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Example
Show that for any set E , m∗(E) = m∗(E + x).

Proof.
⇒ Let ϵ > 0 be any number. Then there ∃ {Ik}∞k=1 such that
E ⊆

⋃∞
k=1 Ik and m∗(E) + ϵ ≥

∑
k=1]

∞l(Ik ). Since,
E + x ⊆

⋃∞
k=1(Ik + x).

m∗(E + x) ≤
∞∑

k=1

l(Ik + x).

=
∞∑

k=1

l(Ik )

m∗(E + x) ≤ m∗(E) + ϵ

m∗(E + x) ≤ m∗(E).
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Theorem
If I is an interval then m∗(I) = l(I).

Proof.
case(i) I = [a,b]. Let ϵ > 0 be any number then
I1 = [a,b + ϵ), I2 = I3 = · · · = ∅. Then

m∗(I) ≤
∞∑

k=1

l(Ik ) = (b − a) + ϵ.

= l(I) + ϵ.

Therefore m∗(I) ≤ l(I) + ϵ.

Department of Mathematics 3 / 10



Proof.

m∗(I) ≤ l(I). (1)

m∗(I) = inf{
∑

l(Ik ) : E ⊂
∞⋃

k=1

Ik , Ik ⊆ [a,b)}

⇐ For any ϵ > 0, then there ∃ Ik = [ak ,bk ) such that I ⊆
⋃∞

k=1 Ik . and

m∗(I) + ϵ ≥
∞∑

k=1

l(Ik ).

∑
l(Ik ) =

∑
l(Ik ) + ϵ.
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Proof.

Set Ik ′ = (ak + ϵ
2k ,bk ), for all k , Ik is open

∞∑
k=1

l(Ik ′) + ϵ =
∞∑

k=1

l(Ik ).

I ⊆
⋃∞

k=1 Ik ′.
Since I is compact, we choose a finite subcover {J1, J2, · · · , JN} of I in
Ik∞k=1 in such a way that no J ′s is contained in the other.
Let Jk = (ck ,dk ), k = 1,2, · · · ,N.
Now we rearrange c1 ≤ c2 ≤ · · · ≤ cN .

Department of Mathematics 5 / 10



Proof.

dN − c1 = dN − cN + cN − dN−1 + dN−1 − cN−1 + cN−1 − · · ·+
c2 − d1 + d1 − c1

= (dN − cN) + (cN − dN−1) + (dN−1 − cN−1) + · · ·
+ (c2 − d1) + (d1 − c1).

=
N∑

k=1

(dk − ck ) +
N−1∑
k=1

(ck=1 − dk )

=
N∑

k=1

(dk − ck )−
N−1∑
k=1

(dk − ck+1),

<

N∑
k=1

(dk − ck ) =
N∑

k=1

l(Jk ) ≤
N∑

k=1

l(Ik ′).

b − a < dN − c1
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Proof.

≤
∞∑

k=1

l(Ik ′)

=
∞∑

k=1

(bk − ak + ϵ|2k )

=
∞∑

k=1

(bk − ak ) +
∞∑

k=1

ϵ|2k .

=
∞∑

k=1

l(Ik ) + ϵ.

b − a ≤ m∗(I) + 2ϵ.
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Proof.

Since ϵ > 0 is arbitrary,
b − a ≤ m∗(I) (2)

from (6) and (7),
m∗(I) = l(I).

case(ii) I = [a,b).
Let ϵ > 0, be given , set I

′
= [a,b + ϵ]. Then

m∗(I) ≤ m∗(I
′
) = (b − a) + ϵ. (3)
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Proof.

set I
′′
= [a,b − ϵ]

m∗(I) ≥ m∗(I
′′
) = (b − a)− ϵ. (4)

from (1.3) and (1.4)

−ϵ ≤ m∗(I)− (b − a) ≤ ϵ

⇒ |m∗(I)− (b − a)| ≤ ϵ

Since ϵ is arbitrary,
m∗(I) = b − a = l(I).

For other finite interval, the proof are simalar to case (ii)
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Proof.

case(iii) I = (−∞,a).

m∗(I) = +∞.

Let us take a number M > 0. Set J = [a − M,a)

J ⊆ I ⇒ m∗(J) ≤ m∗(I),

⇒ M ≤ m∗(I).

m∗(I) = +∞ = l(I).

Similarly we prove the result for other infinite intervals.
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