they have the same minimal
polynomial?

Show that

6.4. Invariant Subspaces

In this section, we shall introduce a few concepts which are useful in
attempting to analyze a linear operator. We shall use these ideas to obtain
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characterizations of diagonalizable (and triangulable) operators in terms
of their minimal polynomials.

Definition. Let V be a vector space and T a linear operator on V. If
W is a subspace of V, we say thal W is invariant under T if for each vector
a 1t W the vector Ta is in W, 1.e., if T(W) 4s contained tn W.

ExampirE 6. If T is any linear operator on V, then V is invariant
under 7', as is the zero subspace. The range of T' and the null space of T
are also invariant under 7'

ExamPLE 7. Let F be a field and let D be the differentiation operator
on the space F[x] of polynomials over F. Let n be a positive integer and
let W be the subspace of polynomials of degree not greater than n. Then W
is invariant under D. This is just another way of saying that D is ‘degree
decreasing.’

ExampLE 8. Here is a very useful generalization of Example 6. Let T
be a linear operator on V. Let U be any linear operator on ¥ which com-
mutes with T, i.e., TU = UT. Let W be the range of U and let N be the
null space of U. Both W and N are invariant under 7. If « is in the range
of U, say « = UB, then Ta = T(UB) = U(TB) so that T« is in the range
of U. If e isin N, then U(Ta) = T(Ua) = T(0) = 0; hence, Ta is in N.

A particular type of operator which commutes with T' is an operator
U = ¢(T), where ¢ is a polynomial. For instance, we might have U =
T — ¢I, where ¢ is a characteristic value of 7. The null space of U is
familiar to us. We see that this example includes the (obvious) fact that
the space of characteristic vectors of T associated with the characteristic
value ¢ is invariant under 7.

ExampLE 9. Let T be the linear operator on R? which is represented
in the standard ordered basis by the matrix

0 —1
4= [1 0]'
Then the only subspaces of R? which are invariant under T are R?and the
zero subspace. Any other invariant subspace would necessarily have
dimension 1. But, if W is the subspace spanned by some non-zero vector «,
the fact that W is invariant under 7 means that « is a characteristic
vector, but A has no real characteristic values.

When the subspace W is invariant under the operator 7', then T'
induces a linear operator Tw on the space W. The linear operator T'w is
defined by Tw(a) = T(a), for a in W, but Tw is quite a different object
from T since its domain is W not V.

When V is finite-dimensional, the invariance of W under 7' has a

199
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simple matrix interpretation, and perhaps we should mention it at this
point. Suppose we choose an ordered basis & = {ay, . .., ay} for ¥V such
that ® = {ay, . .., o} is an ordered basis for W (r = dim W). Let 4 =
[Tl so that

n
Taj = 3 Aijcxi.
i=1

Since W is invariant under 7', the vector Te; belongs to W for j < r. This
means that
.
(6-9) Ta; = Z Ay, <
In other words, 4;; = 0if j < randi > r
Schematically, 4 has the block form

@10 =7 9

where B Is an r X r matrix, C is an r X (n — r) matrix, and D is an
(n — 1) X (n — r) matrix. The reader should note that according to
(6-9) the matrix B is precisely the matrix of the induced operator T'w in
the ordered basis ®’.

Most often, we shall carry out arguments about T' and Ty without
making use of the block form of the matrix 4 in (6-10). But we should note
how certain relations between T and T are apparent from that block form.

Lemma. Let W be an invariant subspace for T. The characteristic
polynomial for the restriction operator Tw divides the characteristic polynomial
for T. The minimal polynomial for Tw divides the minimal polynomial for T.

Proof. We have
B C
a=1o ]

where A = [Tg and B = [Tw]s. Because of the block form of the matrix
det (zI — A) = det (xI — B) det (zI — D).

That proves the statement about characteristic polynomials. Notice that
we used I to represent identity matrices of three different sizes.
The kth power of the matrix A has the block form

_IB* C
ar=[y o]
where C; is some r X (n — r) matrix. Therefore, any polynomial which

annihilates 4 also annihilates B (and D too). So, the minimal polynomial
for B divides the minimal polynomial for 4. |

ExamprLe 10. Let T be any linear operator on a finite~-dimensional
space V. Let W be the subspace spanned by all of the characteristic vectors



Sec. 6.4 Invariant Subspaces

of T. Let ¢, . . ., e be the distinet characteristic values of 7. For each <,
let W; be the space of characteristic vectors associated with the charac-
teristic value ¢;, and let ®; be an ordered basis for W,. The lemma before
Theorem 2 tells us that ® = (®y, . . ., ®) is an ordered basis for W. In
particular,

dim W = dim W; + - -+ 4 dim W,.
Let ® = {ou, ..., a} so that the first few o’s form the basis ®;, the next
few ®,, and so on. Then
Ta,-=t,~a,-, ’i=1,...,7'

where (f,...,%) = (¢, ¢y .. .,C1, -y Chy Ciy . - -, k) With ¢; repeated
dim W, times.
Now W is invariant under T, since for each « in W we have
a =T + -+ T

Ta = haion + v + trxra,.

Choose any other vectors a4y, . . ., a, in V such that 8 = {ay, ..., a.}
is a basis for V. The matrix of T relative to @ has the block form (6-10), and
the matrix of the restriction operator T'w relative to the basis ®' is

tl 0 e 0
g=|% % 0|
00 -- &

The characteristic polynomial of B (i.e., of Tw) is
=@ — o) (@ — e

where e; = dim W, Furthermore, ¢ divides f, the characteristic polynomial
for T. Therefore, the multiplicity of ¢; as a root of f is at least dim W..

All of this should make Theorem 2 transparent. It merely says that 7’
is diagonalizable if and only if r = =, if and only if &, + -+ 4+ e, = n. It
does not help us too much with the non-diagonalizable case, since we don’t
know the matrices C and D of (6-10).

Definition. Let W be an invariant subspace for T and let o be a vector
in V. The T-conductor of « into W s the set St(a; W), which consists of
all polynomials g (over the scalar field) such that g(T)a 7s in W.

Since the operator 7 will be fixed throughout most discussions, we
shall usually drop the subscript T and write S(a; W). The authors usually
call that collection of polynomials the ‘stuffer’ (das einstopfende Ideal).
‘Conductor’ is the more standard term, preferred by those who envision
a less aggressive operator ¢(T), gently leading the vector « into W. In the
special case W = {0} the conductor is called the T-annihilator of «.

201
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Lemma. If W is an fnvariant subspace for T, then W is invariant
under every polynomial in 'T. Thus, for each o tn V, the conductor S(a; W) s
an ideal in the polynomial algebra F[x].

Proof. If 8 isin W, then T8 is in W. Consequently, T(T8) = T8
is in W. By induction, T%8 1s in W for each k. Take linear combinations to
see that f(7')3 is in W for every polynomial J.

The definition of S(a; W) makes sense if W is any subset of V. If W is
a subspace, then S(a; W) is a subspace of F[z], because

(of +9)(T) = ¢f(T) + g(T).

If W is also invariant under 7, let g be a polynomial in S{a; W), ie., let
g(T)a bein W. If f is any polynomial, then f(T)[g(T)a] will be in W. Since

(fo)(T) = f(T)g(T)

fg is in S(a; W). Thus the conductor absorbs multiplication by any poly-
nomial. ||

The unique monic generator of the ideal S{(a; W) is also called the
T-conductor of « into W (the T-annihilator in case W = {0}). The
T-conductor of « into W is the monic polynomial g of least degree such that
g(T)a is in W. A polynomial f is in S(a; W) if and only if ¢ divides f. Note
that the conductor S(e; W) always contains the minimal polynomial for T';
hence, every T-conductor divides the minimal polynomial for T.

