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UNIT -V

> LAPLACE TRANSFORMS

> INVERSE LAPLACE TRANSFORMS



LAPLACE TRANSFORMS
DEFINITION:
Let f(t) be a function of the variable t which is defined for all positive values of t.
Let s be a real constant. If the integral f0°° e~ St f(t) dt exists and is equal to F(s) then F(s) is

called the Laplace Transform of f(t) and it is denoted by L{f(t)}.
L{FO} = J, et f(t) dt
L{f(D)} = F(s)

IMPORTANT RESULTS:

RESULT 1:

Prove that L[e?] = s% provided s—a > 0.

1
a

Proof:
L{A()} = [ e (1) dt
L[eat] — J-OOO e—st eat dt
(o]
—(s—a)t
= [Ca(s-a)t = °
Jo e d L (s-a) } 0
_ e” e’ oo 5—00 0
_—(s—a)+—(s—a) (.e :O,e :1)
1
"~ (s-a)
. at] — 1
h L[e ]_ (s—a)
RESULT 2:

1

Prove that L[e*!] = —— . provided s —a > 0.

Proof:
L{A()} = [ et (D) dt

L[e—at] — fOOO e—st e—at dt



_ fooe_(s+a)t it = e—(sta)t| oo
0 —(s+a)

0

e” e?

= + (..,e—oo= O; eO = 1)

—(s+a) —(s+a)

_ 1
- (s+a)

1
(s+a)

. L[e™3] =
RESULT 3:

S

Prove that L[cos h at] = -ad)

Proof:

eat+e—at
L[coshat] =| L
[cos h at] { 2 }

- %{L(eat) +L(e™ %)}

i1, 1] 1 srarsma
" 2| (s+a) (s+a) | 2| (s—a)(s+a)
2S
2_g2

1
2

s
"~ (s2-a?)

s
(s2-a?)

~ L[coshat] =

RESULT 4:

a

Prove that L[sin h at] = (2—a?)

Proof:

eat_e—at
L[sinhat] = |L
[sin h at] { 2 }

. %{L(eat) -L(e™ )}

_ l 1 _ 1 _ l sta—-s+a
T2 (s+a) (s+a) T2 (s—a)(s+a)




_ 1  2a

2 s?-a?
_ a
- (s2—-a?)
. _ a
~ L[sinhat] = (s2—a?)
RESULT 5:
Prove that L[cos at] = 5%+ a?)

Proof:
L{E()} = [ e (1) dt

L{ cos at} = J,” e~ cos at dit

_ [e‘“(—s cosat+asinat)]”
- 24 2
(s%+a=) 0

ax

ax _ e .
{fe coshxdx = @) (a cos bx + b sin bx) }
__ e e(-s) _ + s
T (s2+a?)  (s2+a?) B (s2+a?)
_ S
T (s2+a?)
S
~ L[cos at] = 2rad)
RESULT 6:
. _ a
Prove that L[sin at] = it ad)

Proof:
L{E()} = [ e (1) dt
L{sinat}= [~ e s'sinatdt

_ e‘s‘t(—ssinat—acosatﬂ
(s2+a?) ] 0

(...e—oo

iy



ax

{fe“x sinbxdx =——— (asinbx - bcos bx)}

" (a?+b?)
e e(-a) _ a e —00__ 0 _
a (s?+a?) (s?+a?) = 0+ (s2+a?) (.e =0,e" = 1)
_ a
a (s2+a?)
~ L[sin at] = 52ra?)
RESULT 7:

1
Prove that L[1] =—

Proof:
L{FD} = f, e St f(t) dt
L(1) =L(e%)
L{e%} = fooo e St 0t dt

_ [e—st ]°° e~® — g0
0

—S

1
S
1
L[1] =~
LAPLACE TRANSFORMS OF DERIVATIVES:
THEOREM :
LLF (@] = sL[f(t)]-10)
Proof:
L{E()} = [ e (1) dt
L{f'©}=J; et f'@dt = f;" e st d[f(t)] dt
By using Integration by parts,
Take u=e~st [ f'(®)dt =dv
du =-se St dt f(t) =v

