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UNIT - 11

Non-Parametric Test

Non-parametric tests are the mathematical methods used in statistical hypothesis
testing, which do not make assumptions about the frequency distribution of variables that are
to be evaluated. The non-parametric experiment is used when there are skewed data, and it
comprises techniques that do not depend on data pertaining to any particular distribution.

The word non-parametric does not mean that these models do not have any
parameters. The fact is the characteristics and numbers of parameters are pretty flexible and
not predefined. Therefore, these models are called distribution-free models.

Assumption
e The form of the population is unknown.
e The population possesses density function.

o Lower order moments exists i.e g, i, are finite.

e Sample observation are independent and random
e The variable under study is continuous.

e The two populations are identical or the measures of location of two populations are
the same.

Applications of Non-Parametric Test
The conditions when non-parametric tests are used are:
o When parametric tests are not satisfied.
o When testing the hypothesis, it does not have any distribution.
o For quick data analysis.
o When unscaled data is available.
Advantages of Non-Parametric Test
The advantages of the non-parametric test are:
o Easily understandable
» Short calculations
e Assumption of distribution is not required

o Applicable to all types of data
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Disadvantages of Non-Parametric Test

The disadvantages of the non-parametric test are:
o Lessefficient as compared to parametric test

e The results may or may not provide an accurate answer because they are
distribution free

Types of Nonparametric Tests

1-sample sign test. Use this test to estimate the median of a population and compare
it to a reference value or target value.

1-sample Wilcoxon signed rank test. With this test, you also estimate the population
median and compare it to a reference/target value. However, the test assumes your
data comes from a symmetric distribution (like the Cauchy distribution or uniform
distribution).

Friedman test. This test is used to test for differences between groups with ordinal
dependent variables. It can also be used for continuous data if the one-way ANOVA
with repeated measures is inappropriate (i.e. some assumption has been violated).

Goodman Kruska’s Gamma: a test of association for ranked variables.

Kruskal-Wallis test. Use this test instead of a one-way ANOVA to find out if two or
more medians are different. Ranks of the data points are used for the calculations,
rather than the data points themselves.

The Mann-Kendall Trend Test looks for trends in time-series data.

Mann-Whitney test. Use this test to compare differences between two independent
groups when dependent variables are either ordinal or continuous.

Mood’s Median test. Use this test instead of the sign test when you have two
independent samples.

Correlation Use when you want to find a correlation between two sets of data.

The following table lists the nonparametric tests and their parametric alternatives:

Nonparametric test Parametric Alternative
1-sample sign test One-sample Z-test, One sample t-test
1-sample Wilcoxon Signed Rank test One sample Z-test, One sample t-test
Friedman test Two-way ANOVA
Kruskal-Wallis test One-way ANOVA
Mann-Whitney test Independent samples t-test
Mood’s Median test One-way ANOVA
Spearman Rank Correlation Correlation Coefficient
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Difference between parametric and non-parametric test

Properties

Parametric Test

Non-parametric test

Assumptions

Yes, assumptions are made.

No, assumptions are not
made

Value of central

The mean value is the central

The median value is the

tendency tendency central tendency
Correlation Pearson Correlation Spearman correlation
Probabilistic Normal Probabilistic Arbitrary Probabilistic
Distribution Distribution Distribution

Population knowledge

Population knowledge is
required

Population knowledge is not
required

Used for finding nominal

Used for Used for finding interval data
data
— . . Applicable to variables and
Applicat Applicable t I )
pplication pplicable to variables attributes
Mann-Whitney and Kruskal-
Examples t-test and z-test a itney and Kruska

wallis

Spearman Correlation

The correlation test measures the strength of the association between two variables.

Spearman’s Correlation is a statistical measure of measuring the strength and direction of the
monotonic relationship between two continuous variables. Therefore, these attributes are
ranked or put in the order of their preference. It is denoted by the symbol “rho” (p).

Assumption

Random samples.
A monotonic association exists between 2 variables.
Variables are at least ordinal

Data contains paired samples need variable x and y values, if there is a missing value
you need to delete the row.

Independence of observations.

Advantages of Spearman’s Rank Correlation

This method is easier to understand.

It is superior for calculating qualitative observations such as the intelligence of
people, physical appearance, etc.

This method is suitable when the series gives only the order of preference and not the
actual value of the variable.

It is robust to the outliers present in the data
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e It is designed to capture monotonic relationships between variables. Monotonic
relation measures the effect of change in one variable on another variable

Disadvantages of Spearman’s Rank Correlation:
o Itisnotapplicable in the case of grouped data.
e Itcan handle only a limited number of observations or items.

e It Ignores Non-Monotonic Relationships between the variables for example it does
not capture other types of relationships, such as curvilinear or nonlinear associations
between the variables.

e It only considers the ranks of the data points and ignores the actual magnitude of
differences between the values of the variables.

e Converting the data into ranks for Spearman’s rank correlation discards the original
values of the variables and replaces them with their respective ranks. This
transformation may result in a loss of information in the data, especially if the
variables of the data have meaningful magnitudes or units.

Formula

Spearman’s rank correlation formula is given by,

1. Spearman's rank correlation formula for no tied ranks
6> d’
p=l-—r=
n(n® -1)
Where,

p = Spearman Correlation coefficient
d; = the difference in paired ranks
n = total number of observation

2. Spearman’s rank correlation formula for tied ranks

DG
T

Where,
p = Spearman Correlation coefficient

t = number of observations in a group tied for a given rank
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Test procedure for Spearman’s rank correlation
1. Null Hypothesis (Ho)
Ho: There is no significant relationship between two independent variables.
2. Alternative Hypothesis (Ha)
Hi: There is significant relationship between two independent variables.
3. Test statistic

Under the null hypothesis (Ho), the test statistic is

1. Spearman's rank correlation formula for no tied ranks
6> d’
p=l-—S
n(n“-1)
Where,

p = Spearman Correlation coefficient
d; = the difference in paired ranks

n = total number of observation

2. Spearman’s rank correlation formula for tied ranks
> -1
P
Where,

p = Spearman Correlation coefficient
t = number of observations in a group tied for a given rank
4. Level of Significance
The level of significance may be fixed at either 5% or 1%.
5. Critical value
For two sided test, from Spearman’s correlation table for (n - 2) degrees of freedom.
6. Inference

If the observed value of the test statistic p exceeds the table value of Spearman's
correlation, we reject the Null Hypothesis H, otherwise accept it.
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Test for Spearman’'s Rank correlation

In a marketing survey the price of tea and coffee in a town based on quality was found
as shown below. Could you find any relation between tea and coffee price?

Price of tea

88

90

95

70

60

75

50

Price of coffee

120

134

150

115

110

140

100

Procedure

e State the null hypothesis and alternative hypothesis

o State the alpha

o Compute the test statistic

P

2
=1 GZdi

“n(n?-1)

o To determine the critical value

o Compare the calculated test statistic to the critical value.

Calculation

Hypothesis

Ho: There is no a significant correlation between price of coffee and tea.

Ha: There is a significant correlation between price of coffee and tea.

Level of Significance

o=0.05

Test Statistic:

Here, n=7, then

Price of tea | Rank Price of coffee | Rank d d?
88 3 120 4 1 1

90 2 134 3 1 1

95 1 150 1 0 0

70 5 115 5 0 0

60 6 110 6 0 0

75 4 140 2 2 4

50 7 100 7 0 0
Total 6

Under the null hypothesis, the test statistic is
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r=1-

-7

36

r=1-

343 -7
r:1—ﬁ

336
r=1-0.1071
r=0.893

Table Value
The degrees of freedom = (n - 2)
=7 -2 =5df
Table Value = 0.900
Conclusion

Since the calculated value is less than the table value (0.893 < 0.900). We do not
reject the null hypothesis. Hence, we conclude that there is no significant correlation between

price of coffee and tea, (i.e.,) both coffee and tea’s are equal quality.

