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Qﬁbd"‘aha poarnameien 2 hawe phodu(QA :;."CJ ovdon metfieds.

Th'n'c:‘ ovden M Roda - |

We now vse 3 evoluations °F § % define The methcd as

Gr=t+w,K 4w k a+Waky Do) ‘

K, = h&(t Y )
Ky=h¥ &+ 1+, h A, KD

Ky= h§t+ch, u. +q3,k,+c132|37 \)(:z)

FxPO"A K, K3 in Taﬁlmr Sehigs abom‘ t .(_ s\)b.n u\ a,lledmj
The. torms £ mMpAning upte o(h3), we obtain 4

ety ns in &
Q . |
maleys W|,W;,W3,C3 <3, Qy,, Q23 4Q,; .

7. the meffec]. coroin 2 Ohbi'ffo.nd poiametens. the YR

a, = <
21 CJ' Qa\ +Q3:-C # W +N1+W3=, -

<yQ, w3=?'$, ~(3)

c
2W:+C3W3=%,c Wi+ 2 W,

Mubiplying - 1 l4"¢l5“‘!=5<;q311 Us-‘na 6™eqn of (3) we 9ot 3
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Iy 2 .
c3aaaWa +S () =f oo, o w,+? (%)=4 qay,

Q\}mi'noh'na w, from Trese a 2qns, We find Mat no soln exists

unless e > C,(C,~ j
BCQ 32 CB =, QC-'IQQ'.? % oY a = .—3_.(__.3__%—?- ->(‘f—) f:;? : 5

Usuand Cq ,C3 ahe anﬂmhilv clstn £ Q35 XS dczw_wru'nq:l wNorm
. ¥ S=cy fron we imeAIcmzb.d obtain from Mg gih 2q 7 .
oF (W Mot c =2/3. The volues of ro 'mzmo.inira panametens
ane pbfained from (3) ;

e ey

: when c,=cy, we RY 2=z £ Q=33 we get O3,=0,a, /5

: W, =2/g, Wy=3/g 4 wy=3/g. The Runge kuta method i cbr*ainm/‘
S % Wbl akragray 6 |

8
K.=h§(‘l} ‘u:,\ '
e Ky =hFlE+ 3w+ L) ’

! 2 S
Ky=hs (H+ -—2—. u_;-r_gK:')

R

b we note that Tre mefheds use 3 qu.luaﬁens'os‘-j‘- has 30““‘1’_'*"“"‘:‘7’;
~ ponametons £ ph.odmz 39 orden matheds.
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. Founts ovden metredst :
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W3 QW3 G WSy =5
2 2 2!
W, ¢ Wi g .;.wq_c“ 253

\
W aqaa"'Wq. (czqqz"'caqq.s\ =z

- SC; STha WwCCa’Oq_ﬁ c;q,“\ =k
W‘PQJQBQ 3-—' L rESBE!

2y

we have N 29rs in 13 unknowns. .7, thene one 2 ohbr)ma

POrameten  deams vpto o(h%) one <ompanad, The urcahion ehves

IS of o(h®) 4+ tho ovdeh of e methed & 4. The simplest so/n

-of the eqns (3) is 3""’2’

S=cq= i,
W, = We=Y6, o

T"l.us. TﬁQ q_m

Cu =1, Nf wy=ll3 :

oxden metrod ¢ baa:cmos
“Jw: uJ—-:--% {K'+2“5+2K3+ Kq,) = (3)
Kl?b‘?[*j,_ﬂj’.

