7.30  Modern Algebra
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Exercises

|.  Obtain the characteristic polynomial for the
following matrices.

vof o 8 s
O o o WY 3 4

2. Find the characteristic equation of the follow-

INg matrices.
(i) ( Bt ) (ii) ; (1) —2:
141
1 -1 1
8 -6 2 —b —c —d
Gi)| -6 78] awl|] 1 o 0
2 —4 3 0reA1e 40

3. Verify Cayley~Harﬁilton theorem for the

matrix A = ( ; ; ) and hence find A~!.

| gen § S

4, A = [ 0 1 2| prove that A% —
=520

2A% —5A+61 =0.

5. Verify Cayley-Hamilton theorem for A and

hence find A~ L.

(AR ES
@ A=| -15 6 -5 ]
FU T )
(1 -1
b A=]|0 I ]
2 0

w o -

N
1 0 3
() A= 2 1 =1
ey PR I
el
@ A=] | GV |
A B
2 4 - “ 1
6. lfA:(l l)hndA and A
L2
7. Verifythatthematrix A = | 2 —|
3 |
~|
satisfies its own characteristic equatiop, and

hence find A~ | and AY.

7.8. Eigen Values And Eigen
Vectors

Definition. Let A be an n X n matrix. A numbe;
is called an eigen value of A if there exists a pop.
X
X2

such that AX = )X 1

zero vector X =

Xn
X is called an eigen vector corresponding to the ejgen
value A.

Remark 1. If X is an eigen vector corresponding tolh
eigen value A of A, then @ X where « is any non-zer
number, is also an eigen vector corresponding to . |

Remark 2. Let X be an eigen vector correspondin
to the eigen value A of A. Then AX = X5
that (A — AI)X = 0. Thus X is a non-trivial sol
tion of the system of homogeneous linear equatio
(A—AINX =0. Hence |A — AI| = 0, whichs!
characteristic polynomial of A.

Let |A—All=aoA" +a A"+ +an

The roots of lhls polynomial give the eigen V¢ alues
A. Hence eigen values are also called characteris
roots,
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serties of Eigen Values

_rty 1. Let X be an eigen vector corresponding
values A and A3. Then A| = A,.

¢ Bydefinition X #0, AX = ), X and

_ RX = M X

1 o i A)X =0

Snce X 0, A =)

orty 2. Let A be a square matrix.

, (i) the sum of the eigen values of A is equal
- sum of the diagonal elements (trace) of A.

Product of eigen values of A is |A].

ajy ap - ap

ai any. - azn
@) LetA=

dp| anp2 e Apn

| The eigen values of A are the roots of the charac-
istic equation

a)p—A ap - a
a)  ap—A ---  axpy
|A— M= : 3 ] : =0.
dn| . dp2 Apn — A.

let |[A—M|=aoX" +a A"+ +ap. ...(2)
From (1) and (2) we get

a=(-1)"a =" @i1+an+ -
%+ App)iss - s (3)

50 by putting A = 0 in (2) we get a, = |A|

Now let Ay, A2, ... , A, be the eigen values of A.
A1, A2, ..., A, are the roots of (2).
aj
M+ttt Apg=——
agp

=aj) + ax + - - + anp (using (3))

Sum of the eigen values = trace of A.

Theary of Matrices 731

(i1) Product of the eigen values = product of the roots

= iAo dy

Property 3. The éigen values of A and its transpose
AT are the same,

Proof. It is enough if we prove that A and A7
have the same characteristic polynomial. Since for any
square matrix M, [M| = |MT | we have,
A=Al = (A =ADT | = AT — .Y
= |AT — A1)

. Hence the result.

Property 4. If ) is an eigen value of a non singular

matrix A then < is an eigen value of A",

Proof. Let X be an eigen vector corresponding to A.

Then AX = AX. Since A is non singular A~
exists.

ATV AX)= ATT0X)
IX=)1A"'X

ATX = (3) X
e : —
. is an eigen value of A™".

Corollary. If Xy, X2,..., Ap are the eigen values of
a non singular matrix A then

1 ;
..., — are the eigen values of A~".
A2 An

Property 5. If A is an eigen value of A then kA is an
eigen value of kA where k is a scalar.
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m“n&.h

Proat. ‘hlh-c@n\mMnL
Then AX = aX. oD

Now. @A =kaX)

=kAX) @y (1R

= kOX.
S Bsmegmnvalweof kA
Property 6. If i is an cigen valoe of A then 3% is an
== value of A" where k is any positive integer.
Proel hlh-*wmn

Then AX = AX. _.A.(l)

Now.  A’X = (AA)X = A(AX)

=AQX) (®y(1)
= iAX)

=A(GX) (by(l)

=2’X.

