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                                             LAPLACE TRANSFORMS 

Definition: If a function )(tf  is defined for all positive values of the variable  t  and   if 




−

0
)( dttfe st

 exists and is equal to F(S) ,then F(S) is called the Laplace Transform of  )(tf and is 

denoted by the symbol  )}({ tfL . 

Hence  )()()}({
0

sFdttfetfL st == 


−
.The operator  L that  transforms  )(tf  to  F(S) is called 

the Laplace transform operator. 

Note: 0)(lim =
→

sF
s

 

Definition: A function  )(tf  is said to be piecewise continuous in a closed interval  ba,  if it is 

defined on that interval and   is such that the interval  can be broken up into a finite number of 

sub-intervals in each of which  )(tf  is continuous.  )(tf  can  have only ordinary finite 

discontinuous in the interval. 

Definition: A function  )(tf  is said  to be of exponential order  if  0)(lim =−

→
tfe st

s
,or if for some 

number 0s ,the product Mtf )(  for Tt  ,that is )(0 tfe
ts−  is bounded for large value of t say 

for  Tt  . 

Sufficient conditions for the existence of the Laplace transform. 

i)  )(tf  is continuous or piecewise  continuous in the closed interval   ba, , where 0a  

      ii) It is of   exponential order 

     iii) )(tft n  is bounded near  0=t  for some number  1n  

RESULTS: 

(i) )}({)}({)}()({ tLtfLttfL  +=+  

Proof:  We  have 

     


− +=+
0

)]()([)}()({ dtttfettfL st     =  
 

−− +
0 0

)()( dttedttfe stst  )}({)}({ tLtfL +=  

 (ii)  )}({)}({ tfcLtcfL = ,where  c is a constant. 

Proof: Consider 
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                


−=
0

)()}({ dttcfetcfL st )}({)(
0

tfcLdttfec st == 


−

 

 
iii)  )0()}({)}({ 1 ftfsLtfL −=

 

Proof: Consider  )}({ 1 tfL = 


−

0

1 )( dttfe st  

          Take steu −=  and      = dvdttf )(1  

           then  sdtedu st−−=  and   vtf =)(  

     using  integration by parts ,we have, 

    )}({ 1 tfL =   


−− −−
0

0 ))(()( dtestfetf stst  

                  = 


−+−
0

)()0( dtetfsf st  

                 )0()}({ ftfsL −=  

iv) )0()0()}({)}({ '2'' sfsftfLstfL −−=  

Proof: Take  )()(' tFtf =  

           Then   )}({)}({ ''' tFLtfL =  

                                    )0()}({ FtFsL −=  

                                     )0()}({ '' ftfsL −=  

                                    )0()}0()}({{ 'fftfsLs −−=  

                                   )0()0()}({ '2 fsftfLs −−=  

v) If  )()}({ sFtfL = ,then 

                       a) )(lim)(lim
0

ssFtf
st →→

=          

                       b) )(lim)(lim
0

ssFtf
st →→

=  
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Proof:  We  have  )0()}({)}({ 1 ftfsLtfL −=  

                                             
)0()( fssF −=
 

Taking  limits as   s →∞   on both  sides ,we get, 

=−
→

)}0()({lim fssF
s

)}({lim ' tfL
s →

= 0)(lim
0

' =


−

→
dttfe st

s
 

)0()(lim fssF
s

=
→

 )(lim
0

tf
t→

=  

This result is known  as Initial  value theorem. 

Taking limits as   s→0 on both sides of  )}({ ' tfL , we get 

    )]0()([lim
0

fssF
s

−
→ 


−

→
=

0

'

0
)(lim dttfe st

s
 

                   


=
0

' )( dttf  = )]([
0

tf


 

                   = )0()(lim ftf
t

−
→

 

Therefore ,  )(lim)(lim
0

ssFtf
st →→

=  

This result is known as Final value theorem. 

vi)  
as

eL at

+
=− 1

)(  provided  0)( + as  

Proof:  Consider   


−−− =
0

)( dteeeL atstat  

                                         


+−=
0

)( dte tas  =


+−










+−
0

)(

)( as

e tas

as +
=

1
 

Similarly ,   

             
as

eL at

−
=

1
)(   provided  0)( − as  

Cor: 






 +
=

−

2
)(cosh

atat ee
LatL   = )(

2

1
)(

2

1 ) atat eLeL −+  
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asas +

+
−

=
1

2

11

2

1
22 as

s

−
=  

Similarly , 

            
22

)(sinh
as

a
atL

−
=  

vii) 
22

)(cos
as

s
atL

+
=  

Proof: We have  


−=
0

cos)(cos atdteatL at
 

                                           


−










+

+−
=

0

22

)sincos(

as

ataatse st

22 as

s

+
=  

viii) 
22

)(sin
as

a
atL

+
=  

Proof: We  have  


−=
0

sin)(sin atdteatL at
 

                                            


−










+

+−
=

0

22

)cossin(

as

ataatse st

22 as

a

+
=  

ix) 
1

)1(
)(

+

+
=

n

n

s

n
tL  

Proof: We   have  


−=
0

)( dttetL nstn  

Put  xst =  then dx
s

dt
1

=  

Therefore 

1010

)1(11
)(

+

 −

+

− +
==








=  n

xn

n

x
n

n

s

n
dxex

s
dx

s
e

s

x
tL  

   When  n  is a  positive integer  !)1( nn =+  
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Hence  
1

!
)(

+
=

n

n

s

n
tL  ,when   n  is  a  positive integer. 

Cor:   
s

L
1

)1( =  

           
2

1
)(

s
tL =  

           
3

2 2
)(

s
tL =  

         
2

3

2

3

2

3
2

1

2

2

1

2

1

2

3

)(

s
ss

tL


=











=











=  

        
2

1

2

1
2

1

2

2

1

)(

s
s

tL


=











=
−

 

Problems : 

1)  Find   ( )322 ++ ttL  

Solution:  Consider 

       ( ) )1(3)(2)(32 22 LtLtLttL ++=++  

                            
sss

322
23
++=  

2)  Find   ( )23 23 +− ttL  

Solution:  Consider 

     ( )
ssssss

LtLtLttL
26622

3
6

)1(2)(3)(23
3434

2323 +−=+







−=+−=+−  

3)  Find   ( )cbtatL ++2
 

Solution:  Consider 
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   ( ) )1()()()()()( 222 cLtbLtaLcLbtLatLcbtatL ++=++=++  

                         
s

c

s

b

s

a

s

c

s
b

s
a ++=+








+








=

2323

212
 

4) Find  )2(sin 2 tL  

Solution:  We  know  that   






 −
=

2

4cos1
2sin 2 t
t  

    )4(cos
2

1
)1(

2

1

2

4cos1
)2(sin 2 tLL

t
LtL −=







 −
=  

               
)16(

8

16

1

2

1

42

11

2

1
2222 +

=








+
−=









+
−








=

sss

s

ss

s

s
 

5) Find  )(sin 2 tL  

Solution: We  know  that   






 −
=

2

2cos1
sin 2 t

t  

    )2(cos
2

1
)1(

2

1

2

2cos1
)(sin 2 tLL

t
LtL −=







 −
=  

                  
)4(

2

4

1

2

1

22

11

2

1
2222 +

=








+
−=









+
−








=

sss

s

ss

s

s
 

6) Find  )3(cos2 tL  

Solution:  We  know  that   






 +
=

2

6cos1
3cos2 t
t  

    )6(cos
2

1
)1(

2

1

2

6cos1
)3(cos2 tLL

t
LtL +=







 +
=  

                                              
)36(

18

36

1

2

1

62

11

2

1
2

2

222 +

+
=









+
+=









+
+







=

ss

s

s

s

ss

s

s
 

7) Find  ( )tL 3sinh  
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Solution: We know that  
2

sinh
atat ee

at
−−

=  

Consider 

       ( )   =








+
−

−
=−=













 −
= −

−

3

1

3

1

2

1
)()(

2

1

2
3sinh 33

33

ss
eLeL

ee
LtL tt

tt

9

3
2 −s

 

