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B.Sc Mathematics Differential Equations

DIFFERENTIAL EQUATIONS

Definition: A differential equation is an equation in which differential coefficients occurs.
Differential equations are of two types.
(1) Ordinary differential equations (ii) Partial differential equations
Definition: An ordinary differential equation is an equation in which a single independent
variable enters either explicitly or implicitly .For example
2 2
ay_ ZCosx,d—Z+m2y=0 and x* d Z
dx dx X
are all ordinary differential equations.
Definition: A partial differential equation is one in which at least two (two or more) independent
variables occur and the partial differential coefficients occurring in them have reference to any of
these variables .For example
oz o 0%z 0%z _(822]
X—+Yy—=2zand + =
ox oy ox>  oy* |\ oxoy
are all partial differential equations.
Definition: The order of an ordinary differential equation is the order of the highest derivative
occurring in it.
Definition: The degree of the differential equation is the degree of the highest derivative when
it is cleared of radicals and fractions.

+2xy+y:sinx

dx

2 2
For example 1) 2 :I 2’ + [%) + 5y = x,the order of the differential equation is two and the
X X

degree is also two.

2 % 2
2) {H(Qj} —ad 2/
dx dx

the order and degree of the differential equation are both two.

Equations of the first order but of higher degree:

TYPE:A Equations solvable for %

X

We shall denote % hereafter by p.
X

Let the equation of the first order and of the n™ degreein p be
P"+P P +P,p" P+ P, =0 e (1)
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B.Sc Mathematics Differential Equations

Where P, P,,......P, denote functions of x and y.

Suppose the first number of (1) can be resolved into factors of the first degree of the form

(P=R)(P—Ry).c..(p-R,)
Any relation between x and y which makes any of these factors vanish is a solution of (1).

Let the primitivesof p—R, =0,p—R, =0 etc. be
# (% Y,€) =0,0,(X,y,C;) =0..ooee (%, y,¢,) =0

respectively, where c,,c,,.....C, are arbitrary constants. Without any loss of generality, we

replace c,,c,,....C, by ¢, where c isanarbitrary constant. Hence the solution of (1) is
$(X,Y,C), (X, ¥,C) v ¢, (X, y,€)=0

Problems:
1) Solve x*p”+3xyp+2y?=0
Solution: Solving for p,
X2 p? + Xyp+2xyp+2y° =0 = xp(xp+y) + 2y(xp+y) =0
= (Xp+y)(Xp+2y)=0= (xp+y)=0&(xp+2y)=0

(xp+y)=0= p=-L&(xp+2y)=0= p=-2
X X
p=y=—l gives
dx X
dy dx
—=——=logy=-logx+logc = logy+logx=Ilogc
X
= 10gXY =10gC => XY = Cuvrrvrrrer et e s e D
p=ﬂ:—ﬂ:>ﬂ:—2%:> logy = -2logx+logc = logy = —logx® +logc
dx X y X

= logy +logx* = logc = logyx* = logc = yx* =c.......(2)

The solution is (xy —c)(yx* —c) =0

2) Solve p*>-5p+6=0
Solution: Solving for p, p° -5p+6=0=(p-2)(p-3)=0=>p=2,p=3

If p:Z:?zzzdy:2dx:>y:2x+c
X

If p:3:%—3:>dy:3dx:y:3x+c

X
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B.Sc Mathematics Differential Equations
.. The solutionis (y—2x—c)(y—3x—-c)=0

3) Solve p*-3p+2=0
Solution: Solving for p,we get p>-3p+2=0=(p-1)(p-2)=0=>p=1p=2

If p:Z:%:2:>dy:2dx:>y:2x+c
X

If p=1:>%=1:>dy=dx:>y=x+c
X

.. The solutionis (y—2x—c)(y—x-c)=0

4) Solve p*-p-6=0
Solution: Solving for p,weget p>-p-6=0=(p-3)(p+2)=0=>p=3,p=-2

If p=3:>%z3:dy:3dx:y:3x+c
X

If p:—Z:%:—Z:dy:—de:y:—2x+c
X

.. The solutionis (y—3x—-c)(y+2x—c)=0

5) Solve xyp’+ p(3x* —2y?)—6xy=0
Solution: Solving for p ,we get

o= —(3x* —2y2)J_r\/(3x2 —2y?)? — 4xy(—6xy)

2Xy
_ (2y2 —3x%) £,/9x* +4y* —12x%y? + 24Xy’
2Xy
_(2y* -3x%) +.J9x* +4y* +12x%y?
- 2Xy
2y -3x%) £(3x% +2y?)?
- 2Xy
_(2y? -3x%) £ (3x* +2y?)
- 2xy
C2y? -3 +3x% +2y° of p= 2y? —3x? —3x* - 2y?
P= 2Xy 2Xy
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B.Sc Mathematics Differential Equations

2y 3X
=>p=— or p=——m
X y
Lp 2y dy_ 2y dy 2dx
X dx X y X
= logy = 2logx +logc = logy = logx* + logc
=logy =logx’c=y=cx* = (y—-cx?)=0
pz—%:ﬂ:—%: ydy = —3xdx
y dx oy
y2 2
=2 =3—+cy*+3x° =2
2 2

=y +3x*=2c= (y*+3x*-¢)=0
. The solution is (y—cx?)(y? +3x* —¢) =0

6) Solve p®—(cosx+secx)p+1=0
Solution: This is quadratic in p .Solving this for p we get,

. (cosx +secx) J_r\/(cosx+secx)2 -4.11

2.1
(COSX +56CX) £ 1/COS? X +S6C2 X + 2COSXSECX — 4COSXSECX
B 2
(COSX +56CX) £ 1/cos? X +sec? X + 2 — 4
B 2
(COSX +56CX) £ 1/COS? X +56C? X — 2COSXSECX
B 2
B (cosx+secx)i\/(cosx—secx)2 p- (cosx +secx) + (cosx —secx)
2 2

= p=COSX Or p=secx
If p=cosx:>%=cosx:>dy=cosxdx:>y=sinx+c:>y—sinx—c=0
X

. p=Secx= ? =secx = dy =secxdx = y = log(secx + tan x) + ¢
X

= Yy-log(secx+tanx) -c=0
Therefore the solution is (y—sinx—c)(y —log(secx +tanx) —c) =0

7) Solve p®+2ypcotx =y’
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B.Sc Mathematics Differential Equations

Solution: This is quadratic in p .Solving this for p we get,

oo —2ycotxi\/4y2 cot’ x—4.1(-y?) —2ycotxJ_r\/4y2(cot2 X+1)

2.1 2
- +
_ 2ycotx;2ycosecx — _yCOtx+ ycosecx
. p=-Yycotx+ycosecx Or p=-—YyCotX— yCOoSecx
. p=-ycotx+ycosecx then p= % = y(—cotx + cosecx)
X
Which = gy = —cotx + cosecx = logy = —log(sinx) — log(cosecx + cotx) + logc
y

= logy + log(sinx) + log(cosecx + cotx) = logc = Iog(ysin x(cosecx + cotx) =logc
1+ cosx

= ysinx(cosecx +cotx) = ¢ = ysin x[ j: C= y(@+cosx)=c

If p=-ycotx—ycosecx then % = —yCOtX — yCcosecx
X

% = —cotx —cosecx = logy = —log(sinx) + log(cosecx + cot x) + logc

= logy + log(sinx) —log(cosecx + cotx) = logc = |09[L”Xj =logc
COSECX + cot X

- - 2
sinx sin“ x

_ysinx .Y

COSecx + cotx 1+ cosx

Therefore the solution is {y(1+ cosx) —cHy(@L—cosx)—c}=0

=Cc= Yy(—-cosx)=c

8) Solve xyp®+ p(3x*—2y*)—6xy=0
Solution: Consider xyp* + p(3x* —2y?*) —6xy = 0 ,which is quadratic in p ,solving for p
,we get

0= —(3x? —2y2)J_r\/(3x2 —2y"')2 +24x%y?  -3x* +2y? +JOx* +4y* —12x%y? + 24x°y?

2Xy 2Xy

_ =3P 4+2y7 £(B%7 +2y%)? —3x? +2y? +(3x° +2y?)

2Xy 2Xy
2 2 2 2 2 2 2 2
:>p=—3x +2y° +3x° +2y or p=—3x +2y°-3x" -2y
2Xy 2Xy
:p:ﬂ or pz_—3X
X
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2y _ dy_2y  dy_2dx

Lp= = logy =2logx+logc
X dx X y
=logy=logex’ = y=cx* =>y—-cx*=0
" p:ﬂ:ﬂ:_—gx:ydy:—:%xdx
y dx vy
2 a2
Yy =3 +c=>Yy*+3x*-c=0

2 2
Therefore the solution is (y —cx®)(y? +3x* —c) =0

9) Solve xyp*+(y*-x*)p—xy=0
Solution: The given equation is quadratic in p ,solving for p ,we get,

—(y? —xz)J_r\/(y2 —x2)2 +4x%y? -yt +x? +Jyt +x = 2x%y? +4x2y?

b= 2Xy 2Xy
=Y X EYOC YY)y e (X 4 y?)
- 2Xy - 2Xy
2 2 2 2 2 2 2 2
jp:—y XXy p:—y +X°=x2 -y
2Xy 2xy
jp—i or p:__y
y X
If pzﬁzyzﬁzydy=xdx:>y2—x2—20=0
y y
If p:__yzﬂ:_—y:ﬂ:—%:|ogy=—|ogx+|ogc:>xy—c:0
X dx X y X

The solution is (y* —x*—2c)(xy—c) =0

10)Solve xy(p*+1) =(x+Yy)p
Solution: The equation can be written as  xyp”> — (X +y)p+Xxy =0
Which is quadratic in p and hence

o DY) =Xy ()Y (XY £ ()

2Xxy 2xy 2xy
_X+Yy+X-Yy  2X _X+y-x+y 2y 1
2Xy 2xXy Yy 2Xy 2Xy X
If p:izyzljydyzdx:yz—ZX—c:O
y dx vy
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B.Sc Mathematics Differential Equations

If p=1:>ﬂ=1:>dy=%:>y=|ogx+|ogc:>ey—cx=0
X dx X X

The solution is (y> —2x—2c)(e’ —cx) =0

TYPE:B Equations solvable for y or x
Let the differential equation

p"+Pp"t +P,p"? +...+P, =0
can be putinthe form f(x,y, p) =0.When it cannot be resolved into rational factors as in

above ,it may be either solved for y or x.
Equations solvable for y
The equation  f(x,y, p) =0 can be put in the form

y=F(xp) (1)
Differentiating with respect to x, we get, p= ¢(x, p?j
X

This being an equation in two variables p and x, can be integrated by any of the method like
variable separable Homogeneous ,linear equations etc.,
Let the solution be w(x, p,c) =0 (2)

Eliminating p between (1) and (2),the solution is got.