Chi Square Test for Association of attributes

The Chi-Square Test for Association is used to determine if there is any association
between two variables. It is really a hypothesis test of independence. The null hypothesis is
that the two variables are not associated, i.e., independent. The alternate hypothesis is that the
two variables are associated.

Formula

Chi Square Test for Association of attributes formula is given by,

2 (Oi _Ei)2
ST

Oi = Observed Value
Ei = Expected Value

_ (Row Total) x (ColumnTotal)
Total Number of Observations)
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Test procedure for Chi Square Test for Association of attributes

1. Null Hypothesis (Ho)

Ho: There is no significant association between two independent variables.
2. Alternative Hypothesis (Ha)

H1: There is significant association between two independent variables.
3. Test statistic

Under the null hypothesis (Ho), the test statistic is

2 (Oi _Ei)2
X ZZTI

Where,
Oi = Observed Value
Ei = Expected Value

_ (Row Total) x (ColumnTotal)
Total Number of Observations)

4. Level of Significance
The level of significance may be fixed at either 5% or 1%.
5. Critical value

The critical values for the chi-square table depend on the degrees of freedom and the
significance level of the test.

6. Inference

If the observed value of the test statistic y? exceeds the table value of chi-square, we
reject the Null Hypothesis Ho otherwise accept it.

Test for Chi Square Test for Association of attributes

The table given below shows the data obtained during outbreak of smallpox:

Attacked | Not Attacked Total

(B) (b)
Vaccinated (A) 31 469 500
Not Vaccinated (a) 185 1315 1500
Total 216 1784 2000

Test the effectiveness of vaccination in preventing the attack from smallpox. Test
your result with the help of ¢ at 5 per cent level of significance.
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Procedure
e State the null hypothesis and alternative hypothesis
o State the alpha

o Compute the test statistic
§ (CI Ei)2

e To determine the critical value
o Compare the calculated test statistic to the critical value.

Calculation
Hypothesis
Ho: The vaccination is not effective in preventing the attack from smallpox.
Hi: The vaccination is effective in preventing the attack from smallpox.
Level of Significance
a=0.05
Test statistic

Under the null hypothesis (Ho), the test statistic is

2 Oi_Ei ’
S - )

Expectation of AB = AxB

When A represents vaccination and B represents the attack.

Expectation of AB = M:M
2000

Expectation of Ab = MzMG
2000

Expectation of aB = M:l&

000

Expectation of ab = M:B%

2000

Statistical Inference - 11 Page 10



The expected value is,

Attacked | Not Attacked Total
(B) (b)
Vaccinated (A) 54 446 500
Not Vaccinated (a) 162185 1338 1500
Total 216 1784 2000
Calculate the chi-square,
Group Oi Ei (Oi—Ej) (Oi—E)? | (Ci—E)YEi
AB 31 54 -23 529 9.796
Ab 469 446 23 529 1.186
aB 185 162 23 529 3.265
Ab 1315 1338 -23 529 0.395
Total 14.642
Chi-square value = 14.642
Table Value
Degrees of freedom = (r-1) (c-1)
=(2-1) (2-1) =1 df
Table value = 3.841
Conclusion

Since the calculated value is greater than the table value (14.642 > 3.841). We reject
the null hypothesis. Hence, we conclude that the vaccination is effective in preventing the
attack from smallpox.

Chi-square test for goodness of fit

The Chi-square goodness of fit test is a statistical hypothesis test used to determine
whether a variable is likely to come from a specified distribution or not. It is often used to
evaluate whether sample data is representative of the full population.

Test Procedure for Chi-square test for goodness of fit
1. Null Hypothesis (Ho)

Ho: The data is good fit for the distribution.
2. Alternative Hypothesis (H1)

H1: The data is not good fit for the distribution.
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3. Test statistic

Under the null hypothesis (Ho), the test statistic is

2 Oi_Ei ’
2oy - )

Where,
Oi = Observed Value
Ei = Expected Value

_ (Row Total) x (ColumnTotal)
Total Number of Observations)

4. Level of Significance
The level of significance may be fixed at either 5% or 1%.
5. Critical value

The critical values for the chi-square table depend on the degrees of freedom and the
significance level of the test.

6. Inference

If the observed value of the test statistic y? exceeds the table value of chi-square, we
reject the Null Hypothesis H, otherwise accept it.

Example

Fitting of Poisson distribution for the following data and test for the goodness.

Arrivals 0 1 2 3 4 5 6 7
Frequency 16 30 45 39 27 19 8 6
Procedure

e Define the Null Hypothesis (Ho) and Alternate Hypothesis (H1) for given data.

e For agiven Poisson Distribution Calculate respecting Mean.

> fx
Mean (1) = Zf
e Compute the respective probability using the recurrence relation of Poisson
Distribution.

-1 1X
P(x)=e '/1 , x=0,1,2,....
X!
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e Compute the Expected Frequency [Ej].
e Compute the test Statistic of Chi-Square Test,

Zz _ Z (Oi ;-Ei )2

e Taking decision about the hypothesis Ho with respect to the level of significance and
degree of freedom.

Calculation
Hypothesis
Ho: The data is good fit for the Poisson distribution.
Hi: The data is not good fit for the Poisson distribution.
Level of Significance

o=0.05
Test Statistic

Calculate mean (M).

X f fx
0 16 0
1 30 30
2 45 90
3 39 117
4 27 108
5 19 95
6 8 48
7 6 42

Total 190 530

Z fx
A=21 =@ =2.7895
s 190

Zf

For a Poisson distribution the probability mass function is given by,

-1 1X
P(x)=e 'ﬂ“ , x=0,12,....
X!

e(—2.7895 27895 0
P(0) = (o ) 00615

Statistical Inference - 11 Page 13



P@) =

P(2) =

P(3) =

P(4) =

P(5) =

P(6) =

P(7) =

e(*27899 (2 7895)!

T =0.1714

e(—2.7895) (27895)2
ol =0.2391

e(-27899) (2 7895)3
3 =0.2233

e(—2.7895) (27895)4
Al =0.1550

e>78%9(2.7895)°
5| =0.0865

e(—2.7895) (27895)6
6! =0.0402

e(727899(2,7895)’
=0.0160

7!

Calculate the Expected Frequency,

X F N . p(x) Expected Frequency (E;)

0 16 190 x 0.0615=11.68 12

1 30 190 x 0.1714 = 32.57 33

2 45 190 x 0.2391 = 45.43 45

3 39 190 x 0.2233 =42.23 42

4 27 190 x 0.1550 = 29.45 29

5 19 190 x 0.0865 = 16.43 16

6 8 190 x 0.0402 = 7.63 8

7 6 190 x 0.0160 = 3.04 3

Compute the test Statistic of Chi-Square Test,
n 2
Zz — Z (O| EI)
i=1 Ei
Frequency (O;) | Expected Frequency (Ei) Oi-E; (Oi-E)? | (Oi-E)YE;
16 12 4 16 1.3333
30 33 -3 9 0.2727
45 45 0 0 0
39 42 -3 9 0.2143
27 29 -2 4 0.1379
19 16 3 9 0.5625
8 8 0 0 0
6 3 3 9 3
Total 5.5207
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Table Value
Degree of Freedom=n-p-1
=8-1-1=6df
Table Value from Chi-Square Table in 6df = 12.592
Conclusion

Since Calculated Value is less than the Table Value (i.e., 5.5207 < 12.592). So, we do
not reject the null Hypothesis. Hence, we conclude that the data is good fit for the Poisson
distribution.

Chi-Square test for Homogeneity of Variance

The test of homogeneity expands the test for a difference in two population
proportions, which is the two-proportion Z-test we learned in Inference for Two Proportions.
We use the two-proportion Z-test when the response variable has only two outcome
categories and we are comparing two population subgroups. We use the test of homogeneity
if the response variable has two or more categories and we wish to compare two or more
population subgroups.

