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B.SC MATHEMATICS LAPLACE TRAMSFORMS

LAPLACE TRANSFORMS
Definition: If a function f (t) is defined for all positive values of the variable t and if

IO i (t)dt exists and is equal to F(S) ,then F(S) is called the Laplace Transform of f(t)and is
denoted by the symbol L{f (t)}.

Hence L{f(t)}= Jj e *'f (t)dt = F(s).The operator L that transforms f(t) to F(S) is called

the Laplace transform operator.

Note: |jm F(s)=0

S—0

Definition: A function f (t) is said to be piecewise continuous in a closed interval [a,b] if it is

defined on that interval and is such that the interval can be broken up into a finite number of
sub-intervals in each of which f(t) is continuous. f(t) can have only ordinary finite

discontinuous in the interval.

Definition: A function f (t) is said to be of exponential order if lim e f (t) = 0,or if for some

number s, the product | f (t) <M for t <T ,thatis e™"
for t<T.

f (t)| is bounded for large value of t say

Sufficient conditions for the existence of the Laplace transform.

i) f(t) is continuous or piecewise continuous in the closed interval [a,b], where a >0
i) Itis of exponential order
iii) t"f (t) is bounded near t =0 for some number n>1
RESULTS:
() L{FO+4O}= K O} L0}
Proof: We have
L{EO+40}=[ e [F ) +g®ldt = ["e™fO)dt+ [ e d(t)dt = L{TF O+ LW}
(i) L{cf (t)} = cL{f (t)} where c is a constant.

Proof: Consider
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L{cf ()} = jo"” e 'cf (t)dt =c jo“’ e f (t)dt = cL{f (1)}
i) L{F ()} =sL{f ()} (0)
Proof: Consider L{f(t)}= Looe‘“fl(t)dt
Take u=e™ and [ fi(t)dt=dv

then du=-e*'sdt and f(t)=v

using integration by parts ,we have,

L{F R =[f (e ] —T f(t)(=s)e dt

= —f(0)+s j: f (t)e dt
=sL{f(t)}- f(0)
iv) L{f ()} =s"L{f (©)}~sf (0)—sf (0)
Proof: Take f'(t)=F(t)
Then L{f ()}=L{F ()}
=sL{F(1)}-F(0)
=sL{f ()}~ (0)
=s{sL{f )}~ f(0)}~ f (0)
=s’L{f ()}~sf ()~ f (0)
V) If L{f (1)} = F(s) then
a) lim (1) = lim sF (s)

b) lim f (t) = lim sF ()
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Proof: We have L{f'(t)}=sL{f(t)}- f(0)
=sF(s)- f(0)

Taking limits as s —o on both sides ,we get,
!iﬂl{sF (s)-f(0)}= !ILT!O L{f (t)}= !ILQO J:O e f (t)dt=0
!iLnOO sF(s)=f(0) = IthO f(t)

This result is known as Initial value theorem.

Taking limits as s—0 on both sides of L{f (t)}, we get
lim[sF (s) - f (0)] = lim jo “e U (t)dt
=, fod=[f O
=lim f(t) - 1(0)
Therefore , !m f(t)= IslT0 sF(s)
This result is known as Final value theorem.

vi) L(e™)= é provided (s+a)>0

Proof: Consider L(e’a‘)zfe’“e"‘“dt

_ t J®
:J'we—(“a)tdt _ e (s+a) _ 1
0 —-(s+a)|, s+a

Similarly,

L(ea‘)zé provided (s—a)>0

eat + e—at

Cor: L(cosh at) = L{ } :% L(e™) +%L(e“”“)
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11 11 s
2s—a 2s+a s’-a’
Similarly,
L(sinh at) = 7
vii) L(cosat) = ———
s*+a

Proof: We have L(cosat) = j: e * cosatdt

0

LAPLACE TRAMSFORMS

_|e(-scosat+asinat) | s
s°+a’ , s'+a’
viii) L(sin at) = ———
s’+a
Proof: We have L(sin at) = J’:e’at sin atdt
e ' (~ssin at + acosat) |’ _a
s’ +a’ , s+’
) L@ty = LD
S

Proof: We have L(t”):I:e’Stt"dt

Put st=x then dt = ldx
S

Therefore

L") = j;”@) e‘X% X =

When n isa positive integer T'(n+1) =n!

r'(n+1)

Sn+1

1 o 4 _
J'x”exdx:
Sn+1 0
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n! . L
when n is a positive Integer.

Hence L(t")=—7 .
S

Cor:

L(1)=§
1
L(t) = —
0=
L(t2) =2
(%)= 5
3 1 /1
’ _F@_zr@_ Jx
e R b
s2 s2 2572
a3
L(t 2):—1:%
s2 2572
Problems :

1) Find L(?+2t+3)
Solution: Consider
L(2+ 2t +3)= L(2) + 2L (1) + 3L(1)

_2. 2.3
$? §? s

2) Find  L(*-3t2+2)

Solution: Consider

L(t3 —3t2+ 2): L(t3) - 3L(t%) +2L() = %—3[
S

3) Find L(at2+bt+c)

Solution: Consider
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L(at? +bt + ¢ )= L(at?) + L(bt) + L(c) = aL (1) +bL(t) + cL()
_ a(zj b(i};&ig
s ) s s §? s

4)Find  L(sin?2t)

1—cos4tj

Solution: We know that sin22t:( ;

L(sin2 2t) = L(#J - % LQ) —% L (cos 4t)

Y ) i) 8
2\s) 2\s2+42) 2\s s2416) s(s?+16)

5) Find L(sin2t)

1—cos 2tj

Solution: We know that sinzt:[ ;

L(sin2t) = L(#j _ % L(1) —% L (cos 2t)

_EH_E( s j_l[l_ s j_ 2
2\s) 2\s?+2%2) 2\s s?+4) s(s?+4)

6) Find L(cos?3t)

1+cos 6t)

Solution: We know that cos® 3t:( 5

L(cos? 3t) = L(Hc—;)sfitj = % L) +% L(cos 6t)

1(1\ 1( s 1(1 S s%+18
I I B T o2
2(s) 2\s“+6 2\(s s°+36/) s(s”+36)

7) Find L(sinh 3t)

