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UNIT — 11

LEBESGUE MEASURE

Lebesgue Measure
In this section we shall define Lebesgue Measure, which is a generalization of the idea of length.
Definition: The length (I) of an interval I with end points a and b is defined as the difference of

the end points. In symbols, we write.

(N =b-a.

Definition: A function whose domain of definition is a class of sets is called a Set Function. For
example, length is a set function. The domain being the collection of all intervals.
Definition. An extended real — valued set function p defined on a class E of sets is called
Additive if
AeEBeE,AUVB eEand AnB = ¢ imply
u(AwB) = u(A) + u(B)
Definition: An extended real valued set function u defined on a class E of sets is called finitely
additive if for every finite disjoint classes {A1, A2, ... ., An}of sets in E, whose union is also in
E,
we have
n
W(ULA) = ) u(A)

=1
Definition. An extended real-valued set function u defined on a class E of sets is called

countably additive it for every disjoint sequence {An} of sets in E whose union is also in E, we

have



o0

wUZ4,) = Z#(A[}

i=1

Definition. Length of an open set is defined to be the sum of lengths of the open intervals of

which it is composed of. Thus, if G is an open set, then

(@) = ) 1)

Where

G =Ulh, Iy nly, = ¢if ng =n,.

Definition. The Lebesgue Outer Measure or simply the outer measure m* of a set A is defined as

m*(A) = Aiﬂi; »UL).

where the infimum is taken over all finite or countable collections of intervals {1} such that

AcUIL,

Since the lengths are positive numbers, it follows from the definition of mx that mx=(A4) >0.
Lebesgue-Stieltjes measure
A cumulative distribution function, or distribution function for short, is a right-

continuous, nondecreasing function F: R — R such that

limy - o F(X) =0 and limx - » F(X) = 1.



If (QQ, F, P) is a probability space and X is a real random variable defined on € then the
cumulative distribution function (c.d.f.) of X is the distribution function
Fx(x) = P(X <Xx).
That Fx(x) is in fact a distribution function follows from the upper and lower continuity of
probability measures.
If u=P is a probability measure then is continuous from above and below, i.e.,
Alc A2c A3 c .. = P(Un1 An) =limn—o P(An),

Al> A2>5A3>..=P( N1 An) = limn—o P(An)

Measure integral
1. If f is a nonnegative simple function, so that f= Xi€1 aj 1ajwhere | is a finite index set, ai€ [0,

o) fori € I, and {Ai: i€ 1} is measurable partition of S, then

fdu= a; u(A;)
[ran=%

el
2. If f: S— [0,00) is measurable, then

[fdu= {Jsgdu: gissimpleand 0<g<1}fS

3.3 .If f: S— R is measurable, then
[sfdp = JsF dpt - [F dp
4. If f: S— R is measurable and A € S, then the integral of f over A is defined by
[afdp = Js1af du
assuming that the integral on the right exists.

Properties of Measure integral



1. Iff, g : S — R are measurable functions whose integrals exist, then
[s(f+g) du=Js fdu + s g dp as long as the right side is not of the form o - .
2.If £ S — R is a measurable function whose integral exists and ¢ € R, then [s cf
dp=cls fdu.
3. If f:S—R is measurable and >0 on S then p>0.
4. If f,: S—R are measurable functions whose integrals exist and f<g

on S then [sfdp<[

Comparison of Lebesgue and Riemann integration

(1) The most obvious difference is that in Lebesgue’s definition we divide up the interval into
subsets while in the case of Riemann we divide it into subintervals.

(2) In both Riemann’s and Lebesgue’s definitions we have upper and lower sums which tend to
limits. In Riemann case the two integrals are not necessarily the same and the function is
integrable only if they are same. In the Lebesgue case the two integrals are necessarily the same,
their equality being consequence of the assumption that the function is measurable.

(3) Lebesgue’s definition is more general than Riemann. We know that if function is the R-
integrable then it is Lebesgue integrable also, but the converse need not be true. For example the
characteristic function of the set of irrational points have Lebesgue integral but is not R-
integrable.

