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Unit IV

Exponential distribution
Definition

A continuous random variable X assuming non- negative values is said to have an
exponential distribution with parameter 6 > 0 and its p.d.f is given by
f(x)=0e%% x>0
Moment generating function of Exponential distribution
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Lack of memory
If X has exponential distribution then for every constant a<0, 1 has probability of X
p(Y <x /X =a) =p(X = x) Vx, where Y=x-a

Proof
The p.d.f of exponential distribution with parameter 6 is

f(x)=0e%%x>0
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Standard Laplace (double exponential distribution)

A continuous random variable X is said to follow Standard Laplace distribution if its p.d.f is

1
flx) = Ee"xl; —0o<x <o

Characteristic function of double exponential distribution
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The mean is zero standard deviationv2 and variance 2, mean deviation 1.
Two Parameter Laplace (Double Exponential Distribution)
A continuous random variate X is said to have a double exponential distribution with
two parameter A and p if it p.d.f is given by
FOo,2) = o expl-lx — ul/2]; ~o0 < x < 0,1 0

We write
X~Lap(4, )

1
= ﬁexp(—lyl)/l

1
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Which is the p.d.f of Standard Laplace Distribution. y is a Standard Laplace
Distribution with p.d.f g(y).



Characteristic function of Two Parameter Laplace (Double Exponential Distribution)
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Moments of Two Parameter Laplace (Double Exponential Distribution
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Log normal distribution:

The positive random variable x is said to have log normal distribution if log ¥ is
normally distributed. Let we defined by
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Beta distribution
Beta distribution of first kind

A random variable X is said to have a beta distribution of first kind with parameters
uand v (u > 0,v > 0) if its p.d.f is given by
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Constant of Beta distribution of first kind
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Beta distribution of second kind
A random variable X is said to have a beta distribution of second kind with parameters

uand v (u > 0,v > 0) if its p.d.f is given by
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Constant of Beta distribution of first kind
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Gamma distribution

v—1

A random variable X is said to have a gamma distribution with parameter A>0, if its
p.d.f is given by
X A-1
2(d)

Moment generating function of Gamma distribution
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Cumulant generating function of Gamma distribution
kx(t) = log Mx(t)
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Additive property of Gamma distribution
Statement

The sum of independent gamma variate is also a Gamma variate .more precisely if
X1, X5, ..... Xy are independent gamma variate with parameter A4, 4,, .... 4, respectively then
X, + X, + -+ +X, is also gamma variate with parameter A, + A, + --- + 4.

Proof

11



Since X; isay(A4,) variate,
M) =(1-t)*
The m.g.f of the sum X; + X, + ---. +X is given by

My, x4 x, (£) = My (). My, (£). My, (£) ... ... My, (t)

= (- A= (L -

— (1 — t)—(11+12+~~+/1k)

Which is the m.g.f of a gamma variate with parameter 1, + 1, + --- + 4, Hence the
result follows by the uniqueness theorem of m.g.f’s.
Cauchy distribution

A random variable X is said to have a standard Cauchy distribution if its p.d.f is given
by

1
f(x)=m=

Where x is a standard Cauchy variable more generally Cauchy distribution with

—00o < x < 0o

parameter A and u has the p.d.f is given by

A
() =
P TR+ - w7
We write :X~c(A, u)
Characteristic function of Cauchy distribution

: —oo<y<o:A>0and
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2 @
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Additive property of Cauchy distribution
Statement:
If X, and X, are independent Cauchy variate with parameter (14, ;) and (15, u,)

respectively, then X; + X, isa Cauchy variate with parameters (4; + 4,, uq + ).

Proof:
@y, (t) = elit=41t where j = 1,2,3, ...
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= eit(“1+/‘2)_()‘1+12)|t|
Thus
X1 + XZN(Al + /12,/,{1 + '1,[2)
Moments of Cauchy’s distribution
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TL,

!
lim [ —Z—dz, does not exist, Its principal value viz, lim [ —— dz, exist and is equal
n—->oo

n—o J-n 32472 nA%+z2

n'—oo
to zero.

Thus in the general sense the mean of cauchy distribution does not exist. But, If we
conventionally agree to assume that the mean of cauchy distribution exists by taking the
principal value), then it is located atx>p also, obviously, then probability curve in
symmetrical about the point x=p. Hence, for this distribution the mean, median & mode
coincide at the point x=.

Let lim

n—-oo

EG) = o lim [ ~dt+p = 2 lim [loglt[]", +
(y)—gnggoj_n; t+u = limlog|t|]%, + u

— — 1i 2 2| n —— 1i 2 2 211n
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2
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Compound poisson distribution

Let x be a p(y) so that

AT
e A
p(y) = T = 0,1,2 ...

