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DIFFERENTIAL EQUATIONS AND LAPLACE TRANSFORMS 

UNIT.I: First  order , higher degree differential equations solvable for x- solvable  for y- 

solvable for  
dx

dy
 - Clairauts form- conditions of integrability  of 0 NdyMdx -Simple  problems. 

Unit .II: Particular Integrals of second order differential equations with constant coefficients- 

Linear equations with constant coefficients – Linear equations with variable coefficients- 

Method of variation of parameters (Omit third and higher order equations). 

Unit.III: Formation of partial differential  equations – General ,Particular and  Complete 

integrals- Solutions of  Partial differential equations of the standard forms- Lagrange’s method – 

Charpit’s method and a few standard forms. 

Unit. IV: Partial differential equations of second order homogeneous equations with constant 

coefficients – Particular integrals of   ),(),( 1 yxfzDDF     where ),( yxf  is one of the form 

srbyax yxbyaxbyaxe ),cos(),sin(,   and  ),( yxfe byax . 

UNIT.V: Laplace transforms-standard formulae- Basic theorems and simple applications-

Inverse Laplace transforms –Use of Laplace transform in solving  ordinary diffrerntial equations 

with constant coefficients. 
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1. M.D.Raisinghania,  Ordinary  and partial differential equations, Sulthan chand and  

co. 

2. M.K.Venkataraman,  Engineering Mathematics,S.V.Publications,1985,Revised 
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DIFFERENTIAL EQUATIONS 

Definition: A differential equation is an equation in which differential coefficients occurs. 

Differential equations are of two types. 

      (i) Ordinary differential equations (ii) Partial differential equations  

Definition: An ordinary differential equation is an equation in which a single independent 

variable enters either explicitly or implicitly .For example 

                      x
dx

dy
cos2 , 02

2

2

 ym
dx

yd
 and  xy

dx

dy
x

dx

yd
x sin2

2

2
2   

are all ordinary differential equations. 

Definition: A partial differential equation is one in which at least two (two or more) independent 

variables occur and the partial differential coefficients occurring in them have reference to any of 

these  variables .For example   
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are all partial differential equations. 

Definition: The order of an ordinary differential equation is the order of the highest derivative 

occurring in it. 

Definition: The  degree of the differential equation is the degree of the highest  derivative when 

it is cleared of radicals and fractions. 

For example 1) xy
dx

dy

dx

yd







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2

2

2

,the order of the differential equation is two and the 

degree is also two. 
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  the order and  degree of the differential equation are both two. 

 

Equations of the first order but of higher degree: 

TYPE:A Equations solvable for 
dx

dy
 

We  shall denote  
dx

dy
 hereafter by p . 

Let  the equation of  the first  order  and of the  thn  degree in   p  be  

   0.....2

2

1

1  

n

nnn PpPpPp    -------------------                                       (1) 
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Where nPPP ,......., 21  denote functions of x  and y . 

Suppose the first number of (1) can be resolved into factors of the first degree of the form  

                )).......()(( 21 nRpRpRp   

   Any relation between x  and y which makes any of these factors  vanish is a solution of (1). 

Let  the primitives of  0,0 21  RpRp  etc. be  

                 0),,(..........0),,(,0),,( 2211  nn cyxcyxcyx    

 

respectively, where  nccc ,....., 21  are arbitrary constants. Without  any loss of generality, we  

replace  nccc ,....., 21  by  c , where  c  is an arbitrary   constant. Hence  the solution of (1) is                            

                 0),,(.).........,,(),,( 21 cyxcyxcyx n  

 

Problems: 

1) Solve  023 222  yxyppx  

Solution: Solving for ,p  

            
0)2(&0)(0)2)((       

0)(2)(022 222




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2
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2
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dx

y
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p




 

     The solution is  0))(( 2  cyxcxy  
 

2) Solve 0652  pp  

Solution: Solving for ,p  3,20)3)(2(0652  pppppp  

If  cxydxdy
dx

dy
p  2222  

If  cxydxdy
dx

dy
p  3333  
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 The solution is  0)3)(2(  cxycxy  
 

3) Solve 0232  pp  

Solution: Solving for ,p we get  2,10)2)(1(0232  pppppp  

If  cxydxdy
dx

dy
p  2222  

If  cxydxdy
dx

dy
p  11  

 The solution is  0))(2(  cxycxy  
 

4) Solve  062  pp  

Solution: Solving for ,p we get  2,30)2)(3(062  pppppp  

If  cxydxdy
dx

dy
p  3333  

If  cxydxdy
dx

dy
p  2222  

 The solution is  0)2)(3(  cxycxy  
 

5)  Solve  06)23( 222  xyyxpxyp  

Solution: Solving for p ,we get 
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p

2
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xy
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p

2

2332 2222 
  
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The solution is  0)3)(( 222  cxycxy  
 

6) Solve  01)sec(cos2  pxxp  

Solution: This is quadratic in p  .Solving this for p we get,         

2

seccos2seccos)sec(cos
      

2

42seccos)sec(cos
      

2
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If  0sinsincoscoscos  cxycxyxdxdyx
dx

dy
xp   

0c-tanx)log(secx-y                                                                   

)tanlog(secsecsecsec  



 cxxyxdxdyx
dx

dy
xp

 

Therefore the solution is  0))tanlog(sec)(sin(  cxxycxy   

 

7) Solve  
22 cot2 yxypp   



B.Sc  Mathematics                                                                                                            Differential  Equations  

6 

Srimathi Indira Gandhi College ,Trichy.2 

Solution: This is quadratic in p  .Solving this for p we get, 

2

)1(cot4cot2

1.2

)(1.4cot4cot2 22222 





xyxyyxyxy
p  
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2

cos2cot2



  

     ecxyxyp coscot     or   ecxyxyp coscot   

  ecxyxyp coscot    then  )coscot( ecxxy
dx

dy
p   

Which  cxecxxyecxx
y

dy
log)cotlog(cos)log(sinlogcoscot   

   cxecxxycxecxxy logcot(cossinloglog)cotlog(cos)log(sinlog   

cxyc
x

x
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


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

 
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dx
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coscot   
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Therefore the solution is 0})cos1(}{)cos1({  cxycxy  

8) Solve  06)23( 222  xyyxpxyp  

Solution: Consider 06)23( 222  xyyxpxyp ,which is quadratic in p  ,solving for p

,we get 

 
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  

 
x

y
p

2
    or  

y

x
p

3
  



B.Sc  Mathematics                                                                                                            Differential  Equations  

7 

Srimathi Indira Gandhi College ,Trichy.2 

   

0loglog               

loglog2log
222

222 


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2

3

2
                 

3
3

y
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


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


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Therefore the solution is  0)3)(( 222  cxycxy  

 

9) Solve  0)( 222  xypxyxyp  

Solution: The given equation is quadratic in p ,solving for p ,we get, 

  
 

xy

yxyxxyxy

xy

yxxyxy
p

2

42

2

4)( 222244222222222 



  
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yxxy
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2
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2

)( 222222222





  
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p

2

2222 
     or   
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p

2

2222 
   

y

x
p    or   

x

y
p


  

If   0222  cxyxdxydy
y

x

dx

dy

y

x
p  

If  0logloglog 





 cxycxy
x

dx

y

dy

x

y

dx

dy

x

y
p  

The solution  is  0))(2( 22  cxycxy  

 

10) Solve  pyxpxy )()1( 2   

Solution: The equation can be written as  0)(2  xypyxxyp  

Which is quadratic in p and hence  

                     
xy

yxyx

xy

yxyx

xy

yxyxyx
p

2

)()(

2

)()(

2

4)()( 2222







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yxy

x
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p

1

2

2

2



  or  

xxy

y

xy

yxyx
p

1

2

2

2



  

       If  02
11 2  cxydxydy
ydx

dy

y
p  
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      If 0loglog
11

 cxecxy
x

dx
dy

xdx

dy

x
p y  

The solution is  0))(22( 2  cxecxy y
 

 

TYPE:B Equations solvable for y or x  

                Let the differential equation  

                     0.....2

2

1

1  

n

nnn PpPpPp
 
 

can be  put in the form  0),,( pyxf .When it cannot be resolved into rational factors as in 

above ,it may be either solved for y or x. 

Equations solvable for y  

    The equation  0),,( pyxf  can be put in the form   

                     ),( pxFy                                                                                                   (1) 

Differentiating with respect to x, we get,   









dx

dp
pxp ,,  

This being an equation in two variables p and x, can be integrated  by any of the method like 

variable separable Homogeneous ,linear equations etc.,  

Let the solution  be 0),,( cpx                                                                                    (2) 

Eliminating  p between (1) and  (2),the solution is got. 

 

Problems 

1) Solve  022  xypxp   

Solution: Consider the equation  022  xypxp  

Solving  for y , we get 
p

px
y

2

)1( 2 
                                                                               (1) 

Differentiating with respect to x    

                     






























2

22 )1(1).1(2.

2

1

p

dx

dp
pxp

dx

dp
pxp

dx

dy
 

                      
dx

dp
x

dx

dp
xppp

dx

dp
xppp  2222 )1(22  

                      
dx

dp
pxpp

dx

dp
xxpppp )1()1()(2 22233   

                      

cxpxcp

cxp
x

dx

p

dp

dx

dp
xp





loglog

logloglog
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Hence we have  cxp                                                                                                       (2) 

Eliminating  p  from (1) and (2),we get  

             
cx

xcx
y

2

)1( 22 
   

      1c2cy  22  x   is the solution. 

 

2) Solve  2
1

2 )1( pxxpy   

 

Solution: Let  2
1

2 )1( pxxpy                                                                                (1) 

Differentiating   with respect  to x ,we get  

1}.1{2
12

1 2

2

















 pp

dx

dp
p

pdx

dp
x

dx

dy
 

dx

dp

p

ppx
px

p

xp

dx

dp
ppp

2

2

2

2

2

1

]1[
1

1
1






















  

222

2

11

2

2

1

1

1

p

dp

p

pdp

x

dx
dp

p

pp

x

dx
































  

Integrating  on both sides  

]1log[)1log(
2

1
log

11

2

2

1 22

22
pppx

p

dp
dp

p

p

x

dx






    

       cpppx log1log]1log[log 22   

           cpppxcpppx  2222 11log11(log                           (2) 

Eliminating  p between  (1) and  (2) we get the  solution. 