Test Procedure for Chi-square test for Homogeneity of Variance
1. Null Hypothesis (Ho)
Ho: The population has the same proportion of observations.
2. Alternative Hypothesis (H1)
H1: The population has not the same proportion of observations.
3. Test statistic

Under the null hypothesis (Ho), the test statistic is

2 (Oi _Ei)2
X ZZT,

Where,
Oi = Observed Value
Ei = Expected Value

_ (Row Total) x (ColumnTotal)
Total Number of Observations)

4. Level of Significance

The level of significance may be fixed at either 5% or 1%.
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5. Critical value

The critical values for the chi-square table depend on the degrees of freedom and the
significance level of the test.

6. Inference

If the observed value of the test statistic y? exceeds the table value of chi-square, we
reject the Null Hypothesis H, otherwise accept it.

Example

Suppose there is a city of 1,000,000 residents with four neighborhoods: A, B, C,
and D. A random sample of 650 residents of the city is taken and their occupation is recorded
as "white collar”, "blue collar”, or "no collar". The null hypothesis is that each person's
neighborhood of residence is independent of the person's occupational classification. The
data are tabulated as:

A B C D | total
White collar 90 60 | 104 | 95 349
Blue collar 30 50 51 20 151
No collar 30 40 45 35 150
Total 150 | 150 | 200 | 150 | 650

To calculate chi square test for the following data.
Procedure
e State the null hypothesis and alternative hypothesis
o State alpha
o Compute the test statistic

22:22;(OVEEJZ

i
e To determine the critical value
o Compare the calculated test statistic to the critical value.
Calculation
Hypothesis
Ho: The data is dependent.
Hi: The data is Independent.
Level of Significance

o=0.05
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Test statistic

To calculate Expected Frequency,

349 %150

(= 650 =80.54
349150 80.54
12 650
£ _349x200
e 650
_349x150 _
H 650
_151x150 oo
650
_181x150 _ o
2 650
~ 151x 200 46.46
2 650
_151x150 o
2 650
_150x150
3 650
150 x150 31.62
% 650
_150x200 .
% 650
E :150><150 3462
. 650
The expected frequency is
A B C D
White collar 80.54 80.54 107.38 80.54
Blue collar 34.85 34.85 46.46 34.85
No collar 34.62 34.62 46.15 34.62

To find Chi-Square Statistic,

Observed frequency | Expected Frequency (0i - E) (Oi — Ei)? (Oi — E)%/E;
90 80.54 9.46 89.49 1.111
30 34.85 -4.85 23.52 0.675
30 34.62 -4.62 21.34 0.617
60 80.54 -20.54 421.89 5.238
50 34.85 15.15 229.52 6.586
40 34.62 5.38 28.94 0.836
104 107.38 -3.38 11.42 0.106
51 46.46 454 20.6116 0.444
45 46.15 -1.15 1.3225 0.029
95 80.54 14.46 209.09 2.596
20 34.85 -14.85 220.52 6.328
35 34.62 0.38 0.1444 0.004

Total 24,570
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" (O, —E,)
x° =Z—( E) e

— E,

Table Value

Degree of Freedom=(3-1) (4-1)
= 6df
Table Value = 12.592
Conclusion:

Since, Calculated Value is greater than the table vale (i.e.,) 24.57 < 12.592.We reject
the null hypothesis. Hence, we conclude that the data is Independent.

Fisher Exact Test

Fisher’s Exact Test is used to determine whether or not there is a significant
association between two categorical variables. It is typically used as an alternative to the Chi-
Square Test of Independence when one or more of the cells count in a 2x2 table is less than 5.

Formula

The formula for Fisher’s Exact Test is,

_fat+bl!{c+d)!{ate)!(b+d)!
a'b!c!d!N!

Where,
a, b, cand d are the individual frequencies of the 2X2 contingency table
N is the total frequency.
Test Procedure for Fisher’s Exact Test
1. Null Hypothesis (Ho)
Ho: The two variables are independent.
2. Alternative Hypothesis (H1)
H1: The two variables are not independent.
3. Test statistic

Under the null hypothesis (Ho), the test statistic is

_tatb}!{c+d)!{atec)! (b+d)!
a'b!c!d!N!

Where,
a, b, cand d are the individual frequencies of the 2X2 contingency table

N is the total frequency.
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4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Inference

If the observed value of the test statistic p exceeds the level of significance, we do not

reject the Null Hypothesis H, otherwise reject it.

Example

Suppose we want to know whether or not gender is associated with political party
preference. We take a simple random sample of 25 voters and survey them on their political

party preference. The following table shows the results of the survey:

Democrat | Republican Total
Male 4 9 13
Female 8 4 12
Total 12 13 25

To find the two-tailed p value, using the Fisher’s Exact Test.
Procedure

e State the null hypothesis and alternative hypothesis

State alpha

Compute the test statistic

_(atb)i{ctd)ifatc)!(b+d)}!
alble!d!N!

To determine the critical value

Compare the calculated test statistic to the critical value.
Calculation
Hypothesis

Ho: Gender and political party preference are independent.

H1: Gender and political party preference are not independent.
Level of Significance

a=0.05

Test statistic

Under the null hypothesis (Ho), the test statistic is

_(atb)!(ctd)!(atc)!(b+d)}!
a'blc!d!N!
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_ 12113112113
4!9/8141325!

=0.068
Conclusion

Since Calculated p value is greater than the level of significance (i.e., 0.068 > 0.05).
So, we do not reject the null Hypothesis. Hence, we conclude that the Gender and political
party preference are independent.

Run Test

Arun test is sequence of letter of one kind followed by a sequence of letters of
another kind. The number of letters in a sequence is called length of the run.

For example: XxXx/y/xXxxxxx/ly/xlyyyy
The sequence has 6 runs. The length of third run is 6.
Formula

The test statistic for run test is given by

,_ U—EW)
JV(U)

Where,

U = Number of runs in the combined sample

E(U) = (Enlﬂz )+ 1

1yt 1y

2nyn,(2nyn; —ny —ny)

(ny+ n,)%(ny +ny, — 1)

v(U) =

Test Procedure for run test
1. Null Hypothesis (Ho)
Ho: The two populations having identical density function.
2. Alternative Hypothesis (H1)
H1: The two populations do not have identical density function.
3. Test statistic

Under the null hypothesis (Ho), the test statistic is

,= U—EW)
VV(U)
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Where,

U = Number of runs in the combined sample

21,1,
E(U) = ( 12 )+1
ny+ 1,
2nyn,(2nyn; —ny —ny)

v = (ny+ ny)*(ny +my — 1)

4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Critical value
For a=0.05, Zy» =1.96
6. Inference

If the observed value of the test statistic Z exceeds the table value of Z, we reject the
Null Hypothesis H, otherwise accept it.

Example

The following data relates to two population observations

S-1 110 |20 |15 |25 |18 |28 |23 |10 |12 |14
S-1 11 |13 |18 |28 |30 |32 |24 |27 |22 |11 |12 |22

Test whether the samples have come from sample population.
Procedure

o State the null hypothesis and alternative hypothesis
o State alpha

o Compute the test statistic

,_ U—E®)
VV(U)

e To determine the critical value

o Compare the calculated test statistic to the critical value.

Calculation
Hypothesis
Ho: The samples are come from sample population.