Where A itself is a continuous random variable with generalized gamma density,
ge—allv—l
g =\ :A>0,a>0,v>0.
0 :A<0
Let us consider the two dimensional random, vector (X, 1) in which one variable is
discrete and the other is continuous. For a constant h>0 and A, > 0. The joint density of X

and A is given by
pX=mA <A<l +h)=pL <A< +h)pX=r/(41 <)
Dividing both side by h and proceeding to the limits as h — 0, we get,

lim
h-u h

= | = <
}II_I;% p(X=r)4, <A

h

S Al + h X llm
h-0
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ool A+ 0 G +Hh) -G
lim = lim
h—0 h h—0 h
Where G (.) is the distribution function and g(.) p.d.f of 1
O pX=rNA <A<A +h) e a¥
~ lim = —
h—-u h rl v

=G(A) = g(Ay).

—aly v-1
e "1

Integrating w.r.t A, over 0 to co and using gamma integral, the marginal probability function
and of X is given by

u

a ° h _ a* rr+v
P =1)= rv r!fo eI dy = rvr!(1+a)™v
a \V*rv+1D)Ww+2)...(v+r—1) a \“ —v
= (173) : =(tv2) v ()
14+a 1+ a)¥r! 1+a r/\1+4+a
— (Yo (o — a g=1—p = 1
—(r)p (—q)" wherep (1+a).q 1-p 174

Thus the marginal distribution of x is negative binomial with parameter (v, p).
Sampling Distribution:-

The sampling distribution of a statistic is the distribution of all possible values taken
by the statistic when all possible samples of a fixed size n are taken from the population

If is a theoretical idea, we do not actually build it. The sampling distribution of a
statistic is the Probability distribution of that statistic Sampling distribution of the sample
mean, we take may random samples of a given size 'n' from population with mean " p " and
standard deviation.

Some sample mean will be above the population mean p and some will be below,
making up the sampling distribution. For any population with mean p and standard deviation
o.

e The mean (or) center of the sampling distribution of X is equal to the population mean

Wipix — U
e The standard deviation of the sampling distribution is \% where n is the sample size,
o
Oog = ﬁ

e Mean of a sampling distribution of x no tendency for a sample mean to fall

systematically above (or) below u even if the distribution of the raw data is skewed
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Thus, the mean of the sampling distribution is an unbiased estimate of the population
mean u It will be "correct on average™ in many samples

e SD of a sampling distribution measures how much the sample statistic varies from
sample to sample It is smaller than the standard deviation of the population by a factor
of Vn

e Averages are less variables than individuals observations. For normally distributed
populations. When a variable in populations is normally distributed the sampling
distribution of X for all possible samples of size n is also normally. If the population is

N (u, o) then the sample means distribution is N (u, o /v/n)

Student’s ‘t’ distribution:

Let X;(i = 1,2,3,...n) be a random sample of size n from a normal population with
mean u variance ¢ 2.Then Student’s‘t’ is defined by the statistic
X— [
= i

_ 1 . 1 — . .
Where, X = ;Z}lei,ls the sample mean and s? = EZ?zl(xi — %)% is an unbiased

t

estimate of the population variance o2, and if follows Student’s ‘t’ distribution with v=(n-1)

d.f with p.d.f

1 1
f() = F— <t <o,

#G3) (5)eF

Derivation of Student’s ‘t’ distribution:

(=X H
\/_
(x2— w? (x— w?/o? o ns?
t2= > — > '._n52=(n_1)52_)52=
A L n—1
(n—1n
t2  (x— w?/on _[(x— u)/m/ﬁ]2
n—-1 ns?/fo? ns2 /g2
1 xm t2 1n-1
f(X)zﬁ(m’n).(l_l_x)m_'_n:0Sx£oo=n_1~ (E' > )
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n—1

t? \2
t? 1 (n_1> t?
f( )zﬁ(ln—l- 1+”_+1:0S_n 1<oo

Fisher’s t distribution:
It is the ratio of a standard normal variate to the square root of an Independent y?2-
variate divided by its degrees of freedom. If }i; isaN(0,1) and x? is an Independent x?

variate with n d.f, then Fishers t's given by
&

VXi/n

And it follows students t distribution with n degrees of freedom.

t =

Moments:

t = £ t
N
e~(0,1)

f(x)zie‘g /2:—c0 < g < 0
2T
1 X2 n
p(x?) = ——=e 2xZ Lo<y? <o

By Jacobian transformation,

ds ds

— — Vu t 1 T c
oy 0yx? n n 2vu n Iz
ot oul 'V 1 Y

Joint p.d.ft & u g(t,u)
fut,w) = foz (XN = fe()f 2 N = £ <t\/g> [ ) <\/%>

— 1 e—tzu/Zn 1 e—u/Zug—l\/E
V21 2% n n
2
1 P e O
fltu) = ———=e 2y 7
nn
V2n 22\/;