 

3) Solve  
22 1 py   

Solution: Consider  222 11 pypy                                                                (1) 

Differentiating with respect to x ,we   get  

                                
dx

dp

p

p
p

dx

dp
p

pdx

dy

22 1
2

12

1





  

                                
2p1

dp
dx  


  

Integrating on both sides  
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                                  


 cxpdx
p

dp 1

2
sinh

1
 

                                )sinh( cxp                                                                               (2) 

From  (1),  )(cosh)(sinh11 222 cxcxpy   

                    )(cosh)cosh(y  1 cxycx  
 

   )1log()()1log( 22  yycxcxyy  

Therefore, the solution is  

                      01log1log 22  yycxyycx   

4) Solve  
232 ppy   

 Solution: Consider  
232 ppy                                                                                    (1) 

Differentiating with respect to x  we get  

                            
dx

dp
pp

dx

dp
p

dx

dp

dx

dy
)62(62   

                        dp
p

dxdp
p

p
dx 











 6

262
 

Integrating on both   sides we get     cppxdpdp
p

dx 6log26
2

 

                      cppx  6log2                                                                                          (2) 

Eliminating p between (1) & (2) we get the solution.  

   

Equations solvable for x  

 The equation  0),,( pyxf  can be put in the form   

                     ),( pyFx                                                                                                     (1) 

Differentiating with respect to y , we get,   









dy

dp
py

p
,,

1
  

This being an equation in two variables p  and y , can be integrated  by any of the method 

like variable separable Homogeneous ,linear equations etc.,  

Let the solution  be 0),,( cpy                                                                                      (2) 

Eliminating p   between (1) and  (2),the solution  of (1) is got. 

 

1) Solve  )1( 22 px   

Solution: Consider     222 1)1( pxpx                                                            (1)            

Differentiating with respect to y , 
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                                 dp
p

p
dy

dy

dp
p

pdy

dx

2

2

2 1
2

12

1





  

Integrating on both sides   






 dp

p

p
ydp

p

p
dy

2

2

2

2

1

11

1
 

                                            



2

2

1
1

p

dp
dppy  

              cpp
pp

y 


  11

2

sinhsinh
2

1

2

1
 

          cp 


 1

2

sinh
2

1

2

p1p
y                                                                                   (2) 

Eliminating p  between (1) & (2) we get the solution. 

2) Solve  1)1( 2  px  

Solution: Consider  
2

2

1

1
1)1(

p
xpx


                                                                  (1) 

 Differentiating with respect to y  

                    dp
p

p
dy

22

2

)1(

2




  

Integrating both sides 

                          
  


22

2

)1(

2

p

dpp
dy

 

Put 

      

 ddpp 2sectan 

 

    







4

2

22

2

22

2

sec

tan2

)tan1(

tan2

)1(

2





 p

p

 

       














d
d

d

p

dpp
dy

1

cos
.

cos

sin2

sec

tan2
        

sec

sectan2

)1(

2

2

2

2

2

2

4

22

22

2



 








 

     
  

 

)tan1(2

tan2
tan)

2

2sin
()2cos1(sin2

2

12




 pdd

 

    

c
p

p
py 


 

2

1

1
tan

                                                                                                (2) 

Eliminating p between (1) & (2), we get the solution 
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Clairaut’s form:  The equation known as Clairaut’s is of the  form  

                )(pfpxy                                                                                                    (1) 

Differentiating  with respect to x 

                    0)()( 
dx

dp
pfx

dx

dp
pfxpp                  

Either 0
dx

dp
  or  0)(  pfx                                 

cp
dx

dp
 0 ,a constant.  

Therefore the solution of (1) is )(cfcxy            

We have to replace p in Clairaut’s equation by   c .The other factor    0)(  pfx taken along 

with (1) give, on eliminating of p ,a solution of (1).But this solution is not included in the 

general solution and this is called a singular solution. 

Problems:  

1) Solve 
2)( ppaxy   

Solution: This is  in Clairaut’s form hence the solution is  

               
2)( ccaxy   

2) Solve 
2

1
2 )1( p

ap
pxy


   

Solution: This is  in Clairaut’s form hence the solution is 

          
2

1
2 )1( c

ac
cxy




 

3) Solve  pppxy  )1)((  

 Solution: Consider 
11

)1)((






p

p
pxy

p

p
pxypppxy  
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Which is in Clairaut’s form, hence replace p  by  c we  get the solution as 

                    
1


c

c
cxy  

4) Solve 22  xpyp  

 Solution :Consider 
p

xpyxpyp
2

22   

Which is in Clairaut’s form, hence the solution is 
c

cxy
2

  

5) Solve  )sin( pxyp   

Solution: ppxyppxypxyp 11 sinsin)sin(    

Which is in Clairaut’s form ,hence  the solution is ccxy 1sin  

6) Solve  ppxy 1tan)1(   

Solution: Consider  ppxpyppxy 11 tantan)1(     

Which is in Clairaut’s form ,hence  the solution is  cccxy 1tan   

7) Solve  )log( ypxp   

Solution: Consider 
pp epxyeypxypxp  )log(   

Which is in Clairaut’s form, hence replace p  by  c we  get the solution as 

            
cepcy   

8) Solve  
p

a
pxy   

Solution: Consider  
p

a
pxy  , 

which is in Clairaut’s form, hence the solution is 
c

a
cxy   
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9) Solve 
222 pypxy   

Solution: Putting    xX 2  and  
2yY   ydydYdxdX 2&2   

                   yp
dX

dY
P   

The equation transformed into  2PXPY  ,which is in Clairaut’s form . 

Hence the solution is  

                
222 2 cxcyCXCY   

10) Solve  
22 )( yppxyx   

Solution: Put 
22 & yYxX   then P

Y

X
P

y

x
pp

x

y

xdx

ydy

dX

dY
P 

2

2

 

           

222 )()(  P
Y

X
YPX

Y

X
YXyppxyx   

       
222)( PXPYPXPYXPXPYX 

 

 which is in Clairaut’s form ,the solution is     

           
2222222 CCxyCCxyCCXY   . 

11) Solve  pxpyypx 2))((   

Solution: Put  
22 & yYxX   

    Then  P
Y

X
P

y

x
pp

x

y

xdx

ydy

dX

dY
P 

2

2
 

P
Y

X
XY

Y

X
YXP

Y

X
pxpyypx 22))((   





























  

 
1

2
2)!)((2

1

1
















 







 


P

P
XPYPPYXPP

Y

XPX

Y

YXP
 

Which is in Clairaut’s form,the solution  is  
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1

2

1

2 22







C

C
Cxy

C

C
XCY  

12) Solve  
22 )( yppxyx   

Solution: Put  
22 & yYxX   

        Then  P
Y

X
P

y

x
pp

x

y

xdx

ydy

dX

dY
P 

2

2
 

2232 )(   PXPYP
Y

X
YXP

Y

X
YXyppxyx 














  

Which is in Clairaut’s form ,the  solution is  

                  
2222 CCxyCXCY      

UNIT.II 

LINEAR DIFFERENTIAL  EQUATION WITH VARIABLE COEFFICIENT 

Consider the linear differential equation with variable coefficient  

                   0
2

2
2  cy

dx

dy
bx

dx

yd
ax                                                                              (1)  

putting zx log  then the equation (1) reduces to   

                  0
2

2

 cy
dz

dy
b

dz

yd
a                                                                                    (2) 

Which is a linear equation with  constant coefficient  which can be solved by the above methods. 

Problems: 

1) Solve  0
2

2
2  y

dx

dy
x

dx

yd
x  

Solution:  Putting  zx log  then the given equation reduces to  

                0]1)1([  yDDD  where 
dz

d
D   
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   The auxiliary equation is 1,10)1(012 22  mmmm   

Hence the solution is  zeBAzy )(   

Since zexzx  ,log , the solution will become  

          xBxAy ]log[   

2) Solve  0127
2

2
2  y

dx

dy
x

dx

yd
x  

Solution:  Putting  zx log  then the given equation reduces to  

                0]127)1([  yDDD  where 
dz

d
D   

   The auxiliary equation is 2,60)2)(6(01282  mmmmm   

Hence the solution is  2626 )()( zzzz eBeAyBeAey   

Since zexzx  ,log , the solution will become  

          26 BxAxy   

3) Solve  
4

2

2
2 128 xy

dx

dy
x

dx

yd
x   

Solution: Putting  zexzx  ,log  then the given equation reduces to  

                zeyDDD 4]128)1([   where 
dz

d
D   

               zeyDD 42 )127(   

   The auxiliary equation is 4,30)4)(3(01272  mmmmm    

 the complementary function  is  4343 )()(   zzzz eBeABeAe  43   BxAx  

  P.I  44

2

4

2 56

1

12)4(74

1

127

1
xee

DD

zz 





               

Therefore the general solution is    y = C.F+P.I 

      443

56

1
xBxAxy    

4) Solve 
2

2

2
2 3 xy

dx

dy
x

dx

yd
x    

Solution: Putting  zexzx  ,log  then the given equation reduces to  

                zeyDDD 2]3)1([   where 
dz

d
D   
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               zeyD 22 )3(   

   The auxiliary equation is   3032  mm  

   the complementary function  is  3333 )()(   zzzz eBeABeAe      

                                                                                 33  BxAx  

  P.I 2222

2

2

2
)(

32

1

3

1
xeeee

D

zzzz 





           

 Therefore the general solution is    y = C.F+P.I 

         233 xBxAxy    

5) Solve 
2

2

2
2 2 xy

dx

dy
x

dx

yd
x    

Solution: Putting  zexzx  ,log  then the given equation reduces to  

                zeyDDD 2]2)1([   where 
dz

d
D   

               zeyD 22 )2(   

   The auxiliary equation is   2022 imm   

   the complementary function  is  )(log2sin)(log2cos2sin2cos xBxAzBzA       

   P.I 2222

2

2

2 6

1
)(

6

1

6

1

22

1

2

1
xeeee

D

zzzz 





           

 Therefore the general solution is    y = C.F+P.I 

         2

6

1
)(log2sin)(log2cos xxBxAy   

6) Solve 
2

2

2
2 43 xy

dx

dy
x

dx

yd
x    

Solution: Putting  zexzx  ,log  then the given equation reduces to  

                zeyDDD 2]43)1([   where 
dz

d
D   

               zeyDD 22 )44(   

   The auxiliary equation is   2,20)2(044 22  mmmm  

   the complementary function  is  222 )log())(log()( xxBAexBAeBzA zz       

   P.I 2
2

2
2

2
2

2

2

2

2 2

)(log
)(

2

)log

2)2(

1

44

1
x

x
e

x
e

z
e

D
e

DD

zzzz 





           