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2



B.SC MATHEMATICS LAPLACE TRAMSFORMS

at _ ot
Solution: We know that sinh at =
Consider
3t -3t
L(sinh 3t)=1] & =2 — :1[L(e3t)_|_(e—3t)]:l( 11 j: 3
2 2 2\s-3 s+3) $2-9

8) Find L(sin 3 Zt)
Solution: Since sin 6t = 3sin 2t —4sin>2t, we have

6in32t = [38“‘1 2t —sin GtJ

3sin 2t —sin 6t

Hence L{sin®2t)= L( 7

1 . . 3 . 1 .
j = Z(L(3S|n 2t) — L(sin 6t)) = n L(sin 3t) - L(sin 6t)

_§( 2 )_1( 6 j_ 48
M\ s2+22) 4\s?+62) (s+4)(s*+36)
9) Find L(costcos?2t)

cos(A+B)+cos(A-B)

Solution: Since cosAcosB =

2
We have costcos2t = M
Hence
L(costcos2t) = L(costcos2t) = L(wj = %[L(cos 3t) + L(cost)]

_1(;}1( s j_ 5(s” +5)
2\s2+3%) 2\s2+41%2)  (s®+9)(s® +1)

10) Find L{f (t)}, where
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f(t)=0 when 0<t<2
=3 whent > 2

Solution: Consider L{f(t)}zjgoe‘Stf(t)dt
_ joze—st fOdt+ [ e f (Dt
_ joze—St ©)dt + [ e )t

I _ a[® st _3 -2s
= [, e @dt=3 e dt = e
11) Find L{f (t)} where
f(t) =(-1)° when t>1

=0 when t<1

Solution: Consider L{f(t)}:jgoe‘“f(t)dt
st 0o st
_joe 1=(t)o|t+j1 e~Stf (t)dt
st ®© st 2
_joe Odt+L et (t—1)2dt

- jl“’ e St (t—1)2dt
Using Bernoulli’s formula

_[udu =UV—UV, +U'V, —......

Take u=(t-272 dv= j e Stdt

—st

Then U =2(t-1), v=—"
S
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& -2t
S

—st
142
S

2

Hence [ e~ (t-1)*dt={(t-1)’[-

12) Find L{f ()} where

f(t) =e' when O0<t<4
=0 when t>4

Solution: Consider L{f(t)}=Jgoe‘Stf(t)dt
- jo“ et ()t + [ e f ()t

= [leetdt+ e (O)ct

LAPLACE TRAMSFORMS

e*St - e*S
5_3]}1 = 2{?}

—(s+1)

—(s+D)t 4 —4(s+1)
4 _ e l-e
_ J‘O e~ Digt :{ } _

13) Find L{f (t)} where

f(t)y =sintwhen O<t<x
=0 when t>nrn

Solution: Consider L{f(t)}=jgoe‘5tf(t)dt
= jo e f(t)dt+ [ "ot (t)adt

= jo”e-st sin tdt + fe-st (0)dt
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~ {e“[—s sin t —cos t]}” lye
o 2 T (2
(s +1) ., (°+1

Laplace transform of periodical functions
Let f(t) be aperiodic function wit period a.

Then f(t)=f(a+t)=f(2a+t)=....= f(na+t)

Consider L{f (t)}= j: e f (t)dt

=[fet@dt+ [ e fOdtr..+[ e F(tdt+
- 0 a (n-na ST

In the second integral , put t=T+a

In the third integral ,put t=T+2a

In the fourth integral ,put t=T +3a

In the nthintegral , put t=T +(n-1)a and so on.

Hence

(@} = [ e f (D)dt + f e T (T +a)dT +....+ j( ”n:)a e MDD { (T 4 (n—1)a)dt +.....

_ a st 2a —s(T+a) na —s(T+(n-1)a)
_joe f(t)dt+L e f (t)dT +""+Ln,1)ae f()dt +.....

_ j: e f ()dt + e j: e f ()dt + ...+ e " D2 j: e f ()t +......

na
n=0

=, r(n+a _s o (na —s(u+na o (M2 —SU —Nsa
Y[ e ‘f(t)dt:nz_(;_[o e >f(u+na)du=§jae e ™ f (u)du

Where t=u+na sothat dt=du and

t=na=u=0
t=(h+l)a=u=a

LEF O} =3 e ™ e fu)du=Ye ™[ Te fit
n=0 n=0

10
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_ —-sa —-2sa a st _
=(l+e e 4 .. )joe f(dt =

Hence L{f(1)}= =

1 a st
= jo e f (t)dt
Problems:

1) Find the Laplace transform of f(t) where

f(t)=1 O0O<t<b)
=-1(b<t<2b)

The function is periodic in the interval (0,,2b)

Solution: Consider L{f (t)}= 1(3;2“ jOZb e "' f (t)dt

1 {[b L« 2 }
=7, © f(t)o|t+jb e~ f (t)dt
"1 1‘2b5 {[obe_Stdt +.[b2be_5t (_1)dt}
—-e

- “2bs || T o
l-e ) 0 S b

_1]1-2be+e™*
S 1— e25b

1(1-e) 1 bs
== — |=—tanh| —
s\l+e S 2

2) Find the Laplace transform of f (t) where

f(t)=t O<t<b)
=2b-t (b<t<2b)

The function is periodic in the interval (0,,2b)
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. . 1 b

Solution: Consider L{f(t)}=1—_2bsj0 e > f (t)dt

—e

__ {[ e (ot e (t)dt}

1_e72bs 0
_ 1 {'-b —st 2b }_ 1 bs
= |y © to|t+jb e (2b—t)dt = tanh| =
SOME GENERAL THEOREMS

Theorem :1 If L{f(t)}=F(s) then L{f(at)}= é F (gj

Proof: Consider L{f(at)}= j: e f (at)dt

Put at=y,then t =Y and dtzldy
a a
t=0 =>y=0andt=0o=y=00

LT @0} =[ e f (atydt == | ‘o e p oy - L F(i]
’ a’ a \a

1) Find L(Cosat)

Solution: Consider L(Cosat):lF(ij where L(Cost) =F(s) = 28
a \a s“+1
S
1l a3 S
Therefore, L(Cosat) =~| — =
al s s“+a
—+1
a

2) Find L(Sin hat)