A h’:';(.‘fj 4-%5. WHt-L D)

T
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gu]m.mudwﬂ oY Heun medified EulQh-Ca,uc"U
~ Thind ovdet  metreds -

C.: QQ \
, W, 2 Wa .

iy S S ————

clossical

. 4[21 Y = 3 ; i ”;_ \/3 SR 2 i
z §773 3 ,‘/Z.. ] |]q_ .0 3y g ¢

HQuUun
Four'h  ovden methods:. C’r a,,
S31 Qg o
C
SRR S S
W, w, Wiy  wg

.(.no-quusl-»-(no of Wit =[ 12t +Y
AT q-Lv(v+l)

TR

A SRS C———
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nd gydow methed heqiinas 2 Functi,

. g |
we note That e | Z'C(
evoluatiens For each step of QaEhern o . ‘oo Qg | \‘»-
Wy R oyden metieds neqpine 244 o
p'y, we find fhat The 3 4 4 e |
Funchion evaluations ho.spcch'vola fov each step of M%) : ‘

-

the minimum no of funchon evaluativns’ v Fr @ iven
ovdenh P e gn in he 'Followfna table

R e Sy |
VR o B N R GRS s |

Hen®, mMlhodls  with P<V one not 8Qno_h.a.lb USQJ.

- EQ: &17. Gitven The initial value problem u'=-a+uulo)=/
estimalfz uo-4) osina ) modified Ethzh-Cmml'lﬁ mcthod and

; exa.
i geun method witk h=o.2-<'bmp0h<2 The nesults L 2
: solution )= 1 O+42)

| i).ﬂ?? Amo-cl?Rch Eulet - cn.ucha methicd [ gn ] ujﬁ:uj+KQ,

: W = U +K, i
K=h¥& Wi=c.> [-2t, o’ ]=-o. 4t “,jl

= 1
4+ K, —hf'(‘l}-}-% Wtk )= < o-u.(‘liu; c,..i)(UJ 1‘% K, )
For j=o of o
SV to"o Llo=’ Kl:O K_.!‘-'-O-L}— (o-D (|)2:_O‘CL)- l

Ue-2) =~ u, = Yotk = 1—c.0420.9 ¢

For §=f, we'yve 3 E 7
156-2, U;=09¢ B1=-0-4-(0.2€0.96)*- ~0.473728 |
£y ~ 83=-p.4(0.7 4Ool3(0.96~o.03636'u.)2.- -C-

- u}hm K'=h§(t3‘uj)’=‘°‘4-tj%?-
ST SRR
S RGO oy (o) Ly )R

102262 ;
i L0y XUy = U 4K, =0-96-0-102365 = 0-857738 el
el i) the. Heun methed is qn ' -
""‘ . . a % u\i‘fltlii%thl-.dka')
:

- .":‘,‘ .(‘_; 4 ~ ’ ‘
FOTSed, WeVe oo, iga, K=o, i, = -0 <o) (122008

(K HIS) I+< (-0.0®) =0-9€. -
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oY 3=t we've t=0.3 .:U.g;oﬂﬁu;fﬁe",—{;’.@ﬁc.@ (Q,C)(.s.‘)}fg“o‘_.:w\i.?,?@

Ky= —0-4.00-210-2) (096 -0-.073728)2 = -0-12547 &
o

RO-R ¥ Uy =U, +L (K +15) = c.‘?[ﬂ-%(-o.mahs -0-125876 ) =0.8¢53 98

bt The exach soln is uco.ad =D-961538, Wo-4)=0-862069
- - The absoluta 2hnovs in the numenical sols ano ~
Modified €ulen ccuudv metficd : € (021 = 0.00153R, €¢0.4)-0.00433 ) F

on -
: Heun methed: €(o.21=0.001528, Slo-yr=c-corrr!.

Eg:6:18: solve tre initial Vn.lumphobbm u's —2tu?, uie) = 1
: WHA h=0.2 onthe intenval [b,0-4).vse THe 4% ovden dossiaal
ey Runge-Kutta - method . compana. with fhe exact solution |
chfj:o‘\u‘o_ Qer

t,=0, Up=!
by K,z h¥(x, u,)= -2co2cc0’=0
K= hF (FH 00 Upt-Lk)) = -aco2) (22) 1)7= -0 -0y
Ky=hF (B +hy o #3630 = 200, (02) 0R82= ~0-035u6
K3 hsui}h, Uy +K3 ) ==2£02)€0-2/0961584) = ~0.0739 (S