As the first illustration of how to use the conductor S(a; W), we shall
characterize triangulable operators. The linear operator T is called tri-
angulable if there is an ordered basis in which 7 is represented by a
triangular matrix.

Lemma. Let V be a finite-dimensional vector space over the field I'.
Let T be a linear operator on 'V such that the minimal polynomial for T is a
product of linear factors

p=&—c)" - (x —ecw*  cin L.

Let W be a proper (W = V) subspace of V which is invariant under T. There
exists a vector a in 'V such that

(a) a1s notin W;
(b) (T — cD)a is in W, for some characteristic value ¢ of the operator T.

Proof. What (a) and (b) say is that the T-conductor of « into W
is a linear polynomial. Let 8 be any vector in ¥V which is not in W. Let ¢ be
the T-conductor of g into W. Then ¢ divides p, the minimal polynomial
for T'. Since 8 is not in W, the polynomial ¢ is not constant. Therefore,

g= = @ = e
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where at least one of the integers e; is positive. Choose j so that ¢; > 0.
Then (z — ¢;) divides g:
g = (z — c¢ph.
By the definition of ¢, the vector & = h(7T")8 cannot be in W. But
(T — ¢;lla = (T — ¢;H)W(T)B
g(T)B

isinW. ]

Theorem 5. Let V be a finite-dimensional vector space over the field F
and let T be a linear operator on V. Then T is triangulable if and only if the
mingmal polynomial for T is a product of linear polynomials over F.

Proof. Suppose that the minimal polynomial factors
p = (x — cl)n e (1; — ck)Tk.

By repeated application of the lemma above, we shall arrive at an ordered

basis ® = {a, ..., o in which the matrix representing T is upper-
triangular:

Qu G2 Qi3 -+ Qin

0 an as - am
(6'11) [T](B =10 0 33 e (127

Now (6-11) merely says that
(6-12) Taj = Oy;01 + .-+ a0, 1 S j S n

that is, T'e; is In the subspace spanned by ay, . . ., ;. To find a4, . . ., @,
we start by applying the lemma to the subspace W = {0}, to obtain the
vector ;. Then apply the lemma to W;, the space spanned by a;, and we
obtain as. Next apply the lemma to Wy, the space spanned by a1 and a,.

Continue in that way. One point deserves comment. After a;, . . ., a; have
been found, it is the triangular-type relations (6-12) for j =1,...,1¢
which ensure that the subspace spanned by ay, . . ., a; is invariant under
T.

If T is triangulable, it is evident that the characteristic polynomial for
T has the form
f = (I — Cl)d’ e (13 — Ck)d", c;in F,

Just look at the triangular matrix (6-11). The diagonal entries a1y, . . ., a1
are the characteristic values, with ¢; repeated d; times. But, if f can be so
factored, so can the minimal polynomial p, because it divides f. |

Corollary. Let ¥ be an algebraically closed field, e.g., the complex num-
ber field. Every n X n matriz over ¥ is similar over F to a triangular matriz.

203
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Theorem 6. Let V be a finite-dimensional vector space over the field F
and let T be a linear operator on V, Then T is diagonalizable if and only if the
minimal polynomzal for T has the form

p=E—e) - x—cx)
where ¢y, . . ., ¢x are distinct elements of F.

Proof. We have noted earlier that, if T is diagonalizable, its
minimal polynomial is a product of distinct linear factors (see the discussion
prior to Example 4). To prove the converse, let W be the subspace spanned
by all of the characteristic vectors of T, and suppose W 2 V. By the lemma
used in the proof of Theorem 5, there is a vector a not in W and a charac-
teristic value ¢; of T such that the vector

B=(T—~ca
lies in W. Since 8 is in W,
B=B+ -+ 8
where T8; = ¢8;, 1 < ¢ <k, and therefore the vector
(T8 = h(c)Br + - -+ -+ hler)Br
is in W, for every polynomial h.
Now p = (x — ¢;)q, for some polynomial ¢. Also
q — q(c;) = (= — ¢))h.
We have
g(Mea — glc)a = L(TYT — ¢;l)a = R(THB.
But 2(T)8 1s in W and, since
0=pDa = (T — ¢;I)g(T)e

the vector ¢(T)e is in W. Therefore, g(c;)a is in W. Since « is not in W, we
have g(c;) = 0. That contradicts the fact that p has distinet roots. ||

At the end of Section 6.7, we shall give a different proof of Theorem 6.
In addition to being an elegant result, Theorem 6 is useful in a computa-
tional way. Suppose we have a linear operator T, represented by the matrix
A 1n some ordered basis, and we wish to know if T is diagonalizable. We
compute the characteristic polynomial f. If we can factor f:

f=@—c)® - (@ —c)*

we have two different methods for determining whether or not T is diago-
nalizable. One method is to see whether (for each 7) we can find d; inde-
pendent characteristic vectors associated with the characteristic value c¢;.
The other method is to check whether or not (T — ¢d) -+ (T — ¢l) is
the zero operator.

Theorem 5 provides a different proof of the Cayley-Hamilton theorem.
That theorem is easy for a triangular matrix. Hence, via Theorem 5, we
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obtain the result for any matrix over an algebraically closed field. Any
field is a subfield of an algebraically closed field. If one knows that resuls,
one obtains a proof of the Cayley-Hamilton theorem for matrices over any
field. If we at least admit into our discussion the Fundamental Theorem of
Algebra (the complex number field is algebraically elosed), then Theorem 5
provides a proof of the Cayley-Hamilton theorem for complex matrices,
and that proof is independent of the one which we gave earlier.

Exercises

1. Let T be the linear operator on R? the matrix of which in the standard ordered

basis is
1 -1
a=[; 73]

(a) Prove that the only subspaces of R? invariant under T are R? and the
zero subspace.

(b) If U is the linear operator on C? the matrix of which in the standard
ordered basis is A, show that U has 1-dimensional invariant subspaces.

2. Let W be an invariant subspace for T. Prove that the minimal polynomial
for the restriction operator Tw divides the minimal polynomial for T, without
referring to matrices.

3. Let ¢ be a characteristic value of T and let W be the space of characteristic
vectors associated with the characteristic value c. What is the restriction opera-

tor Tw?
0 1 0
A={2 =2 2|
2 -3 2

4. Let
Is A similar over the field of real numbers to a triangular matrix? If so, find such a
triangular matrix.

5. Every matrix A such that A2 = A is similar to a diagonal matrix,

6. Let T be a diagonalizable linear operator on the n-dimensional vector space V,
and let W be a subspace which is invariant under T. Prove that the restriction
operator Ty is diagonalizable.

7. Let T be a linear operator on a finite-dimensional vector space over the field
of complex numbers. Prove that 7' is diagonalizable if and only if 7 is annihilated
by some polynomial over C which has distinct roots.

8. Let T be a linear operator on V. If every subspace of V is invariant under 7T,
then T is a scalar multiple of the identity operator.