1

Solution: Consider L(Sin hat) = 1 F(Ej where F(s) = L(Sinht) ==
a \a

SZ
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3)

4)

Therefore, L(Sin hat) = 1 =
a

Find L(Cos hat)

Solution: Consider L(Cos hat) = 1 F(ij where F(s) = L(Cosht) ==
a \a

s°-1
S
1l a S
Therefore, L(Coshat) =—| — ==
als s‘-a
— -1
a
Find L(Sinat)
. . . 1 _(s . 1
Solution: Consider L(Sinat)=—F| —| where F(s)=L(Sint) =—
a \a s +1

Therefore, L(Sin a'[):l 21 = za -
al s s“+a
?+1

THEOREM:2 L{e *f(t)}=F(s+a) where F(s)=L{f(t)}
Proof: We have L{e™f(t)}= j:e-a‘e-stf(t)dtz I:e‘(s*a)‘f(t)dt

This is in structure exactly the Laplace transform of f(t) itself exactly that (s+a)
takes the place of s. Hence L{e *f(t)}=F(s+a) where F(s)=L{f(t)}

1) Find L(e™)

Solution: Consider L(e™)=F(s+a) where F(s)=L(Q)= 1
S

Hence L(e™*)=F(s+a)= 1
s+a
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2)

3)

4)

5)

6)

7)

Find L{e * cosbt}

Solution: Consider L{e ™ cosbt}= F(s+a) where F(s)=L(cosbt) = ﬁ
Then L{e * cosbt}=F(s+a)= ﬁ
Find L{e *sin bt}
Solution: Consider L{e * sin bt} = F(s+a) where F(s)= L(sin bt) = % Ebz
Then L{e *sinbt}=F(s+a)= %

(s+a) +b
Find L{e sin bt}
Solution: Consider L{e sin bt} = F(s—a) where F(s)= L(sin bt) = % —t:bz
Then L{e*sin bt}=F(s—a)= %

(s—a) +b

Find L(e™t")

Solution: Consider L(e*t") = F(s+a) where F(s)=L(t")=—:

S

I
Then L(e™t")=F(s+a)= n*

(S+a)n+l
Foi n!
Similarly L(e™t")=F(s-a)=——
(S_a)n+
Find L(e™t)

Solution: Consider L(e™t) = F(s+5) where F(s)=L(t) =S—l2

Find L(e%t?)

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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Solution: Consider L(e*t?) = F(s—3) where F(s)=L(t?) :s%

2

Then L(e t ): F(S—g)zm

8) Find L(e™sin 2t)

Solution: Consider L(e ™ sin 2t) = F(s+2) where F(s) = L(sin 2t) =

s +4
2t 2
Hence L(e " sin2t)=F(s+2)=——"7—
(s+2)°+4
9) Find L(e"'cos2t)
Solution: Consider L(e™ cos2t) = F(s+1) where F(s)=L(cos2t)=— 2
s°+
Hence L(e™'cos2t)=F(s+1) = s—+21
(s+1)°+4

10) Find L(e'sin tcos2t)

Solution: Consider L(e'sintcos2t) = F(s—1) where

. sin 3t —sin t 1 ] . 1 3 1
F(s)=L(sintcos2t)=Ls———=—1L(sin 3t)—-Lsint);=— -
() = L( ) { ; } , {L(sin 30) )} 2{52+9 Sz+1}

L(e'sin tcos2t) = F(s—1) :%{(S—l:; 9 (S_ll)z +1}

THEOREM:3 If L{f(t)}=F(s) then L{tf(®)} = —%[F(s)]
Proof: Consider F(s)= _[: e f (t)dt

d d —st © 0 —st o —st __ [t - _
E(F(s)):EJ.Oe ft)dt= | —fefdt=| —te™fydt = jote f(t)dt = —L{t f(t)}

0 05

Therefore, L{t f(t)} = —% [F(s)]

15
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dn
ds"

COR: L{t"f()} = (-1)" —[L{f t)}]

PROOF: We have L{tf(t)} = —%[F(S)]

Then L{t*f()} = L{tt.f ()} = —i[L{t f(t)}= —i[—i L{f (t)}} =(-1° d_22 L{f(t)}
ds ds| ds ds
Continuing the process , we get L{t"f(t)} =(-1)" ;jsnn [L{f O}

Problems

1) Find L(te ™)

Solution: Consider L(te‘a‘):—iL(e‘a‘)z—i( ! ): 1 .
ds ds\s+a) (s+a)

2) Find L(tsin at)

Solution: Consider

L(tsin at) = _di L(sin at)
S

__i( a j_ 2as
ds\s’+a?) (s*°+a’)?

3) Find L(t%e™)

Solution: Consider

(e ™) = () S ILe ™) =< (ﬁj
2

_df_ -1 )_
Cdsl(s+3)?) (s+3)°

4) Find L(tcos2t)

Solution: Consider L(tcos?2t) __d L(cos2t) __df_s
ds ds\s2 +4

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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(s +4)1 s(2s) s2-4
s?+4 (s +4)

5) Find L(t cos? t)

Solution: Consider L(t cos? t)= —% L(cos2 t): —% L(“ c;s th

_ _li[L(l) T L(cos 2t)]

LofL, s ]_19/1) 10/ s
2ds|s s24+4 2ds 2ds\s?2 44
1

a4

ds
L ( ij_l (s® +4).1-5s(2s)
- 2) 2 (s2 +4)?

N (s*-4)
252 2(s* +4)?

6) Find L(t2sin 2t)
2

2
Solution: Consider L(t2sin 2t) = (-1)? d— L(sin 2t) = dz( 22 ]
ds? ds“\s“+4

_d -4s (s +4)%.1-s[2(s* +4)2s] | _ 4(3s° —4) _125° 16
T ds (s2+4)? (s2+4)* (s2+4)°%  (s?+4)°

7) Find L(tsinh at)
Solution: Consider

a 2as

L(tsinh at) :—%(L(sinh at)):—%( 5 2j—a(—l)(s2 ~a%)7%(2s) Ty

S™—a

8) Find L(tzcoshat)

, d? d*( s
Solution: Consider L(t? coshat) = (-1) —(L(coshat) el peee)
ds? s a

_df(s®-a®)-s[2s]|_ d[-(s*+a%)
" ds (52—a2)2 " ds (sz_az)z
- 1)d [(s +a )J:23(82+3a2)

S

B (s2-a%)?) (s?-a?)°

9) Find L(sin at—atcosat)
Solution: Consider L(sin at —atcosat) = L(sin at) —aL(tcosat)

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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a d a d S
= +a— (L(cosat))= +a—| —
s? a2 dS(( ) s? +a? d5[52+a2j
2 .2
_ 2a _+a (s +z: ).12—2[23]
s“+a (s“+a“)
o 2a°
(s® +a?)?