Problems
1) Solve xp®—2yp+x=0
Solution: Consider the equation xp” —2yp+x=0

2
Solving for y, we get y:x(pz—erl) 1)
Differentiating with respect to x
dp 2 2 dp
X2p—+ +1).1|-x(p°+1)—
ﬂzip{ P 4 (p )} (p )dx
dx 2 p?
p2p? =2p" 2+ p(p? +2) - xp? P 5 P
dx dx dx

d d
2p° — p* = p = (p*x—X) =P = p(p? —1) = x(p* —1) =P
dx dx

dp dp dx
= p=x—=—=—=logp=Ilogx+logc
dx p X

= logp =logxc= p=cx
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B.Sc Mathematics Differential Equations

Hence we have p =cx 2
Eliminating p from (1) and (2),we get
x(c’x? +1)
Yy=—7——
2cX
. 2cy=c’x? +1 is the solution.

2) Solve y=xp+x(1+ pz)%

Solution: Let y=xp+ x(1+ pz)% (1)
Differentiating with respect to X ,we get

dy _ x{@+#2p%}+{p+1/p2 +1}3.1

dx dx 2.1+ p?

2
p-p-yirpr = 9P| Py | o i pr 2 MR P
dx| 1+ p? J+p? dx

dx p++1+p° dx 1| 2pdp dp
A L L T
X 1+p 1+p 1+ p?

X 2

Integrating on both sides
%__EI 2p
X 291+ p?
logx +log[p ++/1+ p?]+log1+ p® =logc
Iog[(x(p+1/l+ p? )\/l+ p? J: logc = x[p1/1+ p? +1+ sz:c (2)

Eliminating p between (1) and (2) we get the solution.

dp—j dp = = Iogx:—ilog(1+ p?)—log[p + 1+ p?]
J1+p 2

3) Solve y®=1+p°

Solution: Consider y? =1+ p> =y =./1+ p? (1)
Differentiating with respect to X ,we get

dx 2.1+ p? dx 1+ p? dx

sodx = dp

Vi+p?®

Integrating on both sides
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j dp =J'dx:>sinh‘1 p=X+C
1+ p?

= p =sinh(x+c) (2)
From (1), y =41+ p? = £/1+sinh?(x+C) = +,/cosh? (x +¢)
- y==%cosh(x+c)=cosh™y==%(x+c)

log(y ++/y® —1) = £(x+¢) = x+c =xlog(y ++/y* —1)

Therefore, the solution is

[x+c+ Iog(y+m)lx+ c— Iog(y+\/y27—1)J= 0

4) Solve y=2p+3p?

Solution: Consider y=2p+3p? (1)
Differentiating with respect to x we get
dy_,dp oo
dx dx dx

2+6pdp:dx={£+6}dp
p

:>p:(2+6p)%
dx

dx =

Integrating on both sides we get .[dx:'[gdp+6.[dp:x:2logp+6p+c
Y

x=2logp+6p+cC (2)
Eliminating p between (1) & (2) we get the solution.

Equations solvable for x
The equation f(x,y, p) =0 can be put in the form

x=F(y, p) 1)

Differentiating with respect to y , we get, 1 = ¢[y, p@J
p

dy
This being an equation in two variables p and y, can be integrated by any of the method

like variable separable Homogeneous ,linear equations etc.,
Let the solution be w(y, p,c) =0 (2)

Eliminating p between (1) and (2),the solution of (1) is got.

1) Solve x*=(1+p?)
Solution: Consider  x* = (1+ p®) = x=+/1+ p° (@))
Differentiating with respectto vy,
10
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dx dp p?
2p—:>dy dp
dy 2w/l+ p J1+ p?

p?+1-1

" LR
1+ p® == Iw/1+p
dp
— [J1+ p?dp—
y=[y1+pdp jﬁ:gg
py1+p’

=— — +- smh sinht p+c
y 5 > p— p

pyl+p?

1.
Ly=-—"""T _Zsinh?tp+c
y > 5 p

Integrating on both sides Idy = I dp

Eliminating p between (1) & (2) we get the solution.
2) Solve x(1+p®)=1

Solution: Consider x(1+ p?)=1=x= 1 5
1+p
Differentiating with respect to y
_2p2
dy=—-"7--d
ey

Integrating both sides
Jay--j 2B,
@ p?y?
Put
p=tand = dp =sec’ Ao
2p?  2tan’0  2tan’o
(L+p?)® (@+tan*H)* sec'd
J-dy:_j 2p2dp :_J-Ztanzé’seczédé?

@+ p*)? sec*
2 . 2 2
:_IZthd‘g:_IZsmz 0 cos’0

sec” 0 cos’d 1
:_J.ZSinzwg:_I(l_cosze)dez_(e_SInzg)=—tan’lp+Ln€
2 2(1+tan’ )

:tan71 + p +C
y P 1+ p°

Eliminating p between (1) & (2), we get the solution
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Clairaut’s form: The equation known as Clairaut’s is of the form
y = px+ f(p) 1)

Differentiating with respect to x

dp dp
= X+ f — X+ f —=0
p=p+ix+f(pl =+ (P
: dp
Either —=0 or x+ f(p)=0
dx

@ =0 = p =c,aconstant.

dx

Therefore the solution of (1) is y =cx+ f(c)

We have to replace p in Clairaut’s equation by ¢ .The other factor {x + f(p)} = Otaken along
with (1) give, on eliminating of p ,a solution of (1).But this solution is not included in the
general solution and this is called a singular solution.

Problems:
1) Solve y=(x-a)p—p°
Solution: This is in Clairaut’s form hence the solution is
y=(x-a)c—-c?

ap

2) Solve y=px+——F——
1+ p2)”

Solution: This is in Clairaut’s form hence the solution is

c
y=CX+—"
(L+c?)2

3) Solve (y—px)(p-1)=p

Solution: Consider (y—px)(p—-D)=p=>y- px:iz y = px+i

p-1 p-1

12
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Which is in Clairaut’s form, hence replace p by cwe get the solution as

y=oxs S
c-1

4) Solve yp = xp® +2

Solution :Consider yp=xp*’ +2=y= xp+E

D . . 2
Which is in Clairaut’s form, hence the solutionis y =cx +—
C

5) Solve p=sin(y— px)
Solution: p=sin(y—px) = y—px=sin" p=y=px+sin"p
Which is in Clairaut’s form ,hence the solution is y = cX+sin™" ¢
6) Solve y=(x-Dp+tan'p
Solution: Consider y=(x-1)p+tan ' p=y=xp—p+tan'p
Which is in Clairaut’s form ,hence the solutionis y=cx—c+tan'c
7) Solve p=Ilog(px—y)
Solution: Consider p =log(px—y)= px-y=¢e? = y=px—-g°”
Which is in Clairaut’s form, hence replace p by cwe get the solution as
y=pc—e’

8) Solve y= px+i
p
. . a
Solution: Consider y = px+—,

c e . . . . a
which is in Clairaut’s form, hence the solution is y = cX + —
C
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9) Solve y=2px+y’p?
Solution: Putting X =2x and Y =y® dX =2dx&dY =2ydy

" P=-L=
dX

yp

The equation transformed into Y = XP + P ,which is in Clairaut’s form .

Hence the solution is
Y =XC+C?= y*=2xc+c’

10) Solve x*(y — px) = yp°

- dY 2ydy vy VX
Solution: Put X =x? &Y =y?then P=—="2"2-7 _p-Y2p
Y dX  2xdx xp:>IO JY
v X X
X2 — PX) = 2:>X _ XP: Y_PZ
(y—px)=yp QY \/V\/ )=~ v

= X(Y =XP)=XP* =Y -XP=P?>=Y = XP + P?
which is in Clairaut’s form ,the solution is
Y=CX+C* = y?*=Cx*+C* = y*=Cx*+C*.
11) Solve (px—y)(py+Xx)=2p
Solution: Put X =x* &Y =y?

Then P=d—Y:2y_dy:lp:> p:ipzﬁp
dX  2xdx x y JY

(px—y)(py+><)=2p:{£Pﬁ—Wj{£W+ﬁJ=2£P

3 3 JY
XP-YYVX[P+1]) VX N oy 2P
:{ NG J[ . ]_2\/?P:>(XP—Y)(P+.)_2P:>Y_XP o

Which is in Clairaut’s form,the solution is

14

Srimathi Indira Gandhi College ,Trichy.2



B.Sc Mathematics Differential Equations

Y:XC_£:y2:X2C_£
C+1 C+1

12) Solve x*(y — px) = yp°

Solution: Put X =x* &Y =y?

Then P:d—Y:M:Xp: p:ﬁpzﬁp
dX 2xdx x y WY

. 2 _ 3 \/Y _ X 2 _ 2
- X(y—-px)=yp :X[J_—WPR]_WVP =Y =XP+P

Which is in Clairaut’s form ,the solution is
Y=XC+C?*=y*=x°C+C?
UNIT.II

LINEAR DIFFERENTIAL EQUATION WITH VARIABLE COEFFICIENT

Consider the linear differential equation with variable coefficient

2
ZCI—y+bxﬂ+cy:0

& dx? dx (1)

putting logx = z then the equation (1) reduces to

2
ad yerﬂ+cy:0

d? dz )

Which is a linear equation with constant coefficient which can be solved by the above methods.

Problems:

d?y _dy
1) Solve x>?—2 —-x—2+y=0
) Solve ™ dx+y

Solution: Putting logx =z then the given equation reduces to

[D(D-1) - D+1]y =0 where D = %

15
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The auxiliary equation is m*> —=2m+1=0=(m-1)?>=0=m=11
Hence the solution is y = (Az + B)e’

Since logx = z,x =e?, the solution will become

y =[Alogx+ B]x

2
2) Solve xzd—¥—7xﬂ+12y:0
dx dx

Solution: Putting logx =z then the given equation reduces to

[D(D-1)-7D+12]y =0 where D = di
z

The auxiliary equation is m?> -8m+12=0= (M-6)(M—2)=0=m=6,2
Hence the solution is y = Ae® + Be?? = y = A(e?)® + B(e?)?

