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LAPLACE TRANSFORMS 

DEFINITION: 

                  Let f(t) be a function of the variable t which is defined for all positive values  of t. 

Let s be a real constant. If the integral ∫ 𝑒−𝑠𝑡∞

0
 f(t) dt exists and is equal to F(s) then F(s) is 

called the Laplace Transform of f(t) and it is denoted by L{f(t)}. 

                    L{f(t)} = ∫ 𝑒−𝑠𝑡∞

0
 f(t) dt 

                   L{f(t)} = F(s) 

IMPORTANT RESULTS: 

RESULT 1: 

Prove that L[𝒆𝒂𝒕] = 
𝟏

𝒔−𝒂
 , provided s – a > 0. 

Proof: 

                       L{f(t)} = ∫ e−st∞

0
 f(t) dt      

                       L[eat] =  ∫ e−st∞

0
 eat dt 

                                  =  ∫ e−(s−a)t∞

0
 dt  =  

e−(s−a)t

− (s−a)


                                  = 
e∞

− (s−a)
 + 

e0

− (s−a)
                   (∵𝑒−∞= 0, 𝑒0 = 1) 

                            = 
1

 (s−a)
  

                   ∴ L[eat] =  
1

 (s−a)
 

RESULT 2: 

Prove that L[𝒆−𝒂𝒕] = 
𝟏

𝒔+𝒂
 , provided s – a > 0. 

Proof: 

                       L{f(t)} = ∫ e−st∞

0
 f(t) dt      

                       L[e−at] =  ∫ e−st∞

0
 e−at dt 

∞ 

0 

 



 
 

                                  =  ∫ e−(s+a)t∞

0
 dt  =    

e−(s+a)t

− (s+a)


                                  = 
e∞

− (s+a)
 + 

e0

− (s+a)
                          (∵𝑒−∞= 0, 𝑒0 = 1) 

                            = 
1

 (s+a)
  

                ∴   L[e−at] =  
1

 (s+a)
 

RESULT 3: 

Prove that L[cos h at]  = 
𝒔

 (𝒔𝟐−𝒂𝟐)
 

Proof: 

                 L[cos h at] =   L
𝒆𝒂𝒕+𝒆−𝒂𝒕

 (𝟐)
     

                                   = 
1

2
{L(𝑒𝑎𝑡) + L(𝑒−𝑎𝑡)} 

                                   = 
1

2
   

1

 (s+a)
  +  

1

 (s+a)
      = 

1

2
   

𝑠+𝑎+𝑠−𝑎

 (s−a)(s+a)
         

                                  =  
1

2
   

2𝑠

𝑠2−𝑎2 
 

 = 
𝑠

 (𝑠2−𝑎2)
 

          ∴  L[cos h at]  = 
𝑠

 (𝑠2−𝑎2)
 

RESULT 4: 

Prove that L[sin h at]  = 
𝒂

 (𝒔𝟐−𝒂𝟐)
 

Proof: 

                 L[sin h at] =   L
𝒆𝒂𝒕− 𝒆−𝒂𝒕

 (𝟐)
     

                                   = 
1

2
{L(𝑒𝑎𝑡) - L(𝑒−𝑎𝑡)} 

                                   = 
1

2
   

1

 (s+a)
  -  

1

 (s+a)
      = 

1

2
   

𝑠+𝑎−𝑠+𝑎

 (s−a)(s+a)
         

0 

∞ 



 
 

                                  =  
1

2
   

2𝑎

𝑠2−𝑎2 
 

 = 
𝑎

 (𝑠2−𝑎2)
 

          ∴  L[sin h at]  = 
𝑎

 (𝑠2−𝑎2)
 

RESULT 5: 

Prove that L[cos at]  = 
𝒔

 (𝒔𝟐+ 𝒂𝟐)
 

Proof: 

                       L{f(t)} = ∫ e−st∞

0
 f(t) dt     

                  L{ cos at} = ∫ e−st∞

0
 cos at dt    

                              =   [
𝑒−𝑠𝑡(−𝑠 cos 𝑎𝑡+𝑎 sin 𝑎𝑡)

 (𝑠2+𝑎2)
]

𝟎

∞

 

  ∫ 𝑒𝑎𝑥 cos bx dx      = 
𝑒𝑎𝑥

 (𝑎2+𝑏2)
 (a cos bx + b sin bx)  

                                   = 
𝑒−∞

 (𝑠2+𝑎2)
 - 

𝑒0(−𝑠)

 (𝑠2+𝑎2)
    =   0 + 

𝑠

 (𝑠2+𝑎2)
          (∵𝑒−∞= 0, 𝑒0 = 1) 

                                 = 
𝑠

 (𝑠2+𝑎2)
 

          ∴  L[cos  at]  = 
𝑠

 (𝑠2+𝑎2)
 

RESULT 6: 

Prove that L[sin at]  = 
𝒂

 (𝒔𝟐+ 𝒂𝟐)
 

Proof: 

                       L{f(t)} = ∫ e−st∞

0
 f(t) dt     

                  L{ sin at} = ∫ e−st∞

0
 sin at dt    

                              =   
𝑒−𝑠𝑡(−𝑠 sin 𝑎𝑡− 𝑎 cos 𝑎𝑡)

 (𝑠2+𝑎2)
 

 

 

 

 

 

 

 

 

 

∞ 

 0 



 
 

  ∫ 𝑒𝑎𝑥 sin bx dx      = 
𝑒𝑎𝑥

 (𝑎2+𝑏2)
 (a sin bx -  b cos bx)  

                                   = 
𝑒−∞

 (𝑠2+𝑎2)
 - 

𝑒0(−𝑎)

 (𝑠2+𝑎2)
    =   0 + 

𝑎

 (𝑠2+𝑎2)
          (∵𝑒−∞= 0, 𝑒0 = 1) 

                                 = 
𝑎

 (𝑠2+𝑎2)
 

          ∴  L[sin  at]  = 
𝑎

 (𝑠2+𝑎2)
 

RESULT 7: 

Prove that L[1]  = 
𝟏

 𝐬
 

Proof: 

                       L{f(t)} = ∫ e−st∞

0
 f(t) dt    

                       L(1)     = L(e0t) 

                       L{e0t} = ∫ e−st∞

0
 e0t  dt  

                              =  [
𝑒−𝑠𝑡

−s
 ]

𝟎

∞

=  
𝑒−∞ −  𝑒0

−s
 

                                   = 
𝟏

 𝐬
                                  

                   ∴    L[1]  = 
1

 s
 

LAPLACE TRANSFORMS OF DERIVATIVES: 

THEOREM : 

                L[ 𝒇′(𝒕)]    =   sL[ f(t) ] – f(0)  