Hi1: The samples are not come from sample population.
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Level of Significance
a=0.05
Test Statistic
The runs are,
10 10/ 11 11/12 12/13/14/15/18 18/20/22 22/23/24/25/27/28 28/30/32

Here, U=16,n1=10and ny =12

2% 10X 12
E(U) = (—)
10 + 12
=11.91
) _2X10X12 (2X 10X 12— 10 — 12)
B (10 4+ 12)2(10+ 12 — 1)
=5.15

Under the null hypothesis (Ho), the test statistic is

- U—E(U)
N"W
16 — 1191
R
=1.80
Table Value
Zy» =196
Conclusion

Since Calculated Value is greater than the Table Value (i.e., 1.80 > 1.96). So, we
reject the null Hypothesis. Hence, we conclude that the samples are not come from sample
population.

Test for Randomness

Run test of randomness is a statistical test that is used to know the randomness in data.
Run test of randomness is sometimes called the Geary test, and it is a nonparametric test. Run
test of randomness is an alternative test to test autocorrelation in the data. Autocorrelation
means that the data has correlation with its lagged value. To confirm whether or not the data
has correlation with the lagged value, run test of randomness is applied.
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Formula

The test statistic for test for randomness is given by

,_ U—E®)
JV(U)

Where,

U = Number of runs in the sample

- (3
=302

Test Procedure for test for randomness
1. Null Hypothesis (Ho)

Ho: The sample is random
2. Alternative Hypothesis (Ha)

H1: The sample is not random

3. Test statistic

Under the null hypothesis (Ho), the test statistic is

,_ U—E®)
VV(U)

Where,

U = Number of rums in the combined sample

w5
-3

4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Critical value

For a.=0.05, Z, = 1.65

6. Inference

If the observed value of the test statistic Z exceeds the table value of Z, we reject the
Null Hypothesis Ho otherwise accept it.
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Example

The following are the number of students absent from a college on 24 consecutive
days: 29, 25, 31, 28, 30, 28, 33, 31, 35, 29, 31, 33, 35, 28, 36, 30, 33, 26, 30, 28, 32, 31, 38
and 27. Test for randomness at 5% level of significance.

Procedure

o State the null hypothesis and alternative hypothesis

State alpha

Compute the test statistic

,_ U—EW)
JV(U)

To determine the critical value

Compare the calculated test statistic to the critical value.
Calculation
Hypothesis
Ho: The samples are taken at random.
Hi: The samples are not taken at random.
Level of Significance

o=0.05
Test Statistic

The runs are,

25/ 26/ 27/ 28 28 28 28/29 29/ 30 30 30/31 31 31 31/32/ 33 33 33/ 35 35/ 36/ 38

Here, U=12and n=24

E(U] _ (242-1- 2)
=13

v =5 (5=)
=5.74
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Under the null hypothesis (Ho), the test statistic is

;- U— E(U)
*JW
12 —13
= N7
=|-0.42|
=0.42
Table Value
Z,=165
Conclusion

Since Calculated Value is less than the Table Value (i.e., 0.42 < 1.65). So, we do not
reject the null Hypothesis. Hence, we conclude that the samples are taken at random.

Median Test

The median test is a non-parametric test that is used to test whether two (or more)
independent groups differ in central tendency - specifically whether the groups have been
drawn from a population with the same median. The null hypothesis is that the groups are
drawn from populations with the same median.

Formula

The test statistic for Median test is given by

0,-EF) -
{ ; Eﬂ ; HZ[m-l){u-l}

RC,

N=n +n,

=2y

i=l j=i

=Egr

Where,
m = Number of rows

n = Number of columns

Test Procedure for Median test
1. Null Hypothesis (Ho)

Ho: The two samples have the same median.
2. Alternative Hypothesis (H1)

H1: The two samples do not have the same median.
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3. Test statistic

Under the null hypothesis (Ho), the test statistic is

i=l =i

2 o (Ou _Eg.r]2 2
) L

RC,

N=n +n,

¥

Where,
m = Number of rows

n = Number of columns
4. Level of Significance
The level of significance may be fixed at either 5% or 1%.
5. Critical value

Find x?(m-1)(n-1) from y*for (m-1)(n-1) degrees of the freedom at level of significance.
6. Inference

If the observed value of the test statistic y? exceeds the table value of %2, we reject the
Null Hypothesis H, otherwise accept it.
Example

3 random samples are drawn from 3 population gave the following values if whether
the population have the same median.

S 1| 2 5 7 8 9 3 2
St 2| 5 3 8 9 10
S-:i| 3| 4 2 5 7 8 9 7 11| 8 | 12

o1
N
\l

Procedure

o State the null hypothesis and alternative hypothesis
o State alpha

o Compute the test statistic

1=l j=i

. eaflo-£)) -
ZM=ZZ{T Hl[m—l}{n—l}

e To determine the critical value

o Compare the calculated test statistic to the critical value.
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Calculation
Hypothesis
Ho: The three samples have the same median.
H1: The three samples do not the same median.
Level of Significance

a=0.05
Test Statistic

The median is,
1,2,2,2,2,2,3,3,3,4,5,5,5,5,7,7,7,7,8,8,8,8,9,9,9,10, 11, 12

Median=(5+7)/2

=6
No. of observation No. of observation
samples . . Total
above median below median
1 3 5 8
2 4 5 9
3 7 4 11
Total 14 14 28
8 x 14
E;(3) = 5 ¢
g x 14
E;(5) = s =4
9 x 14
E;(4) = g =45
0 x14
E;(5) = s =45
11 x 14
Ez'_;l'(?j = 28 =
11 x 14
E; ;(4) = s =50
Observed frequency | Expected Frequency (Oi— E)?/Ei
3 4 0.25
5 4 0.25
4 45 0.0556
5 45 0.0556
7 55 0.4091
4 55 0.4091
Total 1.4294
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v2=1.494
Table Value
Degrees of freedom = (m-1) (n-1)
= (3-1) (2-1) = (2) (1) df
7@ = 5.99
Conclusion

Since Calculated Value is less than the Table Value (i.e., 1.4294 < 5.99). So, we do
not reject the null Hypothesis. Hence, we conclude that the three samples have same median.

Sign Test

The sign test compares the sizes of two groups. It is a non-parametric or “distribution
free” test, which means the test doesn’t assume the data comes from a particular distribution,
like the normal distribution. The sign test is an alternative to a one sample t test or a paired t
test. There are two types sign test:

(a) One sample sign test

(b) Two sample sign test
Used for Sign test

e To determine the preference for one product over the other
e Conduct a test for the median of a single population (one sample sign test)
e To perform a test for the median of paired difference using the data from two

dependent samples.

One sample sign test

The One-sample Sign Test simply determines a significance test of a hypothesized
median value for a single data set. The One sample sign test is a Non Parametric Hypothesis
test used to determine whether a statistically significant difference exists between the median
of a non-normally distributed continuous data set and a standard. This test basically concerns
the median of a continuous population. It is also called the binominal sign test, with p = 0.5.

Formula

The formula for one sample sign test is,

P = n! pEghT
* xl(n—x)!

Where,

Px = the probability of exactly x events appearing in n trials.

Statistical Inference - 11 Page 28



p* = the expected probability of the event associated with the x term on any given trial.
g™* = the probability of an event on any given trial g = 1-p

n = the number of events.

X = the number of a given outcome being evaluated

In the application of the sign test, the binomial equation can be used to determine if
the number of (+) signs occurs more or less often than the number of (-) signs.

Test Procedure for One sample sign test
1. Null Hypothesis (Ho)
Ho: The difference between medians is zero.
2. Alternative Hypothesis (H1)
Hi: The difference between medians is not zero.

3. Test statistic

Under the null hypothesis (Ho), the test statistic is

* xl(n—x)!

Where,
Px = the probability of exactly x events appearing in n trials.
p* = the expected probability of the event associated with the x term on any given trial.
q™* = the probability of an event on any given trial g = 1-p
n = the number of events.
x = the number of a given outcome being evaluated
4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

6. Inference

If the observed value of the test statistic p exceeds the level of significance, we do not
reject the Null Hypothesis H, otherwise reject it.
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Example

A Bank of America West Palm Beach, FL branch manager shows that the median number of
savings account customers per day is 64. A clerk from the same branch claims that it was
more than 64. The clerk found the number of savings accounts customers per day data for 10
random days. Can we reject the branch manager’s claim at a 0.05 significance level?