 Therefore the general solution is    y = C.F+P.I 
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         2
2

2

2

)(log
)log( x

x
xxBAy   

7) Solve   xxyxDDx log)24( 22   

Solution: Putting  zexzx  ,log  then the given equation reduces to  

                zzeyDDD  ]24)1([  where 
dz

d
D   

               zzeyDD  )23( 2  

   The auxiliary equation is   210)2)(1(0232  mmmmm  

   the complementary function  is  
2

212

x

B

x

A
BxAxBeAe zz        

   P.I 

z
D

ez
D

ez
DD

ez
DD

eze
DD

zzzzz

)6/51(6

1

65

1

65

1

2)1(3)1(

1

23

1
222 















 








































6

5
log

66

5

66

5
1

6

1

6

5
1

6

1
1

x
x

z
e

z
D

ez
D

e
z

zz           

 Therefore the general solution is    y  C.F+P.I 

                                                         









6

5
log

62
x

x

x

B

x

A
y  

8) Solve  
2

2 log12
)

1
(

x

x
yD

x
D   

Solution: Multiplying the equation by  2x ,we get  

 xyxDDx log12)( 22   

Putting zexzx  ,log then the equation reduces to  

 zyDDD 12})1({  where 
dz

d
D   

  BAzzyBAz
z

yA
z

dz

dy
z

dz

yd
zyD  3

32

2

2
2 2

3
6

2
121212  

   BxAxy  log)(log2 3  is the solution. 

9) Solve )sin(log)13( 2233 xyxDDxDx   

Solution: Putting  zexzx  ,log  

zyDzyDDDDDD sin)1(sin}1)1(3)2)(1({ 3   

Auxiliary equation is 
2

31
,10)1)(1(01 23 i

mmmmm


      
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Complementary function is 

}log
2

3
sinlog

2

3
cos{}

2

3
sin

2

3
cos{ 2

1
12 xCxBxAxzCzBeAe

z
z



























































 

 

   P.I          z
D

z
D

D
z

D
z

DD
z

D
sin

2

1
sin

1

1
sin

1)1(

1
sin

1)(

1
sin

1

1
223
















  

       
2

)cos(log)sin(log

2

cossin xxzz 



  

The solution is IPFCy ..   

               
2

)cos(log)sin(log
}log

2

3
sinlog

2

3
cos{2

1
1 xx

xCxBxAxy































 

  

10) Solve  
2

'''2

)1(

1
3

x
yxyyx


   

Solution: Putting zexzx  ,log then the equation becomes 

2)1(

1
}13)1{(

ze
yDDD


  where   

dz

d
D   

Auxiliary equation is 1,10)1(012 22  mmmm  

Complementary function is 1)log()(   xxBAeBzA z  

P.I 




























































 



222222 )1()11(

1

)1()1(

1

)1(

1

12

1
z

z
z

z

zz

z e

e

D
e

e

ee

DeDD
 

     
tD

edtt
D

edz
e

e

D
e

e

e

D
e zz

z

z
z

z

z
z 11

)(
1

)1(

1

)1(

1 2

222
 

































































 

  

  where  dtdzete zz 1  

P.I 

       
  





























 

z

z
zz

z

zz
z

z

z

z

z

e

dze
edzedz

e

ee
e

e

dz
e

eD
e

11

1

11

11

 

           


































 

x

x

x
xx

x
eeze zzz

1
log

1
)1loglog

1
1log  

Hence the general solution is  IPFCy ..   

    





























































 

x

x
xBA

xx

x

x
xxBAy

1
log)cos(

1

1
log

1
)log( 1  

METHOD OF VARIATION OF PARAMETER 

Consider the linear differential equation  
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           RQy
dx

dy
P

dx

yd


2

2

                                                                                             (1) 

Where R &  ,QP  are constants. 

 Consider the equation   

         0
2

2

 Qy
dx

dy
p

dx

yd

                                                                                                     (2)                        
 

   Suppose  )(xu  and  )(xv  are two linear  independent solutions  of   (2), then the 

complementary function  of  (1)  is    

          vcucy 21    

Where  21 c, c  are arbitrary constants.  

Then the general solution of (1) is IPFCy ..  where   vcucFC 21.    where  21,cc  are  

constants and  )()(. xvgxufIP   where  dx
w

vR
xf )(  and     dx

w

uR
xg )(  where w is 

wronskian  of   vand u  . 

     vuuv
vu

vu
w 11

11

  . 

Problems 

 1.Solve   nxyny sec2
2   using the method of variation of parameter. 

Solution: Given equation is  nxyny sec2
2    

                       The auxiliary  equation  is nimm 0 2222  nnm  

The roots are imaginary. Hence the complementary function is  nxcnxc sincos 21   

Let  sinnx v,  cos  nxu . 

To  find w  

         0sincos
ncosnxnsinnx-

sinnxcosnx 22

11

 nnxnnxn
vu

vu
w  

To find  g(x)   and  )(xf  
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   )log(sec
1

tan
1

secsin
1secsin

)(
2

nx
n

nxdx
n

nxdxnx
n

dx
n

nxnx
dx

w

vR
xf  

 )log(cos
1

)(
2

nx
n

xf   

And    
n

x
dx

n
dx

n

nxnx
dx

w

uR
xg

1seccos
)(  

Hence   
n

x
xg )(  

Particular integral 

     

















n

x
nx

n

nx
nxxvgxufIP .sin

)log(cos
cos)()(.  

The general solution is   IPFCy ..             

      

















n

x
nx

n

nx
nxnxcnxcy .sin

)log(cos
cos]sincos[

221  

         nx
n

x

n

nx
nxnxcnxcxy sin

)log(cos
cos]sincos[)(

221 















  is the general solution. 

2. .Solve   xyy 2tan442   using the method of variation of parameter. 

Solution: Given equation is  xyy 2tan442    

                       The auxillary  equation  is 2im4m 04 22 m  

The roots are imaginary. Hence the complementary function is  xcxc 2sin2cos 21   

Let  sin2x v,  2cos  xu . 

To  find w  

         022sin22cos2
2cos2x2sin2x-

sin2xcos2x 22

11

 xx
vu

vu
w  

To find  g(x)   and  )(xf  
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  


 xdx
x

x
xdxxdx

xx
dx

w

vR
xf 2sin

2

2

2

tan2x)log(sec2x
2

2cos

2sin
22tansin2

2

2tan42sin
)(

2

 xxxxf 2sin)2tan2log(sec2)( 
 

And  x
x

xdxdx
x

x
xdx

xx
dx

w

uR
xg 2cos

2

2cos
22sin2

2cos

2sin
2cos

2

4

2

2tan42cos
)(      

Hence   xxg 2cos)(   

Particular integral 

     
xtan2x)cos2log(secx      

)2cos(2sin)]2tan2log(sec2[sin2cos)()(.



 xxxxxxxvgxufIP
 

The general solution is   

       IPFCy ..             

      xtan2x)cos2log(secx]2sin2cos[ 21  xcxcy

 

 is the general solution. 

3. Solve  xeyDD x sin)2( 2   

Solution: Given equation is  xeyDD x sin)2( 2   

Auxillary equation is 2&00)2(022  mmmmmm  

The roots are real and unequal. Hence the complementary function is   xxx eccecec 2
21

2
2

0
1   

Let xevu x sineR  and   ,  1 x 2   

To find w  

      02
20

1 2

2

2

11

 x

x

x

e
e

e

vu

vu
w  

To find )(&)( xgxf  

  






4

)cos(sin

2

)cos(sin

2

1
sin

2

1

2

sin
)(

2

2 xxexxe
xdxedx

e

xee
dx

w

vR
xf

xx
x

x

xx

 

And   
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   










4

)cos(sin

2

)cossin(

2

1
sin

2

1

2

sin
)(

2

xxexxe
xdxedx

e

xe
dx

w

uR
xg

xx
x

x

x

 

P.I= )()( xvgxuf   

      

 
2

sin

4

sin2
cossincossin

4

4

)]cos(sin[

4

)cos(sin 2

xexe
xxxx

e

xxe
e

xxe

xxx

x
x

x











 

P.I
2

sin xe x

  

The general solution is  IPFCy ..   

         
2

sin2
21

xe
eccy

x
x 

 

 

 

UNIT.III 

PARTIAL DIFFERENTIAL EQUATION 

Definition: A Partial differential Equation is an equation which contains one or more partial 

derivatives. The order of  the partial differential equation is that of the derivative of highest order 

in the equation. Partial differential equations may be formed by  

1) Eliminating arbitrary constants 

2) Eliminating arbitrary functions 

Eliminating arbitrary constants 

Problems: 

1) Form the partial equation by eliminating the arbitrary constants from ))(( 22 byaxz   

Solution: Given that  ))(( 22 byaxz   

Differentiating partially with respect to x and y, we get   
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             )(2 2 byxp
x

z





                                                                                                   (1) 

            )(2 2 axyq
y

z





                                                                                                    (2) 

Multiplying (1) and (2) we get  

           xyzbyaxxypq 4))((4 22   

2) Form the partial equation by eliminating the arbitrary constants from ))(( byaxz   

Solution: Given that  ))(( 22 byaxz   

Differentiating partially with respect to x and y, we get   

              )( byp
x

z





                                                                                                       (1) 

              )( axq
y

z





                                                                                                        (2) 

Multiplying (1) and (2) we get  

           zbyaxpq  ))((  

3) Eliminate a and b from abyaxz   

Solution:   Given that   abyaxz                                                                    (1) 

Differentiating partially with respect to x and y, we get   

           ap
x

z





                                                                                                   (2) 

           bq
y

z





                                                                                                    (3) 

substituting (2) and (3) in (1)  we have  pqypxz   

4) Eliminate a and b from 1
2

2

2

22




b

z

a

yx
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Solution:  Given that   1
2

2

2

22




b

z

a

yx
                                                           (1) 

  Differentiating partially with respect to x and y, we get   

22222222

2222
0

22
0

22

b

yzp

a

xy

b

zp

a

x
p

b

z

a

x

x

z

b

z

a

x





                       (2) 