8) Find  ( )tL 2sin 3  

Solution: Since  ttt 2sin42sin36sin 3−= , we  have 

             






 −
=

4

6sin2sin3
2sin 3 tt
t  

Hence  ( ) ( ) )6(sin
4

1
)3(sin

4

3
)6(sin)2sin3(

4

1

4

6sin2sin3
2sin 3 tLtLtLtL

tt
LtL −=−=







 −
=  

                                                            
)36)(4(

48

6

6

4

1

2

2

4

3
222222 ++

=








+
−









+
=

ssss
 

9) Find  )2cos(cos ttL  

Solution:  Since   
2

)cos()cos(
coscos

BABA
BA

−++
=  

We  have    
2

cos3cos
2coscos

tt
tt

+
=  

Hence   

           )](cos)3(cos[
2

1

2

cos3cos
)2cos(cos)2cos(cos tLtL

tt
LttLttL +=







 +
==  

                                 
)1)(9(

)5(

12

1

32

1
22

2

2222 ++

+
=









+
+









+
=

ss

ss

s

s

s

s
 

10) Find  )}({ tfL , where 
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2  when t3        

2t0    0)(

=

= whentf

 

Solution:  Consider    
 −=
0

)()}({ dttfetfL st  

                                                
 −− +=
2

2

0
)()( dttfedttfe stst  

                                                
 −− +=
2

2

0
)3()0( dtedte stst  

                                                     
  −−− ===
2 2

23
3)3( sstst e

s
dtedte  

11) Find  )}({ tfL  where 

               

 

1 t    when  0                

1    t    1)-(t       )( 2

=

= whentf

 

Solution:   Consider   
 −=
0

)()}({ dttfetfL st  

                                                
 −− +=

1

1

0
)()( dttfedttfe stst  

                                               
 −− −+=

1

21

0
)1(0 dttedte stst  

                                               
 − −=

1

2)1( dtte st  

Using Bernoulli’s formula 

              −+−= ......2

''

1

' vuvuuvudu  

Take           
−=−= dtedvtu st   ,)1( 2  

Then           
s

e
vtu

st−

−=−=   ),1(2'  
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21

''     ,2
s

e
vu

st−

==  

                     
32

'''       ,0
s

e
vu

st−

−==  

Hence     








=−+−−−−=−
−


−−−


−

 3132

2

1

2 2]}[2])[1(2][)1{()1(
s

e

s

e

s

e
t

s

e
tdtte

sststst
st       

           12)  Find  )}({ tfL  where 

                        

 

4 t    when  0                

4t0      e       )( -t

=

= whentf

 

Solution:   Consider   
 −=
0

)()}({ dttfetfL st  

                                                


−− +=
4

4

0
)()( dttfedttfe stst  

                                               


−−− +=
4

4

0
)0( dtedtee sttst  

                                              
1

1

)1(

)1(4
4

0

)1(
4

0

)1(

+

−
=









+−
==

+−+−
+−

 s

e

s

e
dte

sts
ts  

13) Find  )}({ tfL  where 

                  

 

 t    when  0                

t0    sin t        )(





=

= whentf

 

Solution:   Consider   
 −=
0

)()}({ dttfetfL st  

                                                


−− +=




dttfedttfe stst )()(
0

 

                                               


−− +=




dtetdte stst )0(sin
0
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)1(

1

)1(

]cossin[
2

0

2 +

+
=









+

−−
=

−−

s

e

s

ttse sst 


 

Laplace  transform of periodical functions 

Let  )(tf  be a periodic function wit period  a . 

Then  )(.....)2()()( tnaftaftaftf +==+=+=  

Consider 


−=
0

)()}({ dttfetfL st  

                            ......)(....)()(
)1(

2

0
++++=  −

−−− dttfedttfedttfe
na

an

st
a

a

st
a

st  

In  the  second integral , put   aTt +=  

In  the  third    integral ,put    aTt 2+=  

In  the  fourth  integral , put   aTt 3+=  

In  the nth integral , put   anTt )1( −+=   and  so on. 

Hence

......))1((....)()()}({
)1(

))1((
2

)(

0
+−+++++=  −

−+−+−− dtanTfedTaTfedttfetfL
na

an

anTs
a

a

aTs
a

st

......)(....)()(             
)1(

))1((
2

)(

0
++++=  −

−+−+−− dttfedTtfedttfe
na

an

anTs
a

a

aTs
a

st  

            ......)(....)()(             
0

)1(

00
++++= 

−−−−−− dttfeedttfeedttfe
a

stan
a

stsa
a

st  

duufeedunaufedttfe
n

na

a

nsasu

n

na
naus

n

an

na

st )()()(
00

0

)(

0

)1(




=

−−


=

+−


=

+
− =+==  

Where  naut +=  so that  dudt =   and 

           
au1)a(n t

0  

=+=

== unat
 

    
−



=

−


=

−− ==
a

st

n

nsa

n

a
sunsa dtfteeduufeetfL

0
00

0
))()}({  
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             dttfe
e

dttfeee
a

st

sa

a
stsasa


−

−

−−−

−
=+++=

00

2 )(
1

1
)(.......)1(   

Hence   dttfe
e

tfL
a

st

sa 
−

−−
=

0
)(

1

1
)}({  

Problems: 

1) Find  the Laplace transform of  )(tf  where 

            
2b)t(b  -1        

b)t(0   1)(

=

=tf
 

The function  is periodic  in the interval  )2,,0( b  

Solution: Consider  dttfe
e

tfL
b

st

bs 
−

−−
=

2

02
)(

1

1
)}({

 dttfedttfe
e

b

b

st
b

st

bs 
−−

−
+

−
=

2

02
)()(

1

1
 

              dtedte
e

b

b

st
b

st

bs  −+
−

= −−

−

2

02
)1(

1

1
 

           






















+









−−
=

−−

−

b

b

st
b

st

bs s

e

s

e

e

2

0

21

1
 

          








−

+−
=

−−

sb

sbsb

e

ebe

s 2

2

1

211
 

        







=









+

−
=

−

−

2
tanh

1

1

11 bs

se

e

s sb

sb

 

2) Find  the Laplace transform of  )(tf  where 

         
2b)t(bt  -2b        

b)t(0t  )(

=

=tf
 

The function  is periodic  in the interval  )2,,0( b  
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Solution: Consider  dttfe
e

tfL
b

st

bs 
−

−−
=

2

02
)(

1

1
)}({

 dttfedttfe
e

b

b

st
b

st

bs 
−−

−
+

−
=

2

02
)()(

1

1
 

             dttbedtte
e

b

b

st
b

st

bs  −+
−

= −−

−

2

02
)2(

1

1








=

2
tanh

1
2

bs

s
           

                                    SOME   GENERAL  THEOREMS 

Theorem :1  If  )()}({ sFtfL =  then   







=

a

s
F

a
atfL  

1
)}({  

Proof:  Consider   


−=
0

)()}({ dtatfeatfL st  

Put    dy
a

y
a

a

1
dt  and  then   t,y  t ===  

==== y   tand  0y    0t  









=== 

 







−

−

a

s
F

a
dyyfe

a
dtatfeatfL a

y
s

st 1
)(

1
)()}({

00
 

1) Find  )(CosatL  

Solution: Consider   







=

a

s
F

a
CosatL

1
)(   where  

1
)()(

2 +
==

s

s
sFCostL  

Therefore,  
22

2

2

1

1
)(

as

s

a

s

a

s

a
CosatL

+
=



















+

=  

2) Find  ) ( hatSinL  

Solution: Consider  







=

a

s
F

a
hatSinL

1
) (   where  

1

1
)()(

2 −
===

s
SinhtLsF  
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      Therefore,  
22

