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Definition of Group

@ A binary operation x on a set G is a function x : G X G — G.

@ A nonempty set G together with a binary operation « is said to be
a Group if
o «is associative: (a*b) xc =ax* (bxc)foralla,b,c € G.
o there is an identity element ¢ € G such that
exg=g=gxeforallg € G.
o for every element a € G, there is an element b € G such that

axb=e=bxa.
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Examples of Groups

0009

©

Z,Q, R, C under addition but N is not a group under addition
and multiplication because inverse element does not exist for all
elements for addition but multiplication except 1.

Q*,R*, C* under multiplication.

% under addition

= ={ac Z | ais relatively prime ton} under multiplication.
The set Zy of all integers modulo n form a group under addition
modulo n.

The set M, (F) of all n x n matrices over a field F under matrix
addition.

General linear groups GL,(IF)

Dihedral groups D;,.

Symmetric groups S,,.
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Abelian Group and Some Properties of Groups

A group G is said to an abelian group if it satisfies the commutative
property.

In the above Examples, 1 to 6 are abelian groups and others are
nonabelian groups.

Properties Let G be a group. Then

@ the identity element in G is unique. We denote this element by e.

1

e forevery g € G, its inverse g~ ' is unique.

1

o forany x,y € G, (x~')~! = xand (xy) ! =y~ Ix7 1.

@ the cancellation laws are true;

Forany a,b,c € G,ba =ca = b =candab =ac = b =c.
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Finite Groups; Subgroups

@ The order of G, denoted |G|, is the number of elements in G.

@ The least positive integer n such that x” = e is called theorder of
x. If such n does not exist, then the order of x is infinite order.

o For any positive integer n, there exists a group of order n. This
group is (Zy, ®y).

@ |Zip| = 10.1In Zyp,|5| = 2.

@ A subset H of a group G is said to be a subgroup of G if H itself
is a group under the operation of G.

@ Let Gbeagroup. If H C G, thenab~! € Hforalla,b € Hiff H
is a subgroup of G.
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o Finite subgroup test: Let H C G is finite. If H is closed under the
operation of G, then H is a subgroup of G.
e Examples of Subgroups:

e nZ is a subgroup of Z for any integer n.

o LetGbeagroupandleta € G.Then< a >={a"|n€ Z}isa
subgroup of G. This subgroup is called cyclic subgroup generated
by a.

o Center of G: Z(G) = {a € G |ax =xaforall x € G}isa
subgroup of G.

o Centralizer of a in G: C(a) = {g € G|ga = ag} is a subgroup of

G. This is also know as normalizer of a.
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Normal Subgroups

@ Cosetof Hin G
Let H be a subgroup of a group G, then the set
aH = {ah | h € H} is called a left coset of H in G.

@ Properties of Cosets
Fora,b € G,
e acaH.
o aH=bH < a 'bc H.
e aH is asubgroup of G < a € H.
o aH = bH or aH N bH = ().

@ A subgroup H of G is said to be a normal subgroup if
aH = Hafor alla € G.
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Continue ...

o If H is a normal subgroup of a group G, then the collection
G = {aH | a € G} of all cosets of H in G from a group under
the operation defined by aHbH = abH for all aH,bH € g This
group is called a factor group of G or quotient group of G.
o If a subgroup H of a group G is a normal subgroup, then the
following conditions are equivalent
Q ghg ' cHforallge G,h € H.
@ gHg ' =Hforallg €G.
© g¢H = Hg for all g € G. That is every right coset of H is a left
coset.

© H is the kernel of a homomorphism of G to some other group
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Lagrange’s Theorem

o Lagrange’s Theorem
If G is a finite group and H is a subgroup of G, then |H| divides
|G].

@ Note that the converse of Lagrange’s theorem need not be true.
For example the group A4 of order 12 has no subgroup of order
6. But the coverse of this theorem is true for any finite abelian
group.

e If Gis a finite group and H is a subgroup of G, then the number

of cosets of Hin G is §H; That is, #($) = igg%

e If G is a finite group, then a#(©) = ¢ for all a € G and hence the

order of each element of the group divides the order of the group.
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Cyclic Groups and its Properties

o Orbit-Stabilizer Theorem
Let G be a finite group of Permutations of a set S. Then, for any
i €S, #(G) = #(orbg(i))#(stabg(i)) where
orbg (i) = {¢(i)|¢ € G} and stabg(i) = {¢ € G|¢p(i) = i}.

@ In a group G, there is an element a in G such that
G = {d"|n € Z}. Then G is called a cyclic group and a is
called a generator of G.

e If G is an infinite cyclic group, then there are exactly two
generators.

e If G is a finite group of order n, then there are ¢(n), the Euler

¢-function, generators where

o(n) =#{i| (i,n) = 1&1 <i < n}.
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Cyclic Groups and its Properties

@ Note that if a is a generator of a cyclic group, then its inverse is

also a generator.

@ 1,3,5,7 in Zg are generators of Zs.
Thatis, Zg =< 1 >=< 3 >=<5>=<7 >
@ Let G be a cyclic group generated by a. Then
@ every cyclic group is an abelian group.
@ every subgroup of a cyclic group is cyclic
© if Gis acyclic group of order n generated by a, then for every
positive divisor k of n, there is a unique subgroup of order k. In

fact, the k order subgroup of G is (™) where 7.
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Permutation Groups

%subsectionPermutation Groups
@ Permutation group of a set §
A set of all bijective functions from S into S forms a group under
composition of function. Its elements are called Permutations.
This permutation group is denoted as A(S).
o If #S = n, then there are n! bijections from S into S. The A(S) is
denoted as S,,.

Let S = {x1,x2,x3, x4, x5 }, then a bijective function

X1 > X3, X2 > X4;X3 > X];X4 > X5;X5 > X2;

can be written as a product of cycles (xj, x3)(x2, X4, x5).
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Continue ...

e Two cycles (xj,x2,- - ,x,) and (y1,y2,- -+ ,Ys) are distinct if
there is a map a — b in (x,xp, - - - , x,) but not in
()’1>)’27 to 7ys)-

e Every permutation can be written as a cycle or a product of
disjoint cycles.

e Acycle (aj,...,an) is called a cycle of length m or m-cycle. For
example, (1,2,4) is a 3-cycle Sy.

@ A cycle of length 2 is called a transposition.

@ Every cycle can be written as a product of transpositions and

hence every permutation can be written as a product of

transpositions.
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Continue ...

(x1,22, -+, %) = (x1,%2) (%1, %3) (%1, X4) - - - (x1, %)

@ A permutation is said to be even( odd ) if it can be written as a

product of even( odd ) number of transpositions.

@ The order of a Permutation of a finite set is the least common

multiple of the lengths of its disjoint cycle.
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