Since logx = z,x =e?, the solution will become

y = Ax® + Bx?
2
3) Solve x? M+8x%+12y = x*
dx? dx

Solution: Putting logx = z,x =e* then the given equation reduces to

[D(D-1)+8D+12]y =e** where D = di
z
(D? +7D +12)y =e**
The auxiliary equation is m? +7m+12=0= (m+3)(m+4) =0=m=-3-4
the complementary function is Ae ™ +Be ™ = A(e?) 2 +B(e?)™ = Ax> +Bx™
P.l :2;942 :2;642 zix4
D°+7D+12 4° +7(4)+12 56
Therefore the general solution is y = C.F+P.1
y=Ax"2+Bx™* FRER
56

2
4) Solve x? d—3,+ xy—3y =x?
dx dx

Solution: Putting logx =z,x =e’ then the given equation reduces to

[D(D-1)+D-3]y =e? where D = di
z

16
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(D? —3)y = e%
The auxiliary equationis m? —-3=0=>m=1+/3
the complementary function is Ae™V3 | Be V3 A(eZ)J§ + B(ez)“@
= A3 B3

Pl = D21_3e22 — 221_3e22 2622 — (eZ)Z — X2

Therefore the general solutionis y = C.F+P.I
y=Ax3 £ Bx 3 4 x2

2
5) Solve xzu+xy+2y = x2
dx?  dx

Solution: Putting logx = z,x =e’ then the given equation reduces to

[D(D-1)+ D+ 2]y =e? where D = di
z

(D? +2)y =e?**
The auxiliary equation is m? +2=0=m=+i/2
the complementary function is Acos+/2z + Bsin/2z = Acos\/i(logx) + Bsinﬁ(logx)

1==5 .8 =3
D°+2 2°+2 6
Therefore the general solutionis y = C.F+P.I

y= Acosﬁ(logx) + Bsin \/E(Iogx) +%x2

P 1 2z 1 eZZ:leZZzl(ez)ZZEXZ
6 6

2
6) Solve x? %—3xﬂ+4y = x?
X

dx
Solution: Putting logx = z,x =e’ then the given equation reduces to

[D(D-1)—3D +4]y =e®* where D = di
z

(D? —4D +4)y =e?
The auxiliary equationis m? —4m+4=0=(m-2)>=0=>m=2,2
the complementary function is (A+ Bz)e?” = (A+ Blogx)(e?)? = (A+ Blogx)x?

5 1 e22 _ 1 5 e22 :i 2z _ |OgX)2 (eZ)Z — (|OgX)2
D°-4D+4 (D-2) 2 2 2
Therefore the general solutionis y=C.F+P.I

X2

P.l=
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(logx)®
2

7) Solve (x?D?+4xD+2)y = xlogx
Solution: Putting logx =z,x =e’ then the given equation reduces to

X2

y = (A+Blogx)x® +

[D(D-1)+4D + 2]y = ze* where D = di
z

(D% +3D +2)y = ze*
The auxiliary equationis m?+3m+2=0=(M+1)(M+2)=0=>m=-1-2

the complementary function is Ae ™ +Be 2> = Ax > +Bx ™ = é+%
X X
P.l
:2;22=e2 5 ! 7= 22;z=eZ 1 z=eZ;z
D°+3D+2 (D+1)“+3(D+1)+2 D +5D+6 5D +6 6(1+5D/6)

,1(, sDY'  ,1(, 5D). e’(_ 5) x 5
=e'—|1+—| z=e"Z|1-—|z=—|2—=|=—| logx——
6 6 6 6 6 6 6 6

Therefore the general solutionis y= C.F+P.I
y—é+3+§ Iogx—Ej
X x> 6 6

8) Solve (D2+§D)y212:;gx

Solution: Multiplying the equation by x? we get
(x*D? + xD)y =12logx
Putting logx = z, x = e’ then the equation reduces to

{D(D-1)+ D}y =12z where D = %

2 d?y dy .,z 2° 3
Dy=121=—=121=—=12—+A=>y=6—+Az+B=y=22"+Az+B
dz? dz 2 3
y = 2(logx)® + Alogx + B is the solution.
9) Solve (x*D®+3x?D? + xD+1)y =sin(logx)
Solution: Putting logx =z, x = €?

{D(D-1)(D-2)+3D(D-1)+D+1}y =sinz= (D*+1)y =sinz

1+i/3
2

Aucxiliary equation is m®* +1=0= (m+1)(m* -m+1) =0=m=1,

18
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Complementary function is

Ae™? + e%{B co{?jz + Csin(?}z} = Axt+ x%{B cos{?}logx + Csin(?}log X}

. . . 1+D . 1+D .
P.l= Sinz)=————-SINZ)=————(sinz)=——(sinz)=——-(sinz
D3+1( ) D(D2)+1( ) D(—1)+1( ) 1- D2( ) 2 sinz)
_ sinz+cosz _ sin(logx) + cos(logx)
2 2

The solution is y=C.F +P.I
y=Ax"t+ x%{B cos{?log x] + Csin(? log xj}+ sin(logx) + cos(logx)

2

10)Solve x?y +3xy +y=

(1-x)°
Solution: Putting logx = z, x = e then the equation becomes
d
DD-1)+3D+1}y = where D=—
{(DD-1) W= ey -

Auxiliary equation is m? +2m+1=0=(m+1)* =0=>m=-1-1

Complementary function is (A+ Bz)e ™ = (A+Blogx)x™*

B | 1 1 _ 1 e ‘e’ ot 1 e’
" D?2+2D+1l(1-e?)? ) (D+1)?%| (1-e?)? (D-1+1)% | 1-e?)?

_—zi ez :—zi ez :—zi—Z_ :—zi}
—e [Dzj((l_ez)zl e (Djj(a—ez)z}jz e (D]Jt (—dt)=e [D]t

where 1-e? =t = —e’dz=dt
P.1

_ Z Z Z
:e‘z(l)( ! j:e‘zj dz :e‘zj—1 € ¢ dz:e‘zjdz+e‘zjedZ
Z Z Z Z

l-e l-e l-e l-e

=e’z-e"’ |09<1— e’ ): GJ(IOQX ~logl-x))= GJ(IOQ(&D

Hence the general solutionis y=C.F +P.I

y=tne oo ) o s 2 )|

METHOD OF VARIATION OF PARAMETER
Consider the linear differential equation

19
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2
% + P% +Qy=R Q)
Where P,Q &R are constants.
Consider the equation
g + pﬂ +Qy =0
dx dx )
Suppose u(x) and v(x) are two linear independent solutions of (2), then the

complementary function of (1) is
y=CU+C,V
Where ¢, ,c, are arbitrary constants.
Then the general solution of (1) is y=C.F +P.l where C.F =cu+c,v where c;,c, are
constants and P.I =uf (x) =vg(x) where f(x) =—J.%dx and g(x) :J'%dx where w is

wronskian of uandv .

u v
u v
Problems

1.Solve 'y, +n?y=secnx using the method of variation of parameter.
Solution: Given equation is y, +n?y =secnx
The auxiliary equation is m? +n? =0=m? =—n? = m=4ni
The roots are imaginary. Hence the complementary function is ¢, cosnx+c,sinnx
Let u=cosnx ,v=sinnx.
To find w

cosnx  sinnx
-nsinnx Nncosnx

u v 2 . 2
=ncos“ nx+nsin“nx=n=0

W=

u v

Tofind f(x) and g(x)

20
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dx J-sm nxsecnx

f(x):—j

X= —Ej'sin nxsecnxdx= —EItan nxdx= —iz log(secnx)
n n n
1
f (x) = log(cosnx)
n

And g(x) J‘_d _J'COSHXSGCI’]X

=—jdx_—

Hence g(x)= X
n
Particular integral
P.l =uf (X) +vg(x) = cosnx(wj +sin nx.(%)
n

The general solutionis y=C.F+P.l

. log(cosnx) . X
y =[c; cosnx+c,sinnx]+cosnx| —————= |+sinnx{ —
n

n

log(cosnx)

2

y(x) =[c, cosnx+c,sinnx]+ cosnx[
n

X . . .
j+[—j5|n nx is the general solution.
n

2..Solve 'y, +4y=4tan2x using the method of variation of parameter.

Solution: Given equation is Yy, +4y =4tan2x

The auxillary equation is m? +4=0=m? =—4 = m=+2i
The roots are imaginary. Hence the complementary function is ¢, cos2x+c,Sin2x
Let u=co0s2Xx ,V=sin2x.
To find w

u V| |cos2x  sin2x p . 9
= =2C0S° 2X+2sin“2x=2=0

W= = _ .
U vy |-2sin2x 2cos2

Tofind f(x) and g(x)
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f(x)=—j—d Ism2x4tan2x Ix_—ZJ.sinxtanZde=—2fsm 2xOI _ 2Iog(se02x+tan2x) 25|n2x
C0S2X 2 2
f (X) =—2log(sec2x + tan 2x) +sin 2x
C0S2X

= C0S2X

Ic032x4tan 2X

And g(x)= j—d = =—J- sm X dx = 2j3|n2xdx_—

COS X

Hence g(x)=cos2x

Particular integral

P.1 = uf (X) +vg(x) = cos2x[sin 2x — log(sec2x + tan 2x)]+ sin2x(—Cc0s2x)
= —log(secx+ tan2x)cos2x

The general solution is

y=CF +P.l

y =[c, cos2x +c,sin2x] —log(secx+ tan2x)cos2x is the general solution.
3. Solve (D?-2D)y=e*sinx
Solution: Given equation is (D? —2D)y =e*sinx
Auxillary equation is m* —2m=0=>m(m-2)=0=m=0&m=2
The roots are real and unequal. Hence the complementary function is c,e®™ +c,e%* =c¢, +c,e?*

Let u=1,v=e?* and R =¢e*sinx

To find w
u v 2x
w= N P Yy
u v O 2e*
To find f(X)&g(x)
2X A X i X fai _ X (i _
f(x):—jﬁdx:—je e Zsmxdx=—ljexsinxdx=—1e (sinx cosx):_e (sinx—cosx)
w 2e* 2 2 4

And

22

Srimathi Indira Gandhi College ,Trichy.2



B.Sc Mathematics Differential Equations

X X[ iy Xy
g(x):.[—dx:—]e Smxdx=—lje‘xsinxdx:—1e (=sinx cosx):_e (sinx+cosx)
w 26 2 2 2 4

P.I=uf (x) +vg(X)

_e*(sinx—cosx) e [-e 7 (sinx +cosX)]
4 4

X

e* (. , 2sinxe*  e*sinx
:—I{smx—cosx+smx+cosx}:— =—

4 2

‘s
p__& sinx

2
The general solutionis y=C.F+P.l

. €%sinx
2
UNIT.II

PARTIAL DIFFERENTIAL EQUATION

Definition: A Partial differential Equation is an equation which contains one or more partial
derivatives. The order of the partial differential equation is that of the derivative of highest order
in the equation. Partial differential equations may be formed by

1) Eliminating arbitrary constants
2) Eliminating arbitrary functions

Eliminating arbitrary constants

Problems:

1) Form the partial equation by eliminating the arbitrary constants from z = (x* +a)(y* +b)
Solution: Given that z = (x> +a)(y® +b)

