Numerical Mérhoc-xif;...;y

3y :}—’nJ‘-‘I'-I:)"n. lh [f(xn,yn)-}-f(x + h, yn"”hf(l,,,v ))]

- Y1=Yo+ "'h [f (xo» .)’0) + (X1, Yo+ A f (x4, o))l SRR (1)
=O+9‘—,-2"‘ [y0+exu+y0+h (3"0‘!" ex-n) + ﬂ"‘n‘*h]

—(0-1)[0+1+0+02(0+ 1)+ 22
y(02)=(0-D) [1+0-2 + 1.2214] = 0-24214

1
y2=n+5 A LF(x, )’1) G+ Ay F Ry, )] -(2)

Here f(x;,y) =y +€1=024214+ %2 = 1.46354
y, + h_f(xh y,) =0-24214 + 0-2)(1 '463‘)4) == 0-53485
f@ + b,y + R (x,¥1)) =F(0-4, 0-53485)

= 0-53485 + %4
=2-02667

using (2),
y>=y(0-4) = 024214+(0 1)[1-46354 -+ 2. '02667]

=0-59116
¥ (0-4) =0-59116
Example 4. Compute y at x = 0-25 by Modified Euler method given
Yy =2xy, y (0) = 1. (BR. Nov. ]995)
Solution. Here, f(x, y) =2xy : xo=0, yo= 1.
Take h =0-25, x; =0-25
By Modified Euler method,

Snar =yt k| F(xat g Sur g S )| )

yl.zy0+h[f(xo+%h, Yo +%hf(x0,y0) )]
f (o, Yo) = (0, 1) =2(0)(1) = 0. |
yi=1 +_(O-25) [F(0-125,1)] :
=1+ (025 [2x0-125%x 1]
y (0-25) = 1-0625

: d 2
By solving -d—i=2xy, we get y=¢  using y (0) = 1,
y (0-25) = %% = 1.0645 7
Exact value of y (0-25) = 1 064‘: . ]

b =

Error is only 0-002.
Nete: To improve theTesult we can take A = 0-125 and get y (0-125) first and

then get y (0-25). Of course, labour is more.
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B ErfLL iormm ey pg
ple 5- S°P¢ the equatton 2= 1=y, given 3(0) = 0 ysing
EX8 se method and tabulate the soluiions ar x — 0-1, 0
E“[er [ts with the evact solutions, » U2, and
diff are YOUT L 17
5{;__6‘0”“’ g ¢t the solutions by Impreved ufer .mel’hod {Anna Ap. 2005)
AlsO- . (B.R. Nov. ;¢ W9 1)
Hch, Xp —] O,. Yo = “, Xy () .i.-, R “?, Xy o ) AN = ()1
on . .
golﬂ,ﬂ 1=y - Fleyy: Loy FAxg yp) = 1 —yy = 1
y= thod,
sed Euler me
, Mo odift N “’ ) |
=y, +izf(xn o B Yt N, Y (1)
Yn+1 2
’ 1 4.k Fix ) .
— yo + f| %o +»--Iz, Yoty /n (Xg» Yp) ()
N- - .
15,009, _ oo
oty h=<g G

‘ 01
vo F % hf (Xo, Yo) = 0+ =57 [11:= 005

N1
..y(o 1) = 0-095

f(xl,)h)-‘ 11—y
+hf(x1 +;h y+ hf(xl,)’l))

— 0-095 + (0-1) [ £ (0-15,0-14025)]
. ~0.095+ (0-1) [1 — 0-14025]
y(02) = 0:18098

1
Cy3=Y2t hf(xz to h,y, +—5 hf(xg, yz)J ..(3)

wing @ 0 0.1 [F(0-05, 0-05)] =+ (0-1)(L- - 005)
= 0-905;

Yo =

1
— h=0-25
x2+2h 0

y2+é-hf(-x,2, y,) = 0-18098 + (0:05) [1—0-18098]

=0-22193
wing (3), we get
y(03)=y, =0-18098 + (0-1) [1 — 0-22193]=0- 253737

d dy
Exact solution: zy =1-—y gives 1-y i

" ~log(1—y)=x+c
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" . tl-l
| —y=¢ "A . y=1-—¢€ * t)%
At x=0,y=0 A= Ny
using this exact solution, , ..(}.1 —0-09516258
y (0-1)= L _0-181269247 “q
y(O2D= ™" 03_0.259181779 )
y (03)= 1;
tho »
By Improved Euler me
+hy,thf(x
Yne1=Y +2h[f(x , )+ On " AN
n+ n
+ h f (xo,
Y1 = Yo +"1é' h [f(xO’ yo) "!"f(xlv Yo 0 yO))] \‘(S
_y=1—-0=1 )
| fGpy =177
o F(xy, Yo+ b S o yo» =f(0-1.0D=1-q, S 0. 5
i\ using in (6), 0-19
B Ao
y }’1=)'(01) 0+"‘[1+09] 2. s
d y2=y1+7 Ly L f Gy yp) +F G 1 H Ry
& 4 2= Y1
:§ 05
'J..'i' fFxnL,yd= 1—»= 1-0 095 =0 95 + (0-1)(0-905) “‘(7)
.- f(xz,y1+hf(xle’1))—-f(02 0-09 5)):.-:0_8145
using in (7), we get
=y (02)=0- 095+——— [0-905 + 0-8145)
y (0-2) = 0-18098
yam v+ h B IF Gz 3D+ G Y2+ 1 F Gy 1
£ yp) =1 —y,= 1 — 0-18098=0-81902 ~(®) SO
Yo+ A f(xs, y) =0 18098 + (0-1)(0-81902) = 0-26288 :
using in (8),
_ o-1
y3 =y (0-3) =0-18098+ 7~ [0-81902+ 1 —0-26288
y (0-3) =0-258787
The values are tabulated. ‘
x Modifted Euler Improved Euler Exact solution
0-1 0-095 0-095 0-09516
0-2 0-18098 0-18098 0-18127
0-3 0-258787 0-258787 0-25918
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Modified Euler and Improved Euler methods give the same values
correct to six decimal places.