Day 1 2 3 4 5 6 7 8 9 10
Customer| 60 66 65 70 68 72 46 76 77 75
Procedure

o State the null hypothesis and alternative hypothesis
o State alpha
o Compute the test statistic

P = n! pEghT
* xl(n—x)!

e To determine the critical value

o Compare the calculated test statistic to the critical value.

Calculation

Hypothesis
Ho: Savings account customer median = 64.
H1: Savings account customer median > 64
Level of Significance

o=0.05
Test Statistic

Assign observations less than 64 with a — sign and observations above 64 with a + sign.

Day 1 2 3 4 ) 6 7 8 9 10
Customer| 60 66 65 70 68 72 46 76 77 75
Sign - + + + + + - + + +

Total number of + values =8
Total number of — values =2
Here,n=10,x=8and p=0.5

Under the null hypothesis (Ho), the test statistic is

* xl(n—x)!
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10!
Pp=———— x05%x05"¢
8!(10 — 8)!
=45 x0.0039 x 0.25
=0.0439

Conclusion

Since probability Value is less than the level of significance (i.e., 0.0439 < 0.05). So,
we reject the null Hypothesis. Hence, we conclude that the Savings account customer median
is greater than 64.

Two sample sign test

The sign test has the null hypothesis that both samples are from the same population.
The sign test compares the two dependent observations and counts the number of negative
and positive differences. It uses the standard normal distributed z-value to test of
significance.

Formula

The test statistic for Median test is given by

2U0—n
=

\If

Where,
U = Minimum number of signs obtained

n = Sample size

Test Procedure for run test
1. Null Hypothesis (Ho)

Ho: Two populations have identical distribution.
2. Alternative Hypothesis (Hz)

H1: Two populations have different distribution.
3. Test statistic

Under the null hypothesis (Ho), the test statistic is

20 —n
7=

\If

Where,
U = Minimum number of signs obtained

n = Sample size
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4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Critical value

When o = 0.05, Zy» = 1.96.
6. Inference

If the observed value of the test statistic Z exceeds the table value of Z, we reject the
Null Hypothesis Ho otherwise accept it.

Example

A random sample of paired observation is given below (10,11), (11,13), (12,10),
(13,13), (14,15), (11,14), (12,13), (13,12), (10,8), (10,13), (14,15), (15,17), (15,13), (11,10),
(8,9), (9,9), (11,9), (12,14), (13,11), (11, 11). Apply approximately non-parametric test. Test
whether there is any gain in B=X-Y.

Procedure
e State the null hypothesis and alternative hypothesis

State alpha

Compute the test statistic

To determine the critical value

Compare the calculated test statistic to the critical value.

Calculation
Hypothesis
Ho: There is no gain in B=X-Y.
Hi: There is gain in B=X-Y.
Level of Significance

o=0.05
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Test Statistic

X Y Sign X Y Sign
10 11 - 14 15 -
11 13 - 15 17 -
12 10 + 15 13 +
13 13 0 11 10 +
14 15 - 8 9 -
11 14 - 9 9 0
12 13 - 11 9 +
13 12 + 12 14 -
10 8 + 13 11 +
10 13 - 11 11 0

Reduced Sample Size=Total Number signed observations-Non-Signed Observations

=20 -3=17

Under the null hypothesis (Ho), the test statistic is

20 —n
= ——
1,.‘In'
2(7)— 17
V17
=|-0.7276|
=0.7276
Table Value
Zonr=1.96
Conclusion

Since Calculated Value is less than the Table Value (i.e., 0.7276 < 1.96). So, we do
not reject the null Hypothesis. Hence, we conclude that there isno gaininB = X - Y.

Wilcoxon’s Signed Rank Test

The Wilcoxon signed rank testis a non-parametric test to compare dependent
samples t-test data. When the word “non-parametric” is used in stats, it doesn’t quite mean
that you know nothing about the population. It usually means that you know the population
data does not have a normal distribution. The Wilcoxon signed rank test should be used if the
differences between pairs of data are non-normally distributed.
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Assumptions
Two slightly different versions of the test exist:

e The Wilcoxon signed rank test compares your sample median against a hypothetical
median.

e The Wilcoxon matched-pairs signed rank test computes the difference between
each set of matched pairs and then follows the same procedure as the signed rank test
to compare the sample against some median.

Formula

The formula for Wilcoxon signed rank test is

_ T_ n[n:- 1)
[n(n +1)(2n+ 1)
N 24

Where,
T = Minimum Sum of the Rank Value
n= Sample Size

Test Procedure for Wilcoxon’s Signed Rank Test
1. Null Hypothesis (Ho)
Ho: The difference between the paired observations in the population is zero.
2. Alternative Hypothesis (Hz)
Hi: The difference between the paired observations is not equal to zero.
3. Test statistic

Under the null hypothesis (Ho), the test statistic is

_ r_ n(n:— 1)
[n(n+1)(2n+ 1)
N 24

Where,
T = Minimum Sum of the Rank Value
n= Sample Size

4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Critical value

When a = 0.05, Zy» = 1.96
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6. Inference

If the observed value of the test statistic Z exceeds the table value of Z, we reject the
Null Hypothesis Ho otherwise accept it.

Example

An experiment is conducted to judge the effect of brand name on quality perception.
16 subjects are recruited for the purpose and are asked to taste and compare two samples of
product on a set of scale items judged to be ordinal. The following data are obtained:

Pair 1,234, 5|6 7|8 9100|1112 | 13| 14| 15| 16
Brand A| 73| 43| 47| 53| 58| 47| 52| 58| 38| 61| 56| 56| 34| 55| 65| 75
BrandB| 51| 41| 43| 41| 47| 32| 24| 58| 43| 53| 52| 57| 44| 57| 40| 68

Test the hypothesis, using Wilcoxon matched-pairs test, that there is no difference between
the perceived qualities of the two samples. Use 5% level of significance.

Procedure
e State the null hypothesis and alternative hypothesis
o State alpha

o Compute the test statistic

_ r_ n(n:— 1)
[n(n+1)(2n+ 1)
N 24

e Todetermine the critical value
o Compare the calculated test statistic to the critical value.
Calculation
Hypothesis
Ho: There is no difference between the perceived quality of two samples.

Ha: There is difference between the perceived quality of two samples.

Level of Significance

a=0.05
Test Statistic

Using Wilcoxon matched-pairs test, we work out the value of the test statistic T as
under:
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Pair | Brand A | Brand B di Rankofdi | Sign+ Sign -
1 73 51 22 13 13 -
2 43 41 2 2.5 2.5 -
3 47 43 4 4.5 4.5 -
4 53 41 12 11 11 -
5 58 47 11 10 10 -
6 47 32 15 12 12 -
7 52 24 28 15 15 -
8 58 58 0 - - -
9 38 43 -5 6 - 6
10 61 53 8 8 8 -
11 56 52 4 4.5 4.5 -
12 56 57 -1 1 - 1
13 34 44 -10 9 - 9
14 55 57 -2 2.5 - 2.5
15 65 40 25 14 14 -
16 75 68 7 7 7 -

Total 101.5 18.5

W~ =18.5

W*=101.5

Under the null hypothesis (Ho), the test statistic is
n(n+ 1)
- =

[n(n+1)(2n+ 1)
N 24

T

Here, T=185and n=15

15(15 + 1)

4
[15(15+ 1)(2x 15 + 1)
N 24

18.5 —

18.5 — 60
Z="__—
V310

_ —415
T 1761

Z=|-2.36
=2.36
Table Value
Zyr =196
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Conclusion

Since Calculated Value is greater than the Table Value (i.e., 2.36 > 1.96). So, we
reject the null Hypothesis. Hence, we conclude that there is difference between the perceived
quality of two samples.