Differentiating partially with respect to x and y, we get

23
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2 p-2x(y* +b) ®
%= q=2y(< +2) @)

Multiplying (1) and (2) we get
pg = 4xy(x* +a)(y® +b) = 4xyz
2) Form the partial equation by eliminating the arbitrary constants from z = (x + a)(y +b)
Solution: Given that z = (x> +a)(y® +b)

Differentiating partially with respect to x and y, we get

2 _p-(y+b) ()
S=a=0ra) @

Multiplying (1) and (2) we get
pg=(x+a)(y+b) =2z
3) Eliminate aand b from z=ax+by+a
Solution: Giventhat z=ax+by+a 1)
Differentiating partially with respect to x and y, we get

a_

%P )
oz
—=0=b 3)
oy
substituting (2) and (3) in (1) we have z = px+qy+p
2 2 2
4) Eliminate a and b from +2y tz)—z—l
a

24
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Solution: Given that

Differentiating partially with respect to x and y, we get

2X 2z 01 2X 22 2X 2zp  2xy 2yzp
—+——=0=>—+—p=0=>—=- = =—

a® b®ox a’ pr a’ b? a’ b?
a® b°oy a“ b a b a b
Equating (2) and (3) we get 2)(y=—2y2p=—2)(2q:>py=qx

a’ b? b?
Eliminating arbitrary functions:
1) Eliminate the arbitrary function from z = f (x* + y?)
Solution: Giventhat z = f(x* +y?)
Differentiating partially with respect to x and y, we get

ez P2 +y?)2x= p=1f (X2 +y3)2x= | (x2+y?) =
OX 2X

a_ P +yh)2y=q=f (2 +y3)2y = f (X +y?) =
oy 2y

Eliminating f (x* +y?) between (2) and (3) we get py = gx
2) Eliminate the arbitrary function from z =e’ f (x +y)

Solution: Giventhat z=¢e’f(x+Yy)
Differentiating partially with respect to x and y, we get

%zeyf'(x+y):> p=e’f (x+y)

%zeyf'(x+y)+ f(x+y)e’ =>qg=e’f (x+y)+ f(x+y)e’

from (1), (2) and (3) wehave q=p+z
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3) Eliminate the arbitrary function from z = (x + y) f (x* - y?)
Solution: Giventhat z=(x+y)f(x*-y?)
Differentiating partially with respect to x and y, we get
oz 22 2,2
&:(x+y)f (x*—y%).2x+ f(x*-y°)

%: (x+y)f (X2 —y?).(-2y) + f (x* —y?)

Multiply (2) by y and (3) by x and adding we get

yp+xq=(x+y)f(x* —y?*) =2
The solution is z = py +Qx

4) Eliminate the arbitrary function f from f(x* +y*+2%,2>-2xy)=0
Solution: Solving x* +y® +2° = F(z* - 2xy)
Differentiating partially with respect to x and y

2x+2zp = F (2% - 2xy)(2zp - 2y)

2y +2209=F (z° - 2xy)(2zq - 2X)

Dividing (1) by (2) to eliminate F’

X+Zp Ip-Yy
y+2Q - Zq—X

or z(p—-Qg)=y—X

5) Eliminate the arbitrary function f from f (x> +y?,z° —xy) =0
Solution: Solving x* +y? = F(z* —xy)
Differentiating partially with respect to x and y
2x=F (z2° - xy)(2zp-y)

2y = F (2% = xy)(2z9—Xx)
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Dividing (1) by (2) to eliminate F’

2x 2y
2zp—y  220-X

= 4xz2q—-2%x* =4yzp-2y° = py—gx =y’ —x°

6) Eliminate the functions f and ¢ from the relation z = f (x+ ay) + ¢(x — ay)
Solution: Given that z = f(x+ay)+¢(x—ay)

Differentiating partially with respect to x and y
p=Tf (x+ay)+¢ (x-ay)

q=f (x+ay)a—¢ (x—ay)a
Differentiating again partially with respect to x and y we get

0%z

P f (x+ay)+¢ (x—ay)

822 2 " 2 4" 2822
—=a"f (x+ay)+a“¢g (x—ay)=a"—
5 (x+ay)+a’p (x-ay) PV

. o 0%z ¥
Hence the resulting equation is r —a’t =0,where r = g and t= 2y—2
X

7) Eliminate the functions f and ¢ from the relation z = f (y +ax) + x¢(y + ax)
Solution: Giventhat z= f(y+ax)+ x¢(y +ax)
Differentiating partially with respect to x and y
p=f (y+ax)a+x¢g (y+ax)a+g(y+ax) (1)
a="f (y+ax)+4(y+ax (2
Differentiating again partially with respect to x and y we get

2
% =r="f (y+ax)a’ +x¢ (y+ax)a’ +2¢ (y +ax)a ©)
X
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0%z . .
W:t: f (y+ax)+¢ (y+a)
Differentiating (2) partially with respect to x we get

0%z . .
=s=f +ax)a+ +ax)a
Y (y+ax)a+g¢ (y+ax)

From (3),(4) and (5) we get
r-2as+a’t=0
8) Form the partial differential equation by eliminating the arbitrary function
form z = f(x2 +y2+ 22)
Solution: Given that z = 1‘(x2 +y2+ 22)

Differentiating (1) partially with respect to x and y we get
0z

=p=Ff (xX*+y*+2)(2x+2z
%P (X“+y ) p)

%:qz f (x> +y?+2%)(2y +2z0q)

Dividing (2) by (3),

P _X+12p

= = Py +zpg=0Qgx+zpq= py = gX
q y+zq

9) Form the partial differential equation by eliminating the arbitrary function

form  xyz= ¢(x2 +y?— zz)
Solution: Given that Xxyz = ¢(x2 +yi— zz)
Differentiating (1) partially with respect to x and y we get
Xyp+Yyz=¢ (x> +y* —2%)(2x - 2zp)

Xyq+xz=¢ (x> +y® —2%)(2y - 2z0)
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Dividing (2) by (3),

YEEAR_222P  (yz+ xym)(y — 20) = (x— 2p)(x2-+ XyQ)
XZ+Xyq y-—1z(q

zy® + Xy’ p — yz°q— Xyzpg= X’z + x*yq— Xz’ p — Xyzpq
px(y® +2%) —qy(z* +x*) = z(x* — y*)
Solution of partial differential equations by direct integration

A partial differential equation can be solved by successive integration in all cases where
the dependent variables occurs only in the partial derivatives.

Problems:
1) Solve &0
OoX
S oz
Solution: Giventhat —— =0
OX

Integrating with respect to x, we get z= f(y), where f isarbitrary function.

d%z
2) Solve a><_2=Xy
2

Solution: Given that a—:: Xy

OX
Integrating with respect to x, we get
oz X o .
Foiairy y+ f(y), where f isarbitrary function.

Again integrating with respect to X
3

z=%y+xf(y)+¢(y)

2
3) Solve %:o

0%z

Solution: Given that — = 0

Integrating with respect to y, we get

%: f(x), where f isarbitrary function.
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Again integrating with respect to y
z=yf(X)+¢(x)

2
4) Solve a—§=cosx
OX
. 0%z
Solution: Given that a—2=cosx
X

Integrating with respect to x, we get

%=—sinx+f(y),where f is arbitrary function.

Again integrating with respect to x
z=—cosx+ xf(y)+a(y)

2
5) Solve 02 +X_6
oxoy Yy
2 2
Solution: Given that 02 X 02 -2
oxoy 'y Oxoy y
Integrating with respect to X ,we get
2
% _ex-X 41 (y)
oy 2y

Integrating with respect to y ,we get
2

z=6xy—%logy+F(y)+¢(x)

2

6) Solve 0z =sinx
OX
27
Solution: Given that =sinx
oxoy

Integrating with respect to X, we get
% =cosx+ f(y),where f isarbitrary function.

Again integrating with respectto vy

z=ycosx+F(y)+¢(x)
2

Differential Equations

7) Solve ﬂ=e‘t cosx,given that u=0 when t=0 and 6—u:O when x=0
oxot ot

. u
Solution: Given that —— =e™ cosx
oxot

Integrating with respect to x, we get
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aat_u =e 'sinx+ f(t), where f isarbitrary function.

Given that Z_ltjzo when x =0, Zt—u=0:>e‘tsin0+ f(t)=0= f(t)=0

ou .
S.—=e sinx
ot

Again integrating with respect to t
u=—e"'sinx+¢(x)

When t=0,u=0
0=-sinx+¢@(x) = #(x) =sinx

u(x,t) =—e'sinx+sinx

FIRST ORDER PARTIAL DIFFERENTIAL EQUATION

Definition : A solution of a partial differential equation is a. relation among the independent and
dependent variables, which satisfies the partial differential equation.

There are three types of solutions :i) Complete integral
ii) General integral
iii) Singular integral
Definitions:

Complete integral: The solution containing as many arbitrary constants as the number of
variables is called the complete integral.

General integral: The solution which contains the maximum possible number of arbitrary
functions is called the general integral

Singular integral: Differentiating the complete integral

#(x,y,z,a,c)=0 (1)

partially with respect to a and ¢ we get

Z—"j:o,@zo 2
a oc

The eliminant of a and ¢ from the three equations (1) and (2) ,if it exists is called the singular
integral.
31
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STANDARD TYPES
STANDARD :1
The partial differential equation is of the form f(p,q)=0
In this case the complete integral is

Z=ax+by+c ©)

where a,b,c are constants. From (3) we get p = % =aand Q= % =b .Replacing p by aand q

bybin f(p,q)=0,weget f(ab)=0.Solving this for b we get b =¢(a),say .Thus
Z=ax+¢(a)y+c

is the complete integral, where a and c are constants

Working rule for Standard .1

Step 1: Set p =aand g =hbin the given partial differential equation and solve for b in terms
of a,say b=¢(a)

Step 2: From the result dz = pdx+qdy,we get dz =adx+ ¢(a)dy

Step 3: Integrate this and get the complete integral as z =ax+¢@(a)y where a and care
arbitrary constants.

PROBLEMS:
(1) Solve p®+q° =npq
Solutions: This is of the form f (p,q) =0.Hence the complete integral is
z=ax+by+c where a®+b”*=nabor a’+b”—nab=0
Solving this for b we get

b nat+n’a’-4a’ 4 ntn?-4
2 2
Now from

dz = pdx+qdy,we get

dz = adx+bdy = adx+%(ni\/H)dy
/integrating, we get the complete integral is

z =ax+%(ni\/H)y+c

32
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()

(3)

Where a and c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

z=ax+g(n4_r\/n2 —4)y+g(a)

o z :
Eliminating a between z and 2— = 0we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get 0=1,which is an absurd result. Hence there is no singular integral

Solve pgq+p+q=0
Solution: This is of the form f (p,q) =0.Hence the complete integral is z=ax+by+c

where ab+a+b=0 or b(a+1)+a=0:>b=—i

a+l
a

Now from dz = pdx+qdy,we get dz =adx+bdy=adx— 1dy
a+

Integrating we get the complete integral as
a
Z=ax———Yy+cC
a+1

Where a and c are arbitrary constants
General integral: Putting ¢ = g(a) in the complete integral, we get

a
z=ax———y+g(a)
a+1

o z :
Eliminating a between z and 2— = Owe get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get 0=1, which is an absurd result. Hence there is no singular integral.