Proof:   

                       L{f(t)} = ∫ e−st∞

0
 f(t) dt   

                   L{ 𝑓′(𝑡)} = ∫ e−st∞

0
  𝑓′(𝑡)dt   = ∫ e−st∞

0
 d[f(t)] dt  

By using Integration by parts, 

                   Take u = e−st        ∫ 𝑓′(𝑡)dt   = dv 

                           du = -se−st dt          f(t)   = v 

                                =    e−st  f(t)          -  ∫ 𝑓(𝑡)
∞

0
 d[e−st] dt 

0 

∞ 

 



 
 

                                = 0 - e0  f(0) - ∫ 𝑓(𝑡)
∞

0
 [e−st] [-s] dt 

                               = - f(0) + s ∫ e−st∞

0
 f(t) dt   

       ∴     L[ 𝑓′(𝑡)]  = sL[f(t)] -  f(0) 

Similarly, 

               L[ 𝑓′′(𝑡)]  = s2 L[f(t)] -  sf(0) -  𝑓′(0)   

In general  

                 L[ 𝑓𝑛(𝑡)]  = sn L[f(t)] - sn - 1 [f(0)] - sn – 2 𝑓′(0) -  sn – 3 𝑓′′(0) - …… - 𝑓𝑛−1(0) 

LINEARITY PROPERTY: 

    If  𝒄𝟏 and 𝒄𝟐 are constants and 𝒇𝟏(𝒕) and 𝒇𝟐(𝒕) are given functions, then  

L[𝒄𝟏𝒇𝟏(𝒕) +  𝒄𝟐𝒇𝟐(𝒕)] = 𝒄𝟏 L [𝒇𝟏(𝒕)] +  𝒄𝟐 𝑳 [𝒇𝟐(𝒕)] 

Proof: 

                        L{f(t)} = ∫ e−st∞

0
 f(t) dt   

L[𝑐1𝑓1(𝑡) +  𝑐2𝑓2(𝑡)]  = ∫ e−st {𝑐1𝑓1(𝑡) +  𝑐2𝑓2(𝑡)} 
∞

0
 dt   

                                    =   ∫  {𝑐1 e
−st𝑓1(𝑡) +  𝑐2e−st𝑓2(𝑡)} 

∞

0
dt 

                                    = 𝑐1 ∫  e−st𝑓1(𝑡)𝑑𝑡 
∞

0
 + 𝑐2 ∫ e−st𝑓2(𝑡) 

∞

0
dt 

                                    = 𝑐1 L [𝑓1(𝑡)] + 𝑐2 𝐿 [𝑓2(𝑡)] 

∴ L[𝑐1𝑓1(𝑡) + 𝑐2𝑓2(𝑡)] = 𝑐1 L [𝑓1(𝑡)] +  𝑐2 𝐿 [𝑓2(𝑡)] 

WORKED EXAMPLES: 

1. Find L(𝐞𝟐𝐭 + 3𝐞−𝟓𝐭) 

Solution: 

                           L[eat] =  
1

 (s−a)
 

             L(e2t + 3e−5t) = L(e2t) + L(3e−5t) 

                                      = 
1

 (s−2)
 + 3 

1

 (s+5)
 

            ∴ L(e2t + 3e−5t) =  
1

 (s−2)
 +  

3

 (s+5)
 

 

 

 



 
 

2. Find L(sin h 6t + 3𝐞−𝟓𝐭 + cos 5t) 

Solution: 

                           L[e−at] =  
1

 (s+a)
 ,  L[sin h at]  = 

𝑎

 (𝑠2−𝑎2)
 , L[cos  at]  = 

𝑠

 (𝑠2+𝑎2)
 

L(sin h 6t + 3e−5t + cos 5t) = L(sin h 6t) + L(3e−5t )+ L(cos 5t) 

                                            = L(sin h 6t) + 3 L(e−5t )+ L(cos 5t) 

                                            = 
6

 (𝑠2−62)
 + 3 

1

 (s+5)
 + 

5

 (𝑠2+52)
  

                                      = 
6

 (𝑠2−36)
 + 3 

1

 (s+5)
 + 

5

 (𝑠2+25)
   

∴L (sin h 6t + 3e−5t + cos 5t) = 
6

 (𝑠2−36)
 + 3 

1

 (s+5)
 + 

5

 (𝑠2+25)
   

3. Find L(𝒔𝒊𝒏𝟐2t) 

Solution: 

                                      𝑠𝑖𝑛2 x  = 
1−cos 2𝑥

 2
 

                              L(𝑠𝑖𝑛22t) = L  
1−cos 2𝑥

 2
  

                                              = L (
1

 2
) – L    

cos 4𝑡

 2
     

                                              = 
1

 2
 𝐿(1) - 

1

 2
 L (cos 4t)  = 

1

 2s
 - 

1

 2
 

𝑠

 (𝑠2+42)
 

                        ∴  L(𝑠𝑖𝑛22t)   = 
1

 2s
 - 

1

 2
 

𝑠

 (𝑠2+42)
 

 

4. Find L(𝒄𝒐𝒔𝟑3t) 

Solution: 

                                            𝑐𝑜𝑠3 x  = 
cos 3𝑥+3 𝑐𝑜𝑠𝑥

 4
 

                              L(𝑐𝑜𝑠33t) = L  [
cos 9𝑡 +3 𝑐𝑜𝑠3𝑡

 4
]    = 

1

 4
 [𝐿(cos 9𝑡 ) +  L (3 cos 3t) ] 

                                        = 
1

 4
 [

𝑠

 (𝑠2+92)
 +  

3𝑠

 (𝑠2+32)
]  = 

𝑠

 4
 [

1

 (𝑠2+81)
 +  

3

 (𝑠2+9)
] 

                        ∴  L(𝑐𝑜𝑠33t)   = 
𝑠

 4
 [

1

 (𝑠2+81)
 +  

3

 (𝑠2+9)
] 

 



 
 

5. Find L[sin (𝝎t+ 𝜶)]  , 𝜶 is a constant 

Solution: 

         sin (𝜔𝑡 +  𝛼) = sin 𝜔t cos 𝛼 + cos 𝜔t sin 𝛼 

  L [sin (𝜔𝑡 +  𝛼)] = L[sin 𝜔t cos 𝛼 + cos 𝜔t sin 𝛼] 

                              = L[sin 𝜔t cos 𝛼] +L[ cos 𝜔t sin 𝛼] 

                             = cos 𝛼 L[sin 𝜔t ] + sin 𝛼 L[ cos 𝜔t ]  [∵sin 𝛼 , cos 𝛼 are constant] 

                             = cos 𝛼 
𝜔

 (𝑠2+𝜔2)
 + sin 𝛼 

𝑠

 (𝑠2+𝜔2)
 

∴ L [sin (𝜔𝑡 +  𝛼)]  = cos 𝛼 
𝜔

 (𝑠2+𝜔2)
 + sin 𝛼 

𝑠

 (𝑠2+𝜔2)
 

RESULT 8: 

Prove that L [𝒕𝒏] = 
𝜞(𝒏+𝟏)

𝒔𝒏+𝟏  or L[𝒕𝒏]  = 
𝒏!