22222222

2222
0

22
0

22

b

xzq

a

xy

b

zq

a

y
q

b

z

a

y

y

z

b

z

a

y





                       (3) 

Equating (2) and  (3) we get qxpy
b

xzq

b

yzp

a

xy


222

222
 

Eliminating arbitrary functions: 

1) Eliminate the arbitrary function from )( 22 yxfz      

Solution: Given that   )( 22 yxfz                                                                     (1) 

Differentiating partially with respect to x and y, we get   

x

p
yxfxyxfpxyxf

x

z

2
)(2)(2).( 22'22'22' 




                       (2) 

y

q
yxfyyxfqyyxf

y

z

2
)(2)(2).( 22'22'22' 




                       (3) 

Eliminating  )( 22' yxf   between (2) and (3)  we get  qxpy   

2) Eliminate the arbitrary function from )( yxfez y   

Solution: Given that   )( yxfez y                                                                       (1) 

Differentiating partially with respect to x and y, we get   

          )()( '' yxfepyxfe
x

z yy 



                                                            (2) 

         yyyy eyxfyxfeqeyxfyxfe
y

z
)()()()( '' 




                  (3) 

from  (1) , (2) and (3)  we have   zpq    
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3) Eliminate the arbitrary function from )()( 22 yxfyxz   

Solution: Given that   )()( 22 yxfyxz                                                                (1) 

Differentiating partially with respect to x and y, we get   

    )(2).()( 2222' yxfxyxfyx
x

z





                                                                (2) 

   )()2).(()( 2222' yxfyyxfyx
y

z





                                                            (3) 

   Multiply (2) by y  and  (3) by  x and adding we get  

     zyxfyxxqyp  )()( 22
 

The solution is qxpyz   

4) Eliminate the arbitrary function f from 0)2,( 2222  xyzzyxf  

Solution:  Solving  )2( 2222 xyzFzyx   

Differentiating partially with respect to x and y  

       )22)(2(22 2' yzpxyzFzpx                                                                           (1) 

     )22)(2(22 2' xzqxyzFzqy                                                                             (2) 

Dividing  (1) by (2) to eliminate 'F        

     
xzq

yzp

zqy

zpx









    or  xyqpz  )(  

5) Eliminate the arbitrary function f from 0),( 222  xyzyxf  

Solution:  Solving  )( 222 xyzFyx   

Differentiating partially with respect to x and y  

                 )2)((2 2' yzpxyzFx                                                                               (1) 

   )2)((2 2' xzqxyzFy                                                                                 (2) 
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Dividing  (1) by (2) to eliminate 'F        

         2222 2424
2

2

2

2
xyqxpyyyzpxxzq

xzq

y

yzp

x






 

6) Eliminate the functions  f and   from the relation )()( ayxayxfz    

 Solution:  Given that  )()( ayxayxfz     

Differentiating partially with respect to x and y   

              )()( '' ayxayxfp    

             aayxaayxfq )()( ''    

Differentiating again partially with respect to x and y we get  

            )()( ''''

2

2

ayxayxf
x

z





  

          
2

2
2''2''2

2

2

)()(
x

z
aayxaayxfa

y

z









  

Hence the resulting equation is 02  tar ,where  
2

2

x

z
r




  and  

2

2

y

z
t




  

7)  Eliminate the functions  f and   from the relation )()( axyxaxyfz    

Solution:  Given that   )()( axyxaxyfz    

Differentiating partially with respect to x and y   

             )()()( '' axyaaxyxaaxyfp                                                     (1) 

            )()( '' axyaxyfq                                                                                (2) 

Differentiating again partially with respect to x and y we get  

            aaxyaaxyxaaxyfr
x

z
)(2)()( '2''2''

2

2





                                (3) 



B.Sc  Mathematics                                                                                                            Differential  Equations  

28 

Srimathi Indira Gandhi College ,Trichy.2 

                  )()( ''''

2

2

ayaxyft
y

z





                                                                     (4) 

Differentiating (2)  partially  with respect to x we get  

aaxyaaxyfs
yx

z
).().( ''''

2





                                                                             (5) 

From (3),(4) and  (5) we get   

        02 2  taasr   

8) Form the partial differential equation by eliminating the arbitrary function  

form  222 zyxfz   

Solution: Given that   222 zyxfz                                                                                (1) 

Differentiating (1)  partially with respect to x and y  we get  

             )22)(( 222' zpxzyxfp
x

z





                                                                        (2) 

            )22)(( 222' zqyzyxfq
y

z





                                                                         (3) 

Dividing (2) by (3) , 

         qxpyzpqqxzpqpy
zqy

zpx

q

p





   

9)  Form the partial differential equation by eliminating the arbitrary function  

form     222 zyxxyz    

Solution: Given that    222 zyxxyz                                                                             (1) 

Differentiating (1)  partially with respect to x and y  we get  

             )22)(( 222' zpxzyxyzxyp                                                                          (2) 

              )22)(( 222' zqyzyxxzxyq                                                                         (3) 
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Dividing (2) by (3) , 

         ))(())(( xyqxzzpxzqyxypyz
zqy

zpx

xyqxz

xypyz










 

          xyzpqpxzyqxzxxyzpqqyzpxyzy  222222
 

             )()()( 222222 yxzxzqyzypx   

Solution  of partial differential equations by direct integration 

 

          A partial differential equation can be solved by successive integration in all cases where 

the dependent variables occurs only in the partial derivatives. 

 Problems: 

1) Solve  0




x

z
 

Solution:  Given that  0




x

z
 

Integrating with respect to x , we get )(yfz  , where  f  is arbitrary function. 

 

2) Solve  xy
x

z





2

2

 

Solution:  Given that  xy
x

z





2

2

 

Integrating with respect to x , we get  

     )(
2

2

yfy
x

x

z





, where  f  is arbitrary function. 

Again integrating with respect to  x  

        )()(
6

3

yyxfy
x

z   

 

3) Solve  0
2

2






y

z
 

Solution:  Given that  0
2

2






y

z
 

Integrating with respect to y , we get  

     )(xf
y

z





, where  f  is arbitrary function. 
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Again integrating with respect to  y  

                 )()( xxyfz   

4) Solve  x
x

z
cos

2

2





 

Solution:  Given that  x
x

z
cos

2

2





 

Integrating with respect to x , we get  

     )(sin yfx
x

z





, where  f  is arbitrary function. 

Again integrating with respect to  x  

              )()(cos yyxfxz   

5) Solve  6
2






y

x

yx

z
 

Solution: Given that  
y

x

yx

z

y

x

yx

z










66

22

 

Integrating with respect  to x ,we get 

       )(
2

6
2

yf
y

x
x

y

z





  

Integrating with respect  to y ,we get 

     )()(log
2

6
2

xyFy
x

xyz   

6) Solve  x
yx

z
sin

2





 

Solution:  Given that  x
yx

z
sin

2





 

Integrating with respect to x , we get  

     )(cos yfx
y

z





, where  f  is arbitrary function. 

Again integrating with respect to  y  

              )()(cos xyFxyz   

7) Solve xe
tx

u t cos
2





,given that 0u  when  0t  and 0





t

u
 when 0x  

Solution:  Given that  xe
tx

u t cos
2





 

Integrating with respect to x , we get  
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     )(sin tfxe
t

u t 


  , where  f  is arbitrary function. 

Given that   0




t

u
 when 0x , 0)(0)(0sin0 



  tftfe
t

u t  

            xe
t

u t sin



  

Again integrating with respect to  t  

              )(sin xxeu t    

When  0,  uot   

             xxxx sin)()(sin0    

            xxetxu t sinsin),(    

 

FIRST ORDER PARTIAL DIFFERENTIAL EQUATION 

Definition : A solution of a partial differential equation  is a. relation among the independent and 

dependent variables, which satisfies the partial differential equation.  

There are three types of  solutions :i) Complete integral 

                                                        ii) General integral  

                                                       iii) Singular integral 

Definitions: 

Complete integral: The solution containing as many arbitrary constants as the number of 

variables is called the  complete integral. 

General integral: The solution which contains the maximum possible number of arbitrary 

functions is called the general integral  

Singular integral: Differentiating the complete integral  

                                0,,,, cazyx                                                                                (1)                                                   

partially with respect to a and c we get  

                             0,0 









ca


                                                                                    (2) 

The  eliminant of a and c from the three equations  (1) and (2) ,if it exists is called the singular 

integral. 
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STANDARD TYPES 

 STANDARD :1 

  The partial differential equation is of the form 0),( qpf  

In this case the complete integral is  

                                   cbyaxz                                                                               (3) 

where a,b,c are constants. From (3) we get a
x

z
p 




  and   b

y

z
q 




 .Replacing p by a and q 

by b in  0),( qpf ,we get   0),( baf .Solving this for b we get )(ab  ,say .Thus     

                                 cyaaxz  )(  

is the complete integral, where a and c are constants   

Working rule for Standard .1  

Step 1:  Set  ap  and bq  in the given partial differential equation and solve for b  in terms 

of a ,say )(ab    

Step 2: From the result  qdypdxdz  ,we get  dyaadxdz )(  

Step 3:  Integrate this and get the  complete integral  as yaaxz )(  where a  and c are 

arbitrary constants. 

 

PROBLEMS:   

(1) Solve  npqqp  22
 

Solutions: This is of the form  0),( qpf .Hence the complete integral is 

cbyaxz   where  nabba  22  or   022  nabba   

 Solving this for b we get  

          












 





2

4

2

4 2222 nn
a

aanna
b  

Now from  

         qdypdxdz  ,we get  

          dynn
a

adxbdyadxdz 4
2

2   

/integrating, we get the complete integral is   

          cynn
a

axz  4
2

2
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Where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

          )(4
2

2 agynn
a

axz   

Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  10  ,which is an absurd result. Hence there is no singular integral  

 

(2) Solve  0 qppq  

Solution: This is of the form  0),( qpf .Hence the complete integral is cbyaxz   

where  0 baab  or  
1

0)1(



a

a
baab  

Now from  qdypdxdz  ,we get  dy
a

a
adxbdyadxdz

1
  

Integrating  we get the complete integral as   

                     cy
a

a
axz 




1
 

Where a and c are arbitrary constants 

General integral: Putting  )(agc   in the complete integral, we get   

        )(
1

agy
a

a
axz 


  

Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  10  , which is an absurd result. Hence there is no singular integral. 