Solve /p +4/q =1

Solution: This is of the form f (p,q) =0.Hence the complete integral is z=ax+by+c
where a ++b =1 thatis b= (1-+a)?

Therefore the complete integral is z =ax+ (1—\/5)2 y+c where a and c are arbitrary

constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

z=ax+(1-+a)2y+g(a)

o 0z i
Eliminating a between z and = = 0we get the general integral.
a

33
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(4)

(5)

(6)

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

Solve p+q=pq
Solution: This is of the form f (p,q) =0.Hence the complete integral is z=ax+by+c
where a+b=ab ,thatis b=- a
(1-a)
Therefore the complete integral is z =ax— 2 y+C where a and c are arbitrary
-a
constants.
General integral: Putting ¢ = g(a) in the complete integral, we get
a
Z=ax— +g(a
a)’ g(a)

o z .
Eliminating a between z and 2— = Owe get the general integral.
a
Singular integral: Differentiating z partially with respect to ¢ and equating to zero we

get an absurd result. Hence there is no singular integral.

Solve pg=1
Solution: This is of the form f (p,q) =0.Hence the complete integral is z=ax+by+c

where ab=1 ,thatis b= 1
a

. . 1 .
Therefore the complete integral is z=ax+—y+c where a and c are arbitrary
a

constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

z:ax+£y+g(a)
a

o z .
Eliminating a between z and 2— = Owe get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

Solve p=q?
Solution: This is of the form f (p,q) =0.Hence the complete integral is z=ax+by+c
where a=b? thatis b=+a
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Therefore the complete integral is z = ax+\/5y+c where a and c are arbitrary
constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

Z= ax+\/5y+ g(a)
Eliminating a between z and a = Owe get the general integral.

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.
(7) Solve 2p+3q=1
Solution: This is of the form f (p,q) =0.Hence the complete integral is z =ax+by+c
1-2a

where 2a+3b=1 ,thatis b=

Therefore the complete integral is z = ax+( a]y+c where a and c are

arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

1-2a
z :ax+( 3 jy+g(a)

N 0z i
Eliminating a between z and = = Owe get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

(8) Solve q?—p®=9
Solution: This is of the form f (p,q) =0.Hence the complete integral is z=ax+by+c

where b2 —a? =9 thatis b=+y/9+a?

Therefore the complete integral is z = axJ_r(\/9+a2 )y+c where a and c are
arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

z= axi(\/9+a2 )y+ g(a)
Eliminating a between z and 2—2 = OQwe get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

STANDARD:II The partial differential equations of the form
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|) f(X, p,Q)ZO
i) f(y,p,a)=0
iii) f(z,p,q)=0

Case:1 The equation of the form f(x, p,q)=0
Set g = a inthe given p.d.e and solve the resulting equation for p in terms of x and a.Let
p=g(x,a).Then dz = pdx+ qdy = g(x,a)dx+ady
Integrating this we get the complete integral as
Z= jg(x, a)dx+ay+c
Where a and c are arbitrary constants.
Problem:

1) Solve \/p ++/q =x

Solution: The p.d.e is of standard 2.So0,setting q = a”in the given equation we get

Jp+a=xor p=(x-a)?
Now from dz = pdx+qdy = (x —a)’dx+a’dy
Integrating we get the complete integral as

_ (x-a)’

z +a’y+c

Where a and c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get
3
L _(x-a)
3

+a’y+g(a)

o 0z i
Eliminating a between z and = = 0we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we

get an absurd result. Hence there is no singular integral.

2) Solve xp+ p° =q

Solution: The p.d.e is of standard 2. So, setting q = ain the given equation we get
—Xx++x* +4a

2

xp+p’=aor p’+xp—a=0=p-=

—x++/x* +4a

Now from dz = pdx+ qdy = 5 dx + ady

Integrating this, we get the complete integral as

Z=I—xir\/x2+4a

5 dx+ay+c (or)
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2
z=—%i%[x\/x2 +4a]+4a|og(x+\/4a+x2)+ay+c

Where aand care arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

2
z :_%i%[x\/xz +4a]+4a|og(x+\/4a+ x*)+ay+g(a)

o 0z .
Eliminating a between z and % =0 we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.
Case:2 The equation is of the form f(y, p,q) =0 Set p =a in the given p.d.e and solve the

resulting equation for p in terms of y and a.Let q=g(y,a).Then
dz = pdx+qdy =adx+ g(a, y)dy
Integrating this we get the complete integral as
z= ax+_|'g(y,a)dy+c
Where a and c are arbitrary constants.

Problems:
1) Solve pg=y
Solution: The given equation is of the form f(y, p,q) =0. So we put p =a in the given

equation .Thenwe get ag=y=0= y
a

Now from dz = pdx+ qdy = adx+ldy
a

Integrating this, we get the complete integral as
2

7=ax+ +c
2a
Where aand c are arbitrary constants.

General integral: Putting ¢ = g(a) in the complete integral, we get
2

7=ax+ 4 g(a)
2a

S 0z .
Eliminating a between z and % =0 we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

2) Solve p=(@1+qg?)y?
Solution: The given equation is of the form f(y, p,q) =0. So we put p =a’ in the given
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equation .Then we get a’ =(1+q?)y’ =q=

a’ —y?
Now from dz = pdx+qdy =a’dx+-~——"—

Integrating this, we get the complete integral as

y

To integrate this, put y =asiné then dy =acosfdéd

acosd
asing

z:a2x+J' dy+c

z:a2x+_[ acosfddé +c

z= a2x+aj(cosec0—sin9)d¢9+c

z =a’x—alog(cosecé + cotd) + acosd + ¢
2 2
a+,a - ) .
z=a’x- alog[—y}t Ja® —y? +c is the complete integral
y

where aand c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

[n2 2
z _azx—alog(u}m/a2 -y? +g(a)

y

o z .
Eliminating a between z and 2— =0 we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.
Case:3 The equation is of the form f(z, p,q) =0 Set q=ap in the given p.d.e solve the

resulting equation for p in terms of z and a.Let p=g(z,a).Then

dz = pdx+qdy = g(z,a)dx +ag(z,a)dy = % = dx+ ady

H

Integrating this we get the complete integral as
J' dz :Idx+a_[dy:>j dz =X+ay+c
9(z,a) 9(z,a)
Where aand c are arbitrary constants.
Problems:
1) Solve z*(p*+q°+1) =1
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Solution: The equation is of the form f(z, p,q) =0 Set g =ap in the given p.d.e then
the given equation becomes z°(p” +a’p®+1)=1or z°p*(l+a’) =1-z?
2
z1+a?
Now using dz = pdx+ qdy, we get
Vi-72

dz = + —————(dx + ady)

71+
;  Z
Vi-z?
Integrating this, we get
Ji+a? (—\/1— z° )z +(x+ay)+c
is the complete integral where aand c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

J1+a? (— J1-72 )z +(x+ay) +g(a)

l+a

dz = +(dx + ady)

o z .
Eliminating a between z and 2— =0 we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

2) Solve z'q°-z°p=1

Solution: The equation is of the form f(z, p,q) =0 Set g =ap in the given p.d.e then

the given equation becomes z*a*p® -z’p=1=a’(z’p)* -2°p-1=0

22p = 1++/1+4a’ - p= 1++/1+4a’
2a’ 2a’z?
Now from dz = pdx+ qdy,we get dz = p(dx-+ady)
1++/1+4a? 1++/1+4a’
dz=|—55— ————— |(dx+ady)
2a°z 2a
Integrating this we get the complete integral as

2 Lli Ji+4a?

J(dx+ ady) (or) z%dz :(

3 2a?

J(x+ ay)+c

where aand c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get
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3 2a’

7 [1++1+4a?
= (—J(x +ay)+g(a)

S 0z .
Eliminating a between z and % =0 we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero, we
get an absurd result. Hence there is no singular integral.

3) Solve pz=1+q°
Solution: The equation is of the form f(z, p,q) =0 Set q =ap in the given p.d.e then
the given equation becomes pz=1+a’p® (or) pz—1+a’p?=0=a’p?+zp-1=0

p_—zi\/zz+4a2 and q_—zJ_r\/zer4a2
- 2a’ - 2a

Now from dz = pdx+ qdy,we get dz = p(dx+ ady)

—z++z% +4a® 2a’dz
5 (dx+ady) (or)
2a —z++z7% +4a?
Integrating this we get the complete integral as
J 2a’dz
—z++z% +4a?

where aand c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

2a’dz

)
—7++z%+4a°

o 0z .
Eliminating a between z and % =0 we get the general integral.
a

dz= = dx+ady

=X+ay+c

=x+ay+g(a)

Singular integral: Differentiating z partially with respect to ¢ and equating to zero, we
get an absurd result. Hence there is no singular integral.
4) Solve pq=1z°
Solution: The equation is of the form f(z, p,q) =0 Set g =ap in the given p.d.e then
the given equation becomes p(ap) =z* (or) ap’ =z = p= + L
Ja
az

And =+
1=

Now from dz = pdx+ qdy,we get dz = p(dx-+ady)
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72

Integrating this we get the complete integral as

dz= (J_r i](dx+ ady) (or) \/EJ‘% = J_r'|.dx+ ady
a z

Jalogz =+(x+ay+c) = a(logz)? = (x+ay +c)?
where aand c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get
a(logz)® = (x+ay+g(a))’
Eliminating a between z and Z—Z =0 we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero, we
get an absurd result. Hence there is no singular integral.

5) Solve z°p*+q° =1

Solution: The equation is of the form f(z, p,q) =0 Set g =ap in the given p.d.e then
1

7 +a’

the given equation becomes z°p® +a’p* =1or p?(z°+a’)=1= p’=

1
Vz? +a?

Now using dz = pdx+ qdy, we get

p=t

dz = i;(dx+ ady)

vzt +a’
Vz? +a’dz = £(dx+ ady)

Integrating this, we get

j\/zz +a’dz :ij(dx+ady)

2
L v a? +%sinhl(ij =+(Xx+ay+c)
a

2

is the complete integral where aand c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

2
5\/22 +a’ +%sinhl(£j =+(x+ay+g(a))
a

o 0z i
Eliminating a between z and % =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

6) Solve 9(p’z+0q*)=4
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Solution: The equation is of the form f(z, p,q) =0 Set g =ap in the given p.d.e then

4

the given equation becomes 9(p“z+a®p®) =4 or 9p*(z+a’)=4=p’=——
9(z+a%)

2

p=t——
3Jz+a?