9. Let T be the indefinite integral operator

<mm=ﬁma

206
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on the space of continuous functions on the interval [0, 1]. Is the space of poly-
nomial functions invariant under T? The space of differentiable functions? The
space of functions which vanish at x = $?
10. Let A be a 3 X 3 matrix with real entries. Prove that, if A is not similar over R
to & triangular matrix, then A4 is similar over C to a diagonal matrix.
11. True or false? If the triangular matrix A is similar to a diagonal matrix, then
A s already diagonal.
12, Let T be a linear operator on a finite-dimensional vector space over an alge-
braically closed field F. Let f be a polynomial over F. Prove that ¢ is a character-
istic value of f(T) if and only if ¢ = f({), where { is a characteristic value of 7.
13. Let V be the space of n X n matrices over F. Let 4 be a fixed n X n matrix
over F. Let T and U be the linear operators on V defined by
T(B) = AB
U(B) = AB — BA.
(a) True or false? If A is diagonalizable (over F), then T is diagonalizable.
(b) True or false? If A is diagonalizable, then U is diagonalizable.

6.5. Simultaneous Triangulation;
Simultaneous Diagonalization

Let V be a finite-dimensional space and let § be a family of linear
operators on V. We ask when we can simultaneously triangulate or diago-
nalize the operators in 7, i.e., find one basis ® such that all of the matrices
[T]s, T in &, are triangular (or diagonal). In the case of diagonalization, it
is necessary that § be a commuting family of operators: UT = TU for all
T, U in F. That follows from the fact that all diagonal matrices commute.
Of course, it is also necessary that each operator in § be a diagonalizable
operator. In order to simultaneously triangulate, each operator in ¥ must
be triangulable. It is not necessary that & be a commuting family ; however,
that condition is sufficient for simultaneous triangulation (if each T can be
individually triangulated). These results follow from minor variations of
the proofs of Theorems 5 and 6.

The subspace W is invariant under (the family of operators) & if
W is invariant under each operator in &.

Lemma. Let § be a commuting family of triangulable linear operators
on V. Let W be a proper subspace of V which is invariant under §. There
exists a vector oo tn 'V such that

(a) aismnotin W;
(b) for each T in F, the vector Ta s in the subspace spanned by o and W.

Proof. 1t is no loss of generality to assume that § contains only a
finite number of operators, because of this observation. Let {74, ..., T}
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be a maximal linearly independent subset of , i.e., a basis for the subspace
spanned by §. If « is a vector such that (b) holds for each T';, then (b) will
hold for every operator which is a linear combination of T, ..., T..

By the lemma before Theorem 5 (this lemma for a single operator), we
can find a vector 8; (not in W) and a scalar ¢; such that (Ty — ¢ )81 isin W.
Let V1 be the collection of all vectors 8 in V such that (7 — ¢.)Bisin W.
Then Vi is a subspace of V which is properly larger than W. Furthermore,
V1 is invariant under &, for this reason. If 7 commutes with 74, then

(Ty — a)(TB) = T(Ty — ad)B.

If gisin Vi, then (T — ¢ J)8 is in W. Since W is invariant under each 7'in
5, we have T(T, — c.)Bin W, ie, T8 1in Vy, for all 8in Vi and all 7in &.

Now W is a proper subspace of V. Let U, be the linear operator on V;
obtained by restricting T to the subspace V1. The minimal polynomial for
U, divides the minimal polynomial for T, Therefore, we may apply the
lemma before Theorem 5 to that operator and the invariant subspace W.
We obtain a vector 8: in V, (not in W) and a scalar ¢; such that (Ts — ¢21)82
is in W. Note that

(a) B is not in W,
(b) (Ty — )8, is in W;
() (T — c)B, is in W.

Let V, be the set of all vectors 8 in V; such that (Ty — ¢ ])B is in W.
Then V, is invariant under §. Apply the lemma before Theorem 5 to Us,
the restrietion of 7% to Vi If we continue in this way, we shall reach a
vector ¢ = 8, (not in W) such that (T; — ¢;Daisin W,j=1,...,r. |}

Theorem 7. Let V be a finite-dimensional vector space over the field F.
Let § be a commuting family of triangulable linear operators on V. There exists
an ordered basts for V such that every operator in § is represented by a triangu-~
lar matriz in that basts.

Proof. Given the lemma which we just proved, this theorem has
the same proof as does Theorem 5, if one replaces 7 by 5. |l

Corollary. Let § be a commuting family of n X n matrices over an
algebraically closed field ¥. There exists a non-singulor n X n matrix P with
entries in F such that P~1AT 4s upper-triangular, for every matriz A in 3.

Theorem 8. Let § be a commuting family of diagonalizable linear
operators on the finite-dimensional vector space V. There exists an ordered basts
for V such that every operator in F is represented in that basts by a diagonal
matriz.

Proof. We could prove this theorem by adapting the lemma
before Theorem 7 to the diagonalizable case, just as we adapted the lemma
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before Theorem 5 to the diagonalizable case in order to prove Theorem 6.
However, at this point it is easier to proceed by induction on the dimension
of V.

If dim V = 1, there is nothing to prove. Assume the theorem for
vector spaces of dimension less than n, and let V be an n-dimensional space.
Choose any T in § which is not a scalar multiple of the identity. Let
¢y . . ., ¢ be the distinet characteristic values of 7', and (for each 7) let W
be the null space of T — ¢;I. Fix an index ¢. Then W, is invariant under
every operator which commutes with 7. Let §; be the family of linear
operators on W, obtained by restricting the operators in ¥ to the (invariant)
subspace W.. Tach operator in ¥, is diagonalizable, because its minimal
polynomial divides the minimal polynomial for the corresponding operator
in §. Since dim W; < dim V, the operators in ¥; can be simultaneously
diagonalized. In other words, W, has a basis ®; which consists of vectors
which are simultaneously characteristic vectors for every operator in ..

Since 7' is diagonalizable, the lemma before Theorem 2 tells us that
® = (®By, ..., ®B) is a basis for V. That is the basis we seek.

Exercises

1. Find an invertible real matrix P such that P~14 P and P~1BP are both diago-
nal, where A and B are the real matrices

12 3 -8
(@) A‘I:o 2 B'[o -1

N

2. Let F be a commuting family of 3 X 3 complex matrices. How many linearly
independent matrices can & contain? What about the n X n case?

3. Let T be a linear operator on an n-dimensional space, and suppose that T
has n distinet characteristic values. Prove that any linear operator which commutes
with T is a polynomial in T.

4. Let A, B, C, and D be n X n complex matrices which commute. Let £ be the

2n X 2n matrix
A B
2=[o )

Prove that det E = det (4D — BC).

5. Let F be a field, n a positive integer, and let V be the space of n X n matrices
over F. If A is a fixed n X n matrix over F, let T4 be the linear operator on V
defined by Ta(B) = AB — BA. Consider the family of linear operators T4 ob-
tained by letting 4 vary over all diagonal matrices. Prove that the operators in
that family are simultaneously diagon: iizable.
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6.6. Direct-Sum Decompositions

As we continue with our analysis of a single linear operator, we shall
formulate our ideas in a slightly more sophisticated way—Iless in terms of
matrices and more in terms of subspaces. When we began this chapter, we
described our goal this way: To find an ordered basis in which the matrix
of T assumes an especially simple form. Now, we shall describe our goal
as follows: To decompose the underlying space V into a sum of invariant
subspaces for 7' such that the restriction operators on those subspaces are
simple.

Definition. Let Wy, . .., Wy be subspaces of the vector space V. We
say that Wy, . . ., Wy are independent if
ar+ - Fax =0, aitn Wi

implies thal each a; s 0.

For k = 2, the meaning of independence is {0} intersection, i.e., Wy
and W, are independent if and only if W, N\ W, = {0}. If k > 2, the
independence of Wiy, ..., Wi says much more than Wi --- N Wy =
{0}. It says that each W; intersects the sum of the other subspaces W,
only in the zero vector.