2

2

1

11
) (

as

a

a

sa
hatSinL

−
=



















−

=  

3) Find   ) Cos( hatL  

Solution: Consider  







=

a

s
F

a
hatL

1
) Cos(  where  

1
)()(

2 −
===

s

s
CoshtLsF  

Therefore,  
22

2

2

1

1
) (

as

s

a

s

a

s

a
hatCosL

−
=



















−

=  

4) Find   )(SinatL  

Solution: Consider  







=

a

s
F

a
atSinL

1
) (   where  

1

1
int)()(

2 +
==

s
SLsF  

Therefore,  
22

2

2

1

11
) (

as

a

a

sa
atSinL

+
=



















+

=  

THEOREM:2   )()}({ asFtfeL at +=−
  where  )}({)( tfLsF =  

Proof:  We  have  dttfedttfeetfeL tasstatat )()()}({
0

)(

0 


+−


−−− ==  

This is in structure exactly the  Laplace  transform of f(t) itself exactly  that   )( as +  

takes  the place of  s. Hence  )()}({ asFtfeL at +=−
   where   )}({)( tfLsF =  

1) Find   )( steL −
 

Solution:   Consider  )()( asFeL at +=−
  where  

s
LsF

1
)1()( ==  

Hence    
as

asFeL at

+
=+=− 1

)()(  
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2) Find   }cos{ bteL at−
 

Solution: Consider )(}cos{ asFbteL at +=−
 where  

22
)(cos)(

bs

s
btLsF

+
==  

Then  
22)(

)(}cos{
bas

as
asFbteL at

++

+
=+=−  

3) Find  }sin{ bteL at−
 

Solution: Consider  )(}sin{ asFbteL at +=−
 where  

22
)(sin)(

bs

b
btLsF

+
==  

Then   
22)(

)(}sin{
bas

b
asFbteL at

++
=+=−  

4) Find  }sin{ bteL at
 

Solution: Consider )(}sin{ asFbteL at −=    where   
22

)(sin)(
bs

b
btLsF

+
==  

Then  
22)(

)(}sin{
bas

b
asFbteL at

+−
=−=  

5) Find  )( natteL −
 

Solution: Consider )()( asFteL nat +=−
   where   

1

!  
)()(

+
==

n

n

s

n
tLsF  

Then  
1na)(s

! 
)()(

+

−

+
=+=

n
asFteL nat  

Similarly  
1na)(s

! 
)()(

+−
=−=

n
asFteL nat

 

6) Find  )( 5 teL t−
 

Solution: Consider  )5()( 5 +=− sFteL t
 where  

2

1
)()(

s
tLsF ==  

7) Find  )( 23 teL t
 



B.SC MATHEMATICS                                                                                                  LAPLACE TRAMSFORMS 

15 

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2 

Solution: Consider  )3()( 23 −= sFteL t
 where    

3

2 2
)()(

s
tLsF ==  

Then  
3

23

)3(

2
)3()(

−
=−=

s
sFteL t  

8) Find  )2sin( 2 teL t−
 

Solution: Consider  )2()2sin( 2 +=− sFteL t
 where  

4

2
)2(sin)(

2 +
==

s
tLsF  

Hence  
4)2(

2
)2()2sin(

2

2

++
=+=−

s
sFteL t  

9) Find  )2cos( teL t−
 

Solution: Consider  )1()2cos( +=− sFteL t
 where  

4
)2(cos)(

2 +
==

s

s
tLsF  

Hence  
4)1(

1
)1()2cos(

2 ++

+
=+=−

s

s
sFteL t  

10) Find  )2cossin( tteL t
 

Solution:  Consider   )1()2cossin( −= sFtteL t
 where  

 








+
−

+
=−=







 −

==
1

1

9

3

2

1
)sin)3(sin

2

1

2

sin3sin
)2cos(sin)(

22 ss
tLtL

tt
LttLsF









+−
−

+−
=−=

1)1(

1

9)1(

3

2

1
)1()2cossin(

22 ss
sFtteL t  

THEOREM:3 If  )()}({ sFtfL =  then   )]([f(t)}L{t sF
ds

d
−=  

Proof:  Consider  


−=
0

)()( dttfesF st  

)}( {)(  
0

tftLdttfet st −=−= 


−

 

Therefore,  )]([f(t)}L{t sF
ds

d
−=  

( ) 


−


−


− −=



==

000
)( )}({)()( dttfetdttfe

s
dttfe

ds

d
sF

ds

d ststst
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COR: )}]({[)1(f(t)}L{t n tfL
ds

d
n

n
n−=  

PROOF: We have  )]([f(t)}L{t sF
ds

d
−=  

Then   )}({)1()}({)}( {[)}(..{f(t)}L{t
2

2
22 tfL

ds

d
tfL

ds

d

ds

d
tftL

ds

d
tfttL −=








−−=−==  

Continuing the process , we   get    )}]({[)1(f(t)}L{t n tfL
ds

d
n

n
n−=  

Problems 

1) Find )( atteL −
 

Solution:  Consider  
2)(

11
)()(

asasds

d
eL

ds

d
teL atat

+
=









+
−=−= −−  

2) Find  )sin( attL  

Solution:   Consider 

        

22222 )(

2
                

)(sin)sin(

as

as

as

a

ds

d

atL
ds

d
attL

+
=









+
−=

−=

 

3) Find  )( 32 tetL −
 

Solution: Consider 

32

2

2
3

2

2
32

)3(

2

)3(

1
               

3

1
)]([)1()(

+
=









+

−
=










+
=−= −−

ssds

d

sds

d
eL

ds

d
etL tt

 

4) Find )2cos( ttL  

Solution:  Consider  








+
−=−=

4
)2(cos)2cos(

2s

s

ds

d
tL

ds

d
ttL  
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22

2

2

2

)4(

4

4

)2(1).4(

+

−
=















+

−+
−=

s

s

s

sss
 

5) Find  )cos( 2 ttL  

Solution: Consider  ( ) 






 +
−=−=

2

2cos1
cos)cos( 22 t

L
ds

d
tL

ds

d
ttL  

                                                  )]2(cos)1([
2

1
tLL

ds

d
+−=  

                                                 








+
−







−=









+
+−=

42

11

2

1

4

1

2

1
22 s

s

ds

d

sds

d

s

s

sds

d
 

                                                 

22

2

2

22

2

2

)4(2

)4(

2

1

)4(

)2(1).4(

2

11

2

1

+

−
+=










+

−+
−








−−=

s

s

s

s

sss

s
 

6) Find  )2sin( 2 ttL  

Solution:  Consider  






















+
=−=

4

2
)2(sin)1()2sin(

22

2

2

2
22

sds

d
tL

ds

d
ttL  

         
32

2

32

2

42

222

22 )4(

1612

)4(

)43(4

)4(

]2)4(2[1.)4(
4

)4(

4

+

−
=

+

−
=















+

+−+
−=















+

−
=

s

s

s

s

s

ssss

s

s

ds

d
 

 

7) Find )sinh( attL  

Solution: Consider  

( ) )2())(1()(sinh)sinh( 222

22
sasa

as

a

ds

d
atL

ds

d
attL −−−−









−
−=−=

222 )(

2

as

as

−
=  

8) Find  )cosh( 2 attL  

Solution: Consider  ( ) 








−
=−=

222

2

2

2
22 (cosh)1()cosh(

as

s

ds

d
atL

ds

d
attL  

                                                     














−

+−
=















−

−−
=

222

22

222

22

)(

)(

)(

]2[)(

as

as

ds

d

as

ssas

ds

d
 

                                                    
322

22

222

22

)(

)3(2

)(

)(
)1(

as

ass

as

as

ds

d

−

+
=















−

+
−=  

9) Find  )cos(sin atatatL −  

Solution: Consider  )cos()(sin)cos(sin attaLatLatatatL −=−  
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( )