' iy IS an cigen value of A2,

M‘?.Egm vectors corresponding to distinct
amuhudamixmlwyiw

Proof. Leti, iy, ---, 5y be distinct eigen values of

a matnix and let X; bcﬂ\edgmveaoroaruponding
to i,.

]‘ICIRAX,'=}.,'X; 2000 5EY i ()
Now, suppose X1, X3, ... . X, are linearly dependent.
'l‘henmerccxistrulnumbersa.,az.... , ag, not all
zero, suchthata X +a2 X+ - -+ Xz = 0. Among
al] such relations, we choose one of shortest length,
say J.

By rearranging the vectors X, X3, ..., X, we may
assume that

ok +amXyd o taX; =0 ‘
A(qX.)+A(¢:X1_\+ ot b A(CI.'..\’_,\ =0
o (AX) + (AN + - +a,(ax ) _ o

o Xy +¢:1;.‘l’1+~- + ;A X; =0

Multuplying (2) by 4; and subtracting from Q). weq
@Ay — ANy + a3y — A3 Xy +.

+a;d =2 )X, =¢

and since A1, A2, ... . A are disinct and g
“are non-zero we have

o —4)#0; =213
m(d)givesuemionwhosclcnglhls_;-1_9“,
a contradiction. o

Hence X;, X3, .... X are linearly independen

Property 8. The charactenstic roots of 3 Hermy;
matnix are all real.

Proof. Let A be a Hermitian matrix.
Hence

A=A (bytheorem7.13)...

Let A be a charactenistic root of A and let X b
characteristic vector corresponding to ).

AX =)2X...
Now,
AX=2X =X AX =X X

= (YTAX)T = )JETX (since X7 A;
al x | mat

= XTAT(X' )T =X x

= XTATX =X X

=S XTAT X =2XTX

>X A X=3xX"X

:YTAX =2XTX (using 1)

:YTAX=IXTY (using 2)

= AX" X) =xX"X)...
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4_-_-_ XTY‘:}TX] +xx2+...... + Xnxp
B P + [xal?

(@) wegeth=1X
ce A is real.

.'We know that any real symmetric matrix is
w-an Hence the result follows from the above

of Let A be a skew Hermitian matrix and A be a
acteristic root of A.

A=Al =0
liA—ixl| =0

iA is a characteristic root of i A.

A is skew Hermitian i A is Hermitian (refer result
m7.14)

By theorem 7.32 i is real. Hence A is purely

maginary or zero.

: The characteristic roots of a real skew
metric matrix are either purely imaginary or zero.

vof. We know that any real skew symmetric matrix
sskew Hermitian.
~ Hence the result follows from the above property.

roperty 10. Let ) be a characteristic root of an uni-
bry matrix A. Then |&| = 1. (i.e) the characteristic
s of a unitary matrix are all the unit modulus.

Proof. Let A be a characteristic root of an unitary
matrix A and X be a characteristic vector correspond-
ng to X,

AR P (1)

. Theory of Matrices 7.3

Taking conjugate and transpose in (1) we get
AX)T = (X)T.
7 = e, AR (
Multiplying (1) and (2) we get
(XTAT)(AX) = A X )(AX)
X' (AT A)X =X X)
Now, since A is an unitary matrix A’ A = /.
Hence X' X = anX X
Since X is non-zero vector X" is also non-ze

vector and X' X = |x)|2 4+ xa)2 +...... 4 (x| #
we get AL = 1.

Hence |A|> = 1. Hence Al ="1.
Corollary. Let A be a characteristic root of
orthogonal matrix A. Then |A| = 1.
~ Since any orthogonal matrix is unitary the res
follows from property 10.

Property 11. Zero is an eigen value of A if and o1
if A is a singular matrix.

Proof. The eigen values of A are the roots of
characteristic equation |A — A/| = 0. Now, O is
eigen value of A & |A —0/| =0

& |Al=0

& A is a singular matrix

Property 12. If A and B are two square matrice:
the same order then AB and B A have the same ei
values.

Solution. Let A be an eigen value of AB and X
an eigen vector corresponding to A.