Now using dz = pdx+ qdy, we get

dz = i#(dx+ ady)

3Wz+a?
Vz+a’dz =+(dx+ady)

Integrating this, we get
g.[\/z+a2dz :J_r.|.(dx+ady)

3 (22 + a.2)3/2

2 32

is the complete integral where aand c are arbitrary constants.
General integral: Putting ¢ = g(a) in the complete integral, we get

(z° +a°)’ = (x+ay+9(a))°

=+(x+ay+c)=(z*+a*)® =(x+ay+c)’

o 0z i
Eliminating a between z and % =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.

Standard:3 The partial differential equation is of the form f,(x, p) = f,(y,q)
Put f,(x, p)= f,(y,q) =a then we get p=¢,(x,a) and q=¢,(y,a)

Then pdx+ qdy=dz becomes dz = ¢,(x,a)dx+ ¢, (y,a)dy

Integrating this we get z = [ ¢, (x,a)dx+ [ 4, (a, y)dy + c is the complete integral
General integral :Putting ¢ = g(a) in the complete integral

2= [ (x,a)dx+ [ ¢,(a y)dy+g(a)
Eliminating a between z and Z—Z =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.
1) Solve p+q=x+Yy

Solution: The partial differential equation is of the form f,(x, p) = f,(y,q)
Put p—x=y—-q=athenweget p=x+aand q=y-a
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Then pdx+ qdy =dz becomes dz=(x+a)dx+(y—a)dy

2 S Y:
Integrating this we get z :.[(x+a)dx+J'(y—a)dy:> Z= (x+2) - (y Za) +cis the

2

complete integral
General integral :Putting ¢ = g(a) in the complete integral

) (y-a)?
2 2

+9(a)

o 0z .
Eliminating a between z and % =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral

2) Solve p*+q’=x+y

Solution: The partial differential equation is of the form f,(x, p) = f,(y,q)

Put p?~x=y-q°=a thenwe get p> =x+a and q° =y—a (or) p=+/x+a and
q=\y-a

Then pdx+qdy=dz becomes dz = (x+a)"*dx+ (y —a)"*dy

Integrating this we get

3/2 3/2

(x+a)"* _ (y-a)
3/2 3/2

z:J.(x+a)1’2dx+j(y—a)”2dy:z: +C

3/2

2 2 312
z==(x+a)" " +=(y—-a)’" +c
3( ) 3(y )

is the complete integral
General integral :Putting ¢ = g(a) in the complete integral

3/2 3/2

2
z=—(x+a
3( )

+§<y—a) +g(a)

o z :
Eliminating a between z and 2— =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral
3) Solve pqg=xy

Solution: The partial differential equation is of the form f,(x, p) = f,(y,q)

Putting p:X:a we get p =ax and q:X
q a

X

Then dz = pdx+qdy will become dz = axdx+Xdy
a
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2 2
Integrating this we get z = a(x?] + l[y?j + ¢ is the complete integral .
a

General integral: Putting ¢ = g(a)in the complete integral

Z= a(X—;J+§£y7zj+ g(a)

Eliminating a between z and S—Z =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.
4) Solve q(p-—sinx)=cosy
Solution: The partial differential equation is of the form f, (x, p) = f,(y,q)
Let p—sinx=m=a

Then p:(a+sinx),q:m
a

Therefore dz = pdx+ qdy will become dz = (a+sin x)dx+%dy

: . in . .
Integrating this we get z =ax—cosx + sny +C is the complete integral

a
General integral: Putting ¢ = g(a) in the complete integral

sin
Z= ax—cosx+—y+ g(a)
a

Eliminating a between z and Z—Z =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero we
get an absurd result. Hence there is no singular integral.
5) Solve p+g=sinx+siny

Solution: The partial differential equation is of the form f, (x, p) = f,(y,q)

Let p—sinx=siny—g=a

Then p=(a+sinx),g=siny—a

Therefore dz = pdx+ gdy will become dz = (a+sinx)dx+ (siny —a)dy

Integrating this we get z =ax—Ccosx—Ccosy —ay +c is the complete integral

General integral: Putting ¢ = g(a)in the complete integral
z=a(x—Yy)—(cosx+cosy)+g(a)
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. 0z i
Eliminating a between z and = =0, we get the general integral.
a

Singular integral: Differentiating z partially with respect to ¢ and equating to zero
we get an absurd result. Hence there is no singular integral.
STANDARD .1V CLAIRAUT’S FORM
This is of the form z = px+qy+ f(p,q)

The solution of the equation is z=ax+by+ f(a,b) for p=a &q=»>b

Problems :
1) Solve z= px+qy++1+p°+q°
Solution: The complete integral is obviously z =ax+by++/1+a® +b? (1)

General integral: Assume b= f(a) where fis arbitrary.

Differentiating partially with respect to a and eliminating a between the two equations we get
the general integral.
Singular integral: Differentiating partially with respect to a and b

X+-—2  —0and y+L=0

J1+a? +b? J1+a? +h?

Eliminating a and b the singular integral is x* +y* +2°> =1
2) Solve z=px+qy+pq
Solution: The complete integral is obviously z =ax+by+ab 1)

General integral:
Assume b= f(a) where f isarbitrary. Differentiating partially with respect to a and

eliminating a between the two equations we get the general integral.
Singular integral:
Differentiating (1) partially with respect to a and b
X+b=0and y+a=0
Eliminating a and b the singular integral is z=—xy—xy+xy=0=z+xy =0.
3) Solve z = px+qy+ p’q°
Solution: This equation is in clairauts form .
The complete integral is  z = ax+by +a’b’ (1)
Where a and b are arbitrary constants
Singular integral:
Differentiating (1) partially with respect to aand b we get

0= X+ 2ab’ (2)
0=y+2a’b (3)
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_ 2 g2 g2 _v2 |3
From (2) x=-2ab® = 2a2/ = y3 Sat=Y a-|Y
4a 2a 2X

4p* 2b
Thus the singular integral is given by

v (VY[ ) (1) 22 (13 22 (xy)%
=2 oy ) (V2 R R
X y X y 2

2 2 2

z =-23x3y? is the singular integral
General integral:
Assume b= f(a) where f isarbitrary . Differentiating partially with respect to a and
eliminating a between the two equations we get the general integral.
LAGRANGES LINEAR EQUATION
A linear partial differential equation of the first order known as Lagrange’s linear equation is of
the form

2 2 2 2 |3
y=—2a%h =~ 22X :-X3:>w:{‘xikjb={‘x}s

Pp+Qq=R (1)
Where P ,Qand R are functions of x,y,z.
Working rule:
To solve the equation Pp+Qg=R,
Q) Form the auxiliary simultaneous equations
dx dy dz
P Q R
(i)  Solve these auxiliary equations giving two independent solutions u=a and v=Db

(iii) ~ Then write down the solutions as ¢(u,v) =0 or u= f(v) or v=F(u) where the
function is arbitrary
Problems:
1) Find the general integral of px+qy=z2
Solution: Comparing the equation with Pp +Qq =R ,we get
P=x,Q=y and R=z2
The subsidiary equations are
dx dy dz
Xy z
In these the variables are separated.
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dx dy X
From — =—,we get logx=1Ilogy+logc, = logx=logyc, = —=c,
X Y y
Similarly from dy = dz ,we get y_ C,
y z z

Hence the general solution is ¢(5 : Xj =0
y z

2) Solve (y+2)p+(z+x)q=x+Yy
Solution: Comparing the equation with Pp + Qg = R ,we get
P=y+z,Q=z+x and R=x+Yy
The subsidiary equations are
dx dy dz
y+Z Z+X X+Y
dx—dy dy—-dz dz—-dx dx+dy+dz
X—y y—-z z-X 2(X+y+2)
Comparing the first two members and integrating we get

Consider

A A
y-z

Comparing first and last members and integrating we get (x—Yy)*(x+y+2) =c,
The solution is ¢{ﬂ,(x — V) (x+y+ z)} =0
y—12

3) Solve y’p+x°q=x’y?z?
Solution: Comparing the equation with Pp + Qg = R ,we get
P=y?,Q=x* and R=x"y*z?
The subsidiary equations are

dx dy dz
7 = N = x2y?z?
Comparing the first two members and integrating we get
3 3
x2dx = y2dy =~ =L 4c = x* —y® =¢,
3 3
. . . ) dz  y® -1
Comparing second and last members and integrating we get y“dy=— = -—-=—+¢,
z z

3
The solution is ¢{x3 - y3,y? +1} =0
z

4) Solve y’zp+x’zq=xy’
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Solution: Comparing the equation with Pp +Qq = R ,we get
P=y?2,Q=x’z and R = xy?
The subsidiary equations are
dx dy dz

yiz  x%*z xy
Comparing the first two members and integrating we get

3 3
ﬁ:ﬂ:>x2dx:y2dy:>%=y?+cl:>x3—y3=3cl=‘31

y’z X%z

2

Comparing firstand last members and integrating we get
d—zxzd—22:>xdx—zdz:0:>x2 -2*=c,
y'z Xy
The solution is  g[x® — y*,x? = 22]=0
5) Solve (mz—-ny)p+(nx—Iz)g=Ily—mx
Solution: Comparing the equation with Pp + Qg =R ,we get
P=mz—-ny,Q=(nx—Iz) and R=Ily—mx
The subsidiary equations are
dx  dy  dz
mz—ny nx—lz ly—mx
Using multipliers x,y,z we get each ratio equal to

xdx+ ydy + zdz _ xdx+ ydy + zdz — xdx+ ydy+2dz=0= x* + y2 + 22 = ¢,
x(mz —ny) + y(nx —1z) + z(ly — mx) 0
Using multipliers I, m,n we get each ratio equal to

ldx+ mdy + ndz _ ldx+ mdy + ndz = ldx+mdy +ndz=0=> Ix+my +nz =c,
[(mz — ny) + m(nx —12) + n(ly — mx) 0

The solution is ¢[x2 +y2 4z Ix+my + nz]: 0
6) Solve (3z—4y)p+(4x—22)q=2y—3x
Solution: Comparing the equation with Pp +Qq =R ,we get
P=3z-4y,Q=(4x-2z) and R=2y-3x
The subsidiary equations are
dx  dy  dz
3z-4y C4x-27 2y —3X
Using multipliers x,y,z we get each ratio equal to
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xdx+ ydy + zdz _ Xdx+ydy+zdz gy ydy+zdz=0=x*+y* +z% =¢,
X(3z —4y) + y(4x —22) + z(2y — 3x) 0
Using multipliers 2,3&4 we get each ratio equal to

2dx + 3dy + 4dz _ 2dx+3dy + 4dz = 2dx+3dy +4dz=0=2x+3y+4z=c,
2(3z-4y)+3(4x—22) +4(2y — 3X) 0

The solution is ¢[x2 +y?+2%2x+3y + 4z]= 0
7) Solve x(y*+2z)p-y(x*+12)q=z(x*-y?)
Solution: Comparing the equation with Pp +Qq = R ,we get
P=x(y*+12),Q=-y(x* +2) and R=z(x*-Yy?)
The subsidiary equations are
dx dy dz xdx+ ydy
Xy +2) —y(i+2) 2(¢-yE)  2(xE-y?)
Comparing the last two members and integrating we get
dz xdx+ ydy
2% —y?)  2(<* ~y?)