+

−+
+

+
=










+
+

+
=+

+
=

222

22

22

222222

)(

]2[1).(

)(cos

as

ssas
a

as

a

as

s

ds

d
a

as

a
atL

ds

d
a

as

a

 

                            
222

3

)(

2

as

a

+
=  

10) Find   )sin( tteL t−  

Solution: Consider  ( ) )1()sin()sin( +−=−= −− sF
ds

d
teL

ds

d
tteL tt

 

where   
1

1
)(sin)(

2 +
==

s
tLsF  so that  

1)1(

1
)1(

2 ++
=+

s
sF  

Hence   
222 )22(

)1(2

1)1(

1
)1()sin(

++

+
=















++
−=+−=−

ss

s

sds

d
sF

ds

d
tteL t

 

11) Find   )cos( tteL t−  

Solution: Consider  ( ) )1()cos()cos( +−=−= −− sF
ds

d
teL

ds

d
tteL tt

 

where   
1

)(cos)(
2 +

==
s

s
tLsF  so that  

1)1(

1
)1(

2 ++

+
=+

s

s
sF  

Hence   
222 )22(

)2(

1)1(

1
)1()cos(

++

+
=















++

+
−=+−=−

ss

ss

s

s

ds

d
sF

ds

d
tteL t

 

THEOREM: 4 If  )()}({ sFtfL =   and  if  
t

tf )(
 has a limit as 0→t ,then 

     


=








s
dssF

t

tf
L )(

)(
   where  )}({)( tfLsF =  

Proof: Consider  
 −==
0

)()}({)( dttfetfLsF st
 

then    


−
=

0
0

)()(

s

st dtdstfedssF  

By changing the order of integration ,we have 









==












−
== −




−
−

   t

tf
Ldte

t

tf
dt

t

e
tfdsdttfedssF st

ss

st
st )()(

)()()(
0

0
00

 

Problems: 
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1) Find 










 −

t

e
L

t1
 

Solution: Consider  


−=










 −

s

t
t

dseL
t

e
L )1(

1
  since   1

1

0
−=

−

→ t

e
Lim

t

t
 







 −

=

















−
=









−
−=

−=−=










 −










s

s

s

s
ds

ss

dseLLdseL
t

e
L

s
s

s

t

s

t
t

1
log

1
log

1

11
                 

)]()1([)1(
1

 

2) Find  








t

at
L

 sin
 

Solution: Consider  


=








s
dsatL

t

at
L )(sin

 sin
  since  a

t

at
Lim
t

=
→

sin

0
 









=








−=








−=









=

+
==









−−−−


−



a

s

a

s

a

s

a

s
ds

as

a
dsatL

t

at
L

s
ss

1111

1

22

cottan
2

tantan                 

tan)(sin
 sin


 

3) Find  






 −

t

t
L

cos1
 

Solution:  


−=






 −

s
dstL

t

t
L ]cos1[

cos1
  since 

                 0
1

sin

0

0cos1

00
===

−

→→

t
Lim

t

t
Lim

tt
 

 

      








−=

−=






 −

s

s

dstLL

dstL
t

t
L

)](cos)1([                   

]cos1[
cos1

 

 

                      













 +
=















+
=









+−=








+
−=








s

s

s

s

ssds
s

s

s

s

s
s

1
log

1
log

)1log(
2

1
log

1

1

2

2

2

2
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4) Find  












t

t
L

2sin
 

Solution: Consider  


=












s
dstL

t

t
L }{sin

sin 2
2

 

since   0
1

2sin2

0

02cos1sin
lim

00

2

0
===

−
=

→→→

t
Lim

t

t
Lim

t

t

ttt
 

Then  dstLLds
t

LdstL
t

t
L

sss 


−=






 −
==













)]2(cos)1([
2

1

2

2cos1
}{sin

sin 2
2

 

                          













 +
=













+
=









+−=








+
−=








s

s

s

s

ssds
s

s

s

s

s
s

4
log

2

1

4
log

2

1

)4log(
2

1
log

2

1

4

1

2

1

2

2

2

2

 

5) Find  










 − −−

t

ee
L

tt 2

 

Solution: Consider  
 −−

−−

−=










 −

s

tt
tt

dseeL
t

ee
L ][ 2

2

 

since  3
2

0
−=

− −−

→ t

ee
Lim

tt

t
 

              









+

+
=









+

+
=









+
−

+
=

−=−=










 −




 −− −−
−−





1

2
log

2

1
log

2

1

1

1
                        

)]()([][ 22
2

s

s

s

s
ds

ss

dseLeLdseeL
t

ee
L

s
s

s

tt

s

tt
tt

 

6) Find  






 −

t

tt
L

3cos2cos
 

Solution: Consider  


−=






 −

s
dstLtL

t

tt
L )]3(cos)2(cos[

3cos2cos
 

since   0
3cos2cos

lim
0

=






 −

→ t

tt

t
 

ds
s

s

s

s
dstLtL

t

tt
L

ss 










+
−

+
=−=







 −

94
)]3(cos)2(cos[

3cos2cos
22
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











+

+
=













+

+
=









+−+=



4

9
log

2

1

9

4
log

2

1
)9log(

2

1
)4log(

2

1
2

2

2

2
22

s

s

s

s
ss

ss

 

Result: Using  Laplace transform, we can evaluate  certain integrals . 

1) Evaluate 
 −

0

2 3sin tdte t  

Solution:  By definition of Laplace transform, we have 

9

3
)3(sin3sin

20 +
==

 −

s
tLtdte st  

Putting  2=s .we get  
13

3

94

3
3sin

0

2 =
+

=
 − tdte t

 

2) Evaluate  
 −

0

3 cos tdtte t  

Solution: We have 
 −=
0

cos)cos( tdttettL st  

Hence the required  integral is the value of  )cos( ttL   when  3=s  

Consider   

( )
22

2

22

2

2 )1(

)1(

)1(

)2(1).1(

1
)(cos)cos(

+

−
=















+

−+
−=









+
−=−=

s

s

s

sss

s

s

ds

d
tL

ds

d
ttL  

Hence the required integral is obtained by putting 3=s  

.
25

2

100

8

)19(

19
cos

20

3 ==
+

−
=

 − tdtte t
 

3) Evaluate dt
t

ee tt




−− −

0

2

 

Solution: Consider  


 −−

−−


−−
− −=













 −
=













 −

s

tt
tttt

st dseLeL
t

ee
Ldt

t

ee
e )]()([ 2

2

0

2

 

                                     








+

+
=









+
−

+
= 



1

2
log

2

1

1

1

s

s
ds

sss
 

Hence the required integral is obtained by putting  0=s  

2log
1

2
log

0

2

=







=

−



−−

dt
t

ee tt

 

4) Evaluate dt
t

ee tt




−− −

0

63
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Solution: Consider  




−−
−−


−−

− −=






 −
=







 −

s

tt
tttt

st dseLeL
t

ee
Ldt

t

ee
e )]()([ 63

63

0

63

 

                                 








+

+
=









+

+
=









+
−

+
=




 3

6
log

6

3
log

6

1

3

1

s

s

s

s
ds

ss s
s

 

Hence the required integral is obtained by putting  0=s  

          2log
3

6
log

0

63

=







=

−



−−

dt
t

ee tt

 

5) Evaluate  


−

0

3 sin tdtte t  

Solution: We have 


−=
0

sin)sin( tdttettL st  

Hence the required  integral is the value of  )cos( ttL   when  3=s  

Consider   

( )
2222

2

2 )1(

2

)1(

)2(10).1(

1

1
)(sin)sin(

+
=









+

−+
−=









+
−=−=

s

s

s

ss

sds

d
tL

ds

d
ttL  

Hence the required integral is obtained by putting 3=s  

        .
50

3

100

6

)19(

)3(2
sin

20

3 ==
+

=


− tdtte t
   

 