The significance of independence is this. Tet W = W, 4+ .-+ + W,
be the subspace spanned by Wy, ..., Wi Each vector a in W can be
expressed as a sum

a=a+ - + ag a;in W,.
If Wi, ..., Wy are independent, then that expression for « is unique; for if
a=0+ - + B B:in W,

then 0 = (a1 — B1) + -+ + (@ — Bi), hence o, — 8: =0,2=1,...,k.
Thus, when Wy, . . ., W; are independent, we can operate with the vectors
in W as k-tuples (ay, . . ., ar), @; in W,, in the same way as we operate with
vectors in K* as k-tuples of numbers.

Lemma. Let V be a finite-dimensional vector space. Let Wy, . .., Wk
be subspaces of Vand let W = W; + - - + Wy The following are equivalent.

(a) Wy, ..., Wy are independent.
(b) For each j, 2 <] <k, we have

WiN (VVI + -+ VVj—l) = {0}

(e) If ®; is an ordered basis for Wi, 1 <1 <k, then the sequence ® =
(®y ..., Bk is an ordered basis for W.



210

Elementary Canonical Forms Chap. 6

Proof. Assume (a). Let « be a vector in the intersection W; N
(Wi + --- 4+ W,_1). Then there are vectors ay, . .., aj; with a; in W;
such that & = oy + -+ 4 @;.1. Since
o+ - F+aoat+(—a)+0+---+0=0
and since Wy, . . ., W, are independent, it must be that oy = ay = -+ =
ajq =a = 0.
Now, let us observe that (b) implies (a). Suppose
0=a1+~--+ak, aiinWi.
Let j be the largest integer ¢ such that a; % 0. Then

O=ar+ - + aj a; #= 0.

Thus a;j = —a; — * -+ — a@;1 i8 a non-zero vector in W, N\ (Wy 4 -+ +
Wiy).

Now that we know (a) and (b) are the same, let us see why (a) is
equivalent to (c). Assume (a). Let ®; be a basis for W;, 1 <1 < k, and let

® = (®By, ..., ®). Any linear relation between the vectors in ® will have
the form

B+ +B8=0
where B; is some linear combination of the vectors in ®;. Since W1, . . ., W,

are independent, each 3; is 0. Since each ®; is independent, the relation we
have between the vectors in ® is the trivial relation.
We relegate the proof that (¢) implies (a) to the exercises (Exercise

2.1

If any (and hence all) of the conditions of the last lemma hold, we
say that the sum W = W, + ... + W, is direct or that W is the direct
sum of Wy, . .., W, and we write

W=w,®- - OW.

In the literature, the reader may find this direct sum referred to as an
independent sum or the interior direct sum of Wy, ..., Wi

ExampLE 11. Let V be a finite-dimensional vector space over the field
F and let {ay, ..., as} be any basis for V. If W, is the one-dimensional
subspace spanned by a;, then V=W, D --- @ W,.

ExampLE 12. Let n be a positive integer and F a subfield of the com-
plex numbers, and let V be the space of all n X n matrices over F. Let
W1 be the subspace of all symmetric matrices, i.e., matrices A such that
A" = A. Let W, be the subspace of all skew-symmetric matrices, i.e.,
matrices A such that A = —A. Then V = W, @ W,. If A is any matrix
in V, the unique expression for A as a sum of matrices, one in W; and the
other in Wy, is
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A=A+ 4,
4, = %(A + At)
Ay = 1A — AY.

ExampLEe 13. Let T be any linear operator on a finite-dimensional
space V. Let ¢y, . . ., ¢ be the distinet characteristic values of 7, and let
W be the space of characteristic vectors associated with the characteristic
value ¢;. Then Wy, . .., W, are independent. See the lemma before Theo-

rem 2. In particular, if T is diagonalizable, then V = W, @ --- D W..

Definition. If V is a vector space, a projection of V is a linear
operator E on V such that E2 = E.

Suppose that E is a projection. Let K be the range of E and let N be
the null space of E.

1. The vector 8 is in the range R if and only if E8 = 8. If 8 = Eq,
then E8 = E2 = Ea = . Conversely, if 8 = EB, then (of course) 8 is in
the range of K.

2.V=R®N.

3. The unique expression for o as a sum of vectors in B and N is
a = FEa+ (a — Ea).

From (1), (2), (3) it is easy to see the following. If R and N are sub-
spaces of V such that V = R @ N, there is one and only one projection
operator E which has range R and null space N. That operator is called the
projection on R along N.

Any projection E is (trivially) diagonalizable. If {ay, ..., a} is a
basis for R and {a,41, . . ., a.} a basis for N, then the basis & = {ay, . . .,

a,} diagonalizes E:
I 0

where I is the 7 X r identity matrix. That should help explain some of the
terminology connected with projections. The reader should look at various
cases in the plane R? (or 3-space, R?), to convince himself that the projec-
tion on R along N sends each vector into R by projecting it parallel to N.

Projections can be used to describe direct-sum decompositions of the
space V. For, suppose V = Wi P --- @ W, For each 7 we shall define
an operator E;on V. Let abein V, say @ = a; + -+ + ax with a; in Wa.
Define Ejo = a;. Then E; is a well-defined rule. It is easy to see that E; is
linear, that the range of E; is W;, and that E; = E;. The null space of E;
is the subspace

Wit o+ Wia+ Wia £+ - + Wa)

for, the statement that Eja = 0 simply means a; = 0, i.e., that a is actually
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a sum of vectors from the spaces W; with ¢ 5 j. In terms of the projections
E; we have
(6-13) o =Fa+ - + B
for each o in V. What (6-13) says is that

I=E+ .-+ E.

Note also that if 7 & j, then E;E; = 0, because the range of E; is the
subspace W, which is contained in the null space of E;. We shall now
summarize our findings and state and prove a converse.

Theorem 9. If V.= W, @ - - - @ Wy, then there exist k linear opera-
tors Eq, . . ., Ex on 'V such that

(1) each E; is a projection (B} = E));
(i) Bl = 0, 4f 1
() IT=E + - + Ey;
(iv) the range of T; is W,

Conversely, if By, . . ., Ex are k linear operators on V which satisfy conditions
(1), (1), and (iii), and if we let W; be the range of B, then V= W; P --- D
Wi.

Proof. We have only to prove the converse statement. Suppose
Ey, ..., Ey are linear operators on V which satisfy the first three condi-
tions, and let W, be the range of E;. Then certainly

V=W +- -+ W
for, by condition (iii) we have
a=Fa+ - + Ea
for each a in V, and E;« is in W,. This expression for « is unique, because if
a=a+ -+

with o; in W, say a; = E.8;, then using (i) and (ii) we have

k
Eia = 3 Eja;
i=1

Il

k
‘21 E;E 8:

E38;
= E;;

= 4.

This shows that V is the direct sum of the W;. |
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Exercises

1. Let V be a finite-dimensional vector space and let W, be any subspace of V.
Prove that there is a subspace W, of V such that V = W, @ W..

2. Let V be a finite-dimensional vector space and let Wy, . . ., W be subspaces
of V such that

V=W,+- -+ W, and dim V = dim W, + --- 4 dim W,.
Provethat V =W, P --- ® Wh.