Numerical Solution of Ordinary Differential Equations

Example 6. Given y = X -y.y (0) =1, find correct to four decimal
plac‘es the value of y (O- i) by uSing Impruved Fuler method.

Solution. By improved Euler method,

1 e : . L
VYna1 =Yn+ 5 hLSf (x"”_ﬂ;_"’."_’,‘l'f-_-f (&, by, vk (X, YD)

1 .
¥y1 =Yo +5 A [f(xy Yo) + (x5, yo -+ R Fxe, Yol
;t0=01y0=],x1 =O'] EEL)
f(xo,yo)=x§-—y0=-0— [ == -1
y0+hf(x0’ yo) =1+ O-1NHN(E—1)==1--01=09

f(x1, Yo+ hf (xg, Yo)) = xf‘ we -9 == (O 1)'“" - (0-9) = — 0-89

0O-1
yi=1+ > [— 1+ (—0-89)]

y@©1=1 _92_1X 1-89 = 0-9055.

Example 7. Using improved Euler method find y at x = 0-1 and y at
X = 02 giVEH

dy 2x
ax YTy y(O)=1. (MS. Ap. 1991)
Solution. By Improved Euler method, B
1
Yna1=Yn+ 5 B LS Gp yp) +F Cp+ A, yp + Bf (g Y] (1)
- 1 |
¥1 =Yo +7% k If (0. ¥0) +S (x1. Yo + A f (xo, Y0))] (2

f(xn,)’o)=)’o—yﬂ=1 —0=1
o

£ Gy Yo + Af (Xo» Y0)) =F(0-1, 1-1) = 1-1 —ﬂxl_(l’—'ll=o-91318

-1 : -
yO1=y,=1 +95— [1+ 0-91818] = 1-095909

1 ' :
Y2=¥(02) =y, + 5 h [f(x1. y) +f O 71 + A f oy )
2x, 2% 0-1
X1, Y1) =¥ —— =1-095900 — =
Ty =N =5, 1-095909
=0-913412

Fe +hf(x1. ¥1)) =1 (0-2, 1-095909 + (0-1)(0-913412))
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2xX0-2
=f(0-2,1-18732) = 1-18732— 118732 0._-'850-4268
using in (3),
¥> = 1-095909 + [0 913412+ 0-850427]
=1-1841009 _
x | 0 0-1 o2 |
y 1 1-095907 1-1841009 |
Example 8. Using Modified Euler method, find y (0-2), y (0-1) given
dy
=X +y.y(0) = (MS. Ap. ’92)

Solution. Here, x5=0, yo=1, h—Ol x; =0-1, fx y)=x" + 37

By Modified Euler method,

1 1
Yi=Yo+ hf[XO'*"E h, y0+5 h f (xq, yo)) (1)

1 1
Yo+ '5 h f(xg. Yo) = Yo +_ h x% + }%)

=1 +-u(0+ 1)=1-05

using in (1) \
yy =1+ (0-1) [ f(0-05, 1-05)]

y (0-1) = 1 + (0-1) [(0-05)% + (1-05)*] = 1-1105
1 1
Y2=¥ +hf(x1 +E h, y, +§hf(x1, )’1))
F(xy, ¥p) =£(0-1, 1-1105) = (0-1)*+ (1-1105)* = 1-24321

+ 2 B f ey, y1) = 11105 + (0-05)(1-24321) = 1-172660 -

y,=1-1105+(0-1) [ f(0-15, 1-172660)]

= 1-1105 + (0-1) [(0-15)* + (1-17266)°]
y (0-2) = 1-25026.

EXERCISE 11.3

1. Compute y (0-3) taking A = 0-1 given — =y e
Euler method.
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Numerical Solution .of Ordinary Differential Equations 379

2.

7.

10.

11.
12.

13.
14.
15.

16.
17.

18.

, d
Find y (0:6), ¥y (0-8), y (1) given jé=x+y-y(0)=0 taking iz = 0-2 by

improved 'Euler method.
Using Improved Euler method find

y dy 2
y (0-2), ¥y (0-4) given E=y—l-.r ,y(0)=1.

Use Euler’s method to find y (0-4) given Yy =xy,y(0)=1.
— X

Use Improved Euler method to find y (0-1) given y =-y+ —y 0)=1.

Use Modified Euler method and obtain y (0-2) given

—f‘—)-’-=]og (x+»),y (0= 1, h=0-2.

dx
Using Modified Euler rmethod, get y (0-2), y (0-4), y (0-6) given

By y O =1

dx
Using Euler’s Improved method, find y (0-2), ¥y (0-4) given
d _
-d—i=x+h!y I, y()=1.
Find y (0-1) given y’ =x? + vy, ¥y (0)=1 using Improved tuler method.