 

 

                       INVERSE LAPLACE TRANSFORMS 

                   Let the   )}({1 sFL−  denote a function, whose  Laplace   transform is F(s).Thus   if  

)()}{ sFftL =  then  )}({)( 1 sFLtf −=  

We can complete the table of   transforms  from  the known results: 

 

S.No f(t) F(s) 

1 ate  

as −

1
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2 atcosh  
22 as

s

−
 

3 atsinh  
22 as

a

−
 

4 atcos  
22 as

s

+
 

5 atsin  
22 as

a

+
 

6 1 

s

1
 

7 t  
2

1

s
 

8 nt  
1

! 
+ns

n
 (n  is a +ive integer) 

9 atte  
2)(

1

as −
 

10 atet 2
 

3)(

2

as −
 

11 atnet  
1)(

! 
+− nas

n
(n is a positive integer) 

12 bte at sin−
 

22)( bas

b

++
 

S.No 
f(t) 

F(s) 

13 bte at cos−
 

22)( bas

as

++

+
 

14 attsin  
222 )(

2

as

as

+
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15 att cos  

222

22

)( as

as

+

−
 

 

 

Result: 1 If    )()}({ sFtfL =  then     )()( asFtfeL at +=−
. 

      Hence we get   the result    ))(()()( 11 sFLetfeasFL atat −−−− ==+      

Problems 

1) Find    








+

−

2

1

)(

1

as
L  

Solution: Consider    

            te
s

Le
as

L atat −−−− =








=








+ 2

1

2

1 1

)(

1
 

2)  Find  








++

−

16)2(

1
2

1

s
L  

Solution: Consider 

             
4

4sin

4

4sin

4

1

16)2(

1 2
2

22

12

2

1 tet
e

s
Le

s
L

ts
tt

−
−−−− =









=








+
=









++
 

3) Find  








+−

−−

4)3(

3
2

1

s

s
L  

Solution:  Consider   

            te
s

s
Le

s

s
L ttt 2cos

24)3(

3 3

22

13

2

1 =








+
=









+−

− −−  

4) Find  








++

−

522

1

ss

s
L  

Solution: Consider  
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4)1

1)1(

4)1(52
  

2

1

2

1

2

1









++

−+
=









++
=









++

−−−

s

s
L

s

s
L

ss

s
L                                        

)2sin2cos2(
22

2sin
2cos                                                                

2

1

2
                                                                 

4)1(

1

4)1(

1
                                                                   

2

22

1

22

1

2

1

2

1

tt
et

ete

s
Le

s

s
Le

s
L

s

s
L

t
tt

tt

−=







−=









+
−









+
=









++
−









++

+
=

−
−−

−−−−

−−

 

5) Find  








−

−

2

1

)3(

1

s
L  

Solution: Consider    

           te
s

Le
s

L tt 3

2

13

2

1 1

)3(

1
=









=








−

−−  

6) Find  








+−

−

22

1

)( abs

s
L  

Solution: Consider                                                                       

                 

( )btbbta
a

e

a

at
beate

as
bLe

as

s
Le

abs

b
L

abs

bs
L

abs

bbs
L

abs

s
L

bt
btbt

btbt

sincos
sin

cos                             

1
                             

)()(
                             

)(

)(

)(
 

22

1

22

1

22

1

22

1

22

1

22

1

+=







+=










+
+









+
=









+−
+









+−

−
=









+−

+−
=









+−

−−

−−

−−

 

7) Find   








++

+−

22

1

)( bas

dcs
L  

 

 Solution: Consider                                                                       
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





 −

=







−=









−=










+
−









+
=









++
−









++

+
=









++

−+
=









++

−−−

−−

−−−−

−−

−−

b

btaatb
ce

b

bt
acebtce

b

bt
acebtce

bs
acLe

bs

s
cLe

bas

a
cL

bas

asc
L

bas

caasc
L

bas

cs
L

atatat

atat

atat

sincossin
cos                             

sin
cos                             

1
                             

)()(

)(
                             

)(

)(

)(
 

22

1

22

1

22

1

22

1

22

1

22

1

 

Result:2  If    )()( sFtfL = then    







=

a

s
F

a
atfL

1
)(  

     This result can be written in the  form  )(
11 atf

a

s
F

a
L =
















−   where                          

      )()( 1 sFLtf −=  

      Put k
a
=

1
 , we have   

       







=−

k

t
f

k
ksFL

1
)(1   where    )()( 1 sFLtf −= . 

Problems: 

1) Find 








+

−

222

1

bas

s
L  

Solution: Consider  )(
11

222222
saF

abas

sa

abas

s
=









+
=

+
 

Where  
222

)(
bas

sa
saF

+
=  and  therefore  

22
)(

bs

s
sF

+
=  

  







==









+
=









+

−−−

a

t
f

aa
saFL

abas

sa
L

abas

s
L

11
)(

11 1

222

1

222

1  
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Where     bt
bs

s
LsFLtf cos)()(

22

11 =








+
== −−  

   







=










a

bt
cos

a

t
f    

Hence   







=









+

−

a

bt

abas

s
L cos

1
2222

1
 

Result:3 If    )()( sFtfL =  then    )(f(t) ' sFtL −= . 

Hence  we  get  the  result    )(L )( )( -1'1 sFttftsFL −=−=−
 

Problems 

1) Find  








+

−

222

1

)( as

s
L  

Solution:    Let   
222

'

)(
)(

as

s
sF

+
=   

 +
−=

+
=

)(2

1

)(s

s
F(s)  

22222 as
ds

a
 

at
a

t

as

a
L

a

t

as
L

t

as
t

as

s

sin
22

                              

)(

1

2)(2

1
L 

)(
L  

22

1

22

1

22

1-

222

1-

=








+
=










+
=









+
−−=









+


−

−

 

2) Find   








−

−

22

1

)1(s

s
L  

 Solution:    Let   
22

'

)1(
)(

−
=

s

s
sF   

         −
−=

−
=

)1(2

1

)1(s

s
F(s)  

222 s
ds  
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t
t

s
L

t

s
L

t

s
t

s

s

sinh
21

1

2
                              

)1(

1

2)1(2

1
L 

)1(
L  

2

1

2

1

2

1-

22

1-

=








−
=










−
=









−
−−=









−


−

−

 

3) Find   








+

−

22

1

)4(s

s
L  

 Solution:    Let   
22

'

)4(
)(

+
=

s

s
sF   

 +
−=

+
=

)4(2

1

)4(s

s
F(s)  

222 s
ds  

t
t

s
L

t

s
L

t

s
t

s

s

2sinh
42

2

4
                              

)4(

1

2)4(2

1
L 

)4(
L  

22

1

2

1

2

1-

22

1-

=








+
=










+
=









+
−−=









+


−

−

 

4)  Find   








++

+−

22

1

)54(

2

ss

s
L   

Solution:    Let   
22

'

)54(

2
)(

++

+
=

ss

s
sF   

 ++
−=

++

+
=

)54(2

1

)54(s

2s
F(s)  

222 ss
ds

s
 

2

sin

1

1

21)2(

1

2
                              

)54(

1

2)54(2

1
L 

)54(

2
L  

2

22

12

2

1

2

1

2

1-

22

1-

tte

s
Le

t

s
L

t

ss
L

t

ss
t

ss

s

t
t

−
−−−

−

=








+
=









++
=










++
=









++
−−=









++

+


 

5) Find   








++

+−

22

1

)136(

3

ss

s
L   

Solution:    Let   
22

'

)136(

3
)(

++

+
=

ss

s
sF   
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 ++
−=

++

+
=

)136(2

1

)136(s

3s
F(s)  