10)Find L(te 'sint)

Solution: Consider L(te 'sint)= —%(L(e‘t sin t))z —% F(s+1)

Where F(s)=L(sint) =—— sothat F(s+1)=—— —
s°+1 (s+D)“+1

Hence L(te‘tsint):—iF(erl):_i 12 _ 22(S+1) :
ds ds{(s+1)°+1) (s“+25+2)

11)Find L(te " cost)
. . _t d t d
Solution: Consider L(te " cost) = s L(e™" cost) )= s F(s+1)

s+1

Where F(S) = L(COSt) = m
s+1)° +

25 sothat F(s+1)=
s°+1

Hence L(te‘tcost):_ip(sﬂ):_i S+21 _ 2s(s+2) :
ds ds{ (s+1)°+1) (s°+25+2)

THEOREM: 4 If L{f(t)}=F(s) and if @ has a limitas t — 0,then
L(@j = f F(s)ds where F(s)=L{f(t)}

Proof: Consider F(s)=L{f(t)}= Igoe*“ f(t)dt

then jg’ F(s)ds = T]oe—“ f (t)dtds
0s

By changing the order of integration ,we have

—st

[ F(s)ds = Tofe—st f(t)dsdt = [ f (t){e_—tl dt = J';Owe—stdt L { @}

0s t
Problems:
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t
1) Find L{l_te }

. . 1-e'| o ‘ . . 1-e
Solution: Consider Li—— :I L(1—e")ds since Lim
t s t—0

t

)i froe
—t=["La-e )ds—L [L(Q) - L(eY)]ds

ST MER

Solution: Consider L{Sm at}:jm L(sin at)ds since Lim
t s t—0

sinat] =, . » a o sY
L{ " }_L L(smat)ds_L >—— ds=tan (gjs

S™+a

=tan too—tan ‘1(§j =" _tan —1(§j _ Cot_l(ij
a 2 a a

1—cost}

3) Find L{

Solution: L{l_:OSt}zf L[1-cost]ds since

I_iml—cost_O_L smt 0
t—0 t 0 t-o 1

L{l_ (t:OSt} = .[w L[1— cost]ds

= f[L(l) — L(cost)]ds

ol s 1 ) *
= —— ds=<logs—=log(s“ +1
! {S 52+1} {g 79 +)}s

S N Vs? +1
=log =log
s2+1

S

S

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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-2
4) Find L{S'”t t}

Solution: Consider L{

sin 2t

} = f L{sin ° t}ds

. _sin?t . 1-cos2t O . 2sin 2t
since lim =LiIm=————=—=Lim =0
t—>0 t t—0 t 0 t>0 1

Then L{Sintzt} = J. L{sm t}ds = J. L(#j S= %J.:O[L(l) — L(cos 2t)]ds

Ll 1 Mias—Loas2 e
- J' { % +4}ds_2{logs 2Iog(s +4)}S
O RN R O N

> s?+4], "2 s
5) Find L{ }

2t
Solution: Consider L{+}=L Lle " —e?]ds

N

] . e =
since LiIm——=-3
t—0 t

-t e -2t

el _p 2 - -
L{f} = L Lle ' —e 2]ds = L [Le™") - L(e~?)]ds

+11” 5+2
Flsle ), i
s+1 s+2 +2) s+1

6) Find I_[cos 2t —cosStJ

= [ L (cos 2t) - L(cos3t)]ds

Solution: Consider L[Mj

_ . (cosZt—cos3tj
since Im| ——— |=0
t—0
L(Mj [ TLcos 2t) - L(cos3t)]ds = f{ - }ds
" s?+4 s?+9

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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1., 1., 07 1. [s2+4]7 1, [s%+9
=<—=log(s” +4)——log(s +9)} =—log ==log
{2 2 s 2 [s*+9). 2 T[s*+4

Result: Using Laplace transform, we can evaluate certain integrals .

1)

2)

3)

o3t _
4) Evaluate J.O fdt

Evaluate _[;Oe*Zt sin 3tdt

Solution: By definition of Laplace transform, we have

I e~tsin 3tdt = L(sin 3t) =
s2+49

Putting s=2.we get Igoe‘Zt sin 3tdt = 4—39 =%
+

Evaluate I;Ote‘3t costdt

Solution: We have L(tcost) = J';ote‘St costdt

Hence the required integral is the value of L(tcost) when s=3
Consider

L(tcost) = —%(L(cost)): _%(Lj _ _( (s +1).1— S(ZS)J _ (s?-1)

s2+1 (s +1)? (s +1)?
Hence the required integral is obtained by putting s=3
9-1 8 2

rote‘3t costdt = —=—— =
0 (9+1)2 100 25

—t _ -2t
0e —e
Evaluate Jo fdt

Solution: Consider

b e‘s{e_t_t—e_mjdt - L(et_t—en} = (I - Lie s
S+2
-[ [m‘mj" sl g(Hlj

Hence the required integral is obtained by putting s=0

—t -2t
g —@ 2
—— dt=Ilog| = |=log 2
Io t g(l) g

efﬁt

21
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Solution: Consider

o g p 3t g6t ~ p 3t _ g6t e Sy .
[e (det—L[—t j_ j [L(e*)—L(e®)]ds

0
o 1 1 s+3Y" $+6
Ayl o)
s\s+3 s+6 S+6 s+3
Hence the required integral is obtained by putting s=0

3t -6t
L %dt = Iog(g} =log 2
5) Evaluate J‘:te‘3t sin tdt

Solution: We have L(tsint)= fte‘St sin tdt

Hence the required integral is the value of L(tcost) when s=3
Consider

o d o d( 1) (s* +1).0-1(2s) _ 2
Ltsint) =~ (L(sin 1)) = ds(sz+1) ( (s? +1)° j (7 +1)°