Using Euler’s method do the problems (10-11):
Find y (1-5) taking i = 0-5 given
Y=y—1,y(0)=1-1.
Ify=1+y%y(0)=1,h=0-1, find y (0-4).
Use Euler’s improved method to calculate y (0-3), taking A = 0-1, and

]

y'=y+sinx,y(0)=2.

Find y (1-6) if yY =xlogy—ylogx,y (1)=1 if h=0-1.
dy 2y

Find by Improved Euler to get y (1-2), y (1-4) given Eré: ?) 4+ if y (1) = 0.

Use Improved Euler and Modified Euler method, to get y (1-6) if

dy 2 ¥ .
dx—y —x* if y (1) =1.

Solve y' = 3x° +y given y (0) = 4, if k= 0-25 to obtain y (0-25). y (0-5).

: 1
Given y’=Z——5-x2y3;y(l)=——-— find y (2) if & = 0-125.
x 2 2

Find y (0-2) by Improved Euler method, given y =—x7.y(0)=2 if
h=0-1.

11-12. Runge-Kutta Method

The use of the previous methods to solve the differential equation

numerically is restricted due to either slow convergence or due to labour
involved, especially in Taylor-series method. But, in Runge-Kutta
methods, the derivatives of higher order are not required and we require
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only the given function values at different points. Since the derivation of
fourth order Runge-Kutta method is tedious, we will derive Runge-Kutta
method of second order.

11-13. Second order Runge-Kntta method (for first order O.D.E.)

dy . _
AIM. To solve -‘;i— =f(x, y) given y (xg5) = y,. (1)
Proof. By Taylor series, we have,
n
y (x+ h) =y (¥) + by (x) + 57 Y7(x) + O (h°) (2)
Differentiating the equation (1) w.r.t. x,
, af of dy g
Y =ax T oy dx =l Y L=t S ..(3)

Using the values of y” and y”* got from (1) and (3), in (2), we get,
1
y (x+h) =y () =hf+3 h* [+ 1]+ O

Ay = hf+7 B? (F, + 1) + O™ (@)
Let Ayy=k;=f(x,y). Ax=hf(x,y) ---(3)
Ay =k, =h f(x+ mh,y + mk)) --.(6)

and le Ay = ak, + bk, (7). |

where a, b and m are constants to be determined to get the better accuracy

of Ay.
Expand k, and Ay in powers of A.
Expanding k,, by Taylor series for two variables, we have
k,=hf(x+mh,y+ mk;)

(mh—'—'+mkla )f -

=h f+ mh £, + mhff, + ] (8)
since k; =hf |
= h f+ mh® ( f,+ff,) + -- -higher powers of h {9

_ Substituting ky, &, in (7),
Ay = ahf+ b [h f4mh? (f, + 1) + O(h3)]

= (@ + b} hf+ bmh> (f,+ ff,) + O(R>) ...(10)_;_ii-_4

Equating Ay from (4) and (10), we get
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=h f+ mh* (f, +Jff,) + --- higher powers of & -+-(9)
Substituting k;, k, in (7),
Ay = ahf+ b [h F+mh® (f,+ff,) + 0(;13)]
=(a+b) hf+ bmh® (f.+ ff,) + O(K*) ...(10)
Equating Ay from (4) and (10), we get

a+b=1 and bm=% (1)

Now we have only two equations given by (1) to solve for three
unknowns a, b, m.

From a+b=1,a=1—>b and also m='L using (7),

. 2b
Ay = (1 — b) ky + bk,

where ky=hf(xy) .
h h
k2=kf(x+§gvy+§'£)
Now Ay=y(x+h)—y(x)
= 1—b)hA bF v +£
Ly (x+ )=y @)+ A =b)hf+bhf|x+7>y+5p
ie., Yn+1 =yn+ (1 - b) hf(xn’ yn)

o ko 3
+ bhf[x,, +55 ’)_f"+ TRAGE: yn))+ O(h™)

From this general second order Runge-Kutta formula, setting

— ~

—_—

a=0,b=1,m =% » we get the second order Runge-Kutta algorithm as

ky = hf (x, ¥)
1 1 : Prage
k, = hf| x+ > h,y+ > k, Second order R.K. algorithm
and Ay=K, where h=Ax.

Since the derivations of third and fourth order- Runge-Kutta
algorithms are tedious, we state them below for use.

The third order Runge-Kutta method algorithm is given below:
ky=hf(xy)
ko = hf(x + %_h’ y +% kl) ~ Third order

kz;'= RfGe+h,y+2k, — k) R.K. algorithm

and Ay ='% (ky + 4k, + k3)
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srobliems unless otherwise menuoned. It 1s

Numerical 'Meinodz-7y

Fourth order 5
R_K. zlgorithm J

m'
Working Rule: To sclve E%r- =7(x 3.5 o) =0

Czicuiate

ky=ff o ¥o)

k_,:hf'gzo—é-:l)—k,yg—i—

where Ax=h

Now starting from (x;.);) and repeating the process, we g=

( Z :;2) eic.

Note 1. In second order Ronge-Kuniza method,

Now y; =Yg + 4.