222 ss
ds

s
 

4

2sin

2

1

24)3(

1

2
                              

)136(

1

2)136(2

1
L 

)136(

3
L  

2

22

13

2

1

2

1

2

1-

22

1-

tte

s
Le

t

s
L

t

ss
L

t

ss
t

ss

s

t
t

−
−−−

−

=








+
=









++
=










++
=









++
−−=









++

+


 

6) Find   








++

+−

22

1

)22(

)1(2

ss

s
L   

Solution:    Let   
22

'

)22(

)1(2
)(

++

+
=

ss

s
sF   

 ++
−=

++

+
=

)22(

1

)22(s

1)2(s
F(s)  

222 ss
ds

s
 

tte
s

Lte
s

tL

ss
tL

ss
t

ss

s

tt sin
1

1

1)1(

1
                              

)22(

1

)22(

1
L 

)22(

)1(2
L  

22

1

2

1

2

1

2

1-

22

1-

−−−−

−

=








+
=









++
=










++
=









++
−−=









++

+


 

Result:4   If    )()( sFtfL =  then    )(f(t) ' sFtL −= .This theorem  can be used  to get inverse 

transform of certain functions: 

Problem:  

1)  Find  

















−

+−

1

1
log1

s

s
L  

Solution:  Let   )(
1

1
log1 tf

s

s
L =


















−

+−  

Then    








−

+
=

1

1
log)(

s

s
tfL  

          )1log()1log(
1

1
logf(t)t L   −−+−=









−

+
−= ss

ds

d

s

s

ds

d
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1

1

1

1

−
+

+
−=

ss
 

tee
s

L
s

tt sinh2
1

1

1

1
Lf(t)  t 11- =−=









+
−









−
= −−            

          
t

2sinht
f(t) =  

2)  Find  















 +−

s

s
L

1
log1  

Solution:  Let    

             )(
1

log1 tf
s

s
L =
















 +−  

Then    






 +
=

s

s
tfL

1
log)(  

   ss
ds

d

s

s

ds

d
log)1log(

1
logf(t)t L   −+−=







 +
−=  

                   
ss

1

1

1
+

+
−=  

te
s

L
s

−− −=








+
−








= 1   

1

11
Lf(t)  t 11-            

        
t

e-1
f(t) 

-t

=  

3) Find  

















+

−

1
log

2

1

s

s
L  

Solution:  Let   )(
1

log
2

1 tf
s

s
L =


















+

−  

Then    








+
=

1
log)(

2s

s
tfL  
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   )1log(log
1

logf(t)t L   2

2
+−−=









+
−= ss

ds

d

s

s

ds

d
 

                   
1

21
2 +

+−=
s

s

s
 

1cos2
1

1
L2f(t)  t 1

2

1- −=







−









+
= − t

s
L

s

s
           

       
t

1-2cost
f(t) =  

4)   Find  















 −−

2

2
1 1

log
s

s
L  

Solution:  Let   )(
1

log
2

2
1 tf

s

s
L =
















 −−
 

Then    






 −
=

2

21
log)(

s

s
tfL  

   )log()1log(
1

logf(t)t L   22

2

2

ss
ds

d

s

s

ds

d
−−−=







 −
−=  

                   
ss

s

ss

s

s

s

s

s 2

1
2

2

1

22

1

2
2222

+








−
−=+









−
=+









−

−
−=            

       
t

cosht)-2(1
f(t) =  

Result:5 If    )()( ssFtfL =  and  )(t   is   a function such  that    )()( sFt =    and  

0)0( =   then  )()( ' ttf = .  

    We  have       )()()0()()(' tfLssFtsLtL ==−=  .Therefore , )()( ' ttf =  

This result can be used to get the   inverse transforms  of certain functions. 

  ( )  )()()()(L  11- sFL
dt

d
t

dt

d
tfssF −===    provided     0)(1 =− sFL  when 0=t  
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Problems: 

1) Find  








+

−

22

1

ks

s
L  

   Solution: Consider  kt
k

kt

dt

d

ks
L

dt

d

ks

s
L cos

sin1
22

1

22

1 =







=









+
=









+

−−  

Here  0
sin

=
t

kt
 when     0=t   

2) Find  








++

−

4)3( 2

1

s

s
L  

  Solution: consider  

             

 tt
e

tete

te

dt

dt
e

dt

d

s
Le

dt

d

s
L

dt

d

s

s
L

t

tt

t
t

t

2sin32cos2
2

                            

2sin
2

3
2cos                             

2

2sin

2

2sin
                               

4

1

4)3(

1

4)3(

3

33

3
3

2

13

2

1

2

1

−=

−=









=















=


















+
=









++
=









++

−

−−

−
−

−−−−

 

3) Find  








+−

−

22

1

)( abs

s
L  

       Solution: consider  

             

 atbbta
a

e

ate
a

b
ate

a

ate

dt

d

a

at
e

dt

d

as
Le

dt

d

abs
L

dt

d

abs

s
L

btt

bttbtt

bt
bt

bt

sincos                            

sincos                             

sinsin
                               

1

)(

1

)( 22

1

22

1

22

1

+=

+=









=















=


















+
=









+−
=









+−

−−−
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4) Find  








++

−−

134

3
2

1

ss

s
L  

Solution: Consider 

    

( )tt
e

tete

dt

d

s
L

s
L

dt

d

ss
L

ss
L

dt

d

ss
L

ss

s
L

ss

s
L

t

tt

3sin53cos3
3

                          

3

3sin
3

3

3sin
                           

9)2(

1
3

)2(

1
                            

134

1
3

134

1
                            

134

3

134134

3

2

22

2

1

2

1

2

1

2

1

2

1

2

1

2

1

−=









−








=










++
−









++
=










++
−









++
=










++
−









++
=









++

−

−

−−

−−

−−

−−−

 

5) Find  








+

−

2

1

)2(s

s
L  

     Solution: Consider   

                      ( )

)21(                      

1
                     

)2(

1

)2(

2

2

2

12

22

1

te

te
dt

d

s
Le

dt

d

sdt

d

s

s
L

t

tt

−=

=















=










+
=









+

−

−−−

−

 

6) Find  








+

−

5

1

)3(s

s
L  

Solution: Consider   
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                   ( )  

 43
3

343343
4

3

5

13

5

1

5

1

34
24

                    

)3(4
24

1

24

1

24
                     

1

)3(

1

)3(

tt
e

ettete
dt

dt
e

dt

d

s
Le

dt

d

s
L

dt

d

s

s
L

t

tttt

t

−=

−+==








=

















=









+
=









+

−

−−−−

−−−−

 

7) Find  








−

−

3

2
1

)1(s

s
L  

 

Solution:  

              

( )24
2

                   

2

1
                     

)1(

1

)1()1(

2

2

2

2

2

1

2

2

3

1

2

2

3

1

3

2
1

++=









=





























=










−
=









−
=









−

−

−−−

tt
e

te

dt

d

s
Le

dt

d

s
L

dt

d

s

s
L

dt

d

s

s
L

t

t
t  

Result:6   )(
1

)(
0

tfL
s

dxxfL
t

=





  then   









= 
−−

t

dtsFLsF
s

L
0

11 )()(
1

 

      Proof: Let  )()(
0

tFdxxf
t

= .Then  )()(' tftF =  and  0)0( =F  

         )()0()()(FL  ' tFsLFtFsLt =−=  

That is     =
t

dxxfsLtfL
0

)()(  

Hence       







== −

 )(
1

)()(
1

)( 1

00
tfL

s
LdxxftfL

s
dxxfL

tt

 

This result  can be used  to find the inverse transforms of certain functions .  