𝒔𝒏+𝟏 

Proof: 

                 L{f(t)} = ∫ e−st∞

0
 f(t) dt   

                  L{𝑡𝑛} = ∫ e−st∞

0
𝑡𝑛  dt   

        Put        st    =  x                                                                when t = 0, x = 0 

                     sdt  = dx                                                               when t = ∞, x = ∞ 

                L{𝑡𝑛} = ∫ e−st∞

0
(

𝒙

𝒔
)

𝒏

 
𝟏

𝒔
 dt   

                           = 
1

𝑠𝑛+1
 ∫ 𝑥𝑛e−x∞

0
 dx 

            ∴  L [𝑡𝑛] = 
𝛤(𝑛+1)

𝑠𝑛+1             [∵∫ 𝑥𝑛e−x∞

0
 dx = 𝛤(𝑛 + 1)] 

When n is appositive integer, then 𝛤(𝑛 + 1) = 𝑛! 

            ∴  L [𝑡𝑛] = 
𝑛!

𝑠𝑛+1 

Corollary: 

(i) L(1)  = [L [𝑡𝑜] = 
0!

𝑠𝑛+1 = 
1

𝑠
 

       ∴  L(1)  = 
1

𝑠
 



 
 

(ii) L(t)    = 
1

𝑠2
 

(iii) L(𝑡2) = 
2

𝑠3
  

(iv) L(𝑡3) = 
6

𝑠4
  

(v) L(√𝑡) = L(𝑡
1

2 ) =    
𝛤(

1

2
+1) 

𝑠
1
2

+1
    [Here n is not an integer] 

                           =  
 
1 

2
𝛤

1

2
 

𝑠
3
2

  = 
√𝜋

2𝑠
3
2

       [∵𝛤
1

2
 = √𝜋] 

L(√𝑡) = 
√𝜋

2𝑠
3
2

 

(vi) L(𝑡
−1

2  ) =    
𝛤(

−1

2
+1) 

𝑠
−1
2

+1
    [Here n is not an integer] 

                           =  
 𝛤

1

2
 

𝑠
1
2

  = 
√𝜋

𝑠
1
2

 

              L(𝑡
−1

2  ) = √
𝜋

𝑠
 

WORKED EXAMPLES: 

1.Find L(𝒂 + 𝒃𝒕 +
𝒄

√𝒕
)          

Solution:  

L(𝑎 + 𝑏𝑡 +
𝑐

√𝑡
) =   L(a) + L(bt) + L (

𝑐

√𝑡
)       

                              =  a L(1) + b L(t) + c L(𝑡
−1

2 ) 

                      = 
𝑎

𝑠
 +  

𝑏

𝑠2 + √
𝜋

𝑠
 

∴ L(𝑎 + 𝑏𝑡 +
𝑐

√𝑡
) =  

𝑎

𝑠
 +  

𝑏

𝑠2 + √
𝜋

𝑠
  

 

 

 



 
 

2. Find L (5 – 3t – 2𝒆−𝒕) 

Solution: 

 L (5 – 3t – 2𝑒−𝑡) = L (5) – L(3t) – L(2𝑒−𝑡)   

                         = 5 L (1) – 3L(t) – 2L(𝑒−𝑡)   

                             = 
5

𝑠
 - 

3

𝑠2
 - 

2

𝑠+1
 

                             = 
3𝑠2+2𝑠−3

𝑠2(𝑠+1)
     

∴ L (5 – 3t – 2𝑒−𝑡) = 
3𝑠2+2𝑠−3

𝑠2(𝑠+1)
 

3. Find L [(𝒕 + 𝟏)𝟐] 

Solution: 

         L [(𝑡 + 1)2  =  L[𝑡2+2t +1] 

                    =  L(𝑡2) + 2 L(t) + L(1) 

                             = 
2

𝑠3
 + 

2

𝑠2
 + 

1

𝑠
 

                             = 
2+2𝑠+𝑠2

𝑠3
 

∴     L [(𝑡 + 1)2  =  
2+2𝑠+𝑠2

𝑠3
 

3. Find L [5𝒆𝟖𝒕 + cos h 3t + sin 5t] 

Solution: 

L [5𝑒8𝑡 + cos h 3t + sin 5t] = L [5𝑒8𝑡] + L[cos h 3t] + L[sin 5t] 

                                            = 
5

𝑠−8
 + 

𝑠

𝑠2−9
 + 

5

𝑠2+25
 

∴ L [5𝑒8𝑡 + cos h 3t + sin 5t] = 
5

𝑠−8
 + 

𝑠

𝑠2−9
 + 

5

𝑠2+25
 

4. Find L[cos h at + sin 2t +𝒕𝟑 ] 

Solution: 

L[cos h at + sin 2t +𝑡3 ]  =  L[cos h at ]+ L[sin 2t] +L[𝑡3 ] 

                                        = 
𝑠

𝑠2−𝑎2
 + 

2

𝑠2+4
 + 

3!

𝑠4 

 

∴ L[cos h at + sin 2t +𝑡3 ]  = 
𝑠

𝑠2−𝑎2
 + 

2

𝑠2+4
 + 

3!

𝑠4  



 
 

FIRST SHIFTING THEOREM (FIRST TRANSLATION) 

If L{f(t)} = F(s), then L[ 𝒆𝒂𝒕𝒇(𝒕)] = F(s – a) 

Proof: 

                    L{f(t)} = ∫ e−st∞

0
 f(t) dt  = F(s) 

            L[ 𝑒𝑎𝑡𝑓(𝑡)] = ∫ e−st∞

0
[ 𝑒𝑎𝑡𝑓(𝑡)]  dt   

                                = ∫ e−(s−a)t∞

0
 f(t) dt ,    s –a >0 

                                = F(s – a)       

        ∴L[ 𝑒𝑎𝑡𝑓(𝑡)] = F(s – a)   where F(s) = L[f(t)] 

Corollary: L[ 𝑒−𝑎𝑡𝑓(𝑡)] = F(s + a)   where F(s) = L[f(t)] 

THE UNIT STEP FUNCTION (OR) HEAVISIDE’S UNIT FUNCTION: 

