
 

 

UNIT-III 

Compactness 

Compact Metric Spaces 

A metric space (M, d) is said to be compact if it is both complete and totally 

bounded. As you might imagine, a compact space is the best of all possible 
worlds. 

Examples 8.1 

1. (a) A subset K of ℝ is compact if and only if K is closed and bounded. This fact is 

usually referred to as the Heine–Borel theorem. Hence, a closed bounded interval 

[a, b] is compact. Also, the Cantor set Δ is compact. The interval (0, 1), on the 
other hand, is not compact. 

2. (b) A subset K of ℝn is compact if and only if K is closed and bounded. (Why?) 

3. (c) It is important that we not confuse the first two examples with the general case. 

Recall that the set {en:n ≥ 1} is closed and bounded in ℓ∞ but not totally bounded – 

hence not compact. Taking this a step further, notice that the closed ball {x: ∥x∥∞ ≤ 

1} in ℓ∞ is not compact, whereas any closed ball in ℝn is compact. 

4. (d) A subset of a discrete space is compact if and only if it is finite. (Why?) 

Just as with completeness and total boundedness, we will want to give several 
equivalent characterizations of compactness. In particular, since neither 
completeness nor total boundedness is preserved by homeomorphisms, our 
newest definition does not appear to be describing a topological property. 
 

 
Compactness is a property in metric spaces. Before discussing the compactness of metric 

spaces, we must know what a cover, sub cover, and finite is. The definition of compactness is 

based on these concepts. 

Cover of a metric space (X, d) means, for collection C = {G𝛼 | 𝛼 ∈ I; I is an index set} of 

subsets of X such that ⋃𝛼 ∈ I G𝛼 = X, the C is called the cover of X. 



If C’ is a sub-collection of C, such that C’ itself covers X then C’ is said to be a subcover 

of C. If C’ is a collection of finite elements then it is called finite subcover. 

The collection C = {G𝛼 | 𝛼 ∈ I; I is an index set} is such that every G𝛼 is an open set, 

then C is called open cover of X. 

 

Definition of Compactness 

The compactness of a metric space is defined as, let (X, d) be a metric space such that 

every open cover of X has a finite subcover. 

A non-empty set Y of X is said to be compact if it is compact as a metric space. 

For example, a finite set in any metric space (X, d) is compact. In particular, a finite subset of 

a discrete metric (X,d) is compact. 

Sequentially Compact: A metric space (X, d) is said to be sequentially compact if every 

sequence in X has a subsequence that converges in X. 

With the concept of compactness and sequential compactness, there is a significant result. 

 

 

Properties of Compactness 

Let (X, d) be a metric space with metric d such that (X, d) is a compact metric space, then 

 If Y is a closed subset of X, Y is also compact. 

 The union of two compact subsets of a metric space is compact. 

 Every compact metric space has the Bolzano-Weierstrass Property (BWP). A metric 

space is said to have Bolzano-Weierstrass Property if every infinite subset of X has a 

limit point. That is, every sequence within that infinite subsets converges to a point in 

it. 

 A compact subset of a metric space is closed and bounded. 

 

Example 1: 

Prove that the usual metric space (R, d) is not compact. 

Solution: 

https://byjus.com/maths/finite-and-infinite-sets/


We have to prove that the usual metric space (R, d) is not compact, where R is the 

set of real numbers. 

Consider C = {(-n, n) | n ∈ N}. Then C is an open cover of R as 

(i) each element in C is an open set. 

(ii) if x ∈ R, then there exist n such that x ∈ (-n, n), so 

{x} ⊆ (-n, n), n ∈ N 

⇒ ∪ {x} ⊆ ∪ (-n, n) 

⇒ R ⊆ ∪ (-n, n) 

Again, (-n, n) ⊆ R, ∀ n ∈ N so ∪ (-n, n) ⊆ R 

Hence R = ∪ (-n, n) 

Now to prove (R, d) is not we shall show that there does not exist any finite sub cover 

of R. 

Let {(-ni, ni) | 1 ≤ i ≤ p} be a finite sub-collection of C and let n’ = max {n1, n2, 

…, np} 

Then n’ ∈ N ⊆ R be such that 

n’ ∉ ⋃ (-ni, ni) 

Thus, there is no finite subcollection of C which covers R. 

Hence, R is not compact. 

 

 

 

Open cover 

 

Here are some key points regarding open covers: 



 

 

Compact Metric Spaces 

A metric space (M, d) is said to be compact if it is both complete and totally 
bounded. As you might imagine, a compact space is the best of all possible 
worlds. 

Examples 

1.  A subset K of ℝ is compact if and only if K is closed and bounded. This fact is 

usually referred to as the Heine–Borel theorem. Hence, a closed bounded interval 

[a, b] is compact. Also, the Cantor set Δ is compact. The interval (0, 1), on the 

other hand, is not compact. 

2.  A subset K of ℝn is compact if and only if K is closed and bounded. (Why?) 

3.  It is important that we not confuse the first two examples with the general case. 
Recall that the set {en:n ≥ 1} is closed and bounded in ℓ∞ but not totally bounded – 

hence not compact. Taking this a step further, notice that the closed ball {x: ∥x∥∞ ≤ 

1} in ℓ∞ is not compact, whereas any closed ball in ℝn is compact. 
4.  A subset of a discrete space is compact if and only if it is finite. 

 

 

 

 



 

 

 



 



 

 

 

 



 

 

 



 

 

 

 



 

 

 

 



 

 



 

We can extend the additivity property of the integral by defining an oriented Riemann 

integral. 

 

 

 



 

 

 

 



 

 

 

 

 

 



 

 

 

 

 

 

 



 

Darboux's Theorem: 



Darboux's Theorem states that if a function is differentiable on an interval, its derivative takes 

on every value between the derivatives at the endpoints of any subinterval. The proof 

involves defining a helper function g(t) = u(t) - f(t), where u is a constant between f’(c) and 

f’(d). This function is shown to achieve a maximum value at some point x in the interval [c, 

d], and by Fermat's theorem on stationary points, its derivative must be zero there, which 

leads to the conclusion that f’(x) = u.  

 

 

 

 



 

 

 

 

 

 



 

 

 

 

 

Hence the proof. 
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