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UNIT-V 

Characteristic roots and vector 

Characteristic roots, or Eigen values, and characteristic vectors, or eigenvectors, are a pair 

of a scalar and a non-zero vector related to a square matrix 

Characteristic roots (or eigen values) and their associated characteristic vectors (or 

eigenvectors) are fundamental concepts in linear algebra that describe how a matrix scales 

and transforms vectors. 
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Cayley – Hamilton Theorem 
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Minimal Equation of Matrix 

The "minimal equation" of a matrix is called the minimal polynomial. 

Definition: 



7 
 

On a Finite Dimensional Vector Space (FDVS), assume that T is a linear operator. If p(t) is a 

monic polynomial of least positive degree for which p(T) = 0, i.e. the zero operator, then the 

polynomial p(t) is called a minimal polynomial of T. 

Definition Let A be a KK matrix. An annihilating polynomial P (i.e., such that P(A)=0) is 

called a minimal polynomial of A if and only if it is monic and no other monic annihilating 

polynomial of A has lower degree than P. 

 

Minimal Polynomial Theorem 

Assume that p(t) is a minimal polynomial of a linear operator T on a Finite Dimensional Vector 

Space V. 

1. If g(T) = 0, then p(t) divides g(t), for any polynomial g(t). In specific, the minimal 

polynomial p(t) divides the characteristic polynomial of T. 

2. T’s minimal polynomial is unique 

Minimal Polynomial Proof 

(1): Let us consider g(t) is a polynomial, in which g(T) = 0. 

Using the division algorithm, there exist polynomials, say, q(t) and r(t) such that 

g(t) = q(t) p(t) + r(t) 

where r(t) = 0 or deg r(t) < deg p(t). 

Now, we can write 

g(T) = q(T) p(T) + r(T) 

i.e. 0 = q(T). 0 + r(T) 

It means that r(T) = 0. 

Since deg r(t) < deg p(t) and p(t) is considered to be the minimal polynomial of T. 

https://www.statlect.com/matrix-algebra/polynomials-in-linear-algebra
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Thus, r(t) should be zero. 

Therefore , p(t) divides g(t). 

Hence, proved. 

 

 

Quadratic Form 
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Properties of Quadratic Forms 

The eigenvalues of matrix A have a direct bearing on the characteristics of a quadratic 

form. The quadratic forms are categorized as follows by these properties: 

 Positive Definite: If all eigenvalues of A are positive, Q(x) > 0 for all x not equal to 0. 

Such forms are frequently seen in minima-seeking optimization issues. 

 Negative Definite: If all eigenvalues are negative, Q(x) < 0 for all x not equal to 0. 

 Indefinite: If A has both positive and negative eigen values, Q(x) can take on positive 

or negative values depending on x. 

The behavior of quadratic forms plays a crucial role in figuring out how the function 

surfaces represent the curve. For instance, positive definite forms show that the function 

surface is convex. 

Important Applications of Quadratic Form 
Quadratic forms arise in a variety of real-world situations: 

 Optimization: Quadratic forms are used in optimization, especially in quadratic 

programming, to design objective functions that must be minimized or maximized. 

Convex problems, which are simpler to solve and ensure global minima, are linked to 

positive definite matrices. 

 Mechanical Systems: In physics, potential energy in systems where the energy relies 

quadratically on the state variables of the system, like displacements, is frequently 

represented using quadratic forms. 

 Statistics: Covariance matrices in multivariate statistics define quadratic shapes that 

characterize the correlation and variability of data sets. Principal component analysis 

and other dimensionality reduction methods require an understanding of these forms. 

 

 

Signature and Classification of Quadratic Forms 
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Applications of Sylvester’s Inertia 
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