              This function is denoted by H(t) and is defined as  

                              H(t) =      1 if t ≥ 0 

                                              0 if t < 0 

                                                   

We have also H (t-a)    =     1 if t ≥ a           where a > 0 

                                              0 if t < a 

SECOND SHIFTING THEOREM (SECOND TRANSLATION) 

If L[f(t)] = F(s) and G(t) =     f(t – a), t > a     then L[G(t)] = 𝒆−𝒂𝒔 F(s) 

                                                   0,      t < a 

Solution: 

                           L{f(t)} = ∫ e−st∞

0
 f(t) dt   

                          L{G(t)} = ∫ e−st∞

0
 G(t) dt   

                                        = ∫ e−sta

0
 G(t) dt  +  ∫ e−st∞

a
 G(t) dt   

                                        = ∫ e−sta

0
 0 dt  +  ∫ e−st∞

a
f(t –  a)  dt   

                                        =  0 + ∫ e−st∞

a
f(t –  a)  dt   

Put                        t – a    = u                                           when t = a, u = 0 

                                   dt  =  du                                         when t = ∞, u = ∞ 

 



 
 

                          L{G(t)} = ∫ e−s(u+a)∞

0
 f(u) du   

                                        = e−sa ∫ e−su∞

0
 f(u) du   

In  ∫ e−su∞

0
 f(u) du , u is dummy variable. Hence we can replace it by the variable t. 

                          L{G(t)} = e−sa ∫ e−su∞

0
 f(t) dt   

                                         = e−sa L[f(t)] 

                                         = e−sa F(s) 

                        ∴ L[G(t)] = 𝑒−𝑎𝑠 F(s) 

WORKED EXAMPLES: 

1. Find L [𝒆−𝟑𝒕𝒔𝒊𝒏𝟐𝒕 ] 

Solution: 

We know that L[ 𝑒−𝑎𝑡𝑓(𝑡)] = F(s + a), where F(s) = L[f(t)]  

                                       f(t) = 𝑠𝑖𝑛2𝑡   

                                 L[ f(t)] = 𝐿[𝑠𝑖𝑛2𝑡]   

                             L[𝑠𝑖𝑛2𝑡] = L[
1 −𝑐𝑜𝑠2𝑡

2
] 

                                            = 
1

2
 [ L(1) – L(cos 2t)] 

                                            = 
1

2
 [

1   

𝑠
− 

𝑠  

𝑠2+4
] 

                   ∴L [𝑒−3𝑡𝑠𝑖𝑛2𝑡 ] = 
1

2
 [

1   

𝑠+3
− 

𝑠+3 

(𝑠+3)2+4
] 

2. Find L[(cos h 2t + 
𝟏

𝟐
  sin h 2t)] 

Solution: 

We know that L[ 𝑒−𝑎𝑡𝑓(𝑡)] = F(s + a), where F(s) = L[f(t)]    

                                      f(t)  = cos h 2t + 
1

2
  sin h 2t 

                                  L[f(t)]  =  L[ cos h 2t + 
1

2
  sin h 2t] 

                                               = L[ cos h 2t] + 
1

2
 L[ sin h 2t] 

               = 
𝑠 

𝑠2− 4
 + 

1

2
  

2 

𝑠2− 4
 

∴ L[(cos h 2t + 
1

2
  sin h 2t)]   = 

𝑠 

𝑠2− 4
 + 

1

2
  

2 

𝑠2− 4
 

  



 
 

RESULT: CHANGE OF SCALE PROPERTY 

If L[f(t)] = F(s), then L[f(at)] = 
𝟏 

𝒂
 F(

𝒔 

𝒂
 ) 

Proof: 

                L{f(t)} = ∫ e−st∞

0
 f(t) dt       

              L{f(at)} = ∫ e−st∞

0
 f(at) dt   

Put                  at  = x                                                  when t = 0, x = 0 

                    a dt   = dx                                               when t = ∞, x = ∞ 

              L{f(at)} = ∫ e−s(
𝑥

𝑎
)∞

0
 f(x) 

𝑑𝑥

𝑎
   

                            = 
1

𝑎
 ∫ e−s(

𝑥

𝑎
)∞

0
 f(x) dx  

                            = 
1

𝑎
 ∫ e−(

𝑠

𝑎
)𝑡∞

0
 f(t) dt                [∵ x is dummy variable] 

                            = 
1

𝑎
 F(

𝑠 

𝑎
 )  

∴             L[f(at)] = 
1 

𝑎
 F(

𝑠 

𝑎
 ) 

WORKED EXAMPLES: 

1. Find  L[f(t)], where f(t) =     0, when 0 < t < 2      

                                                    3, when t > 2                            

Solution:                                                   

                 L{f(t)} = ∫ e−st∞

0
 f(t) dt       

                             = ∫ e−st2

0
 f(t) dt + ∫ e−st∞

2
 f(t) dt       

                             = ∫ e−st2

0
 0 dt + ∫ e−st∞

2
 3 dt          [∵ f(t) = 0 in (0, 2), f(t) = 3 in (2, ∞)] 

                             = 3 [
𝑒−𝑠𝑡

−𝑠
]

2

∞

 

                             = 3 [
𝑒−∞− 𝑒−2𝑠

−𝑠
] 

                             = 
3𝑒−2𝑠

𝑠
 

∴              L{f(t)} = 
3𝑒−2𝑠

𝑠
 

 



 
 

2. Find  L[f(t)], where f(t) =     𝒆𝒕, when 0 < t < 2      

                                                    3, when t > 2                            

Solution:                                                   

                 L{f(t)} = ∫ e−st∞

0
 f(t) dt       

                             = ∫ e−st1

0
 f(t) dt + ∫ e−st∞

1
 f(t) dt       

                             = ∫ e−st1

0
 f(t) dt + ∫ e−st∞

1
 f(t) dt      

                      = ∫ e−st1

0
 𝒆𝒕 dt + ∫ e−st∞

1
 0 dt 

                             =  ∫ e−(s−1)t1

0
 dt    = [

𝑒−(𝑠−1)𝑡

−(𝑠−1)
]

0

1

 

                      = 
𝑒−(𝑠−1)

−(𝑠−1)
 + 

𝑒0

(𝑠−1)
 

                      = 
1− 𝑒−(𝑠−1)

(𝑠−1)
  

∴              L{f(t)} = 
1− 𝑒−(𝑠−1)

(𝑠−1)
 

THEOREM: 

If L[f(t)] = F(s), then L{tf(t)} = 
−𝒅

𝒅𝒔
 F(s) 

Proof: 

               L[f(t)] = F(s) 

                 F(s)   = L[f(t)] 