= dz = xdx+ ydy

2 2
X
:>z+c1:7+y7:>x2+y2=22+01:>x2+y2—22=c1

The subsidiary equations can also be written as

dx dy dx  dy
X y 3 dz Xy
(V+2) -(F+2) 2 -yl yP-x
. . dx dy dz
Taking the last two ratios ™ + 7 + 5 =0

Integrating we get logx +logy +logz =logc, = logxyz =logc, = xyz=c,

The solution is ¢[X2 +y? -2z, xyz]z 0
8) Solve (y—-z)p+(z—x)g=x-Yy
Solution: Comparing the equation with Pp + Qg =R ,we get
P=y-z,Q=z—x and R=x-y
The subsidiary equations are
dx dy dz

y—2 Z-X X-Yy
Consider _9X___dy _ dz _ dx+dy+dz
y—-12 Z—X X=y 0

Integrating we get
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X+y+2z=c,

xdx+ ydy+ zdz xdx+ ydy+ zdz
Xy-2)+yz-x+2(x-y) 0
Integrating we get x° +y* +2° =c,

Also each ratio=

The solution is ¢[x+ Y+, X+ Yy  + 22]: 0
9) Solve x(z>-y*)p+y(x*-2?)g=1z(y*-x%)
Solution: Comparing the equation with Pp + Qg =R ,we get
P=x(z>-y%),Q=y(x*-z?) and R=1z(y* -x%)
The subsidiary equations are
dx dy dz
X2 -y Yy -7%) 2y’ %)
Using multipliers x,y,z we get each ratio equal to

xdx+ ydy + zdz _ Xdx+ ydy + zdz
xzzz—x2y2+y2x2—y222+zzy2—22x2 0

= xdx+ydy+zdz=0= x* +y* +z° =,

Using multipliers EE&l we get each ratio equal to
Xy

z
1dx+£dy+1dz 1dx+£dy+1dz
X y z X y z 1 1 1
2 RN T 7 = —dx+—=dy+=-dz=0
-y 4+ X —-2°+y° =X 0 X y z

= logx+logy+logz =logc, = logxyz =logc, = xyz=c,

The solution is ¢5[x2 +y2+ zz,xyz]: 0
2
10) Solve yz p+xzq =y’
X
Solution: Comparing the equation with Pp +Qg =R ,we get

2

qu,szz and R=y’
X

The subsidiary equations are
dx dy dz
v’z xz y?
X

From the first two ratios x”dx = y*dy = x* - y® =¢,

From the first and ratio  xdx = ydy = x* -y’ =c,
Hence the solution is $(x® —y°,x? —y?)=0
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CHARPIT’S METHOD

A general method of solving a partial differential equation is due to charpit’s.

Consider F(x,y,z,p,q) =0
The auxiliary equations are
dpo  dg dz _dx dy df
F,+pF, F,+qF, -pF,-qF, -F, -F, 0
Problems:
1) Solve p®+q°—2px-2qy+1=0

Solution: Let F(x,y,z,p,q) = p*+q°> —2px—2qy+1

Here Fx=ﬁ=—2p,Fy=ﬁ=—2q,Fz=ﬁ:0
OX oy 0z
oF oF
=g TAPN. Ry =5o=2a-y)
The auxiliary equations are
dp dq dz dx _ dy _df

F.+pF, F,+qF, —-pF,—qF, —-F, —-F, 0

dp dg _ dz dx dy df

-2p -2q9 -2p(p-x)-2q9(q-y) -2(p-x) -2(-y) O
From the first two ratios

ﬂ:ﬂjﬁzﬂjlogpzlogqﬂoga
-2p -2q P q

= logp=Ilogag= p=aq

(1)

Putting p = aqin (1) we get q*(a’® +1) — 2q(ax+ y) +1 =0 which is quadratic in g .Solving this

for q,we get

(ax+y)+/(ax+y)? —a? -1
q= 2
a“+1
Taking the positive root for the radical,
(ax+ y)J_r\/(ax+ y)? —a’ -1
p=a 2
a“+1
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(ax+ y)i\/(ax+ y)?—a’ -1 (ax+ y)i\/(ax+ y)?—a’-1
2 dx+ 5 dy
a“+1 a“+1

-.dz = pdx+qdy = {a

i _{(ax+ y)i\/(ezlx+ y)’ —a? _1}d(ax+ y)
a“+1

Integrating

L ax+y
2% +1)z+b = (ax+ y)? + (ax+ y)/(ax+ y)? —a® —1— (a® +1) cosh 1( J
va® +1

There is no singular integral as differentiation with respect to b leads to an absurd result.
To get the general integral, as usual we put b = f (a) where f is arbitrary and differentiating

with respectto a Eliminating a ,the general integral is obtained.

2) Solve pxy+ pg+qy=yz Q)
Solution: Let F = pxy+ pg+qy—yz
oF oF oF
Hel’e F == 1F = — = PX+ ’FZ:_:_
T ox Py, F, oy pPX+q pe y
oF oF
F =—=xy+q, F,=—=p+
* = 7 y+q e p+y
The auxiliary equations are
dp  dg dz _dx _dy _df
F,+pF, F, +dF, -pF,-qF, -F, -F 0
The equation % =...= p = a(constant) @)
substituting (2) in (1),we get axy+agq+qy—yz=0
_y(z-ax)
a+y
- dz = pdx+qdy = adx+Mdy
a+y

_d(z-ax)  ydy
" oz-ax  a+y
Integrating this we get log(z—ax) =y —alog(a+y)+b

This is the complete integral
There is no singular integral as differentiation with respect to b leads to an absurd result.

To get the general integral, as usual we put b = f (a) where f is arbitrary and differentiating
with respect to a Eliminating a ,the general integral is obtained.
3) Obtain a complete integral of xp® —ypg+ y’q—y?z =0 (1)
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Solution: Let F =xp®—ypg+y’q-y°z
oF 2 oF 2 oF 2
Here F, =—=p*,F, =—=-pq+3y°’q—-2yz,F, =—=—
T ox P, Fy oy Pg+oy q—-2y pe y
oF
F, =2px-yq, Fq:a—q=—yp+y3
The auxiliary equations are
dp  dg dz _dx _dy _df
F,+pF, F,+dF, -pF,-qF, -F, -F 0
dp o= dy 5 :@zﬂ:Iogp=|ogy+|oga:>|ogpzlogay:> p=ay
p(p-y?) y(p-y) p Y
Substituting p = ay in the equation (1) ,we get

_z-a’x
y—-a

2
Then dz = pdx+qdy becomes dz = aydx+ [ £-a X}dy (2)

Treating this as a total differential equation neglect dy for the present and integrating we get

z=axy+ f(y)
Differentiating totally and comparing with (2)
z—axy df f df  df dy
y—a dy y-a dy f y-a
Integrating log f =log(y —a)+logb =logf =logh(y—a)= f =(y—a)
Therefore the complete integral is z =axy+b(y—a)

4) Solve px+qy=pq 1)
Solution: Let F = px+qy— pq
Here FX:a—F—p,Fy—a—F— ,FZ:(?_F:
oy oz
oF
F,=x-4q, qua—q:y—p
The auxiliary equations are
dpo dg dz _ dx _ dy _df
F.+pF, F, +qF, -pF,-adF, -F, -F 0
dp _dq _ dz dx dy df

P q -ply-p-q(x-q -(x-q -(y-p) 0
From the first two ratios
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dp dq
— =—=logp=Ilogg+loga=logp=Ilogga= p=ga
p
Substituting p =ga in (1) we get
ax+y

gaXx+qy=Qgag—ax+y=Qa=(=

Then p=ga=ax+y

Then dz = pdx+qdy = (ax+ y)dx+[—aX;‘r yjdy _(ax+ y)[jdx+ dy| _(axy y)g(ax+ )

adz = (ax+ y)d(ax+y)
2 2 ' 2
(ax+y)® o, @x+y)? b _@x+y)? |

Integrating we get az=—"—
I NES 2 2a a 2a
2
Hence the complete integral is z :@m
a

There is no singular integral as differentiation with respect to b leads to an absurd result.

To get the general integral, as usual we put b = f (a) where f is arbitrary and differentiating
with respect to a Eliminating a ,the general integral is obtained.
1)

5) Obtain a complete integral of 1+ p® =qz
Solution: Let F =1+ p® —qz

Here FX:a—F:O,F :a—F:O,FZ:a—Fz—q
OX Yooy oz
oF
szzpl Fq:a—qz—q
The auxiliary equations are
dpo dg dz _ dx _ dy _df
Fo+pF, F +aqF, -pF,-qF, -F, -F 0
dp dq dz dx _dy df

-pg -9 -p@p)-d(-q) -2p -z O
Consider the first two ratios

dp dg dp dg
——=—7=>—=—=logp=logq+loga=logp=logag= p=ga
—P4d —q Y
Substituting p =gqa in (1) we get

1+0%a® =gz = a*q’® — zq +1=0,which is quadratic in q ..

q:zim

2a?
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z++2° —4a2_a:{zi\/z2 —4a2}

Hence p= l: a? oa

Substituting these values of p &qin (1) we get

z+~z% —4a’ T __zJ_r\/z2 —4a’ }

1+ = 5
2a 2a

4a® + [z +z° —4a2]2 —2(2 ++/2° —4a’ ): 0 is the complete integral.

LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

Consider a linear equation of the second order with constant coefficient
d’y . dy
+b—=+cy=X 1)

a_
dx? X

Where a,b and c are constants and X is any function of x.

Consider the equation

()

2
ad—3,+by+cy:0

dx dx
The solution of this equation (2) is called the complementary function of (1)

The equation
am’>+bm+c=0 (3)
is called the auxiliary equation of the equation (1).
Three cases can arise in the solution of the auxiliary equation.

Case:1 Let the auxiliary equation (3) has two real and distinct roots m, and m,. Then

y = Ae™* +Be™* is the general solution of (2).