Let y be the characteristic function of the irrational numbers in [0,1]. Let E1 be the set of
irrational number in [0,1], and let E> be the set of rational number in [0,1]. Then P = [E1, E2] is a

measurable partition of (0,1]. Moreover, ¥ is identically 1 on E1 and y is identically 0 on Ez .



Hence M[y, E1] = m[y, E2] =1, while M[y, E1] = m[y, E2] = 0. Hence U[y, P]=1.mE1 + 0.m E>
= 1. Similarly L[y, P] = 1.m E1 + 0.M E = 1. Therefore, U[y, P] = L[y, P].
For Riemann integration
My J]=1,m[yJ]=0
for any interval Jc[0,1]
Uy J1=1,L[x,J]1=0 .

The function is not Riemann- integrable.
Lebesgue integral

Lebesgue integration is an alternative way of defining the integral in terms of measure
theory that is used to inte grate a much broader class of functions than the Riemann integral or
even the Riemann Stieltjes integral. The idea behind the Lebesgue integral is that instead of
approximating the total area by dividing it into vertical strips, one approximates the total area by
dividing it into horizontal strips.

The shortcomings of the Riemann integral suggested the further investigations in the
theory of integration. We give a resume of the Riemann Integral first.
Let f be a bounded real- valued function on the interval [a, b] and let

a=¢§, <§ <<, =b

Be a partition of [a, b]. Then for each partition we define the sums
S =Xim1(§ —§_, M,

And
s =YL& — & m,

Where



Mj= Sup f(x).m= _inf f(x)
E SR

Si-q =G Fi-1

We then define the upper Riemann integral of f by

R [ f(x)dx = inf S
With the infimum taken over all possible subdivisions of [a, b].
Similarly, we define the lower integral

R [2f(x)dx = supss.

The upper integral is always at least as large as the lower integral, and if the two are equal we
say that f is Riemann integrable and call this common value the Riemann integral of f. We shall

denote it by

R [ f(x)

To distinguish it from the Lebesgue integral, which we shall consider later. By a step function we

mean a function y which has the form
wix) =¢,§_, <x<

for some subdivision of [a, b] and some set of constants ci.

The integral of y(x) is defined by

b n

RJ y(x) dx = Z ci (g — &)

a i=1

With this in mind we see that

R [2f00dx = inf [ y(x) dx

for all step function



wix) = f(x).

Similarly,

R [ f(x)dx = sup [* d(x) dx

for all step functions
$(x) = f(x).

Dominated convergence theorem
(fn(X))*n=1 denotes a sequence of Lebesgue integrable functions that almost everywhere on |
converge to a limit function f. Assume that g is a Lebesgue integrable function that |f,| < g nearly
everywhere on | and for all n € N.

If 1Moo J1 fa(x) dx = [ f(X)dx.,

then f is Lebesgue integrable on I.

Note:
It’s important to remember that lima [ fa(x) dx = [, f(x) dx can alternatively be written as

liMasoe 1 o (x) dx = [i lima. £ (X) dX.

Proof:
(fn(x))n=1 is a sequence of Lebesgue integrable functions that nearly everywhere on I
converge to a limit function f. Then, practically everywhere on I, the following equality holds:
Lim supn— fn(x) = f(x) = lim infy e fa(x) ...(1)
two new sequences of functions (Gn(x))*n=1and (gn(X))*n=1