3. Find a projection E which projects R? onto the subspace spanned by (1, —1)
along the subspace spanned by (1, 2).

4. If E; and E, are projections onto independent subspaces, then E; + E; is a
projection. True or false?

5. If £ is a projection and f is a polynomial, then f(¥) = ol + bE. What are
a and b in terms of the coefficients of f?

6. True or false? If a diagonalizable operator has only the characteristic values
0 and 1, it is a projection.

7. Prove that if £ is the projection on R along N, then (I — E) is the projection
on N along R.

8. Let Ey,. .., E;ybelinear operators on the space Vsuch that B, 4 -+ - 4 E; = [.
(a) Prove that if E;E; = 0 for ¢ 5 j, then E? = E, for each 7.
(b) In the case k = 2, prove the converse of (a). That is, if £, + E; = I and
B = E\, E} = E,, then E\E, = 0.

9. Let V be a real vector space and F an idempotent linear operator on V, i.e.,
a projection. Prove that (I + E) is invertible. Find (I + E)~L.

10. Let F be a subfield of the complex numbers (or, a field of characteristic zero).

Let V be a finite-dimensional vector space over F. Suppose that Ky, ..., Ex

are projections of V and that E, + --- + Ex = I. Prove that E;E; = Ofor¢ # j

(Hint: Use the trace function and ask yourself what the trace of a projection is.)

11. Let V be a veetor space, let Wy, ..., Wi be subspaces of V, and let
Vi=Wi+ -+ Wi+ Wi+ - + W

Suppose that V.= W, @ -+ @® Wi Prove that the dual space V* has the direct-
sum decomposition V* = Vi@ -.- @ Vi.

6.7. Invariant Direct Sums

We are primarily interested in direct-sum decompositions V =
Wi@® --- @ Wy, where each of the subspaces W, is invariant under some
given linear operator T. Given such a decomposition of V, T induces a
linear operator T'; on each W, by restriction. The action of T is then this.
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If « is a vector in ¥V, we have unique vectors ay, . . ., ax with «; in W, such
that
a=o+ -+
and then
TO( = T1a1 + et + Tkak.

We shall describe this situation by saying that T is the direct sum of the
operators T4, . .., Tk It must be remembered in using this terminology
that the 7'; are not linear operators on the space V but on the various
subspaces W. The fact that V.= W, @ - -- @ W, enables us to associate
with each « in V a unique k-tuple (ay, . . ., ax) of vectors e; in W; (by o =
a1 + -+ + ap) in such a way that we can carry out the linear operations
in ¥V by working in the individual subspaces W,. The fact that each W, is
invariant under 7' enables us to view the action of 7' as the independent
action of the operators T'; on the subspaces W,. Our purpose is to study T
by finding invariant direct-sum decompositions in which the 7'; are opera-
tors of an elementary nature.

Before looking at an example, let us note the matrix analogue of this
situation. Suppose we select an ordered basis ®; for each W, and let ®
be the ordered basis for V consisting of the union of the ®; arranged in
the order ®,, ..., B, so that ® is a basis for V. From our discussion
concerning the matrix analogue for a single invariant subspace, it is easy
to see that if A = [T]g and A; = [T:]e, then A has the block form

Al 0 o 0
(6-14) a0 A0

In (6-14), A; is a d; X d; matrix (d; = dim W), and the 0’s are symbols
for rectangular blocks of scalar (Vs of various sizes. It also seems appro-
priate to describe (6-14) by saying that A is the direct sum of the matrices
Ay, ..., A

Most often, we shall describe the subspace W, by means of the associ-
ated projections E; (Theorem 9). Therefore, we need to be able to phrase
the invariance of the subspaces W; in terms of the E,.

Theorem 10. Let T be a linear operator on the space V, and let
Wy, ..., Wxand E,, ..., Ex be as in Theorem 9. Then a necessary and
sufficient condition that each subspace W; be invariant under T is that T
commute with each of the projections K, i.e.,

TE; = KT, i=1...,k
Proof. Suppose T commutes with each E,. Let a be in W;. Then
Eia = a, and
Ta = T(Eja)
= E;(Ta)
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which shows that Ta is in the range of I/;, i.e., that W is invariant under 7.
Assume now that each W, is invariant under 7. We shall show that
TE; = E,T. Let a be any vector in V. Then

a=E1a—{—~--+Eka
Ta = TE e + -+ + TEa.

Since E.a is in W;, which is invariant under T, we must have T(E.a) =
E5; for some vector 8;. Then

E,-TEicz = EJElﬁl

[0, if i
T\ EB;, if i=7.
Thus ,
EjTa = .EjTElol + A + EjTEkCY
= E;B;
= TEja.

This holds for each « in V, sc E;T = TE;. |

We shall now describe a diagonalizable operator 7' in the language of
invariant direct sum decompesitions (projections which commute with 7).
This will be a great help to us in understanding some deeper decomposition
theorems later. The reader may feel that the description which we are
about to give is rather complicated, in comparison to the matrix formula-
tion or to the simple statement that the characteristic vectors of T’ span the
underlying space. But, he should bear in mind that this is our first glimpse
at a very effective method, by means of which various problems concerned
with subspaces, bases, matrices, and the like can be reduced to algebraic
calculations with linear operators. With a little experience, the efficiency
and elegance of this method of reasoning should become apparent.

Theorem 11. Let T be a linear operator on a fintte-dimensional space V.
If T is diagonalizable and if ¢, . . ., cx are the distinct characteristic
values of T, then there exist linear operators Ky, . . ., Ex on V such that

@) T =iy + -+ 4 el
i) I=E+ - + Eg
(i) EE; = 0,1 #j;
(iv) Ef = E; (E; is a projection);
(v) the range of E; is the characteristic space for T associated with c;.

Conversely, if there exist k distinct scalars ¢y, . . ., ¢k and k non-zero
linear operators Ey, . . ., By which satisfy conditions (i), (i), and (ii1), then
T is diagonalizable, ¢y, . . ., ¢ are the distinct characteristic values of T, and

conditions (iv) and (v) are satisfied also.

Proof. Suppose that T is diagonalizable, with distinct charac-
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teristic values ¢y, . . ., cz. Let W, be the space of characteristic vectors
associated with the characteristic value ¢;. As we have seen,

V=W® - ® W

Let Ey, . . ., E be the projections associated with this decomposition, as
in Theorem 9. Then (i), (iii), (iv) and (v) are satisfied. To verify (i),
proceed as follows. For each @ in V,

Ewa+ - 4 Ea

I

[e4

and so
Ta = TE1(X+ + TEkOl
= 61E1OL + e + CkEkOl.

In other words, T' = c.Fy + << - + .

Now suppose that we are given a linear operator T along with distinct
scalars ¢; and non-zero operators F. which satisfy (i), (i) and (ii1). Since
E.E; = 0 when ¢ # j, we multiply both sides of I = E; + --- + Ei by
E; and obtain immediately E; = E;. Multiplying T = ¢.F1 + -+ + aEr
by E., we then have TE; = ¢;E;, which shows that any vector in the range
of B, is in the null space of (T — ¢.I). Since we have assumed that E; 0,
this proves that there is a non-zero vector in the null space of (T' — ¢l),
i.e., that ¢; is a characteristic value of T. Furthermore, the ¢; are all of the
characteristic values of T'; for, if ¢ is any scalar, then

T—c¢cl =(—c)Ey+ -+ + (e — ¢)Es

so if (T' — c)a = 0, we must have (¢; — ¢)E,a = 0. If « is not the zero
vector, then Eia 5 0 for some ¢, so that for this ¢ we have ¢; — ¢ = 0.
Certainly T is diagonalizable, since we have shown that every non-
zero vector in the range of E; is a characteristic vector of T, and the fact
that I = E; 4+ --- 4+ E shows that these characteristic vectors span V.
All that remains to be demonstrated is that the null space of (T — ¢.l) is
exactly the range of E,. But this is clear, because if Ta = ¢, then

k
2 (Cj - C«;)Eja =0
i=1
hence
(e; — ei)Esa = 0 for each j
and then
Eia =0, Jj# L.