Hence the required integral is obtained by putting s=3
r te > sin tdt = 26) == 5 _ 3
0 (9+1)° 100 50

INVERSE LAPLACE TRANSFORMS

Letthe L{F(s)} denote a function, whose Laplace transform is F(s).Thus if
L{ft)} = F(s) then f(t)=L"{F(s)}

We can complete the table of transforms from the known results:

S.No f(t) F(s)

1 e 1
S—a

22
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2 coshat S
s’ —a’
3 sinh at a
s?-a’
4 cosat S
s’ +a’
5 sin at a
s’+a’
6 1 1
S
7 t 1
s?
8 n ! : o
t rn1+l (n is a +ive integer)
S
9 tet 1
(s-a)°
10 t2e 2
(s-a)’
11 ngat ! i o
te (nﬁ (n is a positive integer)
s—a
12 e *sin bt b
(s+a)* +b’
S.No (1) F(s)
13 e ™ cosbt s+a
(s+a)’+b?
14 tsin at 2as
(s*+a?)’

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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15 tcosat 32 _ az
(s* +a?)?

Result: 1If  L{f(t)}=F(s) then L{e™f(t)j=F(s+a).
Hence we get the result L*{F(s+a)}=ef(t) =e ™ L*(F(s))

Problems

1) Find Ll{ L 2}
(s+a)

Solution: Consider

g {( i )Z}:em SEVE
S+a S

2) Find L‘l{—lz }
(s+2)°+16

Solution: Consider

H —2tS @
L 12 e : 1 Lo o sin 4t _e7sin 4t
(s+2)°+16 s*+4 4 4

3) Find Ll{s—_f’}
(s=3)°+4

Solution: Consider

Ll{%} =e™ Ll{sz > 5 } =e cos 2t
-3)%+ -

4) Find L‘l{z;}
$°+25+5

Solution: Consider

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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Ll{ s }: Ll{ s }: Ll{ (s+1) —1}
s°+2s+5 (s+1)?>+4 s+1)2+4

L s+1

T G+ 4] s+1)2+4

NN
s +2 242

-t
=e'cos2t— e‘”(sm ZtJ = e7(2003 2t —sin 2t)

2

5) Find L-l{ L 2}
(s—-3)

Solution: Consider

L—l{( 13)2 } — e3t L—l{iz} — estt
S— S

6) Find L‘l{%}
(s—-b) +a

Solution: Consider
L s2 : Lt (s—b2)+b2
(s—-b)*+a (s—-b)"+a
_ s—b _ b
:Ll{(s—b)2+a2}+Ll{(s—b)2+a2}
1
:ebILfl ; ebtbL{l ot
{52+a2}+ (sz+a2j

H bt
Mj =% (acosbt +bsin bt)
a a

=e™cosat + ebtb(

7) Find Ll{—c“d }

(s+a)? +b?

Solution: Consider

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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L cs Lt c(s+a)—ca
(s+a)’+b?|  |(s+a)’+b?
Lt c(s+a) Lt a
7 | (s+a)? +b? (s+a)? +b?
1

2

s? +b?

= ea‘cLl{

=e *ccosbht —ce ™a

=e *ccosht —e ac

Result:2 If L{f ()} = F(s)then L{f (at)} =~ F

1

This result can be written in the form L‘l{— F

a
f(t) = L*F ()}

Put l: k , we have
a

Sb}_

2

s? +b?

ea‘acLl(

|
e

5

sin bt
b

sin bt
b

bcosat — asin bt
b

}

S

a

(Ej} = f(at) where
a

Ll{F(ks)}:%ij where  f(t) = L*{F(s)}.

Problems:

1) Find L‘l{%

a?+b?
1

}

sa’+b* a

Sa

Solution: Consider 7 5 13
s‘a“+b

e

Where F(sa) :% and therefore F(s)=
s‘a“+b

s
s?a’ +b?

sa
s?a’ +b?

1.4

3

a

i

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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2 b2

Where f(t) = L*{F(s)}= L‘l{
S™+

ol

S 1 bt
Hence L™ ——1=—"rcos| —
{sza2+b2} a’ (aj

Result:3 If L{f(t)}=F(s) then L{tf(t)}=—F(s).

} = cos bt

Hence we get the result L*{F (s)}=—t f (t) = —t L*{F(s)}

Problems

1) Find L‘l{%}
(s“+a?)

Solution: Let F(s)= >

(s* +a%)?

. — S — _—1
- FE _-[(sz +a?)? ds = 2(s* +a?%)

Lt _ S =—tL* _; _£|_*1 #
(s>+a?)?| 2(s+a%) | 2 ((s’+a?)

:LL‘l( 2a 2j:Lsin at
2a s“+a 2a

2) Find L‘l{ S 2}
(s"-1)

Solution: Let F(s)=

_ S
(s*-1)°

S 1
A et e

27
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Lt S =t LYW= 1 _£|_*1 1
(s*-0°) 22— 2 ((s*-)

ZlLl[ 21 jzlsinht
2 s°-1) 2

3) Find r{_73_7}
(s“+4)

: - S
Solution: Let F (8)=——
(s) (s? +4)?

S 1
F)=|—— ds=———

L—l % =t L—l _2; =£L_l 21
(s"+4) 2s°+4)) 2 ((s°+4)
=£L—1[ 22 2jzlsinh 2t
4 S°+2 4

4) Find L{__Eii__}

(s* +4s+5)°

S+2

Solution: Let F(s)=——M—
%) (s* + 4s +5)?