= {e_s" f(t)} ®. fooof(t) dle™s"] dt

0



=0-e® f(0) - [;° f(t) [e™*%] [-s] dlt
=-f(0) +s [~ e St f(t) dt

L[ f'(©)] =sLIf®] - (0)
Similarly,
L[ f"(®)] = LIf()] - sf(0) - £'(0)
In general
L[ f™(®)] =" LIfW)] -s" *[fO)] -s" 2 £'(0) - s" 3 f""(0) - ... - f7H(0)
LINEARITY PROPERTY:

If ¢; and ¢, are constants and f4(t) and f,(t) are given functions, then

Llcif1(®) + c2f2(O)] =c1 L[f1 (D] + c2 L [f2(D)]

Proof:
L{FO} = J, e St f(t) dt
Ll fi(8) + c2fo(0] = J; e {erfi(0) + cofo (D)} dt
= [ {c1 e (D) + e (D)} dt
=cy [, eSS (DAt + ¢, [ e (8) dt
=c LIA®O]+ ¢ L [f2(0)]
s Lafi® + ef,(01=a LIAMO]+ e L [H(0)]
WORKED EXAMPLES:
1. Find L(e?t + 3e~5Y)

Solution:
at1 — 1
L[e?"] = -
L(e?t + 3e75Y) = L(e?") + L(3e™>Y)
_ 1 + 1
(s—2) (s+5)

1 3

CHE e 5 T




2. Find L(sin h 6t + 3e~>t+ cos 5t)

Solution:

L[e=2t] =

- -2 -
e L[sinhat] = Gr—ad) L[cos at] (

s2+a?)
L(sin h 6t + 3e~>t+ cos 5t) = L(sin h 6t) + L(3e™>%)+ L(cos 5t)

= L(sin h 6t) + 3 L(e~>t)+ L(cos 5t)
6

_ 1,5

T (s2-62) (s+5)  (s2+52)

6 1 5

T (s2-36) (s+5)  (s%+25)
(e st - % 431 >
“L(sinh6t+3e™"+cos 5) ===+ 3o+ 7o)
3. Find L(sin?2t)
Solution:

. 5 _1—cos2x
sin“ X = >

—cos2
L(sin?2t) = L [1 C(;S ad J

L (@)=

:12 L(l)-izL(cos4t) =4 .2__°

2s 2 (s2+42)

_ 1 1 s
. L(sin?2t) =% 2 (Prad)

4. Find L(cos33t)

Solution:

cos 3x+3 cosx
4

cos3 X =

L(cos33t) =L _Méfwﬁt] :% [L(cos9t ) + L (3cos3t) ]

_1 s 3s _s 1 3
T4 [ (s2+92) + (52+32)] T4 [(52+s1) + ]

(s2+9)
. 3 _s [ 1 3
* L(cos™30) = 4 | (s2+81) (52+9)]




5. Find L[sin (wt+ a)] , a is a constant

Solution:

sin (wt + a) =sin wt cos a + cos wt sin a
L [sin (wt + a)] = L[sin wt cos a + cos wt sin ]
= L[sin wt cos a] +L[ cos wt sin a]

=cosa L[sinwt]+sina L[coswt] [+sin a, cos a are constant]

=CcoSa +sina

(s%+w?) (s2+w2)

i _ w Ny —
~ L [sin (wt + a)] =cos a oy TSina (52+0?)
RESULT 8:

I"(n+1) n n!
or L[t ] sn+1

Prove that L [t"] =

Proof:
L{E()} = [ et (D) dt
L{t"}= [ e Sttndt
Put st =X whent=0,x=0
sdt =dx whent = oo, X = o

Ly = [ e (2) Lot
= o e dx
'n+1 .

