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Reduced Polynomials

In this Unit, we study the classical formulas for the roots of

quadratics, cubics, and quartics.

Definition 1.
A polynomial f (x) of degree n is called reduced if it has no xn−1

term; that is, f (x) = anxn + an−2xn−2 + an−3xn−3 + · · · .

Example 2.

f (x) = x3 − 15x − 126 be a reduced polynomial of degree 3.

Theorem 3.
If f (x) = anxn + an−1xn−1 + an2xn−2 + · · ·+ a1x + a0, then replacing

x by x − an−1
nan

gives a reduced polynomial f̃ (x) = f (x − an/n). If α is a

root of f (x), then α− an−1
nan

is a root of its corresponding reduced

polynomial.



Formula for the Roots of Polynomials

Lemma 4.
If α is a root of f (X) = anXn + an−1Xn−1 + an−2xn−2 + · · · , then α is

also a root of 1
an

f (x).

To finding a formula for the polynomial, it is enough to find a formula

monic reduced polynomial.

The roots of quadratic polynomial x2 + bx + c are −b±
√

b2−4c
2

The roots of cubic polynomial x3 + qx + r are

y + z, ωy + ω2z, ω2y + ωz where

y3 = 1
2(−r +

√
r2 + 4q3/27), z = −q

3y and ω is a cube root of

unity.



Continue ...

Consider the quartic polynomial x4 + qx2 + rx + s.

x4 + qx2 + rx + s = (x2 + kx + l)(x2 − kx + m)

Expanding the right side and equating coefficients of like terms gives:

l + m − k2 = q, k(m − l) = r, lm = s.

The first two equations yield: 2m = k2 + q + r/k, 2l = k2 + q − r/k.

Substituting these values of m and l into the third equation gives

k6 + 2qk4 + (q2 − 4s)k2 − r2 = 0.

This is a cubic in k2 and one can solve for k2 using the cubic formula.

Substitute k, l,m values in the quadratic products, we get roots.



Exercises

Find the roots of the following polynomials f (x) ∈ R[x]

1 f (x) = x3 − 3x + 1.

2 f (x) = x3 − 9x + 28.

3 f (x) = x3 − 24x2 − 24x − 25.

4 f (x) = x3 − 15x − 4.

5 f (x) = x3 − 6x + 4.

6 f (x) = x3 + x2 − 36.

7 f (x) = x4 − 15x2 − 20x − 6.

8 f (x) = x4 − 2x2 + 8x − 3,

9 f (x) = x4 − 2x2 + 8x − 3.



Field Extensions

If F is a subfield of a field E, then E is called an extension field of F
and we writes E | F is a field extension.

Lemma 5.
Let E | F be a field extension, let α ∈ E and let p(x) ∈ F[x] be a

monic irreducible having α as a root. Then

1 deg(p) < deg(f ) for every f (x) ∈ F[x] having α as a root.

2 p(x) is the only monic polynomial in F[x] of degree deg(p(x))

that has α as a root.

The dimension of E viewed as a vector space over F is called the

degree of E over F and it is denoted by [E : F]. One says that E | F is

a finite extension if [E : F] is finite. Otherwise, we call it an infinite

extension.
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The following lemma is known as the Tower Lemma

Lemma 6.
If F ⊆ B ⊆ E are fields with [E : B] and [B : F] finite, then E | F is

finite and [E : F] = [E : B][B : F].

Theorem 7.
Let p(x) ∈ F[x] be an irreducible polynomial of degree d. Then

E = F[x]
⟨p(x)⟩ is a field extension of F of degree d.

Indeed, E contains a root α of p(x), and a basis of E as a vector

space over F is {1, α, α2, · · · , αd−1}.

Let E | F be a field extension, and let α1, · · · , αn ∈ E. Then

F(α1, · · · , αn) is called the field obtained by adjoining
α1, · · · , αn to F.



Continue ...

In fact, it is the intersection of all the subfields of E which

contain F and {α1, · · · , αn}. That is , the smallest field

containing both F and {α1, · · · , αn}.
An extension E | F is called a simple extension if it is obtained

by adjoining just one element α to F.
That is, E = F(α) =

{
f (α)
g(α) | f (x), g(x) ∈ F[x] and g(α) ̸= 0

}
.

In fact [F(α) : F] = deg(irr(α,F)), the degree of monic

irreducible polynomial over F with α as a root.

Let E | F be a field extension, and let α ∈ E. Then α is said to be

algebraic over F if α is a root of some nonzero polynomial in

F[x]. Otherwise α is called transcendental over F. A field

extension E | F is called algebraic if every element of E is

algebraic over F.
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Theorem 8.
Every finite extension is an algebraic extension.

The converse of this theorem is false.

Example 9.
Let A to be the set of all complex numbers which are algebraic over

Q. Then A | Q is an algebraic extension that is not finite.

Suppose it is A | Q finite, say n > 1. Then By Eisenstein Criterion,

xn+1 − 2 is irreducible over Q and hence [Q(α) : Q] = n + 1 where α

is a root of the irreducible polynomial xn+1 − 2. By Tower Lemma,

[A : Q] > n + 1, a contradiction.
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Theorem 10.
Let E | F be a field extension and let α ∈ E be algebraic over F. Then

1 there is a monic irreducible polynomial p(x) ∈ F[x] having α as

a root;

2
F[x]
⟨p(x)⟩

∼= F(α); in fact, there is an isomorphism

Φ : F[x]
⟨p(x)⟩ → F(α), fixing F pointwise, with Φ(x + (p(x))) = α.

3 p(x) is the unique monic polynomial of least degree in F[x]
having α as a root;

4 [F(α) : F] = deg(p(x)).



Splitting Fields

A splitting field of f (x) ∈ F[x] is a field extension E | F in which

f (x) splits (it is a product of linear factors) but f (x) does not split in

any proper subfield of E.
Note that if E is a splitting of f (x), then it is the smallest field

containing all roots of f (x).

Example 11.

If ω is a primitive cube root of unity, then x3 − 1 ∈ Q[x] splits over C,
but its splitting field is Q(ω).

By Kronecker’s theorem, we have the following

Theorem 12.
If F is a field, then every polynomial f (x) ∈ F[x] has a splitting field.
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An irreducible polynomial is said to a separable polynomial if all of

its roots are distinct. A polynomial f (x) is said to be a separable
polynomial if its irreducible factors (not necessarily distinct ) are

separable.

Theorem 13.
Let σ : F → F′ be an isomorphism of fields, let f (x) ∈ F[x], and let

f ∗(x) = σ∗(f (x)) be the corresponding polynomial in F′[x]; let E be a

splitting field of f (x) over F and let E′ be a splitting field of f ∗(x) over

F′. Then

1 there is an isomorphism σ̃ : E → E′ extending σ.

2 If f (x) is separable, then σ has exactly [E : F] extensions σ̃.
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Definition 14.
If E | F is an extension, then α ∈ E is called separable if either it is

transcendental or its irreducible polynomial is separable. An

extension is called separable if every one of its elements is separable.

Corollary 15.
If f (x) ∈ F[x], then any two splitting fields of f (x) over F are

isomorphic by an isomorphism fixing F pointwise.

Theorem 16 (E.H. Moore).
If f (x) ∈ F[x], then any two splitting fields of f (x) over F are

isomorphic by an isomorphism fixing F pointwise.

One calls the field of order pn the Galois field of this order and

denotes it by GF(pn), although GF(p) is usually denoted by Zp.
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