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UNIT -V
LAPLACE TRANSFORMS
Definition :

If a function f(t) is defined for all positive variable
t and if equal to F(s), then F(s) is called the Laplace transform
of f(t) and it is denoted by L{f (t)}.

LFD} = f, e~ (Dt
Theorems :
1.Linear Property

L{f(t) + o@®)}=L{f ()} +L{p(t)}

Proof :
wkt L{F(O} = [ et F(D)dt
LF@® + @@©)= [ e ™ [f(©) + p(0)]dt
=fy et f(©)dt [ e p(D)dt

=L{f(O}+ L{e®)}
2. Scale Property
L{cf(t)} = cL{f(t)} where c is constant

Proof:
wkt L{F(O)} = [, et f(O)dt
L{cf®} = e~ [cf(®)]dt
=c [ e St f(t)dt
=cL{f(®)}




3. LUf'(©} =s LIf () — (0).

Proof :
wkt L{F(O} = [ et F(D)dt

L{F'@®)} = Jy e~ f'(D)de
Using integration by parts

u=e* dv =f(t) dt
du = et (-s) [dv = [f'(t) dt
du = -se*ldt v = f(t)

=[ef D7 - f, (=se™) f(D)dt
=[e™f () = f(O)] +s [, e~ f(B)at
= - (0) +s L{f (1)}

=s L{f(£)} - (0).

4. L{f"(0)} = s"L{f (©)} - sf(0)- F(0)
Proof :
L{f"(©)} = L{F' (D)}
Where F(t) = f(t)
w.kt L{f'(6)} = s L{f (©)} - 1(0).
=s L{F(t)} - F(0).
=s L{f'(t)} - £(0).
= S[s L{f (©)} - f(0)] - F(0)
L{f" (@)} = s’L{f ()} - sf(0)- T (0)



5. Initial Value Theorem :

If L{f (£)}= F(5) then lim £ (¢) = lim sF (s)

Proof :
Let L{f (£)}= F(s)
w.kt L{f' ()} = s L{F(£)} - (0).
=5 F(s) — 1(0).
Taking limit as s— oo on both sides
lim L{f'(®} = lim [sF(9)—f(0)]
lim [s F(s) - f(0)] = Jim L{f'(0)}
=lim [;” e~ f'(©)dt

Sh_)rglo [sF(s)-f(0)]=0
lim sF(s) = lim f(0)

S—00 S—00

= 1(0)
lim sF(s) = limf(t)
S—00 t—0

Hence the proof.

6. Final VValue Theorem :

If L{f (t)}= F(s) then th_)rglo f(t) = £1_r)r3 sF(s)

Proof :

Let L{f ()} =F(s)



wktL{f'(®)}  =sL{f(®)}-10).

=s F(s) — 1(0).
Taking limit as s— 0 on both sides
lim L{f'(t)} =lim [ s F(s) — f(0)]
s—0 s—0

lim [s F(s) - f(@)] =lim L{f' ()}
=lim [ e f' ()t
lim ['s F(s) - f(0)] = [f(t)]
lim [ s F(s) - f(0)] = lim f(9) - lim f(t
= lim f(t) - f(0)

t—oo
lim sF(s) = lim f(t) - f(0) + lim f(0)
s—0 t—oo s—0
= lim f(t) - f(0) + f(0)
lim f(t) =limsF(s)
t—oo s—0

Hence the proof.

70F L{F (£)}= F(s) thenL{f (at)} = ~ F (i)

a a

Proof:
wkt L{F(D} = [ et f(D)dt

L{f(a)} =[ e *'[f(at)]dt
Putat=y
t=yla



dt = dy/a
L{f@@) =2 [rom

1 (® -sy
- j e [f(y)]dy

a

L{fan)} = F (3)

Hence the proof.

8.1f L{f (t)}= F(s) thenL {e~* f(t)} = F (s+a).

Proof:
wkt L{F(O} = [ et F(D)dt
L{e™®f(0)} = [, e e~ f(t)at
= [ 7St f(6)dt
= [ et F(D)de
L {e ¥ f ()} = F (s+a).

Hence the proof.

9.If L{f (£)}= F(s) thenL {tf (£)} = - —-F (s).
Proof:
wkt L{F(D} = [ et f(D)dt
F(s)= [ et f(t)dt



d
ds

F) =)y e f(ade
= et f(t)dt
= [ —te™St f(t)dt
=-f te™St f(t)dt
=-L{tf ()}

—F (9) = L {tf (1)}

Hence the proof.

10..If L{f (t)}= F(s) and if f(t)/t has limitast — 0, then
f®)  _
L{—}= J, F(s)ds.
Proof:
wkt L{F(O)} = [ e St F(Ddt
F(s) = [, e~ f(t)dt
fsoo F (s)ds. = fsoo fooo e St f(t)dtds
=7 [ et f(D)dsdt
On interchanging the order of integration
=17 F ) [=2] ot
—fo f(®) [TL
= fooog e_Stdt

L{@}: fSOOF(S)dS.



Hence the proof.