Since a = Eya + --- + Eiwa, and Eja = 0 for j # 1, we have a = Eia,
which proves that « iIs in the range of E;. |}

One part of Theorem 9 says that for a diagonalizable operator T
the scalars ¢, . . ., ¢x and the operators Ej, . .., E; are uniquely deter-
mined by conditions (i), (i), (iii), the fact that the c; are distinet, and
the fact that the E; are non-zero. One of the pleasant features of the
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decomposition T = ¢ E1 + -+ - + cFx s that if g is any polynomial over
the field F, then
g(T) = g(c)Er + -+ - + g(cx) Ex.

We leave the details of the proof to the reader. To see how it is proved one
need only compute 77 for each positive integer r. For example,

k k

TZ = 2 CiEi E CjEj
i=1 i=1
k&

= > X CiCjEiEj

i=1j5=1

k
272
> ci B
i=1
2
= CiE«i.
1

s

T

The reader should compare this with g(4) where A is a diagonal matrix;
for then g(A4) is simply the diagonal matrix with diagonal entries g(4du),

y g(Ann).
We should like in particular to note what happens when one applies
the Lagrange polynomials corresponding to the scalars ¢, . . ., c:

( — ci)
)- = —_—
bi iz (€ — ¢4)

We have p;(c;) = &;;, which means that
&
pi(T) = Z bl

= E;.

Thus the projections E; not only commute with 7' but are polynomials in
T.

Sueh caleulations with polynomials in 7 can be used to give an
alternative proof of Theorem 6, which characterized diagonalizable opera-
tors in terms of their minimal polynomials. The proof is entirely inde-
pendent of our earlier proof.

If T is diagonalizable, T = ciE1 4+ - - - + celik, then

g(T) = g(ec)Er + -+ - + glcx)Ex

for every polynomial g. Thus g(T) = 0 if and only if g(c;) = 0 for each <.
In particular, the minimal polynomial for T is

p=(@x—c) - (®— c).

Now suppose T is a linear operator with minimal polynomial p =
(x —¢) -+ (x — ¢), where ¢y, . . ., ¢ are distinct elements of the scalar
field. We form the Lagrange polynomials
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pi =11 @ — o)

We recall from Chapter 4 that p;(c;) = 8;; and for any polynomial g of
degree less than or equal to (¢ — 1) we have

g =gledpr + -+ + gle)ps.
Taking g to be the scalar polynomial 1 and then the polynomial z, we have
l=pi+ - + s
X =C:p1+ +Ckpk-
(The astute reader will note that the application to z may not be valid
because k may be 1. But if £ = 1, 7 is a scalar multiple of the identity and
hence diagonalizable.) Now let E; = p;(T). From (6-15) we have
I=E+ -+ E
T = 01E1+ +CkEk.
Observe that if 7 = 7, then p.p; is divisible by the minimal polynomial p,
because psp; contains every ( — ¢,) as a factor. Thus

We must note one further thing, namely, that E; = 0 for each 4. This
is because p is the minimal polynomial for 7" and so we cannot have
p:(T) = 0 since p; has degree less than the degree of p. This last comment,
together with (6-16), (6-17), and the fact that the c; are distinct enables us
to apply Theorem 11 to conclude that T is diagonalizable. ||

(6-15)

(6-16)

Exercises

1. Let E be a projection of V and let T be a linear operator on V. Prove that the
range of E is invariant under 7 if and only if ETE = TE. Prove that both the
range and null space of £ are invariant under 7 if and only if ET = TE.

2. Let T be the linear operator on R?, the matrix of which in the standard ordered
basis is
21
[0 2]

Let W, be the subspace of R? spanned by the vector ¢ = (1, 0).

(a) Prove that W, is invariant under 7.

(b) Prove that there is no subspace W, which is invariant under 7 and which
is complementary to Wy:

R2 = W1 (—B Wz.
(Compare with Exercise 1 of Section 6.5.)

3. Let T be a linear operator on a finite-dimensional vector space V. Let R be
the range of T and let N be the null space of T. Prove that R and N are inde-
pendent if and only if V.= E @ N.
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4. Let T be a linear operator on V. Suppose V= W; @ --- @ W;, where each

W, is invariant under 7. Let T; be the induced (restriction) operator on W..

(a) Prove that det (T) = det (T)) - -- det (T%).

(b) Prove that the characteristic polynomial for f is the product of the charac-
teristic polynomials for f1, . . ., fi.

(c) Prove that the minimal polynomial for T is the least common multiple
of the minimal polynomials for Ty, ..., T4 (Hint: Prove and then use the cor-
responding facts about direct sums of matrices.)

5. Let T be the diagonalizable linear operator on R?® which we discussed in
Example 3 of Section 6.2. Use the Lagrange polynomials to write the representing
matrix A in the form A = E; + 2E,, E\ + K, = I, E.E, = 0.

6. Let A be the 4 X 4 matrix in Example 6 of Section 6.3. Find matrices E,, E,, E;
such that A = ¢\Fy + coEo + 3B, B+ E; + E; = I, and E:E; = 0,7 # j.

7. In Exercises 5 and 6, notice that (for each 7) the space of characteristic vectors
associated with the characteristic value ¢; is spanned by the column vectors of the
various matrices E; with 7 # 4. Is that a coincidence?

8. Let T be a linear operator on V which commutes with every projection operator
on V. What can you say about T?

9. Let V be the vector space of continuous real-valued functions on the interval
[—1, 1] of the real line. Let W, be the subspace of even functions, f(—z) = f(),
and let W, be the subspace of odd functions, f(—z) = —f(z).

(a) Show that V =W, W,.
(b) If T is the indefinite integral operator

@@ = [ 50 d

are W, and W, invariant under T'?

6.8. The Primary Decomposition Theorem

We are trying to study a linear operator T on the finite-dimensional
space V, by decomposing T into a direct sum of operators which are in
some sense elementary. We can do this through the characteristic values
and vectors of T in certain special cases, 1.e., when the minimal polynomial
for T factors over the scalar field F into a product of distinet monic poly-
nomials of degree 1. What can we do with the general T? If we try to study
T using characteristic values, we are confronted with two problems. First,
T may not have a single characteristic value; this is really a deficiency in
the scalar field, namely, that it is not algebraically closed. Second, even if
the characteristic polynomial factors completely over F into a product of
polynomials of degree 1, there may not be enough characteristic vectors for
T to span the space V; this is clearly a deficiency in T'. The second situation
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is llustrated by the operator 7' on F?® (F any field) represented in the

standard basis by
2 0 O
A= |:1 2 0y
0 0 -1

The characteristic polynomial for 4 is (x — 2)?(z + 1) and this is plainly
also the minimal polynomial for A (or for T'). Thus T is not diagonalizable.
One sees that this happens because the null space of (T — 2I) has dimen-
sion 1 only. On the other hand, the null space of (T’ + I) and the null space
of (T' — 2I)? together span V, the former being the subspace spanned by
e; and the latter the subspace spanned by ¢ and e;.