 

(3) Solve 1 qp  

Solution: This is of the form  0),( qpf .Hence the complete integral is cbyaxz   

where  1 ba ,that is 2)1( ab   

Therefore the complete integral is cyaaxz  2)1(  where a  and c  are arbitrary 

constants. 

General integral: Putting  )(agc   in the complete integral, we get 

                          )()1( 2 agyaaxz   

Eliminating  a  between z  and 0




a

z
we get the general integral. 
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Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  an absurd result. Hence there is no singular integral. 

 

(4) Solve pqqp   

Solution: This is of the form  0),( qpf .Hence the complete integral is cbyaxz   

where abba   ,that is 
)1( a

a
b


  

Therefore the complete integral is cy
a

a
axz 




)1(
 where a  and c  are arbitrary 

constants. 

General integral: Putting  )(agc   in the complete integral, we get 

                          )(
)1(

agy
a

a
axz 


  

       Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  an absurd result. Hence there is no singular integral. 

 

(5) Solve  1pq  

Solution: This is of the form  0),( qpf .Hence the complete integral is cbyaxz   

where 1ab  ,that is 
a

b
1

  

Therefore the complete integral is cy
a

axz 
1

 where a  and c  are arbitrary 

constants. 

General integral: Putting  )(agc   in the complete integral, we get 

                          )(
1

agy
a

axz   

       Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  an absurd result. Hence there is no singular integral. 

(6) Solve 2qp   

Solution: This is of the form  0),( qpf .Hence the complete integral is cbyaxz   

where 2ba   ,that is ab   
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      Therefore the complete integral is cyaaxz   where a  and c  are arbitrary 

constants. 

General integral: Putting  )(agc   in the complete integral, we get 

          )(agyaaxz                           

       Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  an absurd result. Hence there is no singular integral. 

(7) Solve 132  qp  

Solution: This is of the form  0),( qpf .Hence the complete integral is cbyaxz   

where 132  ba  ,that is 
3

21 a
b


  

      Therefore the complete integral is cy
a

axz 






 


3

21
 where a  and c  are 

arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get 

        )(
3

21
agy

a
axz 







 
                            

       Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  an absurd result. Hence there is no singular integral. 

(8) Solve  922  pq  

Solution: This is of the form  0),( qpf .Hence the complete integral is cbyaxz   

where 922  ab   ,that is 29 ab   

      Therefore the complete integral is   cyaaxz  29  where a  and c  are 

arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get 

         )(9 2 agyaaxz                            

Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero we 

get  an absurd result. Hence there is no singular integral. 

 

            STANDARD:II    The partial differential equations of  the form 
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                                                                             i) 0),,( qpxf  

                                                                 ii) 0),,( qpyf  

                                                                iii) 0),,( qpzf  

Case:1  The equation  of the form 0),,( qpxf  

 Set aq   in the given p.d.e  and solve the resulting equation for p in terms of  x  and a .Let 

),( axgp  .Then adydxaxgqdypdxdz  ),(   

Integrating this we get the complete integral as  

                         caydxaxgz ),(  

Where a and c are arbitrary constants. 

Problem:  

1) Solve xqp    

Solution: The p.d.e is of standard 2.So,setting 
2aq  in the given equation we get 

xap   or 
2)( axp   

Now from  dyadxaxqdypdxdz 22)(   

Integrating we get the complete integral as  

                  cya
ax

z 


 2
3

3

)(
 

      Where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

                     )(
3

)( 2
3

agya
ax

z 


  

Eliminating  a  between z  and 0




a

z
we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

2) Solve qpxp  2
 

Solution: The p.d.e is of standard 2. So, setting aq  in the given equation we get 

                apxp  2
 or  

2

4
0

2
2 axx

paxpp


  

Now from  adydx
axx

qdypdxdz 



2

42

 

Integrating this, we get the complete integral as  

               


 caydx
axx

z
2

42

  (or)       
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               cayxaxaaxx
x

z  )4log(44
4

1

4

22
2

 

Where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

                    )()4log(44
4

1

4

22
2

agayxaxaaxx
x

z      

Eliminating  a  between z  and 0




a

z
 we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

Case:2  The equation is of the form 0),,( qpyf  Set ap   in the given p.d.e  and solve the 

resulting equation for p in terms of  y  and a .Let ),( aygq  .Then 

dyyagadxqdypdxdz ),(   

Integrating this we get the complete integral as  

                         cdyaygaxz ),(  

Where a and c are arbitrary constants. 

Problems:  

1) Solve  ypq   

           Solution: The given equation is of the form 0),,( qpyf . So we put ap   in the given              

           equation .Then we get  
a

y
qyaq   

Now from  dy
a

y
adxqdypdxdz   

Integrating this, we get the complete integral as  

                   c
a

y
axz 

2

2

 

Where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

                  )(
2

2

ag
a

y
axz      

Eliminating  a  between z  and 0




a

z
 we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

2) Solve  
22 )1( yqp   

           Solution: The given equation is of the form 0),,( qpyf . So we put 
2ap   in the given    
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           equation .Then we get  
y

ya
qyqa

22

222 )1(


  

 Now from  dy
y

ya
dxaqdypdxdz

22

2 
  

Integrating this, we get the complete integral as  

                   cdy
y

ya
xaz 


 

22

2  

To integrate this, put sinay   then  d cosady   

                  cda
a

a
xaz   




cos

sin

cos2  

                  cdecaxaz    )sin(cos2   

                  caecaxaz   cos)cotlog(cos2
 

                 cya
y

yaa
axaz 













 
 22

22

2 log  is the complete integral  

where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

                 )(log 22

22

2 agya
y

yaa
axaz 













 
      

Eliminating  a  between z  and 0




a

z
 we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

Case:3  The equation is of the form 0),,( qpzf  Set apq   in the given p.d.e solve the 

resulting equation for p in terms of  z  and a .Let ),( azgp  .Then 

adydx
azg

dz
dyazagdxazgqdypdxdz 

),(
),(),(   

Integrating this we get the complete integral as  

                           cayx
azg

dz
dyadx

azg

dz

),(),(
 

Where a and c are arbitrary constants. 

Problems:  

1) Solve 1)1( 222  qpz  
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Solution: The equation is of the form 0),,( qpzf  Set apq   in the given p.d.e then 

the given equation becomes 1)1( 2222  papz  or 
2222 1)1( zapz   

                                       
2

2

1

1

az

z
p




  

Now using qdypdxdz  , we get  

                  adydx
az

z
dz 






2

2

1

1
 

              )(
1

1
2

2 adydxdz
z

z
a 


  

Integrating this,  we get  

               cayxza  )(11 22  

is the complete integral  where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

                   )()(11 22 agayxza       

Eliminating  a  between z  and 0




a

z
 we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

2) Solve 1224  pzqz  

Solution: The equation is of the form 0),,( qpzf  Set apq   in the given p.d.e then 

the given equation becomes 01)(1 22222224  pzpzapzpaz  

              
22

2

2

2
2

2

411

2

411

za

a
p

a

a
pz





  

Now from qdypdxdz  ,we get )( adydxpdz   

     )(
2

411
22

2

adydx
za

a
dz 













 
    (or)  )(

2

411
2

2
2 adydx

a

a
dzz 













 
  

Integrating this we get the complete integral as  

        cayx
a

az














 
 )(

2

411

3 2

23

 

where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   
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             )()(
2

411

3 2

23

agayx
a

az














 
          

Eliminating  a  between z  and 0




a

z
 we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero, we 

get an absurd result. Hence there is no singular integral. 

3) Solve  
21 qpz   

Solution: The equation is of the form 0),,( qpzf  Set apq   in the given p.d.e then 

the given equation becomes 
221 papz    (or) 0101 2222  zppapapz  

2

22

2

4

a

azz
p


  and  

a

azz
q

2

4 22 
  

Now from qdypdxdz  ,we get )( adydxpdz   

     )(
2

4
2

22

adydx
a

azz
dz 













 
    (or)  adydx

azz

dza


 22

2

4

2
 

Integrating this we get the complete integral as  

        


cayx
azz

dza

22

2

4

2
  

where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

          


)(
4

2

22

2

agayx
azz

dza
             

Eliminating  a  between z  and 0




a

z
 we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero, we 

get an absurd result. Hence there is no singular integral. 

4) Solve  
2zpq   

Solution: The equation is of the form 0),,( qpzf  Set apq   in the given p.d.e then 

the given equation becomes 
2)( zapp    (or) 

a

z
pzap  22

 

And   
a

az
q   

Now from qdypdxdz  ,we get )( adydxpdz   
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     )( adydx
a

z
dz 








    (or)     adydx

z

dz
a  

Integrating this we get the complete integral as  

        22 )()(log)(log cayxzacayxza   

where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

               
22 ))(()(log agayxza         

Eliminating  a  between z  and 0




a

z
 we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero, we 

get an absurd result. Hence there is no singular integral. 

5) Solve 1222  qpz  

Solution: The equation is of the form 0),,( qpzf  Set apq   in the given p.d.e then 

the given equation becomes 12222  papz  or 
22

2222 1
1)(

az
pazp


  

                                       
22

1

az
p


  

Now using qdypdxdz  , we get  

                  adydx
az

dz 



22

1
 

              )(22 adydxdzaz   

Integrating this,  we get  

                )(22 adydxdzaz  

    )(sinh
22

1
2

22 cayx
a

za
az

z









 

 

is the complete integral  where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

                  ))((sinh
22

1
2

22 agayx
a

za
az

z









 

    

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

6) Solve 4)(9 22  qzp  
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Solution: The equation is of the form 0),,( qpzf  Set apq   in the given p.d.e then 

the given equation becomes 4)(9 222  pazp  or 
)(9

4
4)(9

2

222

az
pazp


  

                                       
23

2

az
p


  

Now using qdypdxdz  , we get  

                  adydx
az

dz 



23

2
 

              )(2 adydxdzaz   

Integrating this,  we get  

                )(
2

3 2 adydxdzaz  

            2322
2/322

)()()(
2/3

)(

2

3
cayxazcayx

az



 

    is the complete integral  where a and c are arbitrary constants. 