Mann-Whitney U Test

Mann-Whitney u-Test is a non-parametric test used to test whether two independent
samples were selected from population having the same distribution. Another name for the
Mann-Whitney U Test is Wilcoxon Rank Sum Test.

Assumptions

Mann-Whitney U test is a non-parametric test, so it does not assume any assumptions
related to the distribution of scores. There are, however, some assumptions that are assumed

e The sample drawn from the population is random.

¢ Independence within the samples and mutual independence is assumed. That means
that an observation is in one group or the other (it cannot be in both).

e Ordinal measurement scale is assumed.

Formula

The Mann-Whitney U test formula is

ny(n; +1) -
U =ngny +—————— Z R,

Where,
U = Mann-Whitney U test
ny = Sample Size One
n, = Sample Size Two

Ri = Rank of the sample Size
Test Procedure for Mann-Whitney U Test
1. Null Hypothesis (Ho)
Ho: The populations have the same density function.
2. Alternative Hypothesis (H1)
H1: The populations do not have the same density function

3. Test statistic

Under the null hypothesis (Ho), the test statistic is

n,(n, + 1) -
R Z R,
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Where,
U = Mann-Whitney U test

ny = Sample Size One
n, = Sample Size Two
Ri = Rank of the sample Size

4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Critical value

Find Mann-Whitney U table for (n1,nz) degrees of the freedom at level of significance.

6. Inference

If the observed value of the test statistic U exceeds the table value of Mann-Whitney
U, we reject the Null Hypothesis H, otherwise accept it.

Example

The values in one sample are 53, 38, 69, 57, 46, 39, 73, 48, 73, 74, 60 and 78. In
another sample they are 44, 40, 61, 52, 32, 44, 70, 41, 67, 72, 53 and 72. Test at the 5% level
the hypothesis that they come from populations with the same mean. Apply U-test.

Procedure
e State the null hypothesis and alternative hypothesis
o State alpha
o Compute the test statistic

oy
ny(n; +1)
U=nyn, +T_ Z R,

e To determine the critical value

o Compare the calculated test statistic to the critical value.
Calculation
Hypothesis
Ho: The population has same mean.
H1: The population does not have same mean.
Level of Significance

o=0.05
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Test Statistic

Using Mann-Whitney U test, we work out the value of the test statistic R as under:

Size of Name of related Size of Name of
Rank Rank
sample Sample sample related Sample
32 1 B 57 13 A
38 2 A 60 14 A
39 3 A 61 15 B
40 4 B 67 16 B
41 5 B 69 17 A
44 6.5 B 70 18 B
44 6.5 B 72 19.5 B
46 8 A 72 19.5 B
48 9 A 73 21.5 A
52 10 B 73 215 A
53 11.5 B 74 23 A
53 11.5 A 78 24 A

The ranks assigned to sample one Riis,
Ri=2+3+8+9+115+13+14+17+215+215+23+24=1675

The ranks assigned to sample two Ry is,
R=1+4+5+65+65+10+115+15+16+ 18+ 195+ 19.5=1325

we have n; =12 and np = 12

Under the null hypothesis (Ho), the test statistic is

oy
ny(n; +1)
U=nyn, +T_ Z R,

The test statistic for the Mann Whitney U Test is denoted U and is the smaller of
U: and Uy, defined below.

J(n, + 1
na(m 1)

Uy =mmn,

> 1
12(12+1
U, = (12X 12) +%— 167.5
=144 +78 - 167.5
=545
ny(ny, +1)
U, =myn, +—————R,

5 :
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12(12 + 1)
Uy = (12%x12) + ————— 1325

=144+ 78 -1325
=89.5
Therefore, U = 54.5.
Table Value
The degrees of freedom, (ny,ny):
df = (12, 12)
Table Value = 37
Conclusion

Since Calculated Value is greater than the Table Value (i.e., 54.5 > 32). So, we reject
the null Hypothesis. Hence, we conclude that the population does not have same mean.

Kolmogorov-Smirvov Two Sample Test

Kolmogorov-Smirvov test is used for testing whether there is a significance difference
between an observed and theoretical frequency. Kolmogorov-Smirvov test is another measure
of the goodness of fit of a theoretical frequency distribution.

Formula

The formula for Kolmogorov-Smirvov Test is,

KS = Max|F, —F,|

Where,
Fo = Probability of Observed frequency
Fe = Probability of Expected frequency

Test Procedure for Kolmogorov-Smirvov Test
1. Null Hypothesis (Ho)

Ho: There is no significance difference between an observed and theoretical
frequency.

2. Alternative Hypothesis (H1)

Hi: There is a significance difference between an observed and theoretical
frequency.
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3. Test statistic

Under the null hypothesis (Ho), the test statistic is

KS = Max|F, —F,|

Where,
Fo = Probability of Observed frequency
Fe = Probability of Expected frequency

4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Critical value

The critical values for the KS in a Kolmogorov-Smirvov test depend on the degrees of
freedom and the significance level of the test.

6. Inference

If the observed value of the test statistic KS exceeds the table value of
Kolmogorov-Smirvov, we reject the Null Hypothesis H, otherwise accept it.

Example

Compute Kolmogorov-Smirvov test for the following data:

Class 51-60 | 61-70 | 71-80 | 81-90 | 91-100
Observed frequency 30 100 440 500 130
Expected frequency 40 170 500 390 100

Procedure
e State the null hypothesis and alternative hypothesis

o State alpha
o Compute the test statistic

KS = Max|F, —F,|

e To determine the critical value

o Compare the calculated test statistic to the critical value.
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Calculation

Hypothesis

Ho: There is no significance difference between an observed and expected frequency.

Hi: There is a significance difference between an observed and expected frequency.

Level of Significance

Test Statistic

The observed cumulative distribution functions of the two samples

o=0.05

Observed Cumulative Expected Cumulative
frequency Observed Fo frequency Expected Fe | Fo- Fel
frequency frequency
30 30 0.025 40 40 0.033 0.008
100 130 0.108 170 210 0.175 0.067
440 570 0.475 500 710 0.592 0.117
500 1070 0.892 390 1100 0.917 0.025
130 1200 1.000 100 1200 1.000 0.000

Under the null hypothesis (Ho), the test statistic is

Table Value

The degrees of freedom =n

KS = Max|F, —F,|

=0.117

Table Value = 0.510

Conclusion

Since Calculated Value is less than the Table Value (i.e., 0.117 < 0.510). So, we do
not reject the null Hypothesis. Hence, we conclude that there is no significance difference

between an observed and expected frequency.

Kruskal-Wallis Test

The Kruskal-Wallis H test is a rank-based nonparametric test that can be used to
determine if there are statistically significant differences between two or more groups of an
independent variable on a continuous or ordinal dependent variable. It is considered the
nonparametric alternative to the one-way ANOVA, and an extension of the Mann-Whitney U
test to allow the comparison of more than two independent groups.
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Assumptions

There are certain assumptions in the Kruskal-Wallis test.

e Itisassumed that the observations in the data set are independent of each other.

e Itisassumed that the distribution of the population should not be necessarily normal
and the variances should not be necessarily equal.

e Itisassumed that the observations must be drawn from the population by the process

of random sampling.

Formula

The formula for Kruskal-Wallis Test is,

12 R}
H = —Z—}—z +1
nn+1)Lan; (n+1)

Where,
z %z sum of squares of all groups
n = Sample Size
Test Procedure for Kruskal-Wallis Test
1. Null Hypothesis (Ho)
Ho: There is no difference between the sample means.
2. Alternative Hypothesis (Ha)
Hi: There is difference between the sample means.