If    )()( sFtfL =  then    =






−
t

dxxftfL
s

L
0

1 )()(
1
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Where  ( ))()( 1 sFLtf −= , 

 dtsFLsF
s

t


−=










0

11- )()(
1

L      

Problem: 

1) Find  








+

−

)(

11

ass
L  

Solution: Consider   

               

a

e

a

e
dte

dt
as

L
ass

L

at
t

at
t

at

t

−−
−

−−

−
=









−
==










+
=









+





1
                      

1

)(

1

0
0

0

11

 

2) Find  








−

−

)(

11

ass
L  

Solution: Consider   

               

a

e

a

e
dte

dt
as

L
ass

L

at
t

at
t

at

t

1
                      

1

)(

1

0
0

0

11

−
=








==










−
=









−




−−

 

3)   Find  








+

−

)(

1
22

1

ass
L  

Solution: Consider   

               

2

0
0

0 22

1

22

1

cos1cos1sin
                      

1

)(

1

a

at

a

at

a
dt

a

at

dt
as

L
ass

L

t
t

t

−
=







 −
==










+
=









+




−−
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4) Find  








+

−

)4(

1
2

1

ss
L  

Solution: Consider   

               

4

2cos1

2

2cos

2

1

2

2sin
                      

4

1

)4(

1

0
0

0 2

1

2

1

tt
dt

t

dt
s

L
ss

L

t
t

t

−
=







 −
==










+
=









+




−−

 

5) Find  








+

−

222

1

)(

1

as
L  

Solution: Consider   

               

3

0

20

0 22

1

222

1

222

1

2

cossin
                         

sincos

2

1

2

sin
                         

)()(

1

)(

1

a

atatat

a

at

a

att

a
dt

a

att

dt
as

s
L

as

s

s
L

as
L

t
t

t

−
=









+

−
==










+
=









+
=









+




−−−

 

6) Find  








+

−

3

1

)2(

1

ss
L  

Solution: Consider  dt
s

L
ss

L
t

 








+
=









+

−−

0 3

1

3

1

)2(

1

)2(

1
 

                                                        dt
t

edt
s

Le
t

t
t

t

 







=








= −−−

0

4
2

0 5

12

24

1
 

                                                                    
−=

t
t dtte

0

42

24

1
 

 Using Bernoulli’s formula 

              −+−= ......2

''

1

' vuvuuvudu  
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Take           
−== dtedvtu t24    ,        

Then           
2

  ,4
2

3'
te

vtu
−

−==  

                  
2

2

1

2''

2
    ,12

te
vtu

−

==  

                     
3

2

2

'''

2
      ,24

te
vtu

−

−==  

                    
4

2

3

''''

2
      ,24

te
vu

−

==  

                    
5

2

4

'''''

2
      ,0

te
vu

−

−==  

            









+









−−−−−=








 −
−









−−−−−=









−−−−−=

−−−
−

−

−−−−−

−−−−−
−



32

1

4

3

2

3

4

3

224

1
                   

32

24

24

1

32
24

16
24

8
12

2
4

224

1
                    

32
24

16
24

8
12

2
4

224

1

24

1

2222
23

24

222
2

2

2
3

2
4

0

222
2

2

2
3

2
4

0

24

ttt
t

t

tttt

t
tttt

t
t

eteet
et

et

ee
t

e
t

e
t

e
t

ee
t

e
t

e
t

e
tdtet

 

Result: 7 The method of partial fraction  can   be  used to find the  inverse  transform of certain 

functions. 

Problems:  

1) Find  








++

−

)2)(1(

11

sss
L  

Solution: Consider   

     
21)2)(1(

1

+
+

+
+=

++ s

C

s

B

s

A

sss
 

                           
)2)(1(

)1)2()2)(1(

++

++++++
=

sss

CsssBsssA
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So that   )1()2()2)(1(1 ++++++= sCssBsssA  

Putting   0=s  we get  
2

1
21 == AA  

Putting   1−=s ,we get  11 −=−= BB  

 Putting   2−=s ,we get  
2

1
21 == CC  

Hence   
)2(2

1

1

1

2

1

)2)(1(

1

+
+

+
−=

++ ssssss
 










+
+









+
−








=










+
+









+
−








=









++

−−−

−−−−

)2(

1

2

1

1

11

2

1
                               

)2(2

1

1

1

2

1

)2)(1(

1

111

1111

s
L

s
L

s
L

s
L

s
L

s
L

sss
L

 

                          
tt ee 2

2

1

2

1 −− +−=  

2)   Find  








+−

+−−

)2)(3(

22
1

sss

ss
L  

Solution: Consider   

     
23)2)(3(

22

+
+

−
+=

+−

+−

s

C

s

B

s

A

sss

ss
 

                           
)2)(3(

)3()2()2)(3(

+−

−++++−
=

sss

sCssBsssA
 

So that   )3()2()2)(3(22 −++++−=+− sCssBsssAss  

Putting   0=s  we get  
3

1
62 −=−= AA  

Putting   3=s ,we get  
15

8
158 == BB  
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 Putting   2−=s ,we get  
5

4

10

8
108 =−== CC  

Hence   
)2(5

4

3

1

15

8

3

1

)2)(3(

22

+
+

−
+−=

+−

+−

ssssss

ss
 

    










+
+









−
+








−=










+
+









−
+








−=









+−

+−

−−−

−−−−

)2(

1

5

4

3

1

15

81

3

1
                                

)2(

1

5

4

3

1

15

8

3

1

)2)(3(

2

111

111
2

1

s
L

s
L

s
L

s
L

s
L

s
L

sss

ss
L

 

                                   
tt ee 23

5

4

15

8

3

1 −++−=  

3) Find  








+++

−

)22)(1(

1
2

1

sss
L  

     Solution: Consider  
221)22)(1(

1
22 ++

+
+

+
=

+++ ss

CBs

s

A

sss
 

  By putting   suitable values  to  s , we can find  the values  of  BA,  and  C  as 

          1&1,1 −=−== CBA  

        so that  
22

1

1

1

)22)(1(

1
22 ++

+
−

+
=

+++ ss

s

ssss
 

Hence   








++

+
−









+
=









+++

−−−

22

1

1

1

)22)(1(

1
2

11

2

1

ss

s
L

s
L

sss
L  

                                                      








++

+
−= −−

1)1(

1
2

1

s

s
Le t   

                                                       

)cos1(cos

12

1

tetee

s

s
Lee

ttt

tt

−=−=










+
−=

−−−

−−−

 

4) Find  








++−

+−

)52)(1(

35
2

1

sss

s
L  
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     Solution: Consider  
521)52)(1(

35
22 ++

+
+

−
=

++−

+

ss

CBs

s

A

sss

s
 

               )1)(()52(35 2 −++++=+ sCBsssAs  

Putting   1=s ,we get 1=A  

Equating  the coefficient of  
2s ,we get 10 −=−==+ BABBA  

 Equating  the coefficient of  s ,we get 22552 =+−==+− CBACCBA        

       so that  
52

2

1

1

)52)(1(

35
22 ++

+−
+

−
=

++−

+

ss

s

ssss

s
 

      Hence   








++

+−
+








−
=









++−

+ −−−

22

2

1

1

)52)(1(

35
2

11

2

1

ss

s
L

s
L

sss

s
L  

                                                         








++

−+
−=




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



++

−
−= −−

4)1(

3)1(

4)1(

2
2

1

2

1

s

s
Le

s

s
Le tt   

                                                          

2

2sin3
2cos

2

2sin
32cos

4

1
3

4 2

1

2

1

te
tee

t
etee

s
Le

s

s
Lee

t
tt

ttt

ttt

−
−

−−

−−−−

+−=









+−=










+
+









+
−=

 

5) Find  








−+

+−

22

1

)1()2(

21

ss

s
L  

Solution: Consider     

             
 22

2222

)1()2(
3

1
21             

)21(3361244)1()2(

−−+=+

+=+=−+−++=−−+

sss

ssssssss

 

Consider  

              








−+

−−+
=

−+

+
22

22

22 )1()2(

)1()2(

3

1

)1()2(

21

ss

ss

ss

s
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







+
−

−
=

22 )2(

1

)1(

1

3

1

ss
 

          Hence  

















+
−









−
=









−+

+ −−−

2

1

2

1

22

1

)2(

1

)1(

1

3

1

)1()2(

21

s
L

s
L

ss

s
L  

                                                       
















−








= −−−

2

12

2

1 11

3

1

s
Le

s
Le tt  

                                                        tttt ee
t

tete 22

33

1 −− −=−=  

6)   Find  








−

−−

22

1

)1(

12

ss

s
L  

Solution: Consider     

             
 22

2222

)1(12             

)12(1212)1(

sss

sssssss

−−−=−

−−=+−=−+−=−−
 

Consider  

              








−

−−
−=

−

−
22

22

22 )1(

)1(

)1(

12

ss

ss

ss

s
 

                                     
2222 )1(

11

)1(

11

−
+−=









−
−−=

ssss
 

  

                                                )1(
1

2

1 −=+−=







+−= − ttt ettet

s
Let  

Result: Laplace  transformation  can be used to solve ordinary differential equations with 

constant  coefficients. 