Taking derivatives on both sides with respect to s, we get 

              
−𝑑

𝑑𝑠
 F(s) = 

−𝑑

𝑑𝑠
 L[f(t)] 

                           = 
−𝒅

𝒅𝒔
 {∫ e−st∞

0
 f(t) dt }   = ∫

𝜕

𝜕𝑠
 [e−st∞

0
 f(t)] dt       

                           =  ∫ −t e−st∞

0
 f(t) dt 

                           = - ∫ e−st∞

0
 [t f(t)] dt 

           
𝑑

𝑑𝑠
 F(s)   =  - L[t f(t)] 

             ∴ L[t f(t)] = 
−𝑑

𝑑𝑠
 F(s) 

(or)        ∴ L[t f(t)] = - 𝐹′(s) 



 
 

Corollary: 

           We have   L[tf(t)] = 
−𝑑

𝑑𝑠
 F(s) 

                          L[t2 f(t)] = L[t.tf(t)]               

                                         = 
−𝑑

𝑑𝑠
 L[t.f(t)]               

                                         = 
−𝑑

𝑑𝑠
  

−𝑑

𝑑𝑠
  L[f(t)]               

                      ∴     L[t2 f(t)] =  (−1)2  
𝑑2

𝑑𝑠2
 F(s)                               

In general, we have 

                  L[tn f(t)] =  (−1)𝑛  
𝑑𝑛

𝑑𝑠𝑛
 F(s)                               

WORKED EXAMPLES: 

1. Find L[ t sin 2t] 

Solution: 

We know that L[t f(t)] = 
−𝑑

𝑑𝑠
 F(s) where F(s) = L[f(t)] 

Here f(t) = sin 2t. 

                             F(s) = L[f(t)] = L[sin 2t] = 
2

𝑠2+4
 

 F(s) = 
2

𝑠2+4
 

                    L[t sin2t] = 
−𝑑

𝑑𝑠
(

2

𝑠2+4
) 

                                    = -  [
0− 2 .  2𝑠

(𝑠2+4)
2 ] 

           = 
4𝑠

(𝑠2+4)2
 

               ∴ L[ t sin 2t] = 
4𝑠

(𝑠2+4)2
 

2. Find L [𝒕𝟐𝒆−𝟑𝒕] 

Solution: 

We know that L[t2 f(t)] =  (−1)2  
𝑑2

𝑑𝑠2
 F(s)  where F(s) = L[f(t)]. Here f(t) = 𝑒−3𝑡                             

      L[t2𝑒−3𝑡] =  (−1)2  
𝑑2

𝑑𝑠2
 L[𝑒−3𝑡] =  

𝑑2

𝑑𝑠2
 

1

𝑠+3
        



 
 

                                    =   
𝑑

𝑑𝑠
  [

𝑑

𝑑𝑠
(

1

𝑠+3
)]                 

                                    =  
𝑑

𝑑𝑠
  [(

0−1

(𝑠+3)2)]             

                                    =    
0+2(𝑠+3)

(𝑠+3)4
    

                                    =   
2

(𝑠+3)3
   

            ∴     L[t2𝑒−3𝑡] =  
2

(𝑠+3)3
 

3. Find L[t 𝒄𝒐𝒔𝟑t] 

Solution: 

                 L[t 𝑐𝑜𝑠3t] = L [𝑡 (
cos 3𝑡+3 cos 𝑡

4
)] 

                                   = 
1

4
 {L[t cos 3t] + 3L[t cos t]} 

                                   = 
1

4
 {

−𝑑

𝑑𝑠
L[ cos 3t]  − 3

𝑑

𝑑𝑠
L[ cos t]}  

                                   = 
1

4
 {

−𝑑

𝑑𝑠
(

𝑠

𝑠2+9
) − 3

𝑑

𝑑𝑠
(

𝑠

𝑠2+1
)} 

                              = 
−1

4
{

(𝑠2+9)−𝑠.2𝑠

(𝑠2+9)2
 } - 

3

4
{

(𝑠2+1)−𝑠.2𝑠

(𝑠2+1)2
 } 

        = 
−1

4
{

−𝑠2+9

(𝑠2+9)2
 } - 

3

4
{

−𝑠2+1

(𝑠2+1)2
 } 

        = 
1

4
{

𝑠2+9

(𝑠2+9)2
 } + 

3

4
{

𝑠2+1

(𝑠2+1)2
 } 

                 ∴ L[t 𝑐𝑜𝑠3t] =  
1

4
{

𝑠2+9

(𝑠2+9)2
 } + 

3

4
{

𝑠2+1

(𝑠2+1)2
 } 

4. Find L[ 𝒕𝟐𝒆𝒕 𝒔𝒊𝒏 𝒕] 

Solution: 

We know that L[t2 f(t)] =  (−1)2  
𝑑2

𝑑𝑠2
 F(s)  where F(s) = L[f(t)]. 

                        L[𝑡2𝑒𝑡 𝑠𝑖𝑛 𝑡 ] =  (−1)2  
𝑑2

𝑑𝑠2
 L[𝑒𝑡 𝑠𝑖𝑛 𝑡]                                       (1) 

Now,                   L[𝑒𝑡 𝑠𝑖𝑛 𝑡] =    
1

(𝑠−1)2+1
                                                           (2) 

 

 



 
 

Substituting (2) in (1), we get 

                        L[𝑡2𝑒𝑡 𝑠𝑖𝑛 𝑡 ] =   
𝑑2

𝑑𝑠2
 [

1

(𝑠−1)2+1
] 

                                        =  
−𝑑

𝑑𝑠
  [

0−2 (𝑠−1)

((𝑠−1)2+1)2
] 

                                               =  
−𝑑

𝑑𝑠
  [

−2 (𝑠−1)

(𝑠2−2𝑠 +2)2
] 

                       =   
(𝑠2−2𝑠 +2)

2
(−2)+ 2 (𝑠−1)2(𝑠2−2𝑠 +2)(2𝑠−2)

(𝑠2−2𝑠 +2)4  

                   =     
2(𝑠2−2𝑠 +2)[−(𝑠2−2𝑠 +2)+4(𝑠−1)2] 

(𝑠2−2𝑠 +2)4  

                   =     
2(𝑠2−2𝑠 +2)[−𝑠2+2𝑠−2+4𝑠2+4−8𝑠] 

(𝑠2−2𝑠 +2)4  

                   =     
2(𝑠2−2𝑠 +2)[3𝑠2−6𝑠+2] 

(𝑠2−2𝑠 +2)4  

                   =     
2[3𝑠2−6𝑠+2] 

(𝑠2−2𝑠 +2)3  

∴  L[𝑡2𝑒𝑡 𝑠𝑖𝑛 𝑡 ]  =     
2[3𝑠2−6𝑠+2] 