- L[] = (n ") ) ['-'fo x"e Xdx=T'(n+ 1)]

When n is appositive integer, then I'(n + 1) = n!

n!
LI =50

Corollary:

. 0! 1
) L@ =[LIT=557 =5

2 L) ==



(i) Lo =

2

(i) L(?) =3
. 6
(iv) L(t)=2
L TG
v) LWt =L(tz2) = ) [Here n is not an integer]
FlSZ N
203 1
= 52 = _7; [T 5= V]
S2 252
Lo =%
252
-1 rG+1)
(viy L(tz ) = o) [Here n is not an integer]
52 )
5
-1 71
S2 s2

L(tz )= |—
="
WORKED EXAMPLES:

1.Find L(a + bt + %)

Solution:

L(a + bt + %) = L(a)+L(bt)+ L (%)

= al(l)+bL(t)+c L(t_Tl)



2.Find L (5-3t—2e™)
Solution:
L (5-3t—2e7t)=L (5)— L(3t) - L(2e")
=5L (1)-3L(t)-2L(e7")

_ 3s%+425-3
T s2(s+1)

. e oty _ 3524253
S L(B-3t-2e )——sz(s+1)
3. Find L [(t + 1)?]
Solution:

L [(t+ 1) = L[t?+2t +1]

L(£2) + 2 L(t) + L(1)

2 2 1
S T B
s3 s2 s

2425+s2
53

2425452

L [(t + 1)?

53
3. Find L [5e8t + cos h 3t + sin 5t]
Solution:
L [5e8t + cos h 3t + sin 5t] = L [5e8¢] + L[cos h 3t] + L[sin 5t]
5 S + 5
s—8 s2-9 sZ425

s + 5

s2—-9  s2425

. 5
~ L [5e8 + cos h 3t + sin 5t] = —

4. Find L[cos h at + sin 2t +¢3 ]
Solution:
L[cos hat+sin2t+t3] = L[cos h at ]+ L[sin 2t] +L[¢t3 ]

_ S 2 +3!
T s2-q2  s244 g4

s 2 3!

S L[coshat+sin2t+t3] = + + =
[ ] s?2—a? s?+4 5%




FIRST SHIFTING THEOREM (FIRST TRANSLATION)
If L{f(t)} = F(s), then L[ e* f(t)] = F(s —a)
Proof:
L{FO} = f, et () dt = F(s)
LLe®f(D)] = f, e > [e*f(t)] dt
= f0°° e" DLty dt, s-a>0
=F(s—a)
L[ e®f(t)] =F(s—a) where F(s) = L[f(t)]
Corollary: L[ e~ f(t)] = F(s +a) where F(s) = L[f(t)]
THE UNIT STEP FUNCTION (OR) HEAVISIDE’S UNIT FUNCTION:
This function is denoted by H(t) and is defined as

Ht)= | 1ift=0
0ift<O

We havealsoH (t-a) = [lift>a wherea >0
Oift<a

SECOND SHIFTING THEOREM (SECOND TRANSLATION)
If L[f(t)] = F(s) and G(t) :{ f(t—a),t>a then L[G(t)] = e * F(s)

0, t<a
Solution:
L{E()} = [ e (1) dt
L{G(®} = [, e ™' G() dt
= [ et G(t) dt + [ et G(t) dt
=[estodt + [ e Stf(t- a) dt
= 0+ [ e Stf(t- a) dt
Put t-a =u whent=a,u=0

dt = du whent=oo0, U=



L{G()} = " e75@*+ f(u) du
= e [ e f(u) du
In f0°° e " f(u) du, u is dummy variable. Hence we can replace it by the variable t.

L{G(D)} = e™52 [ e~ f(t) dit
= 752 L[f(0)]
= e 52 F(s)
~ L[G(1)] = e~ F(s)
WORKED EXAMPLES:
1. Find L [e™3tsin?t ]
Solution:
We know that L[ e~ f ()] = F(s + a), where F(s) = L[f(t)]
f(t) = sin®t
L[ f(t)] = L[sin%t]
L[sin?t] = L[#}

=~ [ L(2) - L(cos 21)]
111 S
=3 [? N 52+4]

L [e~3tsin?t] ==

[ 1 s+3 ]
2 Ls+3 (s+3)2+4
2. Find L[(cos h 2t +% sin h 2t)]

Solution:
We know that L[ e =%t f(t)] = F(s + a), where F(s) = L[f(t)]

f(t) =cosh2t+2 sinh 2t
LIf()] = L[cosh 2t+ sinh2(]

= L[ cos h 2t] +~ L[ sinh 2(]