(AB)X = AX

B(AB)X = B(AX) = A(BX).
(BA)(BX) = A(BX)

(BA)Y =AY where Y = BX.

Hence A is an eigen value of BA.

Also BX is the corresponding eigen vector.

r
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7.34  Modern Algebra

Property 13. If P and A are n x n matrices and P is a
nonsingular matrix then A and P~' A P have the same

eigen values.

Proof. LetB= P 'AP.

To prove A and B have same eigen values, it is
enough to prove that the characteristic polynomials of

~ A and B are the same.

[B—at|=|P~'AP —AI|
=|P~'AP - P~'(ADP|
=|P~Y(A-ADP|

Now

= [P[|a - a1]|P|
= [P7Y]|P]|A - a1
= |P~'P||A - 11|
= |1]|A = 1]
=|A-14|

The characteristic equations of A and P~' AP are
the same.

Property 14. If A is acharacteristic root of A then f (1)
is a characteristic root of the matrix f(A) where f(x)

is any polynomial.
Proof. Let f(x) = agx"+a;x"~'+...¢a,_1x+a,
where ap # 0 and ay, a3, . . ., a, are all real numbers.

f(A) =agA" + a1 A" + ... +an_1A+anl.

Since A is a characteristic rootof A, A" is a characteris-
tic root of A” for any positive integer n (refer Property

6)

A X =A"X
An-—llen-lx
AX =X

a A" X ="' X

....................

....................

an__le = a”_])‘x

Adding the above equations we have
aoA"X+a|A""'X+.A.+a,,-|/\x
SapAtXtah X + ... +a,_ 1)
(@A +a A"+ Fan )X
= @A+ @A™+ ... +an- )X
5 (aoA"+a|A""+...+an_,A +a, )X
S aanrair '+ ...
+ap—1A+a,)X

f(AX =f)X

Hence f(A) is a characteristic root of f(A).

Solved Problems

Problem 1. If X, X7 are eigen Vectors correspon
to an eigen value X then aX) + bX> (a, b non-
scalars) is also an eigen vector corresponding (o }
Solution. Since X and X3 are given vectors cc
sponding to A, we have

AX;=2X;and AX; = AX>.
Hence A(aX1) = A(aX) and A(bX2) = A(bX3)
A@X, + bXz) = AaX, + bX>).

aX) + bX, is an eigen vector corresponding |

Problem 2. If the eigen values of

3 .10 5
A=

-2 =3 -4 are 2, 2, 3 find the e,
3 5 7
values of A~! and A2

Solution. Since 0 is not an eigen value of A, A
non singular matrix and hence A~ exists.

.4, % and eigen val

| —

Eigen values of A~! are
of A% are 22,22, 32.

e ——
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Lo sm 3. Find the eigen values of 49

B 0 o
Be]s5 40
g |3 6 1

}_ jon. The charactenstic equation o
| & 3- A)d -1 -1 =0

nce the eigen values of Aare 3,4 |
" . The eigen values of AS are 3.4 15

St

when

f A is obvi.

problem 4. Find the sum and product of
- 3 -4 4
s of the matrix [ 1 -2 4
& 150 =123
fnding the eigen values.

the eigen val-

] without actually

. 3 -4 4
LetA = I =2 4
b A =113
“Sum of the eigen values = trace of A — 34(-2)+

e ‘Product of the eigen values = |A|.

o 3 -4 4
( "g IAI = l —2 4
.__,. 1" =1 '3
~ =3(—6+4)+4(3—4)—4(—l+2)
£ =—6-4-4=_]4.
'}, Product of the eigen values = —14.
.whm S. Find the characteristic roots of the matrix
L cosf —sind
2 —sin@ cosf

{ ‘ cosf —siné
M ol ( —sin# cosf )
Jé'l'he characteristic equation of A is given by
= Al =0.

cosf — A
—sin@

—sin@
cosf — A
(cosf — A)z —sin%f = 0.
(cos® — A —sin@)(cosf — A +sinf) = 0.

[A — (cos 6 —sinB)][A — (cos B + sin )] = 0.

|=o

Theory of Matrices, 735

rhﬂwlichma(lcnmc roots, (the two eigen values)
of the matrix are (cos @ sinf) and (cos 6 4 sinf?)