(𝑠2−2𝑠 +2)3  

THEOREM: 

If L[f(t)] = F(s) and if   
𝒇(𝒕)

𝒕
 has a limit as t → 0, then L [

𝒇(𝒕)
𝒕

 ] = ∫ 𝑭(𝒔)
∞

𝐬
  𝐝𝐬 

Proof: 

               Given F(s) =  L{f(t)} = ∫ e−st∞

0
 f(t) dt       

         ∫ 𝐹(𝑠)
∞

𝑠
 ds  = ∫ ∫ e−st 𝑓(𝑡)

∞

0

∞

𝑠
𝑑𝑡 𝑑𝑠 

                                                  = ∫ 𝑑𝑠
∞

𝑠
 ∫ e−st 𝑓(𝑡)

∞

0
 𝑑𝑡 

[∵ s and t are independent variables and hence the order of integration in the double integral 

can be interchanged] 

                                ∫ 𝐹(𝑠)
∞

𝑠
 ds  = ∫ 𝑑𝑡

∞

0
 ∫ e−st 𝑓(𝑡)

∞

𝑠
   

                                                  = ∫ 𝑓(𝑡)𝑑𝑡
∞

0
 ∫ e−st 

∞

𝑠
𝑑𝑠 

                                                  = ∫ 𝑓(𝑡)𝑑𝑡
∞

0
[

e−st

−𝑡
]

𝑠

∞

 



 
 

                                                = ∫
e−st

−𝑡
𝑓(𝑡)𝑑𝑡

∞

0
     

                                                =  ∫ e−st∞

0
 [

𝑓(𝑡)

𝑡
] dt    

                                                = L[
𝑓(𝑡)

𝑡
]                          

                              ∴  L[
𝑓(𝑡)

𝑡
]    = ∫ 𝐹(𝑠)

∞

𝑠
 ds ,F(s) = L[f(t)] 

WORKED EXAMPLES: 

1. Find L [
𝐬𝐢𝐧 𝒂𝒕

𝒕
]. Hence show that ∫

𝐬𝐢𝐧 𝒕

𝒕

∞

𝟎
 dt = 

𝝅

𝟐
 

Solution: 

                              L [
sin 𝑎𝑡

𝑡
]  =  ∫ 𝐿[𝑠𝑖𝑛𝑎𝑡] 𝑑𝑠

∞

𝑠
  

                                                = ∫
𝑎

𝑠2+𝑎2

∞

𝑠
 ds 

                                                = a ∫
1

𝑠2+𝑎2

∞

𝑠
 ds 

                                                = a [
1 

𝑎
 𝑡𝑎𝑛−1 (

𝑠

𝑎
)]

𝑠

∞

  

                                                = tan−1 ∞ -  𝑡𝑎𝑛−1 (
𝑠

𝑎
) 

                                                 =  
𝜋

2
 - 𝑡𝑎𝑛−1 (

𝑠

𝑎
)     

                                                 = 𝑐𝑜𝑡−1 (
𝑠

𝑎
) 

                       ∴      L [
sin 𝑎𝑡

𝑡
] = 𝑡𝑎𝑛−1 (

𝑎

𝑠
) 

Deduction: 

              We have  L [
sin 𝑎𝑡

𝑡
] = 𝑡𝑎𝑛−1 (

𝑎

𝑠
) 

Putting a = 1, and s → 0, we get 

                            ∫
sin 𝑡

𝑡

∞

0
 dt  = tan−1(∞)  

                                               = 
𝜋

2
 

                          ∴ ∫
sin 𝑡

𝑡

∞
0

 dt  = 
𝜋

2
 

 

 

 



 
 

2. Find L [
𝟏− 𝒆𝒕

𝒕
] 

Solution: 

                              L [
1− 𝑒𝑡

𝑡
]   = ∫ 𝐿[1 − 𝑒𝑡] 𝑑𝑠

∞

𝑠
 

                                                 =  ∫ 𝐿[1] − 𝐿[ 𝑒𝑡] 𝑑𝑠
∞

𝑠
   

                                                 =  ∫ [
1

𝑠
−

1

𝑠−1
]  𝑑𝑠

∞

𝑠
   

                                                 = [log 𝑠 − log(𝑠 − 1)]𝑠
∞ 

      = log [
𝑠

𝑠−1
]

𝑠

∞

 

                                                   = log [
1

1−
1

𝑠

]
𝑠

∞

 

                                                  = log 1 – log 
1

1−
1

𝑠

  

                                          = 0 – log 
𝑠

𝑠−1
 

                                          = log [
𝑠

𝑠−1
]

−1
 

                                          = log [
𝑠−1

𝑠
] 

                    ∴   L [
1− 𝑒𝑡

𝑡
]     = log [

𝑠−1

𝑠
] 

 

3. Find L [
 𝒆𝒂𝒕−𝒄𝒐𝒔 𝟔𝒕

𝒕
] 

Solution: 

                         L [
 𝑒𝑎𝑡−𝑐𝑜𝑠 6𝑡

𝑡
] = ∫ 𝐿[ 𝑒𝑎𝑡 − cos 6𝑡] 𝑑𝑠

∞

𝑠
 

                                                   = ∫ {𝐿[𝑒𝑎𝑡] − 𝐿[cos 6𝑡]} 𝑑𝑠
∞

𝑠
 

                                                   = ∫ [
1

𝑠−𝑎
−  

𝑠

𝑠2+36
] 𝑑𝑠

∞

𝑠
 

                                                   = [log(𝑠 − 𝑎) −
1

2
 log (𝑠2 + 36)]

𝑠

∞

 

       = [log(𝑠 − 𝑎) −  log (𝑠2 + 36)
1

2]
𝑠

∞

 



 
 

                                                   = [log
(𝑠−𝑎)

√𝑠2+36
]

𝑠

∞

 

                                                   =   [log
1− 

𝑎

𝑠

√1+ 
36

𝑠2

]

𝑠

∞

  

                                                    = log 1 – log [
1− 

𝑎
𝑠

√1+ 
36

𝑠2

]         

                                                         =  - log [
(𝑠−𝑎)

√𝑠2+36
] 

                                                    =  log [
(𝑠−𝑎)

√𝑠2+36
]

−1

                

                                                    =   log [
√𝑠2+36

(𝑠−𝑎)
] 

                  ∴     L [
 𝑒𝑎𝑡−𝑐𝑜𝑠 6𝑡

𝑡
] =  log [

√𝑠2+36

(𝑠−𝑎)
]                            

                                             

4. Find L [
 𝒄𝒐𝒔 𝟒𝒕𝒔𝒊𝒏𝟐𝒕

𝒕
] 

Solution: 