Problems  

1) Solve the equation  ty
dt

dy

dt

yd
sin32

2

2

=−+   given that  0==
dt

dy
y  when  0=t  
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Solution :  The  equation can  be written in the  form  

                tsin32 ''' =−+ yyy  

Applying  Laplace transform  to  both    sides, we have 

  ( )  t)sinL( 32 ''' =−+ yyyL  

i.e . ,    t)(sin)(3)(2)( ''' LyLyLyL =−+  

i.e . ,    
1

1
)(3)0()(2)0()0()(

2

'2

+
=−−+−−

s
yLyysLysyyLs  

substituting  the values of  )0(y  and  )0('y  in the equation ,we get  

           
1

1
)(3)(2)(

2

2

+
=−+

s
yLysLyLs   

Putting   yyL =)( ,  

            
1

1
)32(

2

2

+
=−+

s
yss  

)1)(1)(3(

1

)1)(32(

1
222 +−+

=
+−+

=
ssssss

y  









++−
=

)1)(3)(1(

1
Ly  

2

1-

sss
 

Consider  
113)1)(3)(1(

1
22 +

+
+

−
+

+
=

++− s

DCs

s

B

s

A

sss
 

By giving suitable values to  s  we can find   
8

1
,

40

1
=−= BA  and  

10

1
−=C  &

5

1
−=D  

Hence   

                  
1

5

1

10

1

3

8

1

1

40

1

)1)(3)(1(

1
22 +

−−

+
+

+
−

−

=
++− s

s

sssss
 

So that  



B.SC MATHEMATICS                                                                                                  LAPLACE TRAMSFORMS 

43 

SHRIMATI INDIRA GANDHI COLLEGE,TRICHY.2 

                   








+
−









+
−









−
+









+
−= −−−−

1

1

5

1

110

1

1

1

8

1

3

1

40

1
2

1

2

111

s
L

s

s
L

s
L

s
Ly  

      tteey tt sin
5

1
cos

10

1

8

1

40

1
 3 −−+−= −

  

2) Solve the equation  
tey

dt

dy

dt

yd −=++ 452
2

2

  given that  0)0()0( '== yy   

Solution :  The  equation can  be written in the  form  

               
-t''' 4e52 =++ yyy  

Applying  Laplace transform  to  both    sides, we have 

  ( ) )L(4e 52 -t''' =++ yyyL  

i.e . ,   )e(4)(5)(2)( -t''' LyLyLyL =++  

i.e . ,    
1

4
)(5)0()(2)0()0()( '2

+
=+−+−−

s
yLyysLysyyLs  

substituting  the values of  )0(y  and  )0('y  in the equation ,we get  

           
1

4
)(5)(2)(2

+
=++

s
yLysLyLs   

Putting   yyL =)( ,  

            
1

4
)52( 2

+
=++

s
yss  

)1)(52(

4

)1)(52(

4
22 +++

=
+++

=
ssssss

y  

               








+++
=

)52)(1(

1
Ly  

2

1-

sss
 

Consider   
152)1)(52(

1
22 +

+
++

+
=

+++ s

C

ss

BAs

sss
 

                    )52()1)((4 2 +++++= ssCsBAs  
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Putting 1−=s ,we get 144 == CC  

Equating the coefficient of  
2s , 10 −=−==+ ACACA  

 Equating the coefficient of  s , 121202 −=−=−−==++ BCABCBA  

Hence  
1

1

52

1

)1)(52(

1
22 +

+
++

−−
=

+++ sss

s

sss
 

  So that  

                   








+
+









++

+
−=









+
+








++

−−
= −−−−

1

1

4)1(

)1(

1

1

52

1 1

2

11

2

1

s
L

s

s
L

s
L

ss

s
Ly  

                      )2cos1(2cos
42

1 teetee
s

s
Le ttttt −=+−=+









+
−= −−−−−−  

3) Solve the equation  554
2

2

=−+ y
dt

dy

dt

yd
  given that  2)0(,0)0( ' == yy  using Laplace 

transforms. 

Solution :  The  equation can  be written in the  form  

               554 ''' =−+ yyy  

Applying  Laplace transform  to  both    sides, we have 

  ( ) L(5) 54 ''' =−+ yyyL  

i.e . ,   )1(5)(5)(4)( ''' LyLyLyL =−+  

i.e . ,    
s

yLyysLysyyLs
5

)(5)0()(4)0()0()( '2 =−−+−−  

substituting  the values of  )0(y  and  )0('y  in the equation ,we get  

           
s

yLysLyLs
5

2)(5)(4)(2 =−−+   

Putting   yyL =)( ,  

            
s

s

s
yss

52
2

5
)54( 2 +

=+=−+  
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)1)(5(

52

)54(

52
2 −+

+
=
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+
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sss
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s
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





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+
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Consider   
15)1)(5(

52

−
+

+
+=

−+

+

s

C

s

B

s

A

sss

s
 

                    )5()1()1)(5(52 ++−+−+=+ sCssBsssAs  

 Putting 0=s ,we get 155 −=−= AA  

             Putting 5−=s ,we get 
6

1
305 −===− BB  

 Putting 1=s ,we get 
6

7
67 == CC  

Hence     
1
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1

1
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−
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
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
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1

1

6

7
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11 111

s
L

s
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s
L  

                                               
tt ee

6

7

6

1
1 5 +−−= −

                                    

4) Solve the equation  xy
dx

dy

dx

yd
242410

2

2

=+−   given that  )0(0)0( 'yy ==  using Laplace 

transforms. 

Solution :  The  equation can  be written in the  form  

               xyyy 242410 ''' =+−  

Applying  Laplace transform  to  both    sides, we have 
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  ( ) L(24x) 2410 ''' =+− yyyL )(24)(24)(10)( ''' xLyLyLyL =+−  

i.e . ,    
2

'2 24
)(24)0()(10)0()0()(

s
yLyysLysyyLs =+−−−−  

substituting  the values of  )0(y  and  )0('y  in the equation ,we get  

           
2

2 24
)(24)(10)(

s
yLysLyLs =+−   

Putting   yyL =)( ,  

            
2

2 24
)2410(

s
yss =+−  
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24

)2410(

24
222 −−

=
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=
ssssss
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
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

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24
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Taking into partial fraction  
64)6)(4(

24
22 −

+
−

+
+

=
−− s

D

s

C

s

BAs

sss
 

                    )4()6()6)(4)((24 22 −+−+−−+= sDssCsssBAs  

 Putting 0=s ,we get  12424 == BB  

             Putting 6=s ,we get 
3

1
7224 == DD  

 Putting 4=s ,we get 
4

3
3224 −=−= CC  

Equating the coefficient  of  
2s  we  get  

                          
12

5
0 =−−==++ ADCADCA  

Hence     
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3
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