{ )3 1
AW =i:3=hfx9+—’}‘o+—k3)
°© ’\ 2 2

1

_ . A
&yp=hAfiZp TS5 Yo+ 5 2 f (o )'a))

- -

»odiffied Eoler metffiod.

Runge-Kuttz method reduces to
by =Ef(x0)

; . A 1
- ¥1=>o +A)'o=)'o—rf=f(xg +5 Yo F5 Ao }n)}
- S
This is exactlv the AModified Euler method.
Sc, the Runge-Kutta method of second order is nothing but the

If F(x.7) =F(x), Le., only a function x alone, then the fourth crds

R ARy T VRGN TR ) gUSIRRE VR T TN TR T TR S R R BT,

. PO
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:1-‘;

25 f(xo)—*’f; %+ | rurh) |

| I

(2 f I
‘—"_"'} ¥ i +4af g+ —-\;"” f(xg+ A} i
=y {(xn) = C.- _7/5 : Xn=nA :

= the area of ¥y =f(x) betwesn x=xpand x=xg+ h with 2

r
- g JEL - »
equal intervals of length = by Simpson’s one-third mule.

fe., Ay reduces to the zrea bv Simpson™s ons-thud rule.

Note 3. In ail the three methods. (2nd order. 3rd order and £1h orcéer) o=
values of k;. Z> are samee. Therefore, ons ne=d not repez: the work
while doing by all the three methods.

Example 1. Appiy ithe jfourth order Runge-Kutra method to find
y32j given that ¥ =x+3y, ¥ (0) = 1. - (Ap. 1882)
Solution. Since A is not mentioned in the guestdon, we take

Y=x=ymy (@ =1 - Flny)=x+yx,=0.y,=1

By fourth order Runge-Kutia method. for the first interval,
y A =hf(“_:07}'0) =(0-1)x5+3) =(0-1){0+1)=0-1
1 1
;;zzizf(xg—i—i A, 3.-0—5-—2-1.:,): (0-1) F{0-05. 1-05)
=(0-1)(0-65+1-05)=0-11

k3=ﬁf(x0 = A, \O-f-—l—k-.)

=(0-1) F (O- 03 1-055) = (0-1)(0-05 + 1-055) =0-1105
ko= hf (xo+ A, Yo + k)
=(0-1)f(0-1,1-11C5) = (0-1}(0-1 + 1-1105) =0-12105

A}-=—é-(k,+2k2+2k3+k_._)

1 .
== (0-1 +0-22+ 02210+ 0-12105) =0-110341667.
y(O-D=¥% =y, +Ay=1-110341667=1-110342.
Now starung from (a,, y,) we get (x;, ¥;). Again apply Runge-Kutta

Zzorithm replacing (xg, Yo) by (x- »))-
L=hf0Ly) =0 1D(x; +y)=(0-1)(0-1 + 1-110342) = 0-1210342

;:zzhf{xi_.:_g'-,}-l-i——;— ) (G-1) £(O-15, 1-170859)

=(0-1)(C-15 + 1-170859) = 0-1320859
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Ry=hf(x, +h 3 +L)=(01)F(0-2. 1-24298048)
=0-144298048
Y(O2)=>»(0-1) +:51— Ky + 28, + 2+ &) =1-110342+ —é— (0-794781008)
»(0-2) = 1-2428055
Correct to four decimal places, y (0-2) == 1-2428.

Example 2. Obrain the values of y at x = 0-1, 0-2 using R.K. merthod
of (i) second order (ii) third order and (iii) fourth order for the
differential equation y'=— 1y, given v (0) = 1. (MKU 1971

Solution. Here. f(x. ) =—y.3=0,y=1,x, =0-1, x5 = 0-2.
(1) Second order:

ky = h f (Xg. ¥0) = (0-1)(— yp) = — O-1

ky = hf(.\‘o + 71)- b, yp+ ':1; kl)= (0-1) £(0-05, 0-95)
=—0-1 X0-95=—-0-095=Ay
M =)o+ Ay=1-—0-095=0-905
»1 =)y (0-1)=0-905
Again starting from (0-1, 0-905) replacing (xg. yg) by (xj, y,) we
k, = (0-1) £ (x;. ¥;) = (O-1)(— 0-905) = — 0-0905
k:,_=hf(x1 +%h, ¥ +%k,)
= (0-1) [f(0-15, 0-85975)] = (0-1) (— 0-85975) = — 0-085975
Ay =k,
Y=y (0-2) =y, + Ay =0-819025
(if) Third order:
ky=hf (xg: yp) =— 0-1

/2]

et

2 2
ky=hf(xq+ h,yo+ 2k, — k)
=0-1)f(0-1,09) =(0-1)(— 0:9) =—0-09
Ay:-% (k| + 4k, + k4)

k2 = hf(.ro -+ l IZ, _}'0 -+ l k1)= — 0'095

Yy (O-D)=y, =y, +Ay=1—0-N9 =0-91

Again taking (x,y,) as (x5, Yoy) repeat the process.
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=213
.0[;1;1(?’ _© (- 0-9 1) =-—0:091

uf"'-‘:ﬂ _nfEr ,\'11 1 .
T g2
. (M 25 0.865) = (0-1)(= 0-865) =~ 0-0865
£ -1 . ’ <. k )
= 3 N Deie 00828
=" 'r (02, 0-828 ="
3 .
=7 " 001 +— ey + 4Ky -+ k3)
y + A= 6
= 1 1 p ) . .
y2 L~ 0091 - 03460 — 0-0828
= 091+ 6 ( )
}'l
der: = '
pourth O =@ DfO. D=0
kl -'_-'—'izf('xo, y