3. Test statistic

Under the null hypothesis (Ho), the test statistic is

H=—— ZR}? 3(n+1
C n(m+1) n; (n+1)

Where,

R:
) —~=sum of squares of all groups
n = Sample Size
4. Level of Significance

The level of significance may be fixed at either 5% or 1%.
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5. Critical value

find y?x-1from y*for (k-1) degrees of the freedom at level of significance.

6. Inference

If the observed value of the test statistic H exceeds the table value of ¥?, we reject the
Null Hypothesis H, otherwise accept it.

Example

Use the Kruskal-Wallis test at 5% level of significance to test the null hypothesis that
a professional bowler performs equally well with the four bowling balls, given the following
results:

Bowling Results in Five Games
With Ball No. A 271 282 257 248 262
With Ball No. B 252 275 302 268 276
With Ball No. C 260 255 239 246 266
With Ball No. D 279 242 297 270 258
Procedure

e State the null hypothesis and alternative hypothesis
o State alpha

o Compute the test statistic

H=—— ZR}; 3(n+1
T n(m+1) n; (nt+1)

e To determine the critical value

o Compare the calculated test statistic to the critical value.
Calculation
Hypothesis
Ho: Bowler performs equally well with the four bowling balls.
H1: Bowler performs not equally well with the four bowling balls.
Level of Significance

o=0.05

Statistical Inference - 11 Page 44



Test Statistic

To apply the H test or the Kruskal-Wallis test to this problem, we begin by ranking all
the given figures from the highest to the lowest, indicating besides each the name of the ball
as under:

Bowling Results in Five Games Total

With Ball No. A 271 282 257 248 262

Rank 7 3 14 17 11 52
With Ball No. B 252 275 302 268 276

Rank 16 6 1 9 5 37
With Ball No. C 260 255 239 246 266

Rank 12 15 20 18 10 75
With Ball No. D 279 242 297 270 258

Rank 4 19 2 8 13 46

Under the null hypothesis (Ho), the test statistic is
P Z R} 3(n+1
~ n(n+1) m; (n+1)

b 12 527 N 37° N 752
~20(20+1)|5 " 5 ' s

+ 4:2} —3(20 + 1)
H = (0.02857 X 2362.8) — 63

H = 67.51— 63

H =451

Table Value
The degrees of freedom, (Number of Groups Minus 1): (k - 1)
df=4 -1 =3df
Table Value = 7.815
Conclusion
Since Calculated Value is less than the Table Value (i.e., 4.51 < 7.815). So, we do not

reject the null Hypothesis. Hence, we conclude that the Bowler performs equally well with
the four bowling balls.
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Friedman Test

Friedman Test is a non-parametric test alternative to the one-way ANOVA with
repeated measures. It tries to determine if subjects changed significantly across
occasions/conditions. For example: - Problem-solving ability of a set of people is the same or
different in Morning, Afternoon, Evening. It is used to test for differences between
groups when the dependent variable is ordinal. This test is particularly useful when the
sample size is very small.

Elements of Friedman Test

e One group that is measured on three or

more blocks of measures overtime/experimental conditions.

e One dependent variable which can be Ordinal, Interval or Ratio.

Assumptions of Friedman Test

e The group is a random sample from the population

e No interaction between blocks (rows) and treatment levels (columns)
e The one group that is measured on three or more different occasions
o Data should be at least an ordinal or continuous

e The samples are do not need to be normally distributed

Formula

The formula for Friedman test is,

12 -
Fp=——— Y R?—3n(K+1
R nk[k—i-ljz { T 3n(K 41

Where,

n = total number of subjects/participants.
k = total number of blocks to be measured.
Ri = sum of ranks of all subjects for a block i
Test Procedure for Friedman Test
1. Null Hypothesis (Ho)
Ho: There is no significant difference between the means of three or more groups.
2. Alternative Hypothesis (H1)

H1: There is significant difference between the means of three or more groups.
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3. Test statistic

Under the null hypothesis (Ho), the test statistic is

12 .
Fr=—- R —3n(K+1
R nk[k+1jz {—3n(K 41

Where,

n = total number of subjects/participants.

k = total number of blocks to be measured.

Ri = sum of ranks of all subjects for a block i
4. Level of Significance

The level of significance may be fixed at either 5% or 1%.

5. Critical value

Find y?«-1yfrom y*for (k-1) degrees of the freedom at level of significance.
6. Inference

If the observed value of the test statistic F exceeds the table value of »2, we reject the
Null Hypothesis H, otherwise accept it.

Example

7 random people were given 3 different drugs and for each person, the reaction time
corresponding to the drugs were noted. Test the claim at the 5% significance level that all the
3 drugs have the same probability distribution.

DrugA | DrugB | DrugC

1 1.24 1.50 1.62
2 1.71 1.85 2.05
3 1.37 2.12 1.68
4 2.53 1.87 2.62
5 1.23 1.34 1.51
6 1.94 2.33 2.86
7 1.72 1.43 2.86

Procedure
e State the null hypothesis and alternative hypothesis
o State alpha

o Compute the test statistic

12 -
Frp=——7-— R:—3n(K+1
7 nk[k—i-ljz ¢~ 3n(K+1)
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o To determine the critical value
o Compare the calculated test statistic to the critical value.
Calculation
Hypothesis
Ho: All three drugs have the same probability distribution.
Hi: At least two of them differ from each other.
Level of Significance

o=0.05
Test Statistic

Under the null hypothesis (Ho), the test statistic is
F, = 12 Z R?—3n(K+1

Assign Ranks for the drugs corresponding to each person and find the sum.

Ranks will be in ascending order.

Drug A Rank | DrugB Rank Drug C Rank
1 1.24 1 1.50 2 1.62 3
2 1.71 1 1.85 2 2.05 3
3 1.37 1 2.12 3 1.68 2
4 2.53 2 1.87 1 2.62 3
5 1.23 1 1.34 2 151 3
6 1.94 1 2.33 2 2.86 3
7 1.72 2 1.43 1 2.86 3
Total 9 13 20

Here,n=7and k=3

_ 12 2 2 2 _
Fg—mmﬂ{a +13°4+20°}—3x7x4

F, = = X 650 — 84
g2
F, = 92.8584

F, = 8.85
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Table Value
The degrees of freedom, (Number of Groups Minus 1):
df=3-1=2df
Table Value = 5.991

Conclusion

Since Calculated Value is greater than the Table Value (i.e., 8.85 > 5.991). So, we
reject the null Hypothesis. Hence, we conclude that all the three drugs do not have the same
probability distribution.

McNemar's Test

McNemer test is one of the important nonparametric tests often used when the data
happen to be nominal and relate to two related samples. As such this test is especially useful
with before-after measurement of the same subjects.

Assumptions

The McNemar test has three assumptions that have to be met before running the test:

e One categorical dependent variable with two categories (i.e., a dichotomous variable)
and one categorical independent variable with two related groups.

e The two groups of your dependent variable must be mutually exclusive. This means
that no groups can overlap: a participant can only be in one of the two groups!

e The cases (e.g., participants) are a random sample from the population of interest.

Formula

The test statistic under McNemer Test is

After
Before
Yes No

Yes a b
No Cc d

. (b—0)?

L= ~1d
T+ o f
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Example

In a certain before-after experiment the responses obtained from 1000 respondents,
when classified, gave the following information:

After treatment
Favorable response | Unfavorable response
Favorable response 300 200
Unfavorable response 100 400

Before treatment

Test at 5% level of significance, whether there has been a significant change in
people’s attitude before and after the concerning experiment.

Procedure

e State the null hypothesis and alternative hypothesis

State alpha

Compute the test statistic

7 (b—c}z .

(b+c)

1df

To determine the critical value

Compare the calculated test statistic to the critical value.

Calculation
Hypothesis

Ho: There is no significant change in people’s attitude before and after the concerning
experiment.