General integral: Putting  )(agc   in the complete integral, we get   

                  
2322 ))(()( agayxaz      

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

           Standard:3 The  partial differential equation is of the form ),(),( 21 qyfpxf   

            Put aqyfpxf  ),(),( 21  then we get ),(1 axp   and ),(2 ayq   

Then  dzqdypdx   becomes dyaydxaxdz ),(),( 21    

Integrating this we get    cdyyadxaxz ),(),( 21  is the complete integral  

General integral :Putting )(agc  in the complete integral  

           )(),(),( 21 agdyyadxaxz   

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

1) Solve  yxqp   

Solution: The  partial differential equation is of the form ),(),( 21 qyfpxf   

 Put aqyxp   then we get axp   and ayq   
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Then  dzqdypdx   becomes dyaydxaxdz )()(   

Integrating this we get c
ayax

zdyaydxaxz 





   2

)(

2

)(
)()(

22

is the 

complete integral  

General integral :Putting )(agc  in the complete integral  

             )(
2

)(

2

)( 22

ag
ayax

z 





  

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral 

2) Solve  yxqp  22
 

Solution: The  partial differential equation is of the form ),(),( 21 qyfpxf   

 Put aqyxp  22
 then we get axp 2

 and ayq 2
 (or) axp   and 

ayq   

Then  dzqdypdx   becomes dyaydxaxdz 2/12/1 )()(   

Integrating this we get       

         c
ayax

zdyaydxaxz 





   2/3

)(

2/3

)(
)()(

2/32/3
2/12/1    

        cayaxz  2/32/3 )(
3

2
)(

3

2
  

is the complete integral  

General integral :Putting )(agc  in the complete integral  

             )()(
3

2
)(

3

2 2/32/3 agayaxz   

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral 

3) Solve  xypq   

Solution: The  partial differential equation is of the form ),(),( 21 qyfpxf   

Putting a
q

y

x

p
  we get axp   and 

a

y
q   

Then qdypdxdz   will become dy
a

y
axdxdz   
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Integrating this we get  c
y

a

x
az 



















2

1

2

22

 is the complete integral . 

General integral: Putting  )(agc  in the complete integral  

       )(
2

1

2

22

ag
y

a

x
az 

















  

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

4) Solve  yxpq cos)sin(   

Solution: The  partial differential equation is of the form ),(),( 21 qyfpxf   

 Let a
q

y
xp 

cos
sin  

Then 
a

y
qxap

cos
),sin(   

Therefore  qdypdxdz   will become dy
a

y
dxxadz

cos
)sin(   

Integrating this we get c
a

y
xaxz 

sin
cos  is the complete integral  

General integral: Putting  )(agc  in the complete integral  

       )(
sin

cos ag
a

y
xaxz   

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

Singular integral: Differentiating z  partially with respect to c  and equating to zero  we 

get an absurd result. Hence there is no singular integral. 

5) Solve  yxqp sinsin   

 

Solution: The  partial differential equation is of the form ),(),( 21 qyfpxf   

 Let aqyxp  sinsin  

Then ayqxap  sin),sin(  

Therefore  qdypdxdz   will become dyaydxxadz )(sin)sin(   

Integrating this we get cayyxaxz  coscos  is the complete integral  

General integral: Putting  )(agc  in the complete integral  

       )()cos(cos)( agyxyxaz   



B.Sc  Mathematics                                                                                                            Differential  Equations  

45 

Srimathi Indira Gandhi College ,Trichy.2 

Eliminating  a  between z  and 0




a

z
, we get the general integral. 

            Singular integral: Differentiating z  partially with respect to c  and equating to zero     

we   get an absurd result. Hence there is no singular integral. 

                            STANDARD .IV CLAIRAUT’S FORM 

This is of the form ),( qpfqypxz   

The solution of the equation is ),( bafbyaxz   for bqap  &   

Problems : 

1) Solve  221 qpqypxz   

Solution:  The complete integral is obviously  221 babyaxz                                (1) 

 General integral: Assume  )(afb   where f is arbitrary. 

 Differentiating partially with respect  to a and eliminating a between the two equations we get 

the general integral. 

Singular integral: Differentiating partially with respect to a and b   

            0
1 22





ba

a
x  and   0

1 22





ba

b
y  

Eliminating a and b the singular integral is 1222  zyx  

2) Solve  pqqypxz   

Solution:  The complete integral is obviously  abbyaxz                                (1)  

General integral:  

           Assume  )(afb   where  f  is arbitrary. Differentiating partially with respect  to a and 

eliminating a between the two equations we get  the general integral. 

 Singular integral:  

Differentiating  (1)  partially with respect to a and b   

               0bx  and   0 ay  

Eliminating a and b the singular integral is .00  xyzxyxyxyz  

3) Solve 
22qpqypxz   

Solution: This equation is in clairauts form . 

The complete integral is   
22babyaxz                                                              (1) 

Where  a  and  b  are arbitrary constants  

Singular integral: 

Differentiating (1) partially with respect to  a and  b we get  

      220 abx                                                                                                           (2) 

      bay 220                                                                                                           (3) 
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From (2)   
3

1
22

3

3

2

4

2
2

2224

2
2 



















x

y
a

x

y
a

a

y

a

ay
abx  

               
3

1
22

3

3

2

4

2
2

2224

2
2 






















y

x
b

y

x
b

b

x

b

bx
bay  

Thus the singular integral is given by  

3

2

3

4

3

2

3

2
3

1

3

2

3

2
3

12

3

2
2

3

2

3

2

3

2

)4(

)(

2

1

2

1

2222
xy

xy
yxyx

y

x

x

y

y

x
y

x

y
xz 














































  

       

     3

2

3

2

3

2

2 yxz   is the singular integral  

General integral:  

           Assume  )(afb   where  f  is arbitrary . Differentiating partially with respect  to a and 

eliminating a between the two equations we get  the general integral. 

                                 LAGRANGES LINEAR EQUATION 

A linear partial differential  equation of the first order known as Lagrange’s linear equation is of 

the form                      

                    RQqPp                                                                                           (1) 

Where P ,Q and R are functions of  zyx ,, . 

Working rule: 

To solve the equation  RQqPp  , 

(i) Form the auxiliary simultaneous equations  

R

dz

Q

dy

P

dx
   

(ii) Solve these auxiliary equations giving two independent solutions au   and  bv   

 

(iii)  Then write down the solutions as 0),( vu  or  )(vfu   or )(uFv   where the   

function is arbitrary  

Problems: 

1) Find the general integral of  zqypx   

Solution: Comparing the equation with  RQqPp  ,we  get  

          yQxP  ,   and zR   

The subsidiary equations are   

           
z

dz

y

dy

x

dx
             

In these the variables are separated. 
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From 
y

dy

x

dx
 , we get  111 logloglogloglog c

y

x
ycxcyx   

Similarly from  
z

dz

y

dy
 ,we get 2c

z

y
  

Hence the general solution is   0, 








z

y

y

x
  

2) Solve  yxqxzpzy  )()(  

Solution: Comparing the equation with  RQqPp  ,we  get  

          xzQzyP  ,   and yxR   

The subsidiary equations are   

           
yx

dz

xz

dy

zy

dx








   

Consider 
)(2 zyx

dzdydx

xz

dxdz

zy

dzdy

yx

dydx



















     

Comparing the first two members and integrating we get    

                 1c
zy

yx





 

Comparing first and  last members and integrating we get  2

2 )()( czyxyx   

The solution is 0)()(, 2 












zyxyx

zy

yx
  

3) Solve  
22222 zyxqxpy   

Solution: Comparing the equation with  RQqPp  ,we  get  

          
22 , xQyP    and 

222 zyxR   

The subsidiary equations are   

           
22222 zyx

dz

x

dy

y

dx
    

Comparing the first two members and integrating we get    

                 1

33

1

33
22

33
cyxc

yx
dyydxx   

Comparing second and  last members and integrating we get  2

3

2

2 1

3
c

z

y

z

dz
dyy 


  

The solution is 0
1

3
,

3
33 










z

y
yx  

4) Solve  
222 xyzqxzpy   
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Solution: Comparing the equation with  RQqPp  ,we  get  

          zxQzyP 22 ,    and 
2xyR   

The subsidiary equations are   

           
222 xy

dz

zx

dy

zy

dx
    

Comparing the first two members and integrating we get  

11

33

1

33
22

22
3

33
cCyxc

yx
dyydxx

zx

dy

zy

dx
    

                  

Comparing first and  last members and integrating we get  

2

22

22
0 czxzdzxdx

xy

dz

zy

dx
  

The solution is     0, 2233  zxyx  

5) Solve  mxlyqlznxpnymz  )()(  

Solution: Comparing the equation with  RQqPp  ,we  get  

          )(, lznxQnymzP    and mxlyR   

The subsidiary equations are   

           
mxly

dz

lznx

dy

nymz

dx








   

Using multipliers zyx ,,  we  get  each ratio equal to  

1

2220
0)()()(

czyxzdzydyxdx
zdzydyxdx

mxlyzlznxynymzx

zdzydyxdx









Using multipliers nml ,,  we  get  each ratio equal to  

20
0)()()(

cnzmylxndzmdyldx
ndzmdyldx

mxlynlznxmnymzl

ndzmdyldx









 

The solution is     0,222  nzmylxzyx  

6) Solve  xyqzxpyz 32)24()43(   

Solution: Comparing the equation with  RQqPp  ,we  get  

          )24(,43 zxQyzP    and xyR 32   

The subsidiary equations are   

           
xy

dz

zx

dy

yz

dx

322443 






   

Using multipliers zyx ,,  we  get  each ratio equal to  
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1

2220
0)32()24()43(

czyxzdzydyxdx
zdzydyxdx

xyzzxyyzx

zdzydyxdx









Using multipliers 4&3,2  we  get  each ratio equal to  

24320432
0

432

)32(4)24(3)43(2

432
czyxdzdydx

dzdydx

xyzxyz

dzdydx









 

The solution is     0432,222  zyxzyx  

7) Solve  )()()( 2222 yxzqzxypzyx   

Solution: Comparing the equation with  RQqPp  ,we  get  

          )(),( 22 zxyQzyxP    and )( 22 yxzR   

The subsidiary equations are   

           
)()()()( 222222 yxz

ydyxdx

yxz

dz

zxy

dy

zyx

dx













   

Comparing the last two members and integrating we get  

1

22

1

22
22

1

2222

22
22

                                       

)()(

czyxczyx
yx

cz

ydyxdxdz
yxz

ydyxdx

yxz

dz










                    

The subsidiary equations can also be written as  

          
222222 )()()( xy

y

dy

x

dx

yxz

dz

zx

y

dy

zy

x

dx














 