H@:j_72i3_7_32__ﬁri___
(s“+4s+5) 2(s“+4s+5)

Lt L =—tL* —; _£|_—1 1
(s? +4s+5)> 2(s>+4s+5)| 2 | (s®+4s+5)

b zleﬂL{ 1 }ZEZ%Mt
2 (s+2)°+1) 2 52 +12 2

5) Find LY ™3
(s +6s+13)

S+3

Solution: Let F(S)=-—5———
(s +6s+13)

28
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g F(S)=IZS;32ds:—2;
(s“+6s+13) 2(s° +6s+13)

Lt L =t Lt _; :lLfl ;
(s* +6s +13)° 2(s*+6s+13)] 2 ((s*+6s+13)

_ta 1 _ g { 1 }z te ? sin 2t
2 \(s+3)°+4) 2 §% 42 4

2(s+1)
(s*+2s5+2)°

6) Find Ll{

2(s+1)

Solution: Let F(s)=——-—"72
®) (s* +2s+2)°

(s* +2s+2)° (s*+2s+2)

(el o) o fi)
(s°+2s5+2) (s°+2s5+2) (s°+2s5+2)

= tL{ﬁ) =te" Ll{ . 1 12} =te'sint
s+1)*+ s? +

Result:4 If L{f(t)}: F(s) then L{t f(t)}z—F'(s) .This theorem can be used to get inverse

transform of certain functions:

Fe) = 26+41) o 1

Problem:

1) Find Ll{log(s s 3}

Solution: Let L {log(“ﬂ}: (1)
Then L{f(t)}= I0g(s+ij

L{tfH) | = ——Iog(”ﬂ %[Iog(sﬂ)—log(s—l)]
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2) Find L‘l{log (%1)}

Solution: Let

L‘l{log (STHJ} — (1)

Then L{f(t)!=log (STHJ

R —%Iog(sTHj = —%[Iog(sﬂ)—log s]

1-et
t

3) Find L‘l{log(szi J}

Solution: Let Ll{log > j}:f(t)

- f() =

s?+1

Then L{f(t)}= |og(sz‘°’+ 1]

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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L L{tfty = _ilog(szil) = —%[Iog s —log( s +1)]

1 2s

+2
s s°+1

- tf(Y) :2L'l( 25 j—Ll(ljzzcost—l
s°+1 S

2cost -1
t

2
4) Find L‘l{log(lgzs J}
. o 1-s°
Solution: Let L™ <log © = f(t)

Then L{f(t)}= Iog[l_ & j

SZ

- ft) =

L L{tft) }= _4 log (1_5—23] = _di [Iog(l— s%) - Iog(sz)]

ds S

- 25 2s 2s 2 S 2
=T A R 7|t -=2 2 T
1-5s S 1-s S s°-1) s

2(1- cosht)
t

(D) =

Result:5 If L{f (t)}=sF(s) and ¢(t) is afunctionsuch that ¢(t)=F(s) and
#(0)=0 then f(t)=¢(t).

We have L{g(t)}=sL{g(t)}—4(0) = sSF(s) = L{f (t)}.Therefore , f(t) =4 (t)

This result can be used to get the inverse transforms of certain functions.

L LHsF(s) = f(D)} = %(giﬁ(t)) = %Ll[F(S)] provided L*[F(s)]=0 whent=0

31
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Problems:
: s
1) Find LY ———
) [sz - kz}
Solution: Consider L‘{ 5 > 2} _4 L‘l( 5 1 2) :i[sm ktj = cos kt
sT+K dt  \s"+k dti K
sin kt

Here T:O when t=0

2) Find Ll{%}
(s+3)° +4

Solution: consider

Lfl ;2 :iLfl ;2 :g e3tL1I:2L:|
(s+3)"+4| dt (s+3)°+4 | dt s*+4
_d e_3t{sin Zt} _d jesin 2t
dt 2 dt 2

=e % cos 2t — g e'sin 2t

e—St
= [2 cos 2t —3sin 2t]

3) Find L‘l{%}
(s—-b) +a

Solution: consider

S d 1 d 1
L—l - L—l - ebt L—l
{(s—b)2+a2} dt {(S—b)2+a2} dt{ [s%az}}
d ebt{sin at} _d [e"sinat
dt a dt a

b )
=e"™ cos at + — "™ sin at
a

btt
e .
=~ [acosbt +bsin at]
a

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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4) Find L‘l{—z =3 }
$°+4s+13

Solution: Consider
e i Feveeee| N0 v eeed]
2 2 2
S°+4s+13 S°+4s+13 S°+4s+13
_d L{;} _ 1[;}
dt s +4s+13 s +4s+13

_d L{;} _ 3L1[;}
dt | (s+2)°+ (s+2)°+9

_dle™sin3t _3 e sin 3t
dt 3 3

-2t

= eT (3cos 3t —5sin 3t)

5) Find L‘{ > ZJ
(s+2)

Solution: Consider

L S _df 1
(s+2)%) dt|(s+2)?

d(, 2 {1} d (, a
=—|e L= ||=—("t
dt( s dt( )

=e % (1-2t)

6) Find L‘l{ > 5}
(s+3)

Solution: Consider

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2
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L S _ i L 1 _ i ot L—l(ij
(s+3)° dt \(s+3)°) adt s°

=i{e—3t tA} 1d ( -3t 4) 1 [e—3t4t3+t48—3t(_3)]

dt| 24 24dt
-3t
:‘92—4{4t3—3t4}

7) Find L{ s° }
(s-1)°

Solution:

L s* _d L S _ d_z L 1
(s-1°| dt |\ (s-1°) dt® [(s-1°
s (#))-ael 3
dt? s’ dt*| 2

=%t(t2+4t+2)

Result:6 LUOt f (x)dx} = % L{f (t)} then L‘l{é F(s) = I; L‘l{F(s)}dt}

Proof: Let [ f(x)dx = F(t).Then F'(t)=f(t) and F(0)=0
L{F®)}=sL{F(t)}— F(0) = sSL{F ()}

Thatis L{f(t)}= sL{[; f (x)dx}

Hence L{[; f (x)dx}: 1 L{f(t)) = j f (x)dx = L‘l[ L{f (t)}}
S
This result can be used to find the inverse transforms of certain functions .