I Y of - v )N —_— i : :
L g, Yo+ 35 kljf-' (0-1) £(0-05, 0-95) = — 0-095

k’,___,__hf(}-'o"‘ 2 1
1 1 1= (0-1) £ (0-05, 0-9525)
kﬂ/zf[x0+_2_,-h'y0+2 2] (

2 =— 0-09525

v+ k) = (0-1) £(O-1, 0-9047%)
SAL Y 8 o 4 v + h, yo T X3
ke = BT e — _ 0-090475
A}l =‘é" (kl g 2k2 + 2k3 + k4)

1

Again start from this (x,, y;) and replace (x3, yo) and repeat

ky = hf (x1, ¥;) = (0-1)(— y,) = — 0-09048375

= 1 1
klf”f(xl +'5h.}’1 +§'k1)

=(0-1) £(0-15, 0-8595956) = — 0 cdot 08595956
=ns(x+Say, +%"=’-]

= (O-I)f(O-IS, 0-8618577)

: — 0O cdot 08618577
4=’(7f(xl +h’yl +IC3)

= 0_1 ;

y=1 )7(0-2,0-8186517) = — 0.08186517

(—0. .
6\~ 009048375 _ 5 5 0.08505956
— 2 % 0-08618577 — 0-08186517)

o -

Scanned with CamScanner



386 Numerical Methods—1y

=—0-0861066067
Y=y (02)=y, + Ay =0-81873089

Tabular values are:
x Second order Third order Fourth order Exact va!ue_——-
y=e*
0-1 0-905 0-91 0-9048375 0.904837418 |
0-2 0-819025 0-823366 0-81873089 0-818730753
'

Fourth order values are more closer to exact values
dy ' >

Example 3. Compute y (0-3) given e Y Xy =0, y(0)=1 by
taking h=0-1 using 'R.K method of fourth order (correct to 4 decimals)
h=0‘1, xl-:O'l,

Solution. y =— (xy*+y)=f(x,¥);x=0, yo=1,
xz —t 0'2, X3 :'0'3, y3 : ?
For Ist interval:

ky = hf (xg, yo) = (0-1) [— (xoYo + Yo)l =

,‘,thf(x(ﬁ% Yo+ iy J= (0-1) £(0-05, 0-95)

= —0-1 [(0-05) (0-95)* + 0-95] = — 0-0995

«f . : :
ey = hf[xo+g * Yo+ e ]: (C-1) £(0-05,0-95025)

—0-1

= (0-1) [— (0-05 x 095025+ 1) (0-95025) ]
= — 0-09953987 = — 0-0995

key = Af (xq + A, Yo + Kk3)
) _.(o 1) £(O-1, 0-9005) = — 0-0982

=1 +—-[——O 1 +2(—00995)+2(—00995)—00982]

y (0-1) =0-9006
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Again taking (x,;, y;) in place of (x,, )o) repeat the process.
ky = hf (x,, ¥;) = (0-1) £(O-1, 0:9000) :

= _ 0-0982
ky = hf[x, ¥ g s Yy j—, k, J— (0-1) £(0-15, 0-8515)
= - 0-0960
Ky = hf[x, +§ . Y +';j J- (0-1) £(0-15, 0-8526)
o — — 0-0962
Ky = hf (x; + A, vy + k3) = (0-1) £(0-2, 0-8044)
= — 0-0934

1
Yo =Y +E 3 +%+2k3+k4)

= 0-9006 + é [— 0-0982 + 2 x (— 0-0960) -2 (- )-:0962)
+ (— 0-0939)]
‘' y(0-2) = 0-8046 ' T
Again, starting from (x5, ¥,) in place of (xq, Yo)
ky=—0-0934, %k,=-—0-0902, kj==—0-0904, k4= --0-0807

1 1
}’3=)’2+EAJ’=}’2+E(/C1 + 2k, + 2k3 + ky)

y (0-3) = 0-7144.
. Example 4. Using R.K. method of fourth order, find y (0-8) correct
10 4 decimal places if y =y — x°, y (0-6) =1-73709. (April 1991)
Solution. Here, x5 =0-6, yo = 17379, h=0-1, x,=07,x,=0-8

fean=y—x°
By R.K. method of 4th order

1
1 =)’o+g(k1 + 2k, + 2k5 + ky) ' ..(D)
where' k= hf (xq, yo) = (0-1) £(0-6, 1-7379)
; . = (0-1) [1-7379 — (0-6)*] = 0-1378
h
kthf(xo—t-E,yo—!-%kl ]
=(0-1) F(0-65, 1-8068) = (0-1) [1-8068 — (0-65)%] = 0-1384
A
k3=hf[x0+-§ ,yo+.:21_k2J

© =(0-1) £(0:65, 1-8071)
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=(0-1) [1-8071 — (0-65)%] = 0-1385
=(0-1) [(1-8764) — (0-7)*] = 0-1386
Hence, using (1),
y (0-7)=y,=1-7379 +% [0-1378 -+ 2 (0-1384) + 2 (0-1385) + 0-1386)
y (0-7) = 1-8763.
To find y, =y (0-8), we again start from (x,, y,) == (0-7, 1-8763)
' 1
Now, Y2=N+¢ [y + 2kg +- 2k -+ k4) (2
where ky = hf (x1, y1) = (0-1) [1-8763 — (0-7)* ] = 0-1386
( h - 1 :
ko == hf[-im -+ :‘: i +5 kK ]= (O-1) 1 (075, 1-9456)