This will be more or less our general method for the second problem.
If (remember this is an assumption) the minimal polynomial for T de-
composes

p=G@=—ar @—awn
where ¢, . . ., ¢ are distinet elements of F, then we shall show that the
space V is the direct sum of the null spaces of (T' — ¢y, ¢ =1,...,k.
The hypothesis about p is equivalent to the fact that T is triangulable
(Theorem 5); however, that knowledge will not help us.

The theorem which we prove is more general than what we have
described, since it works with the primary decomposition of the minimal
polynomial, whether or not the primes which enter are all of first degree.
The reader will find it helpful to think of the special case when the primes
are of degree 1, and even more particularly, to think of the projection-type
proof of Theorem 6, a special case of this theorem.

Theorem 12 (Primary Decomposition Theorem). LetT be a linear
operator on the finite-dimensional vector space V over the field F. Let p be the
maneimal polynomzal for T,

pP= p‘i‘ e p;ck
where the p; are distinct trreducible monic polynomials over ¥ and the r; are
posttive integers. Let W be the null space of pi(T)v, 1= 1,...,k. Then

HV=WiD - DWWy
(i1) each Wi is invariant under T;
(1it) #f T ¢s the operator induced on W; by T, then the minimal poly-
nomzal for T; is pi'.

Proof. The idea of the proof is this. If the direct-sum decomposi-
tion (i) is valid, how can we get hold of the projections Ej, . . ., Ex associ-
ated with the decomposition? The projection E; will be the identity on W;
and zero on the other W;. We shall find a polynomial #; such that hi(T) is
the identity on W, and is zero on the other W;, and so that A (T) + --- +
h(T) = I, ete.



Sec. 6.8 The Primary Decomposition Theorem

For each 1, let

p .
fi== =1 pj
f D =i b
Sinee py, . . ., px are distinet prime polynomials, the polynomials fi, . . ., fi

are relatively prime (Theorem 10, Chapter 4). Thus there are polynomials
¢, - - -, gi such that

Note also that if 7 5 j, then f.f; is divisible by the polynomial p, because
fif; contains each ph as a factor. We shall show that the polynomials
h: = fig: behave in the manner described in the first paragraph of the proof.

Let By = hi(T) = fu(T)g.T). Since by + --- + hx = 1 and p divides
fif; for © # 3, we have

Evtd -+ Ee=1
EE; =0, if ij.

Thus the E; are projections which correspond to some direct-sum de-
composition of the space V. We wish to show that the range of E; is exactly
the subspace W.. It is clear that each vector in the range of E; is in W, for
if @ is in the range of £;, then « = E,« and so

pi(Tya = pi(T)"Ea

= pi(T)f(T)gi(T)ex
=0

because p'fig; is divisible by the minimal polynomial p. Conversely,
suppose that « is in the null space of p,(T)". If j # ¢, then f;g; is divisible
by p7 and so f;(T)g;(Ta = 0, i.e., Ea = 0 for j # <. But then it is im-
mediate that F.a = a, i.e., that « is in the range of E;. This completes the
proof of statement (i).

It is certainly clear that the subspaces W, are invariant under 7.
If T, is the operator induced on W, by T, then evidently p(T:)" = 0,
because by definition p;(T)" is 0 on the subspace W;. This shows that the
minimal polynomial for T'; divides pi'. Conversely, let ¢ be any polynomial
such that g(T:) = 0. Then g(T)f«(T) = 0. Thus g¢f; is divisible by the
minimal polynomial p of T, i.e., pif; divides gfi. It is easily seen that pi
divides ¢. Hence the minimal polynomial for T is pi. |

Corollary. IfE,, . . ., Ex are the projections associated with the primary
decomposition of T, then each E; 1is a polynomial in T, and accordingly if a
linear operator U commutes with T then U commules with each of the B, t.e.,
each subspace W; s tnvariant under U.

In the notation of the proof of Theorem 12, let us take a look at the
special case in which the minimal polynomial for 7' is a product of first-
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degree polynomials, i.e., the case in which each p; is of the form
pi = ¢ — ¢;. Now the range of E; is the null space W, of (T — ¢.I)™.
Let us pat D = ¢y + --- + &fly. By Theorem 11, D is a diagonal-
1zable operator which we shall call the diagonalizable part of 7. Let us
look at the operator N = 7 — D. Now

T =TE + - + TE
D =cE + - + ab:
50
N = (T‘—CJ)El-f— +(T——Ck1)Ek.

The reader should be familiar enough with projections by now so that he
sees that

N = (T — ) By + --- 4+ (T — ¢l)2E;
and in general that
NT = (T - Cll)TEl + st ‘+‘ (T i CkI)TEk.

When r > r; for each ¢, we shall have N = 0, because the operator
(T — ¢y will then be 0 on the range of E..

Definition. Let N be a linear operator on the vector space V. We say
that N 7s nilpotent if there s some positive integer t such that N* = 0.

Theorem 13. Let T be a linear operator on the finite-dimensional vector
space V over the field F. Suppose thal the minimal polynomial for T de-
composes over F into a product of linear polynomials. Then there is a diago-
nalizable operator D on V and a nilpotent operator N on V such that

() T=D + N,
(i) DN = ND.

The diagonalizable operator D and the nilpotent operator N are uniquely
determined by (i) and (i) and each of them is a polynomial in T.

Proof. We have just observed that we can write T = D + N
where D is diagonalizable and N is nilpotent, and where D and N not only
commute but are polynomials in T. Now suppose that we also have T =
D’ + N’ where D’ is diagonalizable, N’ is nilpotent, and D'N’ = N'D’.
We shall prove that D = D’ and N = N".

Since D’ and N’ commute with one another and T = D’ 4+ N’, we
see that D’ and N’ commute with T. Thus D’ and N’ commute with any
polynomial in T'; hence they commute with D and with N. Now we have

D+N=D+N'
or
D~-D =N —~N

and all four of these operators commute with one another. Since D and D’
are both diagonalizable and they commute, they are simultaneously
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diagonalizable, and D — D’ is diagonalizable. Since N and N’ are both
nilpotent and they commute, the operator (N — N) is nilpotent; for,
using the fact that N and N’ commute

& =y = 3 () @y

and so when r is sufficiently large every term in this expression for
(N’ — N)r will be 0. (Actually, a nilpotent operator on an n-dimensional
space must have its nth power 0; if we take r = 2n above, that will be
large enough. It then follows that » = n is large enough, but this is not
obvious from the above expression.) Now D — D’ is a diagonalizable
operator which is also nilpotent. Such an operator is obviously the zero
operator; for since it is nilpotent, the minimal polynomial for this operator
is of the form x7 for some r <{ m; but then since the operator is diagonaliza-
ble, the minimal polynomial cannot have a repeated root; hence r = 1 and
the minimal polynomial is simply z, which says the operator is 0. Thus we
seethat D = D’ and N = N'. |

Corollary. Let V be a finite-dimensional vector space over an algebra-
tcally closed field F, e.g., the field of complex numbers. Then every lLinear
operator T on V can be written as the sum of a diagonalizable operator D
and a nilpotent operator N which commute. These operators D and N are
unique and each is a polynomial in T.

From these results, one sees that the study of linear operators on
vector spaces over an algebraically closed field is essentially reduced to
the study of nilpotent operators. For vector spaces over non-algebraically
closed fields, we still need to find some substitute for characteristie values
and vectors. It is a very interesting fact that these two problems can be
handled simultaneously anc this is what we shall do in the next chapter.