Gn(X) = supien {f(X)} and gn(X) = infien {f(x)} ...(2)


https://byjus.com/maths/limits/

(Gn(X))“n=1 Is a decreasing sequence of functions, (gn(X))”n=1is an expanding sequence of
functions that almost always converges to f(x) on I. (Gn(x))oon=1and (gn(X))“n=1 are Lebesgue
integrable function sequences.
almost everywhere on I, the following inequality holds:
gn(X) < f(X) < Gn(X) ...(3)
Already know that
Ifa(X)| < g(x)
And
some Lebesgue integrable function g. As a result, nearly everywhere on I, the following chain of
inequalities
—g(%) < go(x) < Fox) < Ga(x) < g(x) ...(4)
the function sequence (g—Gn)“n=1. Then g—Gn is Lebesgue integrable on | and, moreover, is
nearly everywhere on | an expanding sequence.
the sequence is
(i1 [g() = Gn ()] dX)*n=1
[i[g(x) = Gn(x)] dx < Ji2g(x) dx =2 [ g(X) dx < 0 ...(5)
the function g(x)—f(x) = limn—»[g(X) — Gn(x)] is Lebesgue integrable on I using Levi’s
Monotonic Convergence theorems concerning Lebesgue integrable functions, and that:
[1[g(x%) = f(x)] = limao i [2(%) — Gn(x)]dx = [i g(x)dx — limn—e [ Ga(x)dx = [i g(x)dx — [i f(x)dx
...(6)
As a result, [ f(x)dx = lima_J1 Gn(x)dx, and f is Lebesgue integrable on 1.

The function sequence

(9n(x) + 9(x))*n=1.


https://byjus.com/maths/sequences/

This is a sequence of Lebesgue integrable functions on I in increasing order. Moreover,
([1[9n() + g091dX) n=1,
the sequence converges, because
Ii[gn(0 + g(0] dx < [12g(x)dx = 2/ g(x)dx < o0....(7)
So we know that
g(x) + f(x) = lima—c- [9(X) + gn(X)]
is a Lebesgue integrable function according to Levi’s Convergence Theorem regarding
Lebesgue integrable functions, that:
[iTg(x) + f(x)] dx = liMas [ [9(X) + gn(x)] dx = [ g(x)dX + liMaos [ gn(x)dx = [1 g(x)dx + [ f(x)dx
.. (8)
is Lebesgue integrable on I, and that [; f(x)dx = lima— [i gn(X) dx once more.
gn(x) < f(x) < Gn(X) holds almost everywhere on I, the preceding chain of inequalities holds
nearly everywhere on I:
[ gn(x)dx < [ f{x)dx < [iGn(X)dxX limnco [ gn(x)dx < limaeo fi f(x)dx < limaes [t Ga(x)dx [i f{x)dx <

liMae 1 f(x)dx < [ f(x)dx ...(9)

Therefore,
liMa—o0 Ji Fa(x)dx = [1 f(X)dx is proved.
Radon-Nikodymn theorem
Statement:
Let (X, M, p) be a ¢ - finite measure space and v a ¢ - finite measure defined on the
measurable space (X, M) that is absolutely continuous with respect to p. Then there is a

non-negative function f on X that is measurable with respect to M, for which



V(E)=[efdy, VEEM ........ (1)
The function f is unique in the sense that if g is any non-negative measurable function on
X that also has this property, then

g="fae[p].

Proof:
p and v finite measures and then we extend the result to the finite case.
Assume that,
o - finite.
If v(E) =0, V E € p the claim holds with f=0 on X.
Claim:

First we prove that there is non-negative measurable function f on x for which,

[fdu>0and[fdu>v(F)VEEN...... )
From A>0
Hahn Decomposition theorem,{ P, , Ny } for v - Ap.
Where,
X =PrUNy PAN Ny = .
P\ is a positive set and NA is a negative set with respect to the signed measure v - Ap.
Claim: there is some A > 0 for which pw(Pi) > 0.
Assume,
p (Py) =0 forall A > 0.
Then for any measurable subset E of P;, we have W(E) = 0 and hence V(E) = 0 by

absolute continuity.