=(0-1) [1-9456— (0-75)>] = 0-1383

; h 1
Koy = hf[xl + Byt ,,QJ
= (0-1) £(0-75, 1-9455)
= (0-1) [1-9455 — (0-75)> 1 = 0-1383
ks= hf (x) + h, y; + ks)
= (0-1) £(0-8,-2-0146)
= (0-1) [2-0146 — (0-8)* ] =0-1375
Using (2), '
- 3
y, =y (0-8) = 1-8763 +% [0-1386 + 2 (1-1383) +2 (1-:1383) +0-1375 _
| =2.0145 K
¥y, =y (0-8) = 2-0145.
Example 5. Using Runge-Kutta method of fourth order, solve

2
3)): = y; :; giveny (0)=1 at x=0-2, 0-4. (MS. April ’92) ,4 :
= 2 (Anna Ap. 2005)
Solution. y' =f(x, y) = % 3 (Anna Nov. 2004)

y +x : .
Here x=0,h=02,x,=02,x, =04, y5=1
FGoy) =fO, H=1"0=1

ky = hf (x0, Yo) =(0:2) x 1 =0-2

. 1 _
X h,f(‘_xo"‘Eh' Yo+ 3k ]= (0-2) £(0-1,1-1)
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::—_(0_2)[(1 1)2 —(0-1)* 121 =001
(1% 1 (0.1)? =02 1215001
‘-::OID(,‘?'\IB

S hf( "(J‘*"k y0+lk2J

= (0-2)f 0-1, 1 +—2—(0'19672]3))

L—-__l

=(0-2) 7 (0-1, 1.0983606)
(1-0983606)% — (0-01)
_ (1-0983606)% + (0-01)
Ka=hf (xo+ A, yo + k3)
=(0-2) £(0-2, 1-1967)

1-1 2 _(0-2)*
.= (0-2)[ ¢ 967)2 © 2)2 ]: 0-1891
(1-1967)% + (0-2)

) 1
== Ay == [k) + 2k, + 2k + kj]

= (0-2) ]:0-1967

1
=5 [0-2 +2 (0-19672) + 2 (1-1967) + 0-1891]

= 0-19598
¥y (0-2) =y, =yo+ Ay = 1-19598.
Again to find y (0-4), start from (x,,y,;) = (0-2, 1-19598).

Now,
=0-1891

ky= F ) (O-2y| (1119598 — (02
. 1 = A (O, 1) = (1-19598)% + (0-2)?

1
p = hf[x: + 5 By 5k ]= (0-2) £ (03, 1-29055)

0-2 [ (129055 — (O3 =0-17949
= )_ (1-29055)% + (0-3) |
k. = (0-2) £(Q-3, 1:28572) = 0-1793

. = (0-2) (04, y; + k3) = (0:-2) £(0-4, 1-37528)
== 0-1687

_ L [0-1891 + 2 (0-1795) + 2 (0-1793) + 0-1687]

—0-1792
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. Y=y (04)=y,+ Ay =1-3751.
11-14. Runge-Kutta method for simultaneous first order differen-

tial equations

d
AIM. To solve numerically the simultaneous equations C—Jx)i=f, (x, ¥, 2)

dz ; P .. Sy .
and P = f5 (x, y, 2) given the initual conditions y (x3) = ¥y, 2 (xg) = 2.
[Here, x is independent variable while y and z are dcpendent.]

Now, starting from (xg, yg. Z9) the increments Ay and Az in y and z
respectively are given by formulae,

ky = hfy (xo. Yo» Z0)

¥y | 1 1 1
Lz——-’l_fl (x0+5h‘)’0+2k1’ 2_0"‘—"_}' !] )

) 1 1
-~ h’ }’0 + E k2’ zn + _‘I.J..'- 'L.’. }

-
Py

k4 = hf, (xo-!--
ky=hf; (xg+ h, yg+ k5, 2o + 13)

A)'==-E;)' (ky + 22 ks +2 ka+ k) where h = Ax
Iy = hf; (xg, Yo, Z0)

1 1 1
Izzhfz(xo+—2—.h,yo+5k,,zo+§- L, ]

1 1 1
%=hfz(xo+§ h7}’0+5k2.20+512_}

s

ly=hf; (xg+ A, Yo+ k3, 20 + I3)

e= (4 + 20+ 21+ L)
Y1 =Yoo+ Ay and z; = z5 + Az.