If L{f(t)}=F(s) then L-l[ {f(t)}} j f (x)dx
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Where f(t) = L*(F(s)),

R TS —_rL’l{F(s)}dt

: S =],

Problem:

1) Find L‘l{ ! }
s(s+a)

Solution: Consider

Rcen)
s(s+a)

_ fl_-l(—l jdt
° (s+a

. —at\! 1—e
= J‘eiatdt = € = —€
0 —a a

2) Find Ll{ 1 }
s(s—a)

Solution: Consider

ksl 1
s(s—a) 0 s—a

o et t el _1
= [ edt=| =] =
0 a a

0

3) Find Ll{%}
s(s“+a”)

Solution: Consider

1 t 1
pp N — S dt
{s(sz+a2)} IO (52+a2J

_J.tsin at _l(—cosatjt _ 1-cosat
0 a al a ), a’

35
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4) Find Ll{ 21 }
s(s“+4)

Solution: Consider

il e
s(s“+4) 0 s“+4

~ Itsin 2t 1 (—cos ZtJt _1-cos2t

dt==
0 2 2 2 ), 4

5) Find Ll{—z ! . 2}
(s“+a”)

Solution: Consider

L_l{%} = '-_l{l %} = r'-_l(%jdt
(s°+a“) s (s“+a“) o | (s*+a%)

tt sin at 1 (—tcosat sinat)
dt =— +—
0 2a 2a a a
_sin at —at cos at

2a’

0

6) Find L‘l(;sj
s(s+2)

Solution: Consider L* ;3
s(s+2)

t 4 1
- LL ((H 2)S}it

4
= _[ te‘ZIL‘l(isjdt ='fte‘2t t dt
0 s oo |24

= i're’”t“dt
2470
Using Bernoulli’s formula

_[udu =UV-UV, +U'V, —......
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Take u=t*, dv= .fe’mdt
' e—2t
Then u=4t v=—"—
2
) o2t
u = 12t2, V1 =7
o2t
=24t v, =——
o2
u = 24, V3 = ?
IIIII o2t
u O, V4 —?
_2t ) _at 2t —2t )\t
e T IR UL AT, T YL VT Y1
2470 24 2 2 8 16 32 0
_2t -2 -2t —2t -2t _
D EREL ST L AP 'CL I YT YA S ke
24 2 2 8 16 32 24\ 32
_ i ~ t4e—2t _t3e_2t ~ 3t2872t ~ 3te72t ~ 3e—2’( N i
24 2 4 2 4 32

Result: 7 The method of partial fraction can be used to find the inverse transform of certain
functions.

Problems:

1) Find L‘l{;}
s(s+1)(s+2)

Solution: Consider

1 A B C

- =4 4+
s(s+1)(s+2) s s+1 s+2

_ A(s+1)(s+2)+Bs(s+2)+Css+1)
- s(s+1)(s+2)

37
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Sothat 1= A(s+1)(s+2)+Bs(s+2)+Cs(s+1)
. 1
Putting s=0 weget 1=2A= AZE
Putting s=-1,weget 1=—-B=B=-1
: 1
Putting s=-2,weget 1=2C=C =5

o r 1
s(s+1(s+2) 25 s+1 2(s+2)

e
s(s+1)(s+2) 2s s+1 2(s+2)

= 1 Ll(lJ — Ll[ij + 1 Ll{ 1 }

2 S s+1) 2 (s+2)

Hence

2)  Find L-l{—SZ_HZ }
s(s—3)(s+2)

Solution: Consider

s -s+2 A
s(s—=3)(s+2) s

B C
+—t—
s—3 s+2
_ A(s—3)(s+2)+Bs(s+2)+Cs(s—3)
- s(s—3)(s+2)

Sothat s*—s+2=A(s—3)(s+2)+Bs(s+2)+Cs(s—3)

: 1
Putting s=0 weget 2=-6A= A=—§

Putting s=3,we get 8:15B:>B=%
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Putting s=-2,we get 8:10C:>C:§— 4

s°—s+2 1 8 1 4
Hence ——MM—=——+— +
s(s—=3)(s+2) 3s 15s5-3 5(s+2)

Ll{—sz_”z }:-Ll(i}ﬁu(ijiu{ L }
s(s—3)(s+2) 3s) 15 s-3) 5 (s+2)
1 -{1}&-{#}&{ - }

3 s) 15 s-3) 5 (s+2)

:_l+£e3t ﬂe—Zt
3 15 5
3) Find L 1
(s+1)(s“+2s5+2)
Solution: Consider 1 A Bs+C

= +
(s+1)(s°+25s+2) s+1 s*+2s+2

By putting suitable values to s, we can find the values of A,B and C as

A=1B=-1&C=-1

so that 21 -1 5 s+l
(s+1)(s“+2s+2) s+1 s°+2s+2

Hence L™ 21 = L‘l(ij - L‘l(zs;lJ
s+1)(s® +2s + S+ s?+2s+
(s +1)(s2 + 25+ 2) 1 25+2
et 3t +21
(s+1)°+1

—etoetlY 3
s?+1

=e ' —e'cost =e ' (1-cost)

4) Find L‘l{ >+ 3 }
(s=1(s"+2s+5)

39
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5s+3 A Bs+C
+

Solution: Consider . = -
(s-1(s“+2s+5) s—-1 s°+2s+5

5s+3=A(s*+2s+5)+(Bs+C)(s-1)
Putting s=1,weget A=1
Equating the coefficient of s, weget A+B=0=B=-A=B=-1
Equating the coefficient of s,we get 2A—-B+C=5=C=5-2A+B=C=2

5s+3 1 N -S+2
(s—1)(s*+2s+5) s—-1 s*+2s+5

Hence L* 552+3 :L1(LJ+ Ll[—z_“z )
(s=1(s"+2s+5) s—1 S°+25+2

e 572 | 5403

(s+D)°+4 (s+1)°+4

=e' —¢" Ll[%j +3e™ L{%}
s°+4 s°+4
=e' —e'cos 2t + 3e‘(5m22tj

3e'sin 2t

so that

=e' —e'cos2t+

5) Find L] 1+25
(s+2)°(s-1)
Solution: Consider
(s+2)°—(s-1*=s*+4s+4—-5°+25-1=65+3=3(1+25)

—=1+25 =%{(s+2)2 ~(s-1)}

Consider

1+2s _1j(s+2)°—(s-D?
(s+2)%(s-1° 3| (s+2)%(s-1)>

40
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1 11
" 3|(s-1)? (s+2)?
Hence L{%}ZE{L{ : 2]—“( : zJ}
(s+2)°(s-2) 3 (s-1) (s+2)

Sl )

= %{e‘t —e )= %[et —e?]

6) Find Ll{—225‘12}
s°(s-1)

Solution: Consider

(s—1)? -5’ =5 -25+1-5° =—2s+1=—(25-1)
=2s-1= —{(s—l)2 —sz}

Consider

2s-1 _ [(s-1)*-5°
s?(s—1)2 | s¥(s—1)

{1 1 } 1 1
= —< — — :—_+—
s°  (s-1)? s° (s-1)?