RESULT: CHANGE OF SCALE PROPERTY

If L[f(t)] = F(s), then L[f(at)] = 12 F(SZ )

Proof:

Put

L{FD} =, e7stf(t) dt
L{f(at)} = [ et f(at) dt
at =x

adt =dx
Lgf(a = f;7 e 10 &
=L =5 F(x) dx
=1 e (@ ) ot
(2

LIf(at)] == F(SZ )

WORKED EXAMPLES:

1. Find L[f(t)], where f(t) = {

Solution:

L{E()} = [ e™st (D) dt

3,whent>2

whent=0,x=0

when t = oo, X = 0

[~ x is dummy variable]

0,when0<t<?2

= [Te StR(t) dt+ [7 e St (D) dt

= f02 e stodt+ fzoo e St 3 dt

_ 3 [e—st]oo
-s 1y

3e
L{f(®} =

S

[+ f(t) = 01in (0, 2), f(t) = 3 in (2, ©0)]



2. Find L[f(t)], where f(t) = {et, when0<t<?2

3,whent>2
Solution:
L{FD} = f, e St A(t) dt
=[] e SUf(D) dt+ [ e ST (D) dt
=[] e SUf(D) dt+ [ e ST (D) dt
= fol e St et dt + floo e St 0 dt
—(s-Dtq1
- (l.-Gs-1t — [e ]
Jye dt roryy
_ e—(s—l) e0
N
_1-e (D
T (s-D)
1-e (D
L{f(t)} = =
THEOREM:

If LIf()] = F(s), then L{tf()} = = F(s)
Proof:
L[f(O)] = F(s)
F(s) = LIf(t)]
Taking derivatives on both sides with respect to s, we get
=S F(s) === LIf(Y)

=;—Z{ et i de} = [0 [emst i) ot

0 ds

= [7—te St f(t) dt

- [ eTSt[ef(D)] dt

S ) = -L[tT)]
- LILF] = == F(S)

(or)  ~L[tf®] =- F'(s)



Corollary:
We have L[tf(t)] = ;—f F(s)
L[t2 f(t)] = L[t.tF(t)]

. ;—j L[tf(O)]

LLf(0)]

~d —d
FelPe
LIE 0] = (~? 2 F

In general, we have
dTl
n — (_1\n _—__
LI f(0] = (—1)" —— F(s)
WORKED EXAMPLES:

1. Find L[ tsin 2t]

Solution:
We know that L[t f(t)] = % F(s) where F(s) = L[f(t)]

Here f(t) = sin 2t.

) 2
F(s) = LIf()] = LIsin 2t] = —
2
F(s) = S2+44
) -d({ 2
L[t sin2t] = R (52+4)
_ [0— 2. 2s
(s2+4)°
_ 4s
T (s2+4)2
i 4s
s~ L[tsin2t] = G7ia)?

2. Find L [¢2e~%]
Solution:
2
We know that L[2 f(t)] = (=1)2 % F(s) where F(s) = L[f(t)]. Here f(t) = e3¢

d? d> 1
2,-3t7 — (_1)\2 -3t7 =
L[te™ = (-1) ds? L{e™] ds? s+3



- % &)
- ((s+3)2)]

0+2(s+3)
(s+3)%

2
(s+3)3

2

L[te™] = (s+3)3

3. Find L[t cos3t]

Solution:

L[t cos3t] =

(cos 3t+3 cos t)]

=—{L[t cos 3t] + 3L[t cos t]}

-PI»—\ -l:lr—\

d d
{— [cos 3t] —3—L[cos t]}
da ds
d

= Gn) 3G
a s \s2+9 ds \s2+1

_-1 (52+9)—s.25} i E{(sz+1)—s.25}
B (s2+9)2 4l (s2+1)2

-2l E)
= %{(5522:99)2 } * %{(5522:11)2 }
~ L[t cos3t] = _{(552:;2 } + %{(:22:11)2 }

4. Find L[ t?e' sin t]

Solution:

We know that L[t? f(t)] = (—1)?2 :—; F(s) where F(s) = L[f(t)].