Having got (xy, y;,%;) we get (x,, ¥,,2,) by repeating the above
algorithm once again starting from (x;, y;, 2,)-

If we consider the second order Runge-Kutta method, then

ki = hf; Ko: Yo» Z0)
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1 1 1
k, = hf; (xo+§-h, yo+72-k,.zo+:£l, )

Ay =k,

and I, = hf5 (xg. Yor Z0)

’ I 1 1
[2.=hf,z{x0+§ h,)’{)'*“z)'_klvzo'*'a-!l ]

A.2=12

Then x; =xg+ h, y; =Yyo+ DY, Zj e
Example 6. Find y (0-1),z(0-1) from the system of equations - |

d - - .
?&{:x ri3e) _a_xg = x—y? given y (0) =2,z (0) =1 using Runge-Kutta me’!hodl'_
of fourth order. '
dy
Solution. Now  r =x+Zz, 2—- =X )’2

o Hley. )=
x0=0,y0=2,zo— ],h—OI

We use _
ky = hf; (xg. Yo Z0)

1 Ky Ly
k, = hf; (xo—i-‘—?:h,yo-{-?’zo -l——;')

)

o ) k, +1
2 yf)+2 Z0-

hJ

k3 = hf, [

N i

ky=hfy (xo + h, yo + k3, 29+ I3)

1

!
O

x+ 2, o (x,¥,2) =X~ v

!l = h_f'-z (xO’ .YO' ZO)
. .]4. j2 ad | h
.[-: ;{fi "'O"i‘ h Z, _}’0“"'?’ Zg+_é_zl J

13.—_-1&]‘:3 { Jig +

l4-= hfs (xp ¥ A Yo+ Ky, 29+ 13)

We will calculate k; and {; and then to Ki.q-

ky=(0-1) f; (0,2, 1)
=0-1)(O+1)
=0-1

k, =(0-1) £(0-05, 2-05, 0-8)
= (0-1) (0-05 + 0-8)
=0-085

k3= (0-1) £(0-05, 2-0425, 0-79238)
=(0-1) (0-05 + 0-79238)
=0-084238

= (0-1) (0~ 27
=--0-4

I, = (O 1) f> (0-05, 2-05, 0-8)
= (0-1[0-05 -- (2-05)* ]
=— 041525

I, = (0-1) £ (0-05, 20425, 0-79238)
= (0-1) [0-05 — (2-0425)* ]
=—0-4122
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392 Numerical Methods—Jy

ks =(0-1) £(0-1, 2-084238, 0-5878); Iy = (0-1) (0-1 — (2-084238)%)
= (0-1) (0-1 + 0-5878) = — 0-4244
= 0-06878

31 =2+ [0-1 +2 (0-085 + 0-084238) + 0-06878] = 2-0845

z;=1 +-(1,; [- 04 — (041525 + 0-4122) x 2 — 0-4244]
=0-5868

y (0-1) =2-0845 andz (0-1) = 0-5868.

11-15. Runge-Kutia method for second order differential equation
AIM. To solve " =f(x,y,¥" ), given y (x0) =g, ¥ (xg) =y, -
Now, set yY=zandy”’ =z’

Hence, differential equation reduces to

dy

Pt

dz
and Ex—:z =y"=f(y¥)=f(xy,2)

dy are simultaneous equations

— e ~ where fj (Jfﬁy, Z)=2z2

‘Z’Z‘ fo (%, ¥, D =f (x, ¥, 2) given.
and dx =f(x,y, 2) Also y (0) and z (0) are given.

Starting from these equations, we can use the previous article and
solve the problem.

Example 7. Given y” +xy'+y=0, y (0) =1, y’ (0) = 0, find the value
of ¥y (0-1) by using Runge-Kutta method offourrh order.

Solution. y"'=—xy —y,y () =1,y (0)=0,~2=0-1, yo=1,
x0=0,y,=y(0-1)
Setting Yy =z
The equation becomes,
yl’=z’=-__:xz_y
Yy
S e :=h(6y.2)
dz .
e XY= (xy.2)

given Yo=1,zg=ys =0.
By algorithm.
ky = hfy (X0, Y0» 20) =(0-1) £ (0,1,0)=(0-1) (0) =0
I, = hfy (X0, Yo» 20) = (0-1) £, (0, 1,0) = (— 1) (0:1) =—O0-1
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1 1 1
ky = hf [-xo+§h"}’o+§kl’ Zo+ 5 L ]
= (0-1) f; (0-05, 1, — 0-05) = (0-1) (— 0-05) = — 0-005

I, = (0-1) £, (0-05, 1, — 0-05) = (0-1) [+ (0-05) (0-05) — 1)
= — 0-09975

h 1 1
= (0-1) f; (0-05, 0-9975, — 0-0499)

= (0-1) (— 0-:0499) = — 0-00499
I3 = Af, (0-05,0-9975, — 0-0499)
— (0-1) [(0-05) (— 0-04991) + 0-9975]
= — 0-09950
ks = hfy (xg +h, Yo+ k3, 20+ 13)
= (0-1) f; (0-1, 0-99511, — 0-0995)
(0-1) (— 0-0995) = — 0-00995
I, = hf5 (0-1,0-99511, — 0-0995)
= (0-1) [— { (O-1) (— 0-0995) + 0-99511} ]
= — 0-0985

o =yt Ao .+ % [G + 2 (— 0-005) + 2 (— 0-00499) — 0-00995]

= 0-9950
y (0-1) = 0-9950.

EXERCISE 114

Evaluate using Runge-Kutta methods. Unless otherwise mentioned, use fourth
order R. K. method.

¥4
1. Find y (0-2) given —éxJ—’zy—x,y (0) = 2 taking h = 0-1.

b

- i d
Evaluate y (1-4) given Zi- =x+y,y(1-2)=2.