Problem 6, Find the characteristic roots of the matrix
( cosfl -~ sind )
A=
- cosf

~sinf
Solution. The characteristic equation of A is given

—~ sinf F

cosf = )
=)
—cosf — )

o) ~ sind

~ (cos?@ — A2) — sin’0 = 0.
A2 - (cos? 9 + sin’ 8)=0.
A2 120,

The characteristic roots are 1 and —1.

Problem 7. Find the sum and product of the eigen
values of the matrix
A= ( - S12 ) without finding the roots of the

421 axn
characteristic equation.

Solution. Sum of the eigen values of
A = trace of A = ay; + ay;.

Product of the eigen values of
A =|A| = anax — apay.

Problem 8. Verify the statement that the sum of the
elements in the diagonal of a matrix is the sum of the
eigen values of the matrix

=2 2 -3
A= 2 1. —6

-1 =2 0

Solution. The characteristic equation of A is
A=Al =0.

—2-A 2 -3
(i.e.) 2 1=\ —6 |=0.
-1 -2 =2

(ie) (=2 —=1)[(1 —=A)(=Xx)—12] —2[—2) — 6]
—3[—4+(1-2)]=0.
(ie) (=2 =NAZ =1 =12) + 4(A +3)
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7.36 Modern Algebra

+3(A+3) =0

s n+24 -0 4N

(1e.)
L1204+ 4A 412432 +9=0

Gie) =\ — 314210 445=0

(e) A 4+A?=21A=45 e 0.

and hence it has 3 roots

This is a cubic equation in A
hree eigen values of the

and the three roofs are the t

matrix. :
coefficient of A )

" . i
ves=— | —————+ 3
The sum of the eigen values (coefﬁcncnl of A
= -1

The sum of the elements.on the diagonal of the

matrix
A=—2+l+0=—l.

Hence the result.

Problem 9. The product of two eigen values of the
6 —2 2

matrix A = -2 3 —1 | is 16. Find the
2 =1 3

third eigen value. What is the sum of the eigen values

of A?

Solution. Let A1, A2, A3 be the eigen values of A.
Given, product of 2 cigen values (say) Ay, Az is 16.

Ahy =16

We know that the product of the eigen values is |A|.

| 67 =200
(ie) MAda=|-2 3 -l
20 RS
(ie) 1603 =609 —1)+2(—6+2)+2(2—6)
=48 —-8—8
=32
-}.3=2

The third eigen value is 2.

Also we know that the sum of the eigen values of

A=traceof A=64+3+3=12

The product of two eigen values of the

10.
Problem 22 -
2

malrix/\-ﬂ(g : _3

values of A

ig = 12. Find the eigey,

y be the eigen values of A
values, say, Ay and ),

I,Cl A-llAZ‘A

olution. ;
- duct of 2 eigen

Given pro
-12.
AA2 =~ 12 (]

We know that the product of the eigen values is |A|

2

i
I
I -3

A A2A=

o NN

ie 12A3 = —12

A= 1
Also we know sum of the eigen values = Trace of
A1+Az+k3=2+1-3=0

A+ A= —1 (using (2))

Using (3) in (1) we get A(=1—r)=-12
A4 —12=0
M+ -3 =

S —23 .or —4

Putting A} = 3 in (1) we get A = —4. Or pu
A1 = —4in (1) we get A2 = 3.

Thus the three eigen values are 3, —4, 1.

Problem 11. Find the sum of the squares of the

3 1 4
valuesof A=| 0 2 6
0F=0¥ =5

Solution. Let A|, A2, A3 be the eigen values

We know that A%, A3, A3 are the eigen values
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Ohnn ON=—
& W

N oo
\-—/

_ of the eigen values of A% = Trace of A
\ =94+4425
Ge) A2+23+23=13s8

 of the squares of the eigen values of

1 12. Find the eigen values and eigen vectors

,:';’Il t Ox
Byl
A= ot sl
S et ]

The characteristic equation of A is

|A—All=0.
1 3
B 5-2 1 |=0
3 1 L=

0= DG - 11— —1]-[1 -2 3]

E +3[1-3(5-1)]=0.

(= V)A2 =6 +4)+(A +2)+3(31 — 14) = 0.

0261 +4— 20+ 602— 4N +A+2

@ +91—42=0.
"‘";_;;;3 + 722 — 36 = 0. Hence 2> — 7A% + 36 = 0.

0 +2)(A2 -9 +18) = 0.

'~ Hence (A +2)(A — 6)(A —3) = 0.

1= —2, 3, 6 are the three eigen values.