Taking the last two ratios 0
z

dz

y

dy

x

dx
 

Integrating we get 222 loglogloglogloglog cxyzcxyzczyx   

 

The solution is     0,222  xyzzyx  

8) Solve  yxqxzpzy  )()(  

Solution: Comparing the equation with  RQqPp  ,we  get  

          xzQzyP  ,   and yxR   

The subsidiary equations are   

           
yx

dz

xz

dy

zy

dx








   

Consider 
0

dzdydx

yx

dz

xz

dy

zy

dx 









     

Integrating we get    
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                 1czyx   

Also each ratio=
0)()()(

zdzydyxdx

yxzxzyzyx

zdzydyxdx 





 

Integrating we get  2

222 czyx   

The solution is   0, 222  zyxzyx  

9) Solve  )()()( 222222 xyzqzxypyzx   

Solution: Comparing the equation with  RQqPp  ,we  get  

          )(),( 2222 zxyQyzxP    and )( 22 xyzR   

The subsidiary equations are   

           
)()()( 222222 xyz

dz

zxy

dy

yzx

dx








   

Using multipliers zyx ,,  we  get  each ratio equal to  

1

222

222222222222

0               

0

czyxzdzydyxdx

zdzydyxdx

xzyzzyxyyxzx

zdzydyxdx










 

 Using multipliers 
zyx

1
&

1
,

1
 we  get  each ratio equal to  

 

222

222222

loglogloglogloglog           

0
111

0

111111

cxyzcxyzczyx

dz
z

dy
y

dx
x

dz
z

dy
y

dx
x

xyzxyz

dz
z

dy
y

dx
x












 

The solution is     0,222  xyzzyx  

10) Solve  2
2

yxzqp
x

zy
  

Solution: Comparing the equation with  RQqPp  ,we  get  

          xzQ
x

zy
P  ,

2

  and 
2yR   

The subsidiary equations are   

           
22 y

dz

xz

dy

x

zy

dx
    

From the first two ratios 1

3322 cyxdyydxx   

From the first and ratio    2

22 cyxydyxdx   

Hence the solution is   0, 2233  yxyx  
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CHARPIT’S METHOD 

A general method of solving a partial differential equation is due to charpit’s. 

Consider    0),,,,( qpzyxF                                                                                          

The auxiliary equations are  

       
0

df

F

dy

F

dx

qFpF

dz

qFF

dq

pFF

dp

qpqpzyzx
















 

Problems: 

1) Solve   012222  qypxqp                                                                           (1) 

Solution: Let  122),,,,( 22  qypxqpqpzyxF  

Here  p
x

F
Fx 2




 , q

y

F
Fy 2




 , 0






z

F
Fz  

   )(2 xp
p

F
Fp 




 ,     )(2 yq

q

F
Fq 




    

The auxiliary equations are   

   
0

df

F

dy

F

dx

qFpF

dz

qFF

dq

pFF

dp

qpqpzyzx
















 

   

       
0)(2)(2)(2)(222

df

yq

dy

xp

dx

yqqxpp

dz

q

dq

p

dp















 

From the first two ratios 

        

aqpaqp

aqp
q

dq

p

dp

q

dq

p

dp









loglog                    

logloglog
22  

Putting aqp  in (1) we get 01)(2)1( 22  yaxqaq  which is quadratic in q .Solving this 

for  q ,we get  

          
1

1)()(
2

22






a

ayaxyax
q  

Taking the positive root for the radical, 

         
1

1)()(
2

22






a

ayaxyax
ap  
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)(
1

1)()(
dz   

1

1)()(

1

1)()(

2

22

2

22

2

22

yaxd
a

ayaxyax

dy
a

ayaxyax
dx

a

ayaxyax
aqdypdxdz



























































 

Integrating  

     

















 

1
cosh)1(1)()()()1(2

2

122222

a

yax
aayaxyaxyaxbza  

There is no singular integral as differentiation with respect to b leads to an absurd result. 

To get the general integral, as usual we put )(afb   where f is arbitrary and  differentiating 

with respect to  a   Eliminating a ,the general integral is obtained. 

2) Solve  yzqypqpxy                                                                                              (1) 

Solution: Let  yzqypqpxyF                  

Here  py
x

F
Fx 




 , qpx

y

F
Fy 




 , y

z

F
Fz 




  

   qxy
p

F
Fp 




 ,     yp

q

F
Fq 




    

The auxiliary equations are   

   
0

df

F

dy

F

dx

qFpF

dz

qFF

dq

pFF

dp

qpqpzyzx
















 

 The equation ap
df

 ...
0

(constant)                                                                         (2)                                                     

substituting   (2) in (1),we get 0 yzqyaqaxy  

               
ya

axzy
q






)(
 

       dy
ya

axzy
adxqdypdxdz






)(
 

      
ya

ydy

axz

axzd









)(
 

 Integrating this we get byaayaxz  )log()log(  

 This is the complete integral  

There is no singular integral as differentiation with respect to b leads to an absurd result. 

To get the general integral, as usual we put )(afb   where f is arbitrary and  differentiating     

 with respect to  a   Eliminating a ,the general integral is obtained. 

3) Obtain a complete integral of  0232  zyqyypqxp                                               (1) 
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Solution:  Let  zyqyypqxpF 222   

Here  2p
x

F
Fx 




 , yzqypq

y

F
Fy 23 2 




 , 2y

z

F
Fz 




  

   yqpxFp  2 ,     3yyp
q

F
Fq 




    

The auxiliary equations are   

   
0

df

F

dy

F

dx

qFpF

dz

qFF

dq

pFF

dp

qpqpzyzx
















 

   aypaypayp
y

dy

p

dp

ypy

dy

ypp

dp






logloglogloglog

)()( 22
 

Substituting  ayp   in the equation  (1) ,we get  

            
ay

xaz
q






2

 

Then  qdypdxdz   becomes  dy
ay

xaz
aydxdz 














2

                                                    (2) 

Treating this as a total differential equation neglect dy  for the present and integrating we get           

       )(yfaxyz   

Differentiating totally and comparing with (2)  

       
ay

dy

f

df

dy

df

ay

f

dy

df

ay

axyz










 

Integrating  )()(logloglog)log(log ayfaybfbayf   

Therefore the complete integral is  )( aybaxyz   

4) Solve  pqqypx                                                                                                      (1) 

Solution: Let     pqqypxF   

Here  p
x

F
Fx 




 , q

y

F
Fy 




 , 0






z

F
Fz  

   qxFp  ,     py
q

F
Fq 




    

The auxiliary equations are   

   
0

df

F

dy

F

dx

qFpF

dz

qFF

dq

pFF

dp

qpqpzyzx
















 

   
0)()()()(

df

py

dy

qx

dx

qxqpyp

dz

q

dq

p

dp









  

From the first two ratios 
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      qapqapaqp
q

dq

p

dp
 logloglogloglog  

Substituting  qap   in (1) we get  

              
a

yax
qqayaxqaqqyqax


  

  Then   yaxqap   

  Then  
 

a

yaxdyax

a

dyadxyax
dy

a

yax
dxyaxqdypdxdz

)()()(
)(













 
  

         )()( yaxdyaxadz   

  Integrating we get b
a

yxc

a

b

a

yax
zb

yax
az 










2

)(

2

)(

2

)(
2

1

'2
'

2

 

  Hence  the complete integral is b
a

yax
z 




2

)( 2

 

There is no singular integral as differentiation with respect to b leads to an absurd result. 

To get the general integral, as usual we put )(afb   where f is arbitrary and  differentiating     

 with respect to  a   Eliminating a ,the general integral is obtained. 

5) Obtain a complete integral of  qzp  21                                                                       (1) 

Solution: Let qzpF  21          

 

Here  0





x

F
Fx , 0






y

F
Fy

, q
z

F
Fz 




  

   pFp 2 ,     q
q

F
Fq 




    

The auxiliary equations are   

   
0

df

F

dy

F

dx

qFpF

dz

qFF

dq

pFF

dp

qpqpzyzx
















 

02)()2(2

df

z

dy

p

dx

qqpp

dz

q

dq

pq

dp















 

Consider the first two ratios 

qapaqpaqp
q

dq

p

dp

q

dq

pq

dp






logloglogloglog

2
       

Substituting  qap   in (1) we get  

011 2222  zqqaqzaq ,which is quadratic in q . 

   
2

22

2

4

a

azz
q


  
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Hence  












 














 


a

azz
a

a

azz
p

2

4

2

4 22

2

22

 

    Substituting these values of qp & in (1) we get  

              z
a

azz

a

azz













 














 


2

22
2

22

2

4

2

4
1  

          04244 22
2

222  azzazza  is the complete integral. 

 

LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT 

COEFFICIENTS 

Consider a linear equation  of the second order with constant coefficient  

      Xcy
dx

dy
b

dx

yd
a 

2

2

                                                                                              (1) 

Where   c  and  ,ba are constants and  X  is any function of  x . 

Consider the equation      

                0
2

2

 cy
dx

dy
b

dx

yd
a                                                                                     (2) 

The solution of this equation (2) is called the complementary function of  (1). 

The equation   

                        02  cbmam                                                                                      (3) 

is called the auxiliary equation  of the equation (1). 

Three cases can arise in the solution of the auxiliary equation. 

Case:1 Let the auxiliary equation (3) has two real and distinct roots .m   and 21m Then         

xmxm
BeAey 21   is the general solution of (2). 

Case:2  Let the auxiliary equation (3)  has two roots equal and  real..Let (say) 21 mmm   

  Then  mxeBAxy )(   is the general solution of (2). 
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Case:3 Let  the auxiliary equation (3) has imaginary roots. As imaginary roots occur in pairs, let  

 im 1 where   and   are real; then   im 2 .Then  ]sincos[ xBxAey x    is the 

general solution of  (2). 

Problems: 

1. Solve 045
2

2

 y
dx

dy

dx

yd
 

Solution: The  auxiliary equation is 4m  and  10452  mmm . 

The roots are real and distinct. Thus  xx BeAey 4  is the general solution. 

2. Solve   086
2

2

 y
dx

dy

dx

yd
 

Solution: The  auxiliary equation is 4m  and  20862  mmm . 

The roots are real and distinct. Thus  xx BeAey 42   is the general solution. 

3. Solve   02
2

2

 y
dx

dy

dx

yd
 

Solution: The  auxiliary equation is   twice-10)1(012 22  mmmm . 