17



t n+1

(o] 1 u 2
f@) = ff(t,u) du:f T(3‘7(1’7)u7-1du
O 2m2z \/%x/ﬁ
© 1 ¢t 1
= [ f e_§(1+7)uu%_1dul+
0 V2w 22 \/%x/ﬁ

w.k.t f(:oe‘axx’l‘ldx = \/%

f@) =

Applications t-distribution

e To test if the sample mean (x) differs significantly from the hypothetical value u

of the population mean.
e To test the significance of the difference between two sample means.

e To test the significance of an observed sample correlation coefficient and sample

regression coefficient.

e To test the significance of an observed partial and multiple correlation coefficients.

Central F distribution

If X and Y are two independent chi square variate with v;and v, d.f respectively then

F statistic is defined by

_ (X/v)
P =

In other words, F is defined as the ratio of two independent chi - square variate divided

by their respective degrees of freedom and it follows Sneducer’s F distribution with (v, v;)

d.f with p.f given by
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Derivation
Since X,Y are independent chi-square variate with v;and v, d. f, their joint p.d.f is
given by

1 (-x/2) (-¥/2) -1
flx,y) = 6’ X 2 e y2
22r 2 22r

_ G/v)
W/v2)

Joccoban transformation.

Jdx Ox
ax,y) |aF ou
a(F,u) ay dy

oF ou

J=

Joint p.d.f

_\P2
f(F‘ u) = Vitv, € z
2
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Chi square distribution:

The square of a standard normal variate is known as a chi square variate (pronounced
as ki-sky without s) with 1 d.f.

— N2
Thus, if X~N(u,02) then z = XT”~N(0,1),and 7% = (XT”) is a chi square variate

with 1 d.f
In general if X;(i = 1,2,...n) are n independent normal variate with means u and

variance o7, (i = 1,2, ...n)then,
2 _
X2 =3, (%) is a chi square variate of n d.f
l

Derivation of chi square distribution:
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M.G.F of y2-distribution:
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Characteristic function of y2-distribution
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C.G.F of y2-distribution:
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n n
ky(£) = logMy (t) = log [(1 - 2t)—f] = — > log(1 —2¢)
_n 2t+2t2+2t3
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2

t n
k, = co ef feicient of 31 ink(t) = o X4 =2n
£3
ks = co ef feicient of 3 ink(t) =8n
£+
k, = co ef feicient of o ink(t) = 48n

In general
n

k, = co ef feicient of % ink(t) =n2""1(@r - 1!
Mean =y, =k, =n
variance = U, = k, = 2n
Uz = ksz = 8n
py = kg + 3k, = 48n + 12n?
Limiting form of y2-distribution:
If X~x*,
My(t) = (1-20)72
M.G.F of standard y? variate z,
M,(t) = M{%(t) = My_,(t/o) = Mx(t/o)M(ut/o)

= My (t/0)E(e /%) = My (t/o)e /o = e7Ht(1 — 2t /o)™ ™/?

= e NI (1 — 2t /\2n) /2
Also
ky(t) = log My (t) = log [e™™/V2"(1 — 2t /\2n) /]

= log [e™™/N%] + log(1 — 2t/V2n) ™2 = —t [g —% log(1 - 2¢/\/2/n)|
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M,(t) = e*2/?2 asn — oo

Mode of y?-distribution:

1 2 n_y
() =————e X 2(y)270< y? <
f 2n/2 In /2

P = r/zle (-3) a7 + e EG-Dad ]
=; 2 ()(2)2 [__+ (__ 1)()(2) 1]
2n/2 / /
) st i [ L P L)
F'*) =0 e _/ ()(2) [ +( () 1] 0

e Gevr]=0-3- G- (3 -3 EFH) - e

F'"(¥*) = 0 > y2 = n — 2 is the mode.
Additive property of x? variate

The sum of independent y? variate is also a y? variate more precisely, if X;(i =
1,2, ... k) are independent y? variates with n d.f respectively. The sum of ¥¥_, X; is also a 2
variate with Y% ,n; d.f
Proof
We have My, (t) = (1 — 2t) (z = 1,2,.... k). the m.g.f of the sum Y¥_, X; is given by,
My x (£) = My, (£). My, () ..... My, (t) {~ X;is are independent}
CY Nz _Nk
=(1-2t) 2(1-2t) 2 ...... (1-2t) 2

nitn,...

=(1- 2t)_7X /2
Which is the m.g.f of a y?variate with n; + n, ...n; d. f. Hence by uniqueness theprem of

m.g.f ‘s Y5, X; is a y?variate with ¥*_ n; d. f.
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