,: se (i) Eigen vector corresponding to A % =

h x‘
Slet X = [ X2 l be an eigen vector correspond-
X3

',‘. tod = —2.

Theory of Matrices 737

Hence AX = ~2X .
11 3 X 2x|
SITHIFINET
3 o | X1 2x14
0 4 x3 4 dxy = <2k
€ 4 Sxy 4 xy = ~2x)
3x) 4 x3 4 xy = ~2x3
CIn4xaa4dn=0 (D
x4+ T34 x1=0 20w L)
3+ x34+3x3 =0 . (3)

Clearly this system of three equations reduces to two
equations only. From (1) and (2) we get

x1==2kixa=0x3= 2k.

It has only one independent solution and can be

- obtained by giving any value to k say k=1l

(=2, 0, 2) is an eigen vector corresponding 1o
A =_f'2. :

Case (ii) Eigen vector corresponding to A = 3
Then AX = 3X gives
—2x1+x2+3x3=0
x1+2x2+x3=0
3x; +x2—2x3=0.

Taking the first 2 equations we get

X1 X2 X3

— = = = — = k(say).

o5 — (say)
X1 =—kix2 = k; x3= —k.

Taking k = 1 (say) (—1, 1, —1) is an eigen vector
corresponding to A = 3.

Case (iii) Eigen véctor corresponding to A = 6.

We have AX = 6X.
Hence —S5x1+x2+3x=0

X1 —xa+x3=0

x| + %2 — Sx3 = 0.

T
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738  Modern A lgebra

Taking the first two equations we get

Al
—_=

4

P -
=-—1=k.

4

=|3

Xy = ki xy = 2k; x3 = k. It satisfies the third
equation also.

Taking & = 1 (say) (1,2, 1) is an eigen vector
corresponding to A = 6.

Problem 13. Find the eigen values and eigen vectors
of the matrix

- R R
AL'] auny eyl

2. =1 3

Solution.  The characteristic equation of A is
A=Al =0.

3=
(6 — M3 =) = 1] +2[(2A — 6) +2]
+2(2—-6+2)) =0.

(6—=X)(8+2*—61)+4A—8+41-8=0.
484612 —36A—8A—A3 + 632 + 81 — 16 = 0.
- 41222 - 361 +32 =0.

Hence A* — 1242 4+ 361 — 32 = 0.
(A —2)(A —2)(A — 8) = 0.

The eigen values are 2, 2, 8.

We now find the eigen vectors.

Case (i) A = 2.
X

The eigen vector X = | x2 | is got from
X3

AN =2

6x| — 2x3 + 2xy= 2x,
. w2X] %+ 3% = xy = 2xy
2x) = X3 4+ 3x3 ='2x,,
dx) = 2x3 4 2x3= 0
~2x1 4+ x3 =x3=0
.21| - x3 4 xy =0,

The above three equations are equivalent 1o the o,
equation 2x) = x3 + x3 =0, '

The independent eigen vectors can be obtaine, by
giving arbitrary values to any two of the unkp,, s
X, X2, X3.

Giving x; = |; x2 = 2 we get x3 = 0.

le

Giving x| = 3; x2 = 4 we get x3 = -2,

Two independent vectors corresponding 1 ; _
2are (1,2,0) and (3, 4, —2).

Case (ii) A = 8.

x|
The eigen vector X = | x2 | is got from
X3
AX = 8X.
—2x) —2x2 4+ 2x3=0 ,,_(1)
—2).‘|-5X2—):3=0 (2
2x) —x3 —5x3=0 .._(})

From (1) and (2) we get

Xii—2kixp = —k: x5 = k.

Giving k = 1 we get an eigen vector corresponding to
8as (2, —1,1).

Problem 14. Find the eigen values and eigen vectors |
of the matrix ~ :

2 =2 2
Al = | 1 S
1 3 =1

Solution. The characteristic equation of A is
|A—=AIl=0.
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Bl 2-)2 -2 2
\‘ | 1—-A | =0

__]_A

e (0 = A[=U =21 +2) - 3)

L 42+ -11+2B3-(1-2)) =0
-—l)(l‘—“)—"("+)\)+op+“ 0
g -+ —4-2 44420
A’+212+4A—8_0

Rence A’ — 207 — 41 +8=0
:0-2)()«2—4):0

"Hence (A —2)(A —2)(A+2) =0

_j' = 2.2, —2 are the three eigen values.

o)) =2

X = (x1, %2, x3) be an eigen vector correspond-

Theory of Matrices

2x) — 2x3 4 2x3= —2XI

) + x3+ Xy = =202

x| 4 3xg —x3 = ~2X3
2xy -x2+x1=0
x)+3x34x3=0
x1+34+x3=0

Taking the first two equations we get,
x| 2
=4

x| = —4k; x3 ==k x3 = Tk.