L[t?etsint]= (- 1)2 L[e sint]

1

Now, L[etsint] = o

1)
(2)



Substituting (2) in (1), we get

d? 1
2,t o - 4
L[t%e" sint] = ds? [(5—1)2+1]

—d [ 0-2(s—1)

ds L((s—1)%+1)2

_—_d[—z(sl)]
(

ds L(s2-2s +2)2

_ (s%-2s +2)2(—2)+ 2 (s—1)2(s%—2s +2)(25-2)
B (s2-2s5+2)4

2(s?2-2s +2)[—(s%-2s +2)+4(s-1)?]
(s2-2s+2)*

2(s2-2s +2)[-s%+25—2+45%+4-8s]
(s2-2s5+2)4

2(s2-2s +2)[35%2—65+2]
(s2-2s5 +2)%

2[35%—65+2]

(s2-25+2)3
2[352—65+2]
(s?2—2s+2)3

~ L[t2etsint] =
THEOREM:
If Lf(t)] = F(s) and if & has alimitast- 0, then L L2 ] = (7 F(s) ds
Proof:
Given F(s) = L{f(t)} = [,” e™S' f(t) dt
[ F(s)ds = [ [ et f(0) dt ds
=[Tds [ e St f(D) dt

[+ s and t are independent variables and hence the order of integration in the double integral
can be interchanged]

[ F()ds = [7dt [ e St £(8)
= [, f©dt [ et ds

= [ Far [



= [P f
= fooo e st [@] dt
)

LB = [T F(s) ds F(s) = LIf(Y)]

t
WORKED EXAMPLES:
sin

co sint T
[osnt g oo
t 0 ¢

2

1. Find L [ at]. Hence show that

Solution:

L [sin at

- ] = fsmL[sinat] ds

= [* 2 ds

s s?+a?

_ o 1

—a [l tan~?! (i)]
a allg
=tan" loo - tan~! (i)
T
= —-tan™?! (i)
2 a
=cot™?! (5)
a
sinat
L [ ] =tan™! (2)
t s

Deduction:

inat
werave L [2227] = can1 (9
t

N

Puttinga =1, and s - 0, we get

oo sint _
fo - dt =tan"1()
_I
T2
o sint _r
..fo Tdt =3



ot
2. FindL[1 te]

Solution:

L [1-:] = ["L[1— e]ds
= fs°°L[1]—L[ef] ds

- PP s

= [logs —log(s — 1)]5°

at_
3. Find L [—e cos 6t]

Solution:
at _
L [ﬂ] f L[ e% — cos6t] ds
= foo{L[eat] — L[cos 6t]} ds

B f [_ N sZ+36] ds

= [log(s —a) —% log(s? + 36)]5

= [log(s —a) — log(s? + 36)%120



4. Find L [

Solution:

|

AL

e —_cos 6t
N

cos 4tsin2 t]

cos 4t sin2t

t

cos 4t sin2t
t

]

]

[0 s-a) 1%
g\/sz+36 s

og [g52%]

lo [\/52+36]
g (s—a)

VsZ+36
(s-a)

] = fsoo L[cos 4t sin 2t] ds

— f:OL [sin6t—sin2t] ds

T

1

2

1
2

2

f:o L[sin 6t ] — L[sin 2t] ds

fSoo [5246-36 - 522+4 ] ds

:6% tan™? (%) - Z%tan‘1 G)]:o
tan™" (o) — tan™"(®) — tan™? (g) + tan™! G)]
e ()]

() )

o () et )




INVERSE LAPLACE TRANSFORM
DEFINITION:
If the Laplace Transform of a function f(t) is F(s) that is L[f(t)] = F(s) then f(t) is

called an Inverse Laplace Transform of F(s) and it is denoted by
f(t) = L7 [F(s)]

Here L1 is called the Inverse Laplace Transform Operator.