WD AU, = 1+ [0-008-0.076833 —-0c1397157-0-9615328
Fof 3=1, we qet t,=¢-2,4,=0615328
K,=h$(t, u)=—-200.2(-2) (0.9€1538 Y = —0-0739 63§
K= h¥ (*—'.+%.u.+ %\:—2(031(0-3‘(0-9:9—5‘503—‘-0“0257'53
Ky=h¥ (-t.+-’§ .u,+'<_;_ = =200 A(0-3) (0045 =~0- 0994255

He= h$CE +-h U, +K3) = —206-2) (04D (0-8621013)7 = —0- 1189166

R 8

We. ) X U= 0,961S328 + "'6 [-0-0739636-0-2051506-0-1988510—

0-1189166)
= 0.8620525

3 ""'Q absolufe ehneys in tRe. mnmo.hfm.' solutions ome

GCO-Q'I-z lo.Qﬁgggq-o.Q6|gg3 | = 0- coo00 6 1
€Eoy) = |0.862069-0-862053) = C.0000 16,

" .hj'p;\§‘&i-‘d M g
3 ‘,‘"’} '_7 -
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e ) be Ig°Y
oYeY wi! | =
n ooy IS m.uQcJ c_vcﬂo,aolohc. |
O = |
L gX & U, uhare |
diffewence blw 2 sclns Ui .

zos btz 4B yespoch ey

nuundma
+re  Hruncalt

. Ajs(.US-Sc'onl Tha
- for estimatin
Hove, we find The
Ui, 4 Yy, e ccxlcfx}a-rgcl - vsing e Step-Si

ul\JQ / - " ) iy e &
SR L e 1.UA({'jFB"U:j'+-| -1<fU(i3'M‘_urf| ?.. S ARME P {9
' 2 o opne Somr it SR
2< GJ-“:,'Q(%H’}A\A:H, -><.Llj—ﬁ uJ+l-

fox R,unaq Kutta methed, using I-Step 4 2 half stofs
(_QX"TO[D‘OAic\'\) PhUCQd\th can be veny ex penNsIve cm‘]’ﬁQCCS’— ot
mputaticn jncreases with no of fun evaluations- we UsT The toa)

no- of funchen Q_VQLUU'HC-ﬂS mwvumd peh step For @ p
maﬂ\cd,ugna I-stop 4 2-half sep 4o alculateo ud-H& uj’;' in The

1% ovdor

ﬁJUDw»‘n(j toble .
Rz AR U
VESERE 3 noooIy

c::n’s method is Semzhou:j vsed 1t cal culate ro teial
(not locad ) enney fox orﬂ meficd. An Qﬂ:nomicgj Phocrzc!urﬁ s Thg

Runge - kuta
3 FthbOJ\8 methiod . wa yeo RuﬂgQ-Ku+h matfod oF

hi‘}“m‘ cdey 4o com
' PR uf % a bw
| tﬂ 4 ComP % J+1 LDu:Qh chQh R,\_mao-b(uffo.

ARG i us-‘na same sfep sizé. An imPCﬁN""'
ey ment”  of Jnis meﬁu:l. is Hhat The lowen ovden mdfed has

iS MmN With ra highen ovden mdtfied . the RuNge- kutha.-
FQMB”"& 4™ ovden paiY of fovmulas is |

T 25 X 297

J-H u-+ —_— -4'& ’—‘~— --"
3 Lcé Ko " Tow T B KS]‘ :
wits Tj+|=0(h§) 51 -—-3(')
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- let vs now GPPB some of These methedy 1o solve O

Teuﬂ_ssmisr\nymaa;.,

......

R : 9 4+t K i
u :uu,[.‘.é_K 4 G656 o | R856) -k Kot /,] 32)
M J Lias ' 3838 3 54430 > :

3 » L
with ¥ =o(h®)
whove K =h¥t Y))
. Raz h¥ (£ + 2 by 485 K, + 25 Kp)

) 42
.8 r_“ 2 o~
'S R ] 2117 ’DI.‘('

1 . far ? . i 3 { 'Eﬁ'.‘.;‘ o .
> T s 3680\ =12 g« \)
K :h¥§ (%, +h.th +.5_'£ =81, # A1y~ Ky