=-t+e' Ll(izj =-t+e't=t(e" -1
S

Result: Laplace transformation can be used to solve ordinary differential equations with
constant coefficients.

Problems

2
1) Solve the equation % + 2%—3y =sint giventhat y= 3—{ =0when t=0
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Solution : The equation can be written in the form
y +2y -3y =sint
Applying Laplace transform to both sides, we have
L(y" +2y — 3y): L(sin t)
ie., L(y)+2L(y)-3L(y)=L(sin t)

1

e, S'LY)-sy(0) -y 0)+2{sL(y)-y(O)-3LY) = 5

substituting the values of y(0) and y (0) in the equation ,we get

s?L(y) +2sL(y) -3L(y) =

s?+1
Putting L(y)=YV,
1
s?+25-3)y =
( )y s?+1
1 1

y=

(s2+25-3)(s2+1) (s+3)(5-1)(s*+1)

Ly = L‘l{ ! . }
(s=D(s+3)(s"+1)

1 A B Cs+D

Consider = + +—
(s=-D(s+3)(s"+1) s+3 s-1 s°+1

By giving suitable values to s we can find A=—4—10,B=1 and C:—% &D=-=
Hence
S 1.1
1 __40 .8 10" 5
(s=D(s+3)(s°+1) s-1 s+3  s*+1
So that
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y:

1 s

..y:—E

2) Solve the equation

- i L-l(
40

2

dt?

dy+2

1

s+3

j+
e t+1et—icost—lsint
8 10 5

dy

dt

LAPLACE TRAMSFORMS

EL_]- 1 _iL_l S _EL—I 1
8 \s-1) 10 (s*°+1) 5 \s*+1

+5y =4e™ giventhat y(0)=y(0)= 0

Solution : The equation can be written in the form

y +2y +5y=4e"

Applying Laplace transform to both sides, we have

L(y +2y +5y)=L(de")

ie., L(y)+2L(y)+5L(y)=4L(e")

e, SLW)-SY(0)- Y (0)+205L(y) - YO} +5L() =

substituting the values of y(0) and y (0) in the equation ,we get

S2L(y)+ 2sL(y) +5L(y) = ——

Putting L(y)=YV,

(52+23+5)37:i
s+1

4

s+1

4

y:

Sy= L'l{

Consider

1

(s2+25+5)(5+1) (s2+25+5)(5+1)

1

(s+1)(s* +2s + 5)}

As+B C
_l’_

(s> +2s+5)(s+1) T $24+25+5 s+1

4 = (As+B)(s+1) +C(s* + 25 +5)
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Putting s=-1,weget 4=4C=C =1
Equating the coefficient of s°, A+C=0=>A=-C=A=-1
Equating the coefficient of s,A+B+2C=0=>B=-A-2C=1-2=B=-1

1 _-s-1 1
(s> +2s+5)(s+1) s*°+2s+5 s+1

y= Ll(—z_s_l j+ Ll(ij:_Ll —(S +21) +Ll(ij
S°+2s+5 s+1 (s+D)°+4 s+1

e 2 |iet—_etcosot4et e (1L—cos2t)
s°+4

Hence

So that

2

3) Solve the equation %+43—¥—5y =5 giventhat y(0) =0,y (0)=2 using Laplace

transforms.

Solution : The equation can be written in the form
y +4y -5y =5
Applying Laplace transform to both sides, we have
L(y" +4y —5y): L(5)
ie., L(y)+4L(y)-5L(y) =5L(Q)
. . 5
e, SL(y)-sy(0) -y (0)+4{sL(y) - ¥(0)}-5L(Y) = ¢
substituting the values of y(0) and y (0) in the equation ,we get
2 5
s°L(y)+4sL(y)-5L(y)-2=—
s
Putting L(y)=Y,
5 ., 28+5

(sz+4s—5)37=g+2
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2s+5  2s+5
(s*+4s-5)s s(s+5)(s-1)

. _1{ 25+5 }
Ly=L——
s(s+5)(s-1)

2s+5 _é+ B N C
s(s+5)(s-1) s s+5 s-1

y=

Consider

2s+5=A(s+5)(s—1)+Bs(s—1)+Cs(s+5)

Putting s=0,we get 5=-5A= A=-1

Putting s = —5,we get —5==30B = B = _%

Putting s=1,weget 7=6C = C =%

17
Hence ﬂz__l_L_i_L:_l_l[ 1 J_{_Z[ 1 J
s(s+5)(s-1) s s+5 s-1 s 6\s+5) 6{(s-1

, _1{ 25+5 }
y=L{——m——
s(s+5)(s-1)

4) Solve the equation %—10%+ 24y = 24x given that y(0) =0=y (0) using Laplace
X X

transforms.
Solution : The equation can be written in the form
y —10y + 24y = 24x

Applying Laplace transform to both sides, we have

45
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L(y 10y +24y)=1L(24%) = L(y")—10L(y') + 24L(y) = 24L(x)

e, LY -0~y (O -10[Ly) - YO} + 24L(y) = =

substituting the values of y(0) and y (0) in the equation ,we get

s?L(y) —10sL(y) + 24L(y) = %

Putting L(y) =Y,

(s*—10s +24)y = ?

24 B 24
s?(s*—10s+24) s’(s—4)(s—6)

o 24
'y_L{fg—@@—@}

24 As+B C D
2 === T +
s°(s—4)(s-6) S s—4 s-6

<l

Taking into partial fraction
24 = (As+ B)(s—4)(s—6) + Cs*(s—6) + Ds?*(s — 4)
Putting s=0,weget 24=24B=B=1

Putting s=6,we get 24=72D = D :%

Putting s=4,we get 24 =-32C = C = —%

Equating the coefficient of s* we get
5
A+C+D=0=> A:—C—D:A:E

e

Hence 5 = —+ +
s°(s—4)(s—6) S s—4 s

6
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51 1 3 1 1 1
=4S = 4+ —
12s s* 4\s-4) 3\ s-6

Cy=L1 24 _iLl(E}L Ll(ij—ﬁ Ll(iijl Ll(ij
TS a6-6)) 12 s <) 4 \s-a)"3 |s_6
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