                   L [
 𝑐𝑜𝑠 4𝑡 𝑠𝑖𝑛2𝑡

𝑡
]  =  ∫ 𝐿[cos 4𝑡 sin 2𝑡] 𝑑𝑠

∞

𝑠
  

                                               = ∫ 𝐿 [
sin 6𝑡−𝑠𝑖𝑛2𝑡

2
] 𝑑𝑠

∞

𝑠
 

                                               = 
1

2
  ∫ 𝐿[sin 6𝑡 ] − L[sin 2𝑡] 𝑑𝑠

∞

𝑠
 

                                               = 
1

2
  ∫ [

6

𝑠2+36
−

2

𝑠2+4
 ]  𝑑𝑠

∞

𝑠
  

                                               = 
1

2
 [6

1

6
 𝑡𝑎𝑛−1 (

𝑠

6
) − 2

1

2
𝑡𝑎𝑛−1 (

𝑠

2
)]

𝑠

∞

 

                                               = 
1

2
[𝑡𝑎𝑛−1(∞) − 𝑡𝑎𝑛−1(∞) −  𝑡𝑎𝑛−1 (

𝑠

6
) +  𝑡𝑎𝑛−1 (

𝑠

2
)] 

                                               = 
1

2
[

𝜋

2
−  

𝜋

2
− 𝑡𝑎𝑛−1 (

𝑠

6
) +  𝑡𝑎𝑛−1 (

𝑠

2
)  ]  

                                               = 
1

2
[𝑡𝑎𝑛−1 (

𝑠

2
) −  𝑡𝑎𝑛−1 (

𝑠

6
)  ] 

               ∴ L [
 𝑐𝑜𝑠 4𝑡 𝑠𝑖𝑛2𝑡

𝑡
]  = 

1

2
[𝑡𝑎𝑛−1 (

𝑠

2
) −  𝑡𝑎𝑛−1 (

𝑠

6
)  ] 

 

 



 
 

INVERSE LAPLACE TRANSFORM 

DEFINITION: 

                 If the Laplace Transform of a function f(t) is F(s) that is L[f(t)] = F(s) then f(t) is 

called an Inverse Laplace Transform of F(s) and it is denoted by  

                                                f(t) = 𝐿−1[F(s)] 

Here 𝐿−1 is called the Inverse Laplace Transform Operator. 

Thus if                                L[𝑒𝑎𝑡] = 
1

𝑠−𝑎
 

Then                               L−1 [
1

𝑠−𝑎
] = 𝑒𝑎𝑡 

Some Standard Inverse Laplace Transform as follows: 

1. L−1 [
1

𝑠−𝑎
] = 𝑒𝑎𝑡 L[𝑒𝑎𝑡] = 

1

𝑠−𝑎
 

2. L−1 [
1

𝑠+𝑎
] = 𝑒−𝑎𝑡 L[𝑒−𝑎𝑡] = 

1

𝑠+𝑎
 

3. L−1 [
𝑎

𝑠2+𝑎2] = sin at L[sin at] = 
𝑎

𝑠2+𝑎2
 

4. L−1 [
𝑠

𝑠2+𝑎2] = cos at L[cos at] = 
𝑠

𝑠2+𝑎2
 

5. L−1 [
𝑎

𝑠2−𝑎2] = sin h at L[sin h at] = 
𝑎

𝑠2−𝑎2
 

6. L−1 [
𝑠

𝑠2−𝑎2] = cos h at L[cos h at] = 
𝑠

𝑠2−𝑎2
 

7. L−1 [
1

𝑠
] = 1 L[1] = 

1

𝑠
 

8. L−1 [
1

𝑠2] = t L [t] = 
1

𝑠2
 

9. L−1 [
𝑛!

𝑠2
] = 𝑡𝑛 L[𝑡𝑛] = 

𝑛!

𝑠2
 

10 L−1 [
1

(𝑠−𝑎)2] = 𝑡𝑒𝑎𝑡 L[𝑡𝑒𝑎𝑡] = 
1

(𝑠−𝑎)2 

 

 

 

 

 



 
 

LINEAR PROPERTY: 

       If 𝑭𝟏(s) and  𝑭𝟐(s) are Laplace Transforms of 𝒇𝟏(t) and 𝒇𝟐(t) respectively, then  

                              𝑳−𝟏[ 𝒄𝟏𝑭𝟏(s) +  𝒄𝟐𝑭𝟐(s) ] = 𝒄𝟏 𝑳−𝟏[𝑭𝟏(s)] + 𝒄𝟐 𝑳−𝟏[𝑭𝟐(s)] 

Where 𝒄𝟏 and 𝒄𝟐 are constants. 

Proof: 

We know that     L[𝑐1𝑓1(𝑡) +  𝑐2𝑓2(𝑡)] = 𝑐1 L [𝑓1(𝑡)] +  𝑐2 𝐿 [𝑓2(𝑡)] 

                           L[𝑐1𝑓1(𝑡) +  𝑐2𝑓2(𝑡)] = 𝑐1 𝐹1(s) + 𝑐2 𝐹2(s) 

{∵ L[𝑓1(𝑡)] =  𝐹1(s)  and  L[𝑓1(𝑡)] =  𝐹2(s)}   

                             𝑐1𝑓1(𝑡) +  𝑐2𝑓2(𝑡)    = 𝐿−1[𝑐1 𝐹1(s) + 𝑐2 𝐹2(s)] 

                                                              = 𝑐1 𝐿−1[𝐹1(s)] + 𝑐2 𝐿−1[𝐹2(s)]  

                 ∴   𝐿−1[ 𝑐1𝐹1(s) +  𝑐2𝐹2(s) ] = 𝑐1 𝐿−1[𝐹1(s)] + 𝑐2 𝐿−1[𝐹2(s)] 

WORKED EXAMPLES: 

1. Find 𝑳−𝟏 [
𝟏

𝒔− 𝟑
+ 

1

𝑠
+ 

𝒔

𝒔𝟐−𝟒
 ] 

Solution: 

      𝐿−1 [
1

𝑠− 3
+ 

1

𝑠
+ 

𝑠

𝑠2−4
 ] = 𝐿−1 [

1

𝑠− 3
 ]+𝐿−1 [ 

1

𝑠
] + 𝐿−1 [ 

𝑠

𝑠2−4
 ] 

                                                               = 𝑒3𝑡+ 1+ cos h 2t 

                                                               = 𝑒3𝑡+  cos h 2t + 1 

            ∴     𝐿−1 [
1

𝑠− 3
+ 

1

𝑠
+  

𝑠

𝑠2−4
 ]  = 𝑒3𝑡+  cos h 2t + 1 

 