- o 1296 K )
K =helts 2 1932 K . J28E b 3
. hs( i b, u.+ 222

. 59 DL S ')
hf (b W -8 4 35w o 41837 gk ;9
K, hf (f+5h. Y L S e e W T

the' WQ for Uy, & of 4™ oxdah 4 hequumes

6 fun uvaluah’oru
%+ with an additicnol fun Q\:nluah‘w we obtain u;'” rhu';

-*
U},‘ -Y hcc‘}ﬁhos on@ L as Compahcd Yo b fun ovalua Wons in Case

of I-step4 2-12 steps phoadune. Thus, an esiimati oF the 4% oden
ammn(ﬂ mca be detevmined chmmd The couvse of mmpu-!n‘ﬁcn
with enly 6 fua evaluations This method can also be used o
nstnuct o vaniable mesh motrod , the mesch Jangieg With the
ocwshagy of the solns hq,cvuma_
System Ofmty.lal-ior\s:-

- Consiclen fhe’ Symerm of 1 eqns

% =F(hu,,u, ... Uy)

UGEN=n (1)

u‘.-bwe u=['u"u'_.,.._ u"-]T-. f’[:FnF:“'&n]Ts Q y [Q:"ZQ"‘?n)T
All e metfids denived easlion can be used 4o solue. The

Sdstum of %m(n ba uMh‘na The maffecds in vector Form

wQ wyrte (2) 4 vectoy form ac 1

o 1 . ' 2 P :
SN h.’-ujﬁ-hu__’. +§7 “Ju*"'*‘% USP,,J:O,I,J.,.N-I i

K J

\l.
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d F oYyt 5 oln 5D N
U, . g ’n JY Is ' )

‘ L L ar* ¥ ey, |

g SR 1D Fomﬁmlwr, the Ealen mathod can be writfon as _!
. —(2) |

! =
Llj+'=uj+'ﬁl.lj \j:o',, ...N-l'

i
Runge- Kurta metfod of seond ovden ! ;
; onsiden He Eu.lQh md‘ﬂ oy re Héun mQ'fﬁuJ- we wyite Hin ll

VechoY foym ag
uﬁn=uj+-!2-(l<.+f<_g =)

whe
VhEY Q. Kl.' :h‘Ff('t:‘u,U.J‘ Lla"s e Un ) }

Kia=h¥; (144 /
12 ) 4 'u : ) S 3
44 In an Q—"Pﬁcﬁ' g Jbe 1) 'f‘K.nU:,‘J-i-Km R un‘J"‘Kn')l-l,J...n ’ }.
.‘

|

|

!

Qs
1,341 u"j\w K,'T K-Q
: Liw | = Wies )
| - .J..) =} 3 f<3c -+ ‘fa? j:o‘,-_.m-) > (23)
u - !
1 B Eaidd Un. 4 | Ko K,
5 alBpre S s tlad it
unaz-mih(dossim_l) Meified of Fo i
: Fowrth ovdes,
we write U =sh
5ss o !
T A e e R LT VN |
where
N r.Kl:J FK 3 ¥
e ARt | B 3 K"r“
[ o 3 5 2
: : 2 2 ,K?’: ‘.‘:3 Ak Koy
s'. Kn) Kis 3
S L K 2 A < —%3‘ Knl'_
| l'l’hff (?".u',j’u:'j_“ur;j) - J

K- :,\f ({_ . . 2 T s
1 v L, 2 i
i 'Y -'},' uu+-QLr<,, S +QL foit _,un.j.;LKm \

Ko =hF[t4+h . u _
| BT syt )

K, = 5+h. U,
17 '\'f}‘ ('l.‘»"'h’u_o..\ HKas ua,j_""Sa B ot e )

=10 n
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e A
m an expliat ferm, (6{117) bocomas

Lrt! 5 Ku KI’.) Kus an
o = . \
L%JH u:),) +‘-6‘ K‘:' 2| Kal 32 Koz | H Foy {2}
. : : . =4
Un it : '
& 4 Lun:: ik ' LK-M' » kng,J 5;\3“_ -} Kiay - / :
3204,2... Nt

EXQ"’P[Q 619 - CD"’PJK an o.'pphoxfma'hb‘“ 1o ua)"i‘ff)an()
W) with R Taglon: senies. me¥od - of > ovden aan step

‘lengin h=t, for et intial ‘value: problem
uau"+u-u=cost, 0tz
uck!'=o . U'(o)=I.U'éo\::)

aFtey mduu‘na s T systam of -fixst ovden
set u=V,,V, =V,

Ny =vp=a!