Since, Ny is a negative set for (V - Ap) for any E € p
(V-M)E)=(V-M)(ENP)UENN))
=(V-A((ENPLYUENN,))
=V((ENPHUENNY)-M((ENP)UENN))
=V((ENP))+V(ENN,))-((ENP))
=V(ENN))-A((ENN))
<V((ENN)
<V(E) - MyE) <0.
By definition, V(E) - Au(E) <0 V(E) < Mu(E) for allE € pand allA>0 ........ 3)
Since W 1s a finite measure,
1 (E) < w(X) < o by condition.
V(E)=0VE € M.
V does not vanish on all of M, so, the assumption that
u (P) =0V A > 0is false and there is a o> 0 for which pu (Pyo) >0
Define f= Ao  P1o then,
[ fdu =1%oy Piodp = 2o U(Pso) > 0 and,
[fdp =] 2oy Piodpt
= [ %oy Pro X E dt
=% % (Pro N E) dp
=Xo U (Pw N E)
<V (P NE)
<V (Pn NF)

<[ fdu (F) forallE € M



Hence, (2) holds for =210 % P1o

Define F to be collection of non-negative measurable functions on X for which
[ fdp >v(E) for all E € .

Then, Fu is non-empty since,

Aoy P €F

M=suprer | fdu ......... 4)

NOTE: M >0, since Ao} Pxo €EF

claim: There is an f € F for which [, f du = M, for any such f,

v(E)=Je fduforallE e M
let,ghe Fand Fe M
Then, E1 = { x € E| g(x) <h(x) }
We have, E2= {x € E | g(x) > h(x) }
| max {g, h} du = Jg1 hdu +Je g du
>v(E1) + v(E2) [by def. of F]
>Vv(E)
So, that max {g, h} € F.
Select, a sequence {fa} in F for which lim [ f, du = M (such a sequence exists by def. of
supremum)
Assume, {f,} to be a pointwise increasing sequence of function of x [or else we can
replace each f, by maximum {f, f, f5, ..., f.} € F to get an increasing sequence]

Define, f(x) = lim f, (x) for each x € X.



Since F consists only non-negative functions and {f.} is monotone, by monotone
convergence theorem
Ix fdp = lim [x fn du = M.
Also, v(E) > [e fndu V EE M and as by the monotone convergence theorem
V(E) > lim Jg f, dp =[ lim fdu vV EE M.
So, feF.
Define 0 (F) = V(E) . [e fdp for E € M
By assuming V(X) < oo. Therefore, [x f du < V(X) < .
Since, V(E) > | fdp for all
EEM,n(E)>0forallEEM
Now, v is countably additive since it is a measure and so h is countably
additive. Therefore 1 is a measure ~ on M.
Also, for E € M with w(E) = 0 we have v(E) = 0 since v is absolutely continuous with
respect to p and Jg fdp = 0. So that, n(E) = 0 that is 1 is absolutely continuous with
respect to L.
We claim that n = 0 on M.
Assume there is some set E € M for which n(E) > 0. Then, as argued above v, we can
find a non-negative  function fsuch that | f* du >0 and [ f'dp <n (E) for all E € M.
So, from the definition of | we have for this " that, [ du <n(E)=v(E) - [e ¥ dp for all
EeM.
Then,
[(f+f) dp=/f dut+/Fdu >0

and for all EEM



Je (F+dp = Je f dp+le fdp < V(E)

sothat f+fe F

But, then

[x (F+0) dp > [x fdp=M

a Contradiction of the definition of M. So, that assumption that n (E)>0 for some set

EEM is false and hence n (E)=0V E€ M.

v(F)=[fdn VEEM

Almost everywhere convergence
A Sequence {fn} of functions defined on a set E is said to converge almost everywhere to
fif

lim £,(¥) = f(x) ¥ x € E — E, where E, C E,

m(E;) = 0.
Convergence in measure
Definition: A sequence < fn > of measurable functions is said to convergence in measure

tofonasetE,
mix||f(x) — fu(x)| = e} < &.
Or

lim mx||f (x) = /()] = £} =0



Convergence in mean
Let r>1 be a fixed number. A sequence of random variables X1, X2, X3, ..... converges in the r"
mean to a random variable X, shown by
L'F‘
X, — X, Iif
lim E (| X, - X|") =0.
n—0oo

If r=2, it is called the mean-square convergence, and it is shown by

n.s

X, — X.