In concluding this section, we should like to give an example which
illustrates some of the ideas of the primary decomposition theorem. We
have chosen to give it at the end of the section since it deals with differential
equations and thus is not purely linear algebra.

ExampLe 14. In the primary decomposition theorem, it is not neces-
sary that the vector space V be finite dimensional, nor is it necessary for
parts (i) and (ii) that p be the minimal polynomial for T. If T is a linear
operator on an arbitrary vector space and 4f there is a monic polynomial
p such that p(T) = 0, then parts (i) and (ii) of Theorem 12 are valid for T
with the proof which we gave.

Let n be a positive integer and let V be the space of all n times con-
tinuously differentiable functions f on the real line which satisfy the
differential equation

223
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arf e T df _
(6-18) dir Gn—1 a1 + + a dt + af =0
where ay, . . ., @,1 are some fixed constants. If C, denotes the space of

n times continuously differentiable functions, then the space V of solutions
of this differential equation is a subspace of C,. If D denotes the differentia-
tion operator and p is the polynomial

p=2"+ "+ - Far+a

then V is the null space of the operator p(D), because (6-18) simply says
p(D)f = 0. Therefore, V is invariant under D. Let us now regard D as a
linear operator on the subspace V. Then p(D) = 0.

If we are discussing differentiable complex-valued functions, then C,
and V are complex vector spaces, and ay, . . ., a,—1 may be any complex
numbers. We now write

p=@—a)" - @—a)"

where ¢y, . . ., ¢ are distinet complex numbers. If W; is the null space of
(D — ¢;I)7, then Theorem 12 says that

V=W®  DWe

In other words, if f satisfies the differential equation (6-18), then f is
uniquely expressible in the form

f=h+ -+

where f; satisfies the differential equation (D — ¢;I)7if; = 0. Thus, the
study of the solutions to the equation (6-18) is reduced to the study of
the space of solutions of a differential equation of the form

(6-19) (D—chyf=0.

This reduction has been accomplished by the general methods of linear
algebra, 1.e., by the primary decomposition theorem.

To describe the space of solutions to (6-19), one must know something
about differential equations, that is, one must know something about D
other than the fact that it is a linear operator. However, one does not need
to know very much. It is very easy to establish by induction on r that if f
is in C, then

(D — eI)f = etD"(e~Y)
that is,
% — of(t) = e“d% (e=¢Y), ete.
Thus (D ~ ¢I)’f = 0 if and only if D"(e~%) = 0. A function g such that
Drg = 0, i.e., d'g/dt" = 0, must be a polynomial function of degree (r — 1)
or less:
g(t) = bo + blt + e + b,-_lt'_l.
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Thus f satisfies (6-19) if and only if f has the form
f(t) = e”(_vbo + b1t + e + br_ltr—l).

Accordingly, the ‘functions’ ect, fect, . . ., ir—le** span the space of solutions

of (6-19). Since 1, ¢, ..., ¢! are linearly independent functions and the.

exponential function has no zeros, these r functions t/e’t, 0 < j <r — 1,
form g basis for the space of solutions.
Returning to the differential equation (6-18), which is
P =0
p=f(z—c) - (& — )

we see that the n functions fmest, 0 <m <r;, — 1, 1 <j <k, form a
basis for the space of solutions to (6-18). In particular, the space of solutions
is finite-dimensional and has dimension equal to the degree of the poly-
nomial p.

Exercises

1. Let T be a linear operator on R? which is represented in the standard ordered

basis by the matrix
6 —3 -2
[ 4 -1 - Zil-
10 =5 =3

Express the minimal polynomial p for T in the form p = pips, where p, and p,
are monic and irreducible over the field of real numbers. Let W; be the null space
of p:(T). Find bases &, for the spaces Wy and W,. If T; is the operator induced on
W by T, find the matrix of T; in the basis ®; (above).

2. Let T be the linear operator on R® which is represented by the matrix

3 1 —1
2 2 -1
2 2 0

in the standard ordered basis. Show that there is a diagonalizable operator D
on R? and a nilpotent operator N on R? such that T'= D + N and DN = ND.
Find the matrices of D and N in the standard basis. (Just repeat the proof of
Theorem 12 for this special case.)

3. If V is the space of all polynomials of degree less than or equal to n over a
field F, prove that the differentiation operator on V is nilpotent.

4. Let T be a linear operator on the finite-dimensional space V with characteristic
polynomial
f = (Z — cl)dl e (JD _— Ck)dk

and minimal polynomial
p — (x _— Cl)Tl o s (x — ck)Tk.
Let W, be the null space of (T' — ¢;I)™.
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(a) Prove that W, is the set of all vectors a in V such that (T — ¢;[)"a = 0
for some positive integer m (which may depend upon «).

(b) Prove that the dimension of W; is d;. (Hint: If T is the operator induced
on W; by T, then T; — ¢ is nilpotent; thus the characteristic polynomial for
T; — ¢;I must be z¢ where ¢; is the dimension of W, (proof?); thus the charac-
teristic polynomial of T; is (x — ¢;)%; now use the fact that the characteristic
polynomial for T is the product of the characteristic polynomials of the T; to show
that e; = di.)

5. Let V be a finite-dimensional vector space over the field of complex numbers.
Let T be a linear operator on V and let D be the diagonalizable part of T. Prove
that if ¢ is any polynomial with complex coeflicients, then the diagonalizable part
of g(T) is g(D).

6. Let V be a finite-dimensional vector space over the field F, and let T be a
linear operator on V such that rank (T') = 1. Prove that either 7T is diagonalizable
or T is nilpotent, not both.

7. Let V be a finite-dimensional vector space over F, and let 7' be a linear operator
on V. Suppose that T commutes with every diagonalizable linear operator on V.
Prove that T is a scalar multiple of the identity operator.

8. Let V be the space of n X n matrices over a field F, and let A be a fixed n X n
matrix over F. Define a linear operator T on V by T(B) = AB — BA. Prove
that if A is a nilpotent matrix, then 7 is a nilpotent operator.

9. Give an example of two 4 X 4 nilpotent matrices which have the same minimal
polynomial (they necessarily have the same characteristic polynomial) but which
are not similar,

10. Let T be a linear operator on the finite-dimensional space V,letp = p7* - - - p§
be the minimal polynomial for T, and let V.= W, @ --- @ W, be the primary
decomposition for T, i.e., W; is the null space of p;(T)". Let W be any subspace
of V which is invariant under T. Prove that

W=WNW)@WNW)P--- &WN Wa).

11. What’s wrong with the following proof of Theorem 13? Suppose that the
minimal polynomial for 7' is a product of linear factors. Then, by Theorem 5,
T is triangulable. Let ® be an ordered basis such that A = [T]g is upper-triangular.
Let D be the diagonal matrix with diagonal entries ay, . . ., . Then 4 = D + N,
where N is strictly upper-triangular. Evidently N is nilpotent.

12. If you thought about Exercise 11, think about it again, after you observe
what Theorem 7 tells you about the diagonalizable and nilpotent parts of 7.

13. Let T be a linear operator on V with minimal polynomial of the form p»,
where p is irreducible over the scalar field. Show that there is a vector @ in V
such that the T-annihilator of « is pn.

14. Use the primary decomposition theorem and the result of Exercise 13 to prove
the following. If 7' is any linear operator on a finite-dimensional vector space V,

then there is a vector o in V with T-annihilator equal to the minimal polynomial
for T,

15. If N is a nilpotent linear operator on an n-dimensional vector space V, then
the characteristic polynomial for N is z.