The S'\jsmm o5 eqns is

\/" = Vo Vv, (clzo
Vo =V VL) =)

vg':'éos't-- 2V3Vy+Vy, Valod =2
2 :

oY i Vs Vo
VvV = V. -
2 = V3 LYY =

cost —QVB‘VQ*'VI

T’IQ Toﬁlov sehies method oY Q“‘J ovden KN

2
VO =v vhy, 4 h

ith= ' we've

' Vo (o)
o 7 V(o) =
1=2 W (e -V, (Vo)
V": 3 VD’ -
Vg ond V,' =
| Sint -3 VE; 2V +V: X

-

chJ attiong .

1
Vo'=Vy  rvore fRaT vo=v) - u vysvy'-u!! and

O
\
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T
A VE i S T BV
2 o o (&) 23 o

DT e P RY T

s T
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--y Ly - .
TP v |+__ \Jo = 1
v Vet e

o N =
# =32
% $ u=2, e =, 2

ionNsS
- Ey: 620 solve The systerm of sqpah
u'= -3u¥av, uLI=0
An) SOl 257 &5

e e e T NMEZURY
wnmho:onm indenval [06,0-6) 952 e =
i) eulen- canchy metfied rand- ﬁ\dassua] W"‘*“”“

orden maiFed. il
i) vhe Eulen- cqud,a metred IS © a0 by -

-

ThiEg L (K FRLY, S20,)
K, =h5(f,u;)
= 45, )
a—h;(‘g*‘;‘:' UJ .

u
!

.' = b

j FoY J=C, we've t_ =9, U,-o, Vo=0-5

Vo )= G-2A-3Ugt IV

’

K” :hij-' (-t—c‘uc
=02 [-3%x0 +3Xc-5)=0-2
Ko1 = hF, (£, Y0,Ve)= €230, 4v,)

=02 [3x0-4%0-5 )= ~o-1%

'

Ka=hF ( 4h U 4K, Vo3 )

502 [-3(u° +K,,\+Q(\.C+—K3,\j

3 Kas =hT, (b, U +IK,, Voixs, )
fAhas, ra("c*'"lﬂ-‘f(\vo'*“%.f]’- c-3 [3tc+c-Gie-5-¢-5),
=°'O('_
“‘D'Q‘%Uﬁuow—:’, (K”+K.Q\;C+__'_Q_(C 5-008Y=C 4
C-0L) =C -
C- 04y =C

V-2 TV, = v, 5 L (F, T K, ) =05+

FO’J:'. W'VQ 't',:O.Q” \",:D-O6 3 V':




ke =h, CE U, M) 202 (34, +2%,)

= 0-A(-3x0-CE+2ax0.33) =0-C9%

Vo =b¥, (5, 4,V =0-2(34,-4V,)

T CAU3X0.06-4 X0-3D= —0-22
Ki2= h¥ Cbh, 0, 4K, v+ Ka)d
=62 [- 30U Ky 20V, )]
= c.a [-3(0-06+C-CQR) +2LC-3-C- 22))=0CSIR

- Yiaa =hf'a ('tﬁ‘h\ u‘+H”‘\/'+K3‘\ =0 [-"3( U:’*'Ku)“”\"(“h';n)] :

= 0-.2Yg(o.oe.*—o,cqa)-q(o-av—o.za)) =0.0N2 .