= 22 = k (say).
P y

Taking k = 1 we get (—4, —1, 7) as aneigen vector
corresponding to the eigen value A = =2.

Exercises

I. For each of the following matrices find the

il =2, Xisgotfrom AX =2X.
2 -2 2 x 2:,
‘ e | 3 -1 X3 2X3
“A;' e eigen vector corresponding to A = 2 is given
2x) — 2x2 + 2x3 = 2x
Xy + x24+x3 =2x3
x1+3x—x3=2x3

i (ie) —x2+x3=0 2vaa(h)
.-'v xy—x2+x3=0 .o (2)
A.I; x]+3x3—3x3=0 S k)
(1) and (2) we get iol— — x—lz- = ng = k (say).

x1=0;x2=k;x3=k.

C-se (i) A = —2.

“:KCOrrcSponding to A = —2 we have AX = —2X.

3

iking k = 1, we get (0, 1,1) as an eigen vector
amesponding to A = 2.

characteristic vectors corresponding to each
characteristic root.

)
(a) —6 7 -4
(3 D=y 3
200 ]
S o b T
Ea0d 2092
posal T )
(c) 0 1
bl
1., 01 SO0
1 e R RO
() 2 1/2 i—ie 0
| 1/3 —i = 1

For what value of k is 3 a characteristic root

3 1 -1
of | 3 5 —k
3 k -1

Find the characteristic roots and the corre-
sponding characteristic vectors of

AT |
A3+A3+A+1im=[ L] 0
1 0 . =1
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7.40 Modern Algebra

Prove that if A is a characteristic root of the

matrix A then A — k is a characteristic root of
A -kl

5. Show that the characteristic root of a triangular

matrix are just the diagonal elements of the
matrix.

6. Show that every orthogonal matrix of odd
order should have 1 or — 1 as a characteristic
root.

7. Show that if A is a chaulcteristic root of an
unitqy matrix then so is I

Answers.
L. (@) 0, 3, 15. The corresponding

characteristic vectors are (1,2, 2);
(2‘ —lv _2)| (2. —2. l).

(b) 1, 1, 5; The characteristic vectors

. corresponding to 1 is a linear com-

bination of (2, —1,0) and (1,0, —1).
A characteristic vector corresponding
toSis(l, 1, 1).

(¢) 1,1, 1. A characteristic vector is
(1,0, 0).

Revision questions on chapter 7

Determine which of the following statements are true
and which are false. . AR '

1. The set of all n x n matrices over a field
F is a ring w.r.t matrix addition and matrix
multiplication.

2. The set of all m x n matrices over a field F

is a vector space over F w.r.t matrix addition

and scalar multiplication.

Matrix multiplication is commutative.

If Aisanm x n matrix, A’ isalsoanm x n

matrix.

et

5. The transpose of a row matrix is a coly,p,,
matrix.
6. The transpose of a lower triangular may,,,
an upper triangular matrix ”
7. A matrix A is symmetric iff A = A7
8. For any square matrix A, A + AT ang 4,
are symmetric.
9. For any square matrix A, A — A7 o
symmetric. '
10. Any symmetric matrix is Hermitian
11.  Any Hermitian matrix over R is symmer,,
12. Any orthogonal matrix is non-singular
13. The product of two non-singular ma,. .
non-singular.
14. The product of a singular matrix and ; .,
singular matrix is singular.
15. For any square matrix A, AladjA) = (A}
16. (15) is true only for non-singular matrica.
17. Forany singular matrix A we can find 4 m,,,,
B suchthat AB = 0.
18. Any matrix can be reduced to acanonical 1.,
by elementary transformations.
19. Any matrix hasa rank.
20. Rank is defined only for square matrices
21. Any non-singular matrix of order n has i
n.
22. The degree of the characteristic polynomal o
a square matrix A is equal to the order of the
matrix.
23. Every square matrix satisfies its characterisi |
equation.
24. The characteristic vectors corresponding 1o a
characteristic root form a vector space.
Answers.
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