The roots are real and  equal. Thus  xeBAxy  )(  is the general solution. 

4. Solve   044
2

2

 y
dx

dy

dx

yd
 

Solution: The  auxiliary equation is  twice20)2(044 22  mmmm . 

The roots are real and  equal. Thus  xeBAxy 2)(   is the general solution. 

5. Solve  053
2

2

 y
dx

dy

dx

yd
 

Solution: The  auxiliary equation is 
2

11 i3
m  

2

20-93
 m 0532 




 mm . 

The roots are  imaginary. Thus  







 xBxAey

x

2

11
sin

2

11
cos2

3

 is the general 

solution. 

6. Solve  04
2

2

 y
dx

dy

dx

yd
 

Solution: The  auxiliary equation is 
2

15 i1-
m  

2

16-11-
 m 042 




mm . 
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The roots are  imaginary. Thus  











xBxAey

x

2

15
sin

2

15
cos2  is the general 

solution. 

To find the particular integral: 

Consider the equation  (1) which can be  written symbolically as XycbDaD  )( 2   

or shortly XyDf )( , where cbDaDDf  2)(  

Let  uy   be a particular  solution of this equation .Let Y  be the complementary 

function of (1).Then  uYy   is the general solution of (1). u  is called the particular 

integral of (1).In symbolic form it is written as  X
Df )(

1
 

P.I= X
cbDaD

X
Df 


2

1

)(

1
 

TYPE.1  Let  X be of the form 
xe  

P.I = xe
Df



)(

1
 

Case:1 If 0)( f ,  xx e
f

e
Df



 )(

1

)(

1
   

 Hence the  rule is, replace D by   if  0)( f . 

Case:2  If  0)( f ,then   satisfies  the equation  0)( mf  

Then we proceed as follows. 

(i) Let the auxiliary equation have two distinct roots 21 m and m  and  let 1m  then the  

       P.I= xe
ma

x 

 )( 2
 

(ii) Let the auxiliary equation have two equal  roots, each equal to  .(i.e)  12 mm   

       P.I= xe
x 

2

2

 

Problems:  

1. Solve xeyDD  )65( 2  

Solution: The auxiliary equation is 

-3m and -2m03)2)(m(m 0652  mm  

The equation has  real and distinct roots. 

The complementary function is  
xx BeAe 32C.F    

P.I= xxx eee
DD 12

1

651

1

)65(

1
2






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Hence the general solution is xxx eBeAeIPFCy
12

1
.. 32    

2. Solve xeyDD 42 )65(   

Solution: The auxiliary equation is 

3m and 2m03)2)(m(m 0652  mm  

The equation has  real and distinct roots. 

The complementary function is  
xx BeAe 32C.F   

P.I= 
xxx eee

DD

444

2 2

1

62016

1

)65(

1






 

Hence the general solution is xxx eBeAeIPFCy 432

2

1
..   

3. Solve xeyDD  )1213( 2  

Solution: The auxiliary equation is 

12m and  1m012)1)(m(m 012132  mm  

The equation has  real and distinct roots. 

The complementary function is  
xx BeAe 12C.F   

Here  1  

P.I= 
xxxx e

x
e

D
e

DD
e

DD 11)11)(1(

1

)12)(1(

1

)1213(

1
2











 

Hence the general solution is xxx e
x

BeAeIPFCy
11

.. 12   

4. Solve xeyDD 22 13)143(   

Solution: The auxiliary equation is 

7/3m and  2m0)72)(3m(m 0143 2 mm  

The equation has  real and distinct roots. 

The complementary function is  
xx BeAe )3/7(2C.F   

Here  2  

P.I= xxxx xee
D

e
DD

e
DD

2222

2
13

)13)(2(

1
13

)73)(2(

1
13

)143(

1









 

Hence the general solution is xxx xeBeAeIPFCy 2)3/7(2..  

 
5. Solve   (D2 – 2mD + m2) y = emx. 

                   Solution: The auxiliary equation is k2 - 2mk + m2 = 0. 

                  i.e., (k – m)2 = 0 , ∴ k = m twice. 

The equation has  real and equal  roots. 
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                   The complementary function is   

        C.F. =  emx (A + Bx). 

        P.I. = mxe
2m) -(k 

1
 

              = mxe
x

2

2

                                                                                             
                    

        Hence the general solution is  

             IPFCy ..    =  e
mx (A + Bx + 

2

2x
). 

              ∴ y = emx (A + Bx + 
2

2x
). 

6.      Solve   xeyDD 22 )44(   

Solution: The auxiliary equation is 

   twice2m02)(m 044 22  mm  

The equation has  real and equal   roots. 

The complementary function is  )(C.F 2 BxAe x    

Here  2  

P.I= 
xxx e

x
e

D
e

DD

2
2

2

2

2

2 2)2(

1

)44(

1  





 

Hence the general solution is xx e
x

BxAeIPFCy 2
2

2

2
)(..    

TYPE:2  Let X be of the form xcosor    sin x  where   is a constant. 

                 P.I= xx
D







sin
)(-

1
  sin

)(

1
22



 

 

Hence    (i) the  rule is Replace  0)(-  if  -by    222 D  

              (ii) If 222 D  then  0)(    is a factor , 

       hence              
2

xxcos
 -  sin

1
22 








x

D
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                 and          
2

xxsin
  cos

1
22 








x

D
 

1. Problem: Solve (D2 - 3D + 2) y = sin 3x. 

       Solution:. The auxiliary equation is m2 - 3m + 2 = 0. 

 Solving, m = 2 and 1. 

 C.F. = A e2x + B ex. 

             P.I. = 
23

3sin
2  DD

x
 

        = 
239

3sin

 D

x
 ,  replace  9  -by    22 D  

        = 
D

x

D

D

37

3sin

37

37







  

        = 
2949

)3(sin33sin7

D

xDx




 

        =  
)9(949

)3cos3(33sin7



 xx

          

 

       = 
8149

3cos93sin7



 xx
 

       = 
130

3cos93sin7



 xx
 

    P.I   = 






 


130

3cos93sin7 xx
 

The  general  solution is   y = C.F. + P.I. 

         y = A e2x + B ex  






 


130

3cos93sin7 xx
 . 

2. Solve   xinyD 3)9( 2
s  

  Solution: The auxiliary equation is imm 3092   
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      The roots are imaginary.  

      The complementary equation  is xBxA 3sin3cos    

P.I = )3(sin
9

1
2

x
D 

 

Here  9-  and  3 2   . 

Replacing  2D  by -9 we get zero. 

Hence      
6

xcos3x
   

3.2

x3 xcos
 -  3sin

9

1
2




x
D

 

 General  solution  is y=C.F +P.I 

   
6

3cos
3sin3cos

xx
xBxAy   

3.  Solve  xyD 2cos)4( 2   

Solution: The auxiliary equation is imm 2042   

        The roots are imaginary.  

     The complementary equation  is xBxA 2sin2cos    

  P.I = )2(cos
4

1
2

x
D 

 

Here  4-  and  2 2   .Replacing  2D  by -4 ,we get zero. 

Hence      
4

xsin2x
   

2.2

x2sinx
  2cos

4

1
2




x
D

 

  General  solution is y=C.F +P.I 

     
4

2sin
2sin2cos

xx
xBxAy   

Type:3 Let X be of the form  
mx ,m being appositive integer. 



B.Sc  Mathematics                                                                                                            Differential  Equations  

62 

Srimathi Indira Gandhi College ,Trichy.2 

To evaluate mx
Df

  
)(

1
,raise f(D) to power (-1) and  expand  in ascending  powers of D as far as 

Dm. These terms in the expansion of   [f(D)]-1 operating on xm  give the particular  integral 

required. 

,Problem: Solve  2

2

2

532 xy
dx

dy

dx

yd
 . 

Solution: To find the C.F. solve (D2 + 2D + 3) y = 0. 

 The auxiliary equation is m2 + 2m + 3 = 0. 

 m = 
1.2

3.1.422 2 
 

     = 
2

1242 
 

    = 
2

82 
 

    = 
2

222 i
 

    = -1 2i  

       α=-1, β= 2  

C.F. = e-x (A cos 2 x + B sin 2 x) 

P.I. = 
32

5
2

2

 DD

x
      = 

2

2

23

5

DD

x


       = 








 


3

2
13

5
2

2

DD

x
 

       = 2

1
2

3

2
1

3

5
x

DD









 
        = 

2

2
22

...........
3

2

3

2
1

3

5
x

DDDD






















 








 
  

       = 2
4322

...........
9

44

3

2
1

3

5
x

DDDDD
















 








 
   
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       = 2
22

9

4

3

2
1

3

5
x

DDD

























 
      (Neglecting Higher Powers) 

       = 
























 


9

)(4

3

)()(2

3

5 22222
2 xDxDxD

x    = 























 


9

)2(4

3

2)2(2

3

5 2 x
x  

       = 























 


9

8

3

24

3

5 2 x
x      = 










9

8

3

2

3

4

3

5 2 x
x  

       = 









9

2

3

4

3

5 2 x
x

 

   y = C.F. + P.I.   = e-x (A cos 2 x + B sin 2 x) + 









9

2

3

4

3

5 2 x
x . 

TYPE ;4  Let X be of the form  )(xFeax  where  )(xF  is any function of  x  

   P.I=   ).(
)(

1
)(

)(

1
xF

aDf
exFe

Df

axax


  

Hence the rule is  Replace  D by  aD  

Problem: Solve (D2 + 4) y = e2x sin 2x. 

Solution: The auxiliary equation m2 + 4 = 0. imm 242   

The roots are imaginary.   

C.F. = e0x (A cos2x + B sin2x)  = A cos2x + B sin2x 

P.I. = 
4

2sin
2

2

D

xe x

       = 
  42

2sin
2

2

D

xe x

  , replace D by D+2 

       = 
84

2sin
2

2

 DD

xe x

       = 
844

2sin2

 D

xe x

  ,    replace D2 by -4 

       = x
DD

De x

2sin
)44)(44(

)44(2




       = 

1616

]2sin4)2(sin4[
2

2





D

xxDe x

 = 
16)4(16

]2sin4)2(sin4[2



 xxDe x

 

      = 
80

]2sin2cos2[4 2



 xxe x
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The general solution is      

                      y = C.F. + P.I. 

                       y = A cos2x + B sin2x 
80

]2sin2cos2[4 2 xxe x 
 . 

 

 

  

 

 

 

 

 