Thus if L[e4t] = f

a

Then L1 [L = e

Ss—a

Some Standard Inverse Laplace Transform as follows:

1. Lt [ﬁ = e L[e®] = i

3. Lt [5,2+ch2] = sin at L[sinat] = 5—

4. L1 [52+a2] = cos at L[cos at] = ﬁ
5. L1 [SZfaZ] =sinhat L[sinhat] = Sz(_laz
6. Lt [SZjaZ] = cos h at L[coshat] = —=—
7 ] =1 L[] =+

8. L] =t L[] =§Z

9. L[] = L[t"] = ?—2'

10 L [(s—la)z] = te® Hee™ 1= 5




LINEAR PROPERTY:
If F1(s) and F,(s) are Laplace Transforms of f4(t) and f,(t) respectively, then
L™ c1F1(S) + €2F(s)]1=cq L7 [F4(S)] + ¢ L™ [F5(5)]
Where ¢4 and c, are constants.
Proof:
We know that  L[cif1(t) + c2f5(0)]=ci LIFA()] + ¢ L [f2(1)]
Lcifi(t) + c2f2(0)] = ¢1 Fi(S) + ¢z F>(S)
{- LIA®] = Fi(s) and L[fi(H)] = F>(s)}
c1fi(t) + c2fp(t) =L Hey Fy(s) + ¢z Fa(s)]
=y LHF(9)] + ¢z LTHF,(9)]
L ey Fy(s) + caFa(s) 1= ca LTHF(8)] + 2 L7H[F2(9)]
WORKED EXAMPLES:

LFind L7 [+ 24+ 52|
Solution:
1 1
e e Rl et Pt 122 4 R o o]
s—3 s 52 4 s s2—-4
=e3'+ 1+ cos h 2t
=e3'+ cosh2t+1
1
L~ [— - ZS ] = e3+ cosh2t+1
s—3 N S4—4
. -1[1 1 1 S ]
2. Find L s2  s+4 s2+4 + s2-9
Solution:
= 1 4 1 ]
sz s + 4 s2 + 4 -9

e ]+ [

=t+e

—_ sin 2t
=t+e 4t+T+cosh3t

o1 1 1 s]

52 s+4 s2+ 4 s2-9



FIRST SHIFTING PROPERTY:

RESULT 1:
We know that if L[f(t)] = F(s), then
Lle~t f(t)] = F(s+a)
L F(s+a)] =e 2 f(t)

= e_at L_l[F(S)]

WORKED EXAMPLES:

1. Find L‘l[ - ]

(s+1)2
Solution:
L [(s+11)2 ] =ent L [Siz]
= e_t Lt
-1 [(s+11>2 ] = et .t

2.Find L1 [(s+2s)2+1]

Solution:

] =]

(s+2)2+1
=L [(S-:Z-;i+1] -2L7! [(s+21)2+1 ]

e 2o ]
= e 2t cost-2e 2t sint

=g 2t (cost—2sint)

1 s — -2t I
L [(s+2)2+1 ] = e (cost=2siny)



. -1 1 5 s+3
3. Find L [(5—4)5 + (s—2)2+ 52 (s+3)2—62]

Solution:

L‘l[ 1 N 5 4 s+3 ]
(s—4)> (s—2)2+ 52 (s+3)2-62

=L [(5—14)5] +L [(5—2)%] tL [(ﬁgﬁ]

=ett 71 [Sis] +e2t -1 [ > ] 4 e-3t -1 [ s ]

524 52 52+ 62

4
—e 2t % + e2t sin 5t + e 73t cos 6t
CHANGE OF SCALE PROPERTY:
If LIf(Y)] = F(9), then L[F(@s)] == f (i) a>0.

Proof:
F(s) = LIf(V)]
= [T e SHf(D) dt

F(as) = [,” e st f(t) dt

Put at=t; whent=0, t; =0

_dty
a

= Jy et f(%) %
=g e e(2) an
= % fooo e st f(i) dt
=[G

a a

« FE =2 f ()

dt whent=oo0 t; =



WORKED EXAMPLE:

If L™ =tcost, then find L~ 9%
o] o

(s2+1)2 (952+1)2

Solution:

L1 [ (;22:11)2] =tcost

Writing as for s,

Puttinga =3,
—1[ 9s%-1 ] 1t t
L [(952+1)2 33 (3)

1 o] = oo ()

RESULT:
We know that if L[f(t)] = F(s), then L[t f(t)] = ;—Z F(s)

L7HF' ()] = -t L7HF(s)]



