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Definition
Let / be an interval with end points a and b with a < b. Then the length
of the interval / is

00 otherwise

I(I):{b_a if —oco< banda< oo




Properties of Length Function

(1) /(0) =o0.
(2) I({x}) =0.
(3) Forany x e R, I(I+ x) = I(x).
@) f1=Up_il, keZ and [1€Z, I(I)<>7_q1(l).
5) H1=Upi s k€Z, kNl=p, k#I and
€T, I(1)= Y0, I(h)-
(6) If I,JeZsuchthat/CdJ, I(I)<I(J).




Definition
IFE=hLUbU---Ul,, IknIl =0 with k # |. Then the measure of E
is defined by

m(E) = I(h) + (k) + - - + I(In).

A= is the collection of subsets of E of R such that E is a union of
finitely many disjoint intervals.

n
A={ECR/E=]J, keZ, knl=0, k#I}.
k=1

It is clear that / C A. and
m: A— R*

m(E) = I(k).
k=1




Definition of Algebra and Measure

Definion |
A collection A of subsets of R is called an algebra of sets in R.
(1) ¢,R € A.
(2) FE,Fec A, EIFeA
(3) If Ey, Bz, -+ ,En € A, then Jy_ Ex € A.

ﬂﬁﬂﬂ--------lh

A measure is a set function m: A — R such that m(0) = 0; m(E) > 0;
and whenever Eq, Ep, - - - | E, are disjoint collection of set in A then

m( | Ex) = m(Ex)- (1)
k=1

v,

This property (1) is called subadditive.



Forany Ex, E;suchthat ExNE, =0, k#I.

m(|J Ex) =D m(E). (2)
k=1 k=1

This property (2) is called additive.
Define the family

n
A*={ECRIE= ] I lkeT (3)
k=1
For any st E C R, define the inner and outer measures
n n
m*(E) = inf{>_I(l) |E< |J Kk} (4)
k=1 k=1
n n
m.(E) = sup{>_I(k) [|J k< E}. (5)
k=1 k=1



Definition
If the inner measure m,.(E) = m*(E) then E is called Jordan
measurable set in R.

M={ECR:E is Jordan measurable}.

Definition
A set E is Jordan measurable iff forany A C R

m*(A) = m*(An E) + m*(An E°).




countable sub- additive: If I=Jk =1k, Ile€Z, I<Z, then

I(1) < 32521 (k)
fI=Upy, heZ, Ihnly=0withn# mand/eZ, then

(1) = Sooet I(h).

A set E is Jordan measurable iff forany A C R

m*(A) = m* (AN E) + m*(An E°).




Let E C R. Define m*(E) = inf{} 321 I(Ik)|E € Ux—1 Ik}, then prove
that m* is called the lebesgue outer measure.

T
(i) m*(0) =0.
(ii) m*(E) >0, forall E C R.
(iii) m*({x}) =0.




()Given ¢ > 0, h = [0, ], b =l = --- = 0.

m*(0) < i I(Ih) < e
n=1

= m*(0) <e foralle >0= m*(0) =0.




(ii) is trivial.
(i Forany e > 0,1y = [x,x+¢€), bh=kK=---=0.

{x} < | k-
k=1
m*({x}) Z//k )=e

m({x}) < e= m'({x}) =