ULD-U4) A Uy= U+ (K + 1)) = C-:Oé‘*—;"[l)‘co)a—C.(;‘SIQ):C,.(/,S(_,L}

.
e

«

VIO X Vg =y oL (g 4k ) = 0-32+1(-0-22+0-01 = - 2156
i) Foy The dassicd RUNGE - kot g CYJo_h mathod we chtain 4
The 'Fbtlzswina nesuhs 2 1
Foy 3i=0, we've 'tc:C,uo:C‘.\’o:c";

K, = h¥, (ts, VN ) =h(-3ugr2Vo) = 0:2(-3X0+2X0-5) =03  §

K., = hTa (T Upa Vo) = h (B3Ug=8-V) T0-2(3X 0-4 X0-5) = —O- 4

K 2 =h¥, (+c+% Rl E A S Ka1)

= h[-30ugt5 KD+ v+ L K, )) =02 Y-3xca+axe-3) =c-cg
Koy = hf’: (toi—h\q ) uO“"'":F Yo Veo +'13‘K°'3
=h13(u,+L K”)-u.(\,fo-s-‘;KQ,)]:O-QYBXO-’ -4 X0-3)= ~0-\§,
K5 =ht% “’o"%, UptLK

’ \ .
. Vorz Kay)

=hf-3 Lo
[ 2 (ug"’ ) Kll\ =2 (Vo+—:‘i K::Q)] =O'Qr‘3XC'-Dg+2XQ‘l+)j
= iy 6

Ko = hfs (0 gt 13 Vot o)

=h[3cu+% &Q)-alyu+ . .::5] ©-2[3%X0.03-4X041) = ~0-3 )

Kig = h¥, (t,+h, UptK3 Vv, Kaa) h [-3C ugtK,3) +2 (Vo )J
=0:2[-3x0:146+2X0.197 = - 0-011€

Kou=h¥, (H+h, Up+K 5, Vot By3)= hfg(u‘;fx =4V + Ha’s)j
=0-2[3%x0146~4x0-12] = —p-06 Yy
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~u,=do“’%' (K

c.100])

; 292
- \_ (o02+0:12+0
— 4 —
6

+ Kat)
(K:'+2K:2+2K'23 24

|
VioQAR WV, = VC+T

(—0.4y -C-36 € 6= —p.06yy)=c-2593

\
=-[0- 4 =
c-5 6

Foy y =1, we've
|
t,z0.2, U,=€-lool, V,=0-2593
H“—.h-}(t—;,u,,v,\ = h(-—:—;ul+:;v,\ =0-2(=3X¢-1C0) +2 xt.f-.?S‘?%,

= ©.0437
Hale hfa (e, ARV = }\l}\,l.—q»") =cal3xcdce) -4 *-259 ,‘7

= x y
SiaiEh Y (f.+%\u'4'?‘<,' \\'.-'\akal\

.

:'
|
= =0-147Y fl
|
!
|

= b3+ Lk )4z v, +L %) ] =002 [Faxc 1320+ 3 xc i85 )
= 0.0010
Han :l’\fq (t, +b5“ U+ ":; T \"/+_’:!§ 2%y ),

—t}‘ r3(‘4.""? K,,\~lf-(\,,+‘3 KQ"SJ

="0-2 [3xc.1220-4-XxC- 1I856]=-v.c153

K = h¥ y v +i L -

13  (F, ek o V-""’_‘:)‘ K22\="[‘3(U.4’5K23+3’(\'-%2 ]
=0-2 [-3x€.1006+2%0.2217] = 6. 0283
o4 ; N

23 =hF oy [G+h ua T Hia, VS K2 sh[3(UL K- 40y + 2R )]
=0.2Y3xo-1oos—qxc-:2n]: -C-N70
K,.=h .

1 =0F (b UK 3, v kg = h [F3Cu+K,3y+2 (vt Ry3) )

Y e [—axo-laeq-i-qxo.lq.qg.j S ~p-.cac)

=h¥, [+
Kay=ht, [ 1+h, 0,5 v, 3 ) =A [3¢u3K3)-tcv 30,00 ]
= C-2

18X 01284~ x 0. 1y23) = - 0-0368

uco. o -~ 2

")—»ug -U,')--é- C'.ﬂ,,“‘Q Kl~2+2K|3+KN&-3
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we've ;

Qjﬁ:u\’--i-v\),K, =19 ‘
L3

K = h¥ (F;+¢cb, DEEQN i
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