2. Find 𝑳−𝟏 [
𝟏

𝒔𝟐
+

𝟏

𝒔 + 𝟒
+  

𝟏

𝒔𝟐+ 𝟒
+ 

𝒔

𝒔𝟐−𝟗
 ] 

Solution: 

𝐿−1 [
1

𝑠2
+

1

𝑠 +  4
+   

1

𝑠2 +  4
+  

𝑠

𝑠2 − 9
] 

                                        = 𝐿−1 [
𝟏

𝒔𝟐
 ]+𝐿−1 [ 

𝟏

𝒔 + 𝟒
] + 𝐿−1 [ 

1

𝑠2+ 4
 ] + 𝐿−1 [ 

𝑠

𝑠2−9
 ] 

                                        = t + 𝑒−4𝑡+ 
𝒔𝒊𝒏 𝟐𝒕

𝟐
 + cos h 3t 

   

∴ 𝐿−1 [
1

𝑠2
+

1

𝑠 + 4
+  

1

𝑠2+ 4
+ 

𝑠

𝑠2−9
]  = t + 𝑒−4𝑡+ 

𝒔𝒊𝒏 𝟐𝒕

𝟐
 + cos h 3t 



 
 

FIRST SHIFTING PROPERTY: 

RESULT 1: 

             We know that if L[f(t)] = F(s), then 

                            L[𝑒−𝑎𝑡 f(t)]    =  F(s + a) 

                           𝐿−1[F(s + a)]   = 𝑒−𝑎𝑡 f(t) 

                                                   = 𝑒−𝑎𝑡 𝐿−1[F(s)] 

WORKED EXAMPLES: 

1. Find   𝑳−𝟏 [
𝟏

(𝒔+𝟏)𝟐
 ]    

Solution: 

                       𝐿−1 [
1

(𝑠+1)2
 ]   = 𝑒−𝑡 𝐿−1 [

1

𝑠2
 ] 

                                          = 𝑒−𝑡 . t 

                      ∴     𝐿−1 [
1

(𝑠+1)2
 ]   = 𝑒−𝑡 . t 

2. Find   𝑳−𝟏 [
𝒔

(𝒔+𝟐)𝟐+𝟏
 ]    

Solution: 

                𝐿−1 [
𝑠

(𝑠+2)2+1
 ]    =  𝐿−1 [

𝑠+2−2

(𝑠+2)2+1
 ] 

                                             = 𝐿−1 [
𝑠+2

(𝑠+2)2+1
 ] - 2𝐿−1 [

1

(𝑠+2)2+1
 ] 

 = 𝑒−2𝑡 𝐿−1 [
𝑠

𝑠2+1
 ] -2 𝑒−2𝑡 𝐿−1 [

1

𝑠2+1
 ] 

 = 𝑒−2𝑡 cos t - 2𝑒−2𝑡 sin t 

 = 𝑒−2𝑡 (cos t – 2 sin t) 

                   ∴ 𝐿−1 [
𝑠

(𝑠+2)2+1
 ]    =  𝑒−2𝑡 (cos t – 2 sin t) 

 

 

 

 

 



 
 

 

3. Find 𝑳−𝟏 [
𝟏

(𝒔−𝟒)𝟓
+

𝟓

(𝒔−𝟐)𝟐+ 𝟓𝟐
+ 

𝒔+𝟑

(𝒔+𝟑)𝟐−𝟔𝟐
] 

Solution: 

𝐿−1 [
1

(𝑠 − 4)5
+

5

(𝑠 − 2)2 +  52
+ 

𝑠 + 3

(𝑠 + 3)2 − 62
] 

            

=  𝐿−1 [
1

(𝑠−4)5
] + 𝐿−1 [

5

(𝑠−2)2+ 52
] + 𝐿−1 [

𝑠+3

(𝑠+3)2+ 62
] 

= 𝑒4𝑡 𝐿−1 [
1

𝑠5
] + 𝑒−2𝑡 𝐿−1 [

5

𝑠2+ 52
] + 𝑒−3𝑡 𝐿−1 [

𝑠

𝑠2+ 62
] 

= 𝑒−2𝑡 
𝑡4

4!
  + 𝑒2𝑡 sin 5t + 𝑒−3𝑡 cos 6t 

CHANGE OF SCALE PROPERTY: 

If L[f(t)] = F(s), then  𝑳−𝟏[F(as)] = 
𝟏

𝒂
 𝒇 (

𝒕

𝒂
), a > 0. 

Proof: 

                       F(s) = L[f(t)] 

                               = ∫ e−st∞

0
 f(t) dt    

                     F(as)  = ∫ e−ast∞

0
 f(t) dt    

Put                       at = 𝑡1                              when t = 0,    𝑡1 = 0 

                            dt  = 
𝑑𝑡1

𝑎
                        when t = ∞   𝑡1 = ∞ 

                                  =  ∫ e−s𝑡1
∞

0
 f(

𝑡1

𝑎
) 

𝑑𝑡1

𝑎
     

                                  = 
1

𝑎
 ∫ e−s𝑡1

∞

0
 f(

𝑡1

𝑎
)  𝑑𝑡1 

                                   = 
1

𝑎
 ∫ e−st∞

0
 f(

𝑡

𝑎
)  𝑑𝑡  

                                   = 
1

𝑎
 L [f (

𝑡

𝑎
)] 

             ∴  𝐿−1[F(as)] = 
1

𝑎
 𝑓 (

𝑡

𝑎
) 

 

 

 



 
 

WORKED EXAMPLE: 

 If   𝑳−𝟏 [
𝒔𝟐−𝟏

(𝒔𝟐+𝟏)𝟐
] = t cos t, then find   𝑳−𝟏 [

𝟗𝒔𝟐−𝟏

(𝟗𝒔𝟐+𝟏)𝟐
] 

Solution: 

                𝐿−1 [
𝑠2−1

(𝑠2+1)2
] = t cos t 

Writing as for s, 

                 𝐿−1 [
𝑠2−1

(𝑠2+1)2
] = 

1

𝑎
 
𝑡

𝑎
 cos (

𝑡

𝑎
) 

Putting a = 3, 

                  𝐿−1 [
9𝑠2−1

(9𝑠2+1)2
] = 

1

3
 
𝑡

3
 cos (

𝑡

3
) 

∴                   𝐿−1 [
9𝑠2−1

(9𝑠2+1)2
] =  

𝑡

9
 cos (

𝑡

3
) 

RESULT: 

          We  know that if L[f(t)] = F(s), then L[t f(t)] = 
−𝑑

𝑑𝑠
 F(s) 

                            ∴  𝐿−1[𝐹′(s)] = -t  𝐿−1[F(s)] 

                                

 

 

 