Case:2 Let the auxiliary equation (3) has two roots equal and real..Let m; =m, =m (say)

Then y=(Ax+B)e™ is the general solution of (2).
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Case:3 Let the auxiliary equation (3) has imaginary roots. As imaginary roots occur in pairs, let
m, =a+ifwhere ¢ and S are real; then m, =a—if.Then y=e®[AcosSx+Bsin sx] is the
general solution of (2).

Problems:

2
1. Solve d—y—5ﬂ+4y =0

dx?  dx
Solution: The auxiliary equation is m?> —=5m+4=0=>m=1 and m=4.

The roots are real and distinct. Thus y = Ae* +Be** is the general solution.
d? d
2. Solve ay_ —y+8y =0
dx?  dx

Solution: The auxiliary equation is m?> -6m+8=0=m=2 and m=4.

The roots are real and distinct. Thus y = Ae® + Be** is the general solution.

2

3. Solve d—2/4r2ﬂ+y:0
dx dx

Solution: The auxiliary equation is m? +2m+1=0= (m+1)®> =0=m=-1 twice.

The roots are real and equal. Thus y = (Ax+ B)e™ is the general solution.

2

4. Solve 9—X—4gx+4y=0
dx?  dx

Solution: The auxiliary equation is m? —4m+4=0= (m—-2)? =0= m = 2 twice.

The roots are real and equal. Thus y = (Ax + B)e?* is the general solution.

2

5. Solve d—3’—3ﬂ+5y =0
dx dx

Solution: The auxiliary equation is m>—3m+5=0=m =

3x \/ﬂ

The roots are imaginary. Thus y = e? AcosT X+ Bsin g X | is the general

m= .
2

Si\/9-20:> 3+i/11
2

solution.
2
6. Solve M+ﬂ+4y:o
dx? dx
“1+4/1- -1+
Solution: The auxiliary equation is m? +m+4=0=m :—1_ 21 16 = m Z—l_;\/ﬁ .
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V15 V15

X
The roots are imaginary. Thus y=e 2 AcosT X+ Bsin > X | is the general

solution.
To find the particular integral:

Consider the equation (1) which can be written symbolically as (aD? +bD+c)y = X
or shortly f(D)y= X ,where f(D)=aD?+bD+c

Let y=u be a particular solution of this equation .Let Y be the complementary
function of (1).Then y=Y +u is the general solution of (1). u is called the particular

integral of (1).In symbolic form it is written as

1 X
D)
P.1= 1 X = > 1 X

f (D) aD” +bD+c
TYPE.1 Let X be of the form e*
1 o
f(D)

P.I=

Case:1 If f(a)=#0, Le‘)’X:iele
f(D) f(a)

Hence the rule is, replace D by « if f(«)#0.
Case:2 If f(a)=0,then « satisfies the equation f(m)=0
Then we proceed as follows.
(i) Let the auxiliary equation have two distinct roots m, and m, and let & =m, then the
Pl= — X g™
a(a—m,)

(i1) Let the auxiliary equation have two equal roots, each equal to « .(i.e) m, =m, =«
2

pi= X e
Problems:
1. Solve (D?+5D+6)y =e*
Solution: The auxiliary equation is
m?+5m+6=0= (M+2)(M+3)=0=m=-2and m=-3
The equation has real and distinct roots.
The complementary function is C.F = Ae ™ + Be™*
1 X 1 x_1

Pl= — e’ = e'=—¢
(D +5D +6) 1+5+6 12
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—3X 1 X

Hence the general solution is y = C.F + P.I = Ae ?* + Be +Ee

2. Solve (D?-5D+6)y=e*
Solution: The auxiliary equation is
m? —-5m+6=0=(M-2)(m-3)=0=m=2and m=3
The equation has real and distinct roots.
The complementary function is C.F = Ae?* + Be**
S S S
(D% —5D +6) 16-20+6 2

Hence the general solution is y = C.F + P.l = Ae®* + Be** +%e4x

3. Solve (D? -13D+12)y =e*
Solution: The auxiliary equation is
m? -13m+12=0= (Mm-1)(m-12)=0=m=1 and m=12

The equation has real and distinct roots.

The complementary function is C.F = Ae* + Be*

Here a=1
1 X 1 X 1 x__Xex

P.I1= e” = e’ = et ==
(D? -13D +12) (D-1)(D-12) (D-1)(-11) 11

X

Hence the general solution is y =C.F + P.I = Ae* + Be'#* —llle

4. Solve (3D?+D-14)y =13
Solution: The auxiliary equation is
3m? +m-14=0= M-2)(3m+7)=0=m=2 and m=-7/3
The equation has real and distinct roots.
The complementary function is C.F = Ae?* + Be"/3*
Here a=2
Pl= —————— L 13 = L 132 = 1 1307 ye¥
(3D°+D-14) (D-2)(3D+7) (D-2)13)
Hence the general solution is y = C.F + P.I = Ae? + Be"/3* 4 xe*
5. Solve (D?-2mD +m?)y=e™.

Solution: The auxiliary equation is k? - 2mk + m? = 0.
e, (k—=m)?=0 -~ k=m twice.

The equation has real and equal roots.
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The complementary function is
C.F.= e™ (A + BXx).

1 om
(k-m)?

mx

X2
=—e
2

Hence the general solution is

2

y=CF+P.l _ e™(A+Bx+ X?).

2

y=e™(A+ Bx+X?).

6. Solve (D?+4D+4)y=e*

Solution: The auxiliary equation is
m?+4m+4=0=(mM+2)>=0=m=-2 twice
The equation has real and equal roots.

The complementary function is C.F = e?*(A+ Bx)

Here aa=-2
SR NS
(D°+4D+4) (D+2)

Differential Equations

2

Hence the general solution is y = C.F + P.l =e ?*(A+ Bx) er?e‘2X

TYPE:2 Let X be of the form sinax or cosax where « is a constant.

P.I= sinax = sin ax

2

D?) ¢(-a”)

Hence (i) the rule is Replace D? by -o? if ¢ (-a?) =0

(i) If g(—a®) =0 then D?+a? is a factor

XCOSaX
hence

5 2sinax =-
D+« 2a
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1 Xsinax
and — 5 Cosax =
D+« 2a

1. Problem: Solve (D? - 3D + 2) y = sin 3x.
Solution:. The auxiliary equation is m? - 3m + 2 = 0.
Solving, m =2 and 1.
CF.=Ae*+BeX

sin3x

Pl=__>°"°
D?-3D+2

- sin3x , replace D? by -a®*=-9
-9-3D+2

7—3D>< sin 3x

7-3D -7-3D

7sin3x —3D(sin3x)
—49+9D?

_ 7sin3x —3(3c0s3x)
—49+9(-9)

_ 7sin3x —9cos3x
—-49-81

_ 7sin3x —9co0s3x
-130

Pl = _ 7sin3x —9c0s3X
' 130

The general solutionis y=C.F. +P.L

y=AeX+Be* — 7sin3x —9cos3x .
130

2. Solve (D?+9)y =sin3x

Solution: The auxiliary equation is m? +9=0=m = +3i
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The roots are imaginary.
The complementary equation is Acos3x+ Bsin3x

1 .
P.I= sin 3x
D2+9( )

Here o =3 and -a® =-9.
Replacing D? by -9 we get zero.

. XCO0S 3X XC0S3X
Sin3x =- =-

Hence
D2 +9 2.3 6

General solution is y=C.F +P.1

X C0S3X

y = Acos3x+ Bsin3x—

3. Solve (D?+4)y=cos2x

Solution: The auxiliary equation is m? +4=0=m=+2i
The roots are imaginary.

The complementary equation is Acos2x+ Bsin2x

P.l= 21 (cos2x)
D°+4

Here a=2 and -a? =—4 Replacing D? by -4 ,we get zero.

X sin 2x XSin2x
C0S2X = =

Hence
D% +4 2.2 4

General solution is y=C.F +P.1

y = Acos2x+ Bsin2x+ Xsin2x

Type:3 Let X be of the form x™,m being appositive integer.
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x™ raise f(D) to power (-1) and expand in ascending powers of D as far as

To evaluate 1
f(D

D™. These terms in the expansion of [f(D)]* operating on x™ give the particular integral

required.
2

M_FZQ

e dX+3y:5x2.

,Problem: Solve

Solution: To find the C.F. solve (D?> + 2D + 3) y = 0.

The auxiliary equation is m? + 2m + 3 = 0.

m= —~2++/2°-4.1.3

2.1
_ -2%4/4-12
2
_-2+/-8
2
_ -2+42iV2
2
=-1+iV2
a=-1,[3=\/§
C.F.:e‘X(Acos\/Ex+Bsin\/§x)
bl = 5x? _ 5x? _ 5x2
" D?+2D+3 3+2D+ D? { 2D+D2}
J1+ =
5[ 2p+D2]", 5|, (2D+D?) (2D+D?Y’ ,
=1+~ | x = —|1- + — e X
3| 3 3 3 3
5[, (2D+D?) (4D’ +4D?+D* )
= —|1- + e X
3| 3 9
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3 9

_Xz _(2D(x2)+ DZ(XZ)J+[4D2(XZ)H _ §‘X2 _(2(2x)+2j+(4(2)ﬂ
3 9 3| 3 9

B 2 2
= g 1—(2D+ D }{4[) H x?  (Neglecting Higher Powers)

|
w | ol

5[, (4x+2) (8 5[, 4x 2 8]
= —| X — +| = = X ———=+=
3| 3 9 3 3 3 9]
_ 5[, 4x 2
- — X -+ —
3 3 9
y=C.F. +P.lL :e'X(Acos\/Ex+Bsin\/§x)+g[x2_4_;+§},

TYPE ;4 Let X be of the form e®F(x) where F(x) is any function of x

ax _Lax 1
[e>F(x)]=e Tora ™

1
f(D)

P.I=

Hence the rule is Replace D by D+a

Problem: Solve (D? + 4) y = % sin 2x.

Solution: The auxiliary equation m?+4 =0.=m? =—-4=m=+2i
The roots are imaginary.

C.F. = e™ (A cos2x + B sin2x) = A cos2x + B sin2x

2X ot 2X i
P.l.= efﬂ = % , replace D by D+2
D? +4 (D+2) +4
2X c 2% .-

_ e2 sin2x _ € sin2x " replace D2 by -4
D’ +4D+8 ~4+4D+8

_ e¥(4D-14) sinox = e?[4D(sin2x) —4sin2x] _ e*[4D(sin2x) —4sin 2x]
(4D +4)(4D-4) 16D? -16 16(—4)-16

_ 4e”[2cos2x —sin2x]
-80
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The general solution is

y=C.F. +P.l.

y = A cos2x + B sin2x —
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