3. Obtain the value of y at x= 0-2 if y satisfies

d .
ﬁ—xzy=x;y (0) = 1 taking h = O-1.
_dy e i
4. Solve 2 =Y for x=1-4, taking y (1) =2, h =0-2.
' Sy —x 1t : . :
5. Solve: y' = given y (0) = 1, to obtain y (0-2).

y+x
6. Solve the initial value problem
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10.

11.

12.

13.

14.

15.

16.
17.

18.
19.

20.

21.

Numerical Methods-IV

%5:_2“‘2‘“(0):] with #=0-2 on the interval (O, 0-6) by using fourth
4
order R.K. method. (Nov. 1991)

Evaluate for y (0-1),¥ (0-2), y (0-3) given

f:-,';(l +x)yLy O =1
<

)F
dy 3_’,’_._.._1- ’ —] y - 1 _— .
Solvci‘é;"'x'"'x‘z y(1)=1 for y (1-1) taking & = 0-05.
Find y (0-5), ¥ (1), ¥ (1:3), ¥ (2) taking 2= 0-5 given y'=;c+y >y (0) = 1.
1.4 : et 2xy + e~
Evaluate ¥ (1-2) and y (1-4) given y" = 2 4+ oot »y (1)=0. (MS. Ap. 1989)
0-2) 0-6 giv D1 y2 =
Find y for x=02(0-2) given —, - = »*, ¥ (0) =0.
dy X ;
Find y (0-2) given —-=—X% % (0) =1, taking A = 0-2 by R.K. method of 4th

order.
(0-1),y (0-2) given ¥ =x—2y,y (0) =1 taking 72 =0-1 by (1) second

ind
E:-Ser,ythird order and fourth order R.K. method.
i dy 1 .
Determine y at x=0-2 (0-2) (0:6) by R.K method given =T +x » given

y (0)=0. _
Find y (0-2) given

),'—3x+-l—_y y (0) =1 by using Runge-Kutta method of 4th order.
= 5 Y- )

Sclve y =xy+1 as x= 0-2, 0-4, 0-6 given y (0) = 2, taking /i =0-2.
Given y' = + >y, y (1) =2, find ¥ (1-1), y (1-2).

2
Solve 10y’ = x2 +y?, given y (0) = 1 for x=0-1 (0-1) (0-3).
Solve 8y =x+y* given y (0) = 0-5 for x=0-1 (0-1) (0-4).

4 _
Solve the system: —&% =xz+ 1, % = — xy for x= 0-3(0-3) (0-9) taking x= 0,

y=0, z=1. (MKU 1979)
d i
Solve: —d{-=x+ z,%rz-=x—=y, given y (0) =0, z (0) = 1 for x=0-0 to 0-2 taking
"h=0-1.
dy dz _ 2 . . _ '
Solve T T g =Y given y (0) =1,z (0) =1 for x=0(0-2) (0-4).

dy dz Xy
-1), . i — = L= =
Evaluate y (1-1), z(1-1) glfen 7% xyz, =

» 3 (1) = 1/3,.z (1) = 1.

Using R.K. method determine x (0-1), y (0O-1) given % =xy+1z1, x(0)=1
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d.)" e r }- O o :l.'ll\'
S y(O)y=-—1. ,
i . cIx dy - = S|
25. Find x (0-1), y (O-1) given T =2x+y. —-=x—13y, given x @=0,y®=05
26. Solve Yy —x (y’)2 +y2 =0 using R.K. method for  x=0-2 given La
y (0)=1,y"(0) =0, taking A= 0-2. :

27. Find y (O-1) given y” =y, y (0) = 10,y” (0) =5 by R.K. method.
28. Find y (0-1), y (0-2) given y” —x%y —2xy=1,y (0) = 1,5 (0)=0.
29. Find y (0-1) given Y+ 2xy  —4y =0, y (0) =0-2, y* (0) =0-5.

30. Obtain the value of x (0-1) given

s 2
dx_1dX _ 4. x(0)=3,x (0)=0.

31. Compute the value of y (0-2) given :
Yy ' =—yy(©0)=1,y(0)=0.
11-16. Predictor-Corrector methods

The methods which we have discussed so far are called single-step |
methods because they use only the information from the last step
computed. The methods of Milne’s predictor-corrector, Adams-Bashforth

predictor corrector formulae are multi-step methods.

dy .

In solving the equation e =f(x, ),y (xg) =y, we used Euler’s
formula

Yis1=Yit Af T (xp ¥, =0, 1,2, ... -(1)

We improved this value by Improved Euler method
1
Vit -“-—_)-’,-‘f'j,?"h OFCxiny) +F (X1 Y1) ] -=:(2)

In the equation (2), to get the value of y;,; we require y;,; on the
RH.S. To overcome this difficulty, we calculate y; ; using Euler’s

formula (1) and then we use it on the R.H.S. of (2}, to get the L.H.S. of
(2). This y;,; can be used further to get refined y;,; on the L.H.S. Here,

we predict a value of y; ., from the rough tormula (1) and use in (2) to

correct the value. Every time, we improve using (2). Hence equation (1)
Euler’s formula is a predictor and (2) is a corrector. A predictor formula
is used to predicr the value of y at x;,; and a corrector formula is used

- to correct the error and tv improve that value of y; ;-

R P

11-17. Milhé’s Predictor Corrector Formulae

, _ _ 7
Suppose our‘aim is to-solve ?d.zx =f(x ),y (x9) =¥ +.C1)

numerically.
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