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REAL ANALYSIS AND LINEAR ALGEBRA (23ST01CC) 

UNIT-I 

INTRODUCTION 

Real analysis and linear algebra are fundamental mathematical disciplines. Real analysis 

focuses on the rigorous study of real numbers, sequences, series, and their limits, while linear 

algebra deals with vector spaces, linear transformations, and matrices. These areas are 

interconnected and often studied together, especially in advanced mathematics courses, as they 

provide a strong foundation for various scientific and engineering fields.  

Sets  

A set is a collection of objects, called the elements or members of the set. The objects 

could be anything (planets, squirrels, characters in Shakespeare's plays, or other sets) but for us 

they will be mathematical objects such as numbers, or sets of numbers. We write x ∈  X if x is an 

element of the set X and x  X if x is not an element of X. 
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Numbers 

 The infinite sets we use are derived from the natural and real numbers, about 
which we have a direct intuitive understanding. 

Ourunderstandingofthenaturalnumbers1,2,3,...derives from counting. 
We denote the set of natural numbers by 

N={1,2,3,...}. 

 

Sequences of Real Numbers 

A sequence of real numbers is a real-valued function whose domain is the set of natural 

numbers. Rather than denoting a sequence with standard functional notation such as  

f : N--> R, it is customary to use subscripts, replace f (n) with an, and denote a sequence 

by {an }. A natural number n is called an index for the sequence, and the number an 

corresponding to the index n is called the nth term of the sequence. Just as we say that areal-

valued function is bounded provided its image is a bounded set of real numbers, we say a 

sequence {an ) is bounded provided there is some c >0 such that  an  < c for all n. A sequence is 

said to be increasing provided an < an+1 for all n, is said to be decreasing provided {-an} is 

increasing, and said to be monotone provided it is either increasing or decreasing. 
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The supremum and infimum 
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Theorem: 1 

 

Theorem: 2 
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Metric space 
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1. Arithmetic Sequences 

 In an arithmetic sequence, each term is found by adding a constant value (the common 

difference) to the previous term.  

 Example: 2, 4, 6, 8, 10... (Common difference is 2).  

2. Geometric Sequences 

 In a geometric sequence, each term is found by multiplying the previous term by a constant 

value (the common ratio).  

 Example: 2, 4, 8, 16, 32... (common ratio is 2).  

3. Fibonacci Sequence 

 The Fibonacci sequence is a unique sequence where each number is the sum of the two 

preceding ones, typically starting with 0 and 1.  

 Example: 0, 1, 1, 2, 3, 5, 8, 13...  

4. Quadratic Sequences 

 These sequences have a constant second difference (the difference between consecutive 

differences).  

 They often involve square numbers (1, 4, 9, 16, etc.) or combinations of them.  

5. Harmonic Sequences 

 A harmonic sequence is a sequence whose reciprocals form an arithmetic sequence.  

 Example: If the arithmetic sequence is 1/2, 1/4, 1/6, 1/8, then the harmonic sequence is 2, 4, 

6, 8.  

6. Finite and Infinite Sequences 

 A finite sequence has a definite end, with a specific number of terms. 

 An infinite sequence continues without end, having an unlimited number of terms. 

 

 

 

 

https://www.google.com/search?sca_esv=b8ed1dceadc26d35&q=Arithmetic+Sequences&sa=X&ved=2ahUKEwizxdzE3JOPAxUZ3TgGHYyCHDkQxccNegQIWxAC&mstk=AUtExfAqMWevJdSTMkJS1pLQASkqpeJIiBsvvK4W2ZzhxfgGk9PtMwM8wTSiZt1pAYo4jJoKr3raF5FwsdUrlUBrTssAb8nwfZyFEQTKuh5iuTxpVIqTjoawKdrdpPre_umh7r0&csui=3
https://www.google.com/search?sca_esv=b8ed1dceadc26d35&q=Geometric+Sequences&sa=X&ved=2ahUKEwizxdzE3JOPAxUZ3TgGHYyCHDkQxccNegQIOhAC&mstk=AUtExfAqMWevJdSTMkJS1pLQASkqpeJIiBsvvK4W2ZzhxfgGk9PtMwM8wTSiZt1pAYo4jJoKr3raF5FwsdUrlUBrTssAb8nwfZyFEQTKuh5iuTxpVIqTjoawKdrdpPre_umh7r0&csui=3
https://www.google.com/search?sca_esv=b8ed1dceadc26d35&q=Fibonacci+Sequence&sa=X&ved=2ahUKEwizxdzE3JOPAxUZ3TgGHYyCHDkQxccNegQIXRAC&mstk=AUtExfAqMWevJdSTMkJS1pLQASkqpeJIiBsvvK4W2ZzhxfgGk9PtMwM8wTSiZt1pAYo4jJoKr3raF5FwsdUrlUBrTssAb8nwfZyFEQTKuh5iuTxpVIqTjoawKdrdpPre_umh7r0&csui=3
https://www.google.com/search?sca_esv=b8ed1dceadc26d35&q=Quadratic+Sequences&sa=X&ved=2ahUKEwizxdzE3JOPAxUZ3TgGHYyCHDkQxccNegUIjwEQAg&mstk=AUtExfAqMWevJdSTMkJS1pLQASkqpeJIiBsvvK4W2ZzhxfgGk9PtMwM8wTSiZt1pAYo4jJoKr3raF5FwsdUrlUBrTssAb8nwfZyFEQTKuh5iuTxpVIqTjoawKdrdpPre_umh7r0&csui=3
https://www.google.com/search?sca_esv=b8ed1dceadc26d35&q=Harmonic+Sequences&sa=X&ved=2ahUKEwizxdzE3JOPAxUZ3TgGHYyCHDkQxccNegUIkAEQAg&mstk=AUtExfAqMWevJdSTMkJS1pLQASkqpeJIiBsvvK4W2ZzhxfgGk9PtMwM8wTSiZt1pAYo4jJoKr3raF5FwsdUrlUBrTssAb8nwfZyFEQTKuh5iuTxpVIqTjoawKdrdpPre_umh7r0&csui=3
https://www.google.com/search?sca_esv=b8ed1dceadc26d35&q=Finite+and+Infinite+Sequences&sa=X&ved=2ahUKEwizxdzE3JOPAxUZ3TgGHYyCHDkQxccNegUIjgEQAg&mstk=AUtExfAqMWevJdSTMkJS1pLQASkqpeJIiBsvvK4W2ZzhxfgGk9PtMwM8wTSiZt1pAYo4jJoKr3raF5FwsdUrlUBrTssAb8nwfZyFEQTKuh5iuTxpVIqTjoawKdrdpPre_umh7r0&csui=3
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Open and closed sets 

 

OPEN AND CLOSED SETS 
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Completeness and compactness 

Interior point  

In real analysis, an interior point of a set is a point that has an open neighborhood entirely 

contained within the set. A point x is an interior point of a set S if there exists a neighborhood of 

x that is completely contained within S. In other words, there's a small "bubble" around x 

consisting only of points in S. 

 

Example 

 

If you consider the open interval (0, 1) in the real numbers, every point within this 

interval is an interior point because you can always find a smaller open interval around any 

point that still lies entirely within (0, 1). However, 0 and 1 are not interior points because any 

neighborhood of 0 or 1 will contain points outside the interval (0, 1).  
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Interior set 

 

Let (X,τ) be a topological space and A be a subset of X, then the interior of A is 

denoted by Int (A)Int or A0  is defined to be the union of all open sets contained in A. 

In other words let (X,τ) be a topological space and A be a subset of X. The interior 

of A is the union of all open subsets of A, and a point in the interior of A is called an interior 

point of A. 

 

In real analysis, a closed set is a set that contains all of its limit points. Equivalently, a set is 

closed if its complement is an open set. Closed sets are fundamental in topology and analysis, 

and are used to define compactness, continuity, and other important concepts.  

Closed Sets 

In real analysis, a closed set is a set that contains all of its limit points. Equivalently, a set 

is closed if its complement is an open set. Another way to define it is that a closed set includes 

all its boundary points. 

Limit Points and Closed Sets  

 A limit point of a set is a point where every neighborhood (an open interval around the 

point) contains at least one point from the set, other than the point itself.  

 A set is closed if it includes all of its limit points.  

For example, the interval is closed because it includes both 0 and 1, which are its limit 

points. The interval (0, 1) is not closed because it does not include 0 and 1.  

 Complement and Closed Sets 

 The complement of a set A (denoted as Aᶜ or R \ A) is the set of all elements in the 

universal set (in this case, the real numbers R) that are not in A.  

 A set is closed if its complement is open.  

 An open set is a set where every point has a neighborhood entirely contained within the 

set.  

 For example, the interval (0, 1) is open, and its complement, which is (-∞, ∪ [1, ∞), is 

closed.  

 

 

 Properties of Closed Sets 

 

 The intersection of any collection of closed sets is closed.  

 The union of a finite number of closed sets is closed.  

 The empty set (∅) and the entire set of real numbers (R) are both closed.  

 

 Relationship to Open Sets 

Open and closed sets are related but not opposites.  

 A set can be both open and closed (like the empty set and the entire real number line in 

standard topology) or neither open nor closed (like the interval [0, 1)).  

 The complement of an open set is closed, and the complement of a closed set is open.  
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Boundary Points 
Boundary points are points where every neighborhood contains both points in the set 

and points not in the set.  

Examples 

 Closed Interval: The interval [a, b] (including both endpoints a and b) is a closed set.  

 Finite Sets: Any finite set of real numbers is also closed.  

 The Set of Real Numbers (R): The entire set of real numbers is considered closed.  

 The Empty Set (∅): The empty set is also considered closed.  
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Baire theorem 

 We started this chapter, by stating that a function of the first class has traces of 

continuity. The previous examples have indicated that the set of discontinuity points may be 

dense on the domain of the function. The next lemma, and the proceeding theorem, due to Baire, 

shows that a first class function cannot be everywhere discontinuous 

 

Is closed and nowhere dense 
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