H1: There is a significant change in people’s attitude before and after the concerning
experiment.

Level of Significance

a=0.05
Test Statistic

Under the null hypothesis (Ho), the test statistic is

, (b=

rs

T+ o Ldf
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After treatment

Before treatment
Favorable response | Unfavorable response
Favorable response 300 (a) 200 (b)
Unfavorable response 100 (c) 400 (d)

(200 — 100)?

X~ (200 + 100)
, _ (100)°
x‘ |
(300)
= 33.33

Table Value
The degrees of freedom
Table Value = 3.84

Conclusion

=1

Since Calculated Value is greater than the Table Value (i.e., 33.33 < 3.84). So, we
reject the null Hypothesis. Hence, we conclude that there is a significant change in people’s
attitude before and after the concerning experiment.

Hypothesis
[ Tests
== : N
Parametric 1Nonparamettic
Tests Tests
| N P —
| 1 [ 1
One Sample | Two Samples One Sample Two Samples
—
’L:l:’ - = —
Independent | Paired | 4 < Independent Paired
Samples | Samples Chi-square Samples Samples
- =l
|| Two-groupt L - | Kolmogorov- | | . : _ :
: teak \ Paired t test fomiets Chi-square Sign
— Ztest — Runs —Mann-Whitney — Wilcoxon
! ,
‘—  Binomial - Median - McNemar
|
L Kolmogorov- || | Chi-square

Smirnov
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Cumulative Standardired Mormal Distribution

A(z) 15 the integral of the standardized normal
distribution from - = to = (in other words, the
area under the curve to the left of z). It gives the
probability of 8 normal random vanable not

Alz) being more than = standard deviations above its

mean. Walues of = of particular importance:
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t Distribution: Critieal Walues of ¢
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F Distribution: Critical Values of F (5% significance level)
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Critical Values of the Mann-Whitney U
(Two-Tailed Testing)
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Critical Values of the Wilcoxon Signed Ranks Test

Two-Tailed Test

One-Tailed Test

f a=05 ] a=.01 | a=.05 | a=.01
5 - - 0 -
6 0 ~ > n
7 2 n 3 0
8 3 0 5 |
9 5 | 8 3
10 8 3 10 5
11 10 5 13 7
12 13 7 17 9
13 17 9 21 12
14 21 12 25 15
15 25 15 30 19
16 29 19 35 23
17 34 23 4] 27
8 40 27 47 32
19 6 32 53 37
20 52 37 60 n
2] 58 22 67 49
22 65 48 75 55
23 73 54 33 62
24 31 61 91 69
25 %9 68 100 76
26 98 75 110 34
27 107 83 119 92
28 116 91 130 101
29 126 100 140 110
30 137 109 151 120
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Critical Values of Spearman’s Rank Correlation Coeflicient [,

MNominal o
0.0 0,03 0,025 0.01 0,003 0,001
1.000 1.000 - -
0800 1 0,900 1.000 1.000 -
06537 | 0,829 | 0.836 | 0.943 1.000 -
0571 | 0714 | 0786 | 0,893 | 0,929 1.000
0,524 | 0643 | 0.735 | 0.833 | 0.881 0,952
9 0,483 | 0600 | 0700 | 0.783 | 0.833 0,917
10 | 0,455 | 0564 | 0648 | 0,745 | 0.794 | 0.879
11 | 0,427 | 0536 | 0618 | 0.709 | 0.Ta5 0,845
12 | 0,406 | 0503 | 0587 | 0678 | 0.727 | 0.818
13 | 0,385 | 0.484 | 0.560 | 0.648 | 0.703 0,791
14 | 0,367 | 0.464 | 0.538 | 0.626 | 0.679 0,771
15 | 0354 | 0.446 | 0.521 | 0.604 | 0.654 | 0.730
16 | 0,341 | 0,429 | 0,503 | 0.582 | 0.635 0,729
17 | 0,328 | 0.414 | 0.488 | 0.566 | 0.618 0,711
18 | 0,317 | 0,400 | 0.472 | 0,350 | 0.600 0,692
19 | 0,309 | 0,391 | 0.460 | 0,335 | 0.5384 | 0.673
20 ) 0,299 | 0380 | 0,447 | 0,522 | 05370 0,662
21 | 0,292 | 0,370 | 0.436 | 0.509 | 0.336 0,647
22 | 0284 | 0,360 | 0,425 | 0,497 | 0,544 | 0.633
23 | 0278 | 0,353 | 0.416 | 0,486 | 0,332 0,621
24 | 0271 | 0,344 | 0,407 | 0,476 | 0,321 0,609
25 | 0,265 | 0,337 | 0.398 | 0.466 | 0.511 0,387
26 | 0,259 | 0,331 | 0390 | 0,437 | 0,501 0,586
27 | 0,255 | 0,324 | 0,383 | 0.449 | 0,492 0,376
28 | 0,250 | 0318 | 0.375 | 0.441 | 0.483 0,367
20 | 0,245 | 0,312 | 0368 | 0,433 | 0,475 0,558

oo =] onooLn W] A
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CHI-SQUARE TABLE

df X.zmas 'X.zmm X.zms ',‘(_2959 X.zmm X.zmo X.znan X.2025 X.znm X.znt}s

1 0.000 0.000 0.001 0.004 0.016 2.706 3.841 5.024 6.635 7.879

2 0.010 0.020 0.051 0.103 0.211 4.605 5.991 7.378 0.210 10.597
3 0.072 0.115 0.216 (.352 0.584 6.251 7.815 0.348 11.345 | 12.838
4 0.207 0.297 0.484 0.711 1.064 7.779 0.488 11.143 | 13.277 | 14.860
3 0.412 0.554 0.831 1.145 1.610 0.236 11.070 | 12833 | 15.086 | 16.750
i 0.676 0.872 1.237 1.635 2.204 10.645 | 12,592 | 14.449 | 16.812 | 1R.548
7 0.989 1.239 1.690 2.167 2.833 12,017 | 14.067 | 16.013 | 18475 | 20.278
8 1.344 1.646 2.180 2.733 3490 13.362 | 15507 | 17.535 | 20.000 | 21.955
9 1.735 2.088 2.700 3.325 4.168 14.684 | 16.919 | 19.023 | 21.666 | 23.589
10 | 2.156 2.558 3.247 3.040 4.865 15987 | 18307 | 20483 | 23.209 | 25.188
11 | 2.603 3.053 J.816 4.575 5.578 17.275 | 19.675 | 21.920 | 24.725 | 26.757
12 | 3.074 3571 4.404 5.226 6.304 18549 | 21.026 | 23.337 | 26.217 | 28.300
13 | 3.565 4.107 5.009 5.802 7.042 19.812 | 22362 | 24.736 | 27.688 | 20.819
14 | 4.075 4.660 5.629 6.571 7.790 21.064 | 23.685 | 26.119 | 29.141 | 31.319

15 | 4.601 5.229 6.262 7.261 8547 | 22307 | 24.996 | 27.488 | 30.578 | 32.801

16 | 5.142 5.812 6.908 7.962 0312 | 23542 | 26.296 | 28.845 | 32.000 | 34.267
17 | 5.697 6.408 7.564 8672 | 10.085 | 24.769 | 27.587 | 30.191 | 33.400 | 35.718
18 | 6.265 7.015 8.231 9.390 | 10.865 | 25.980 | 28.869 | 31.526 | 34.805 | 37.156
19 | 6.844 7.633 8907 | 10.117 | 11.651 | 27.204 | 30.144 | 32.852 | 36.191 | 38.582
20 | 74M 8.260 9591 | 10.851 | 12443 | 28412 | 31410 | 34170 | 37.566 | 39.997

21 | 8.034 8897 | 10.283 | 11.591 | 13.240 | 29.615 | 32.671 | 35479 | 38.932 | 41.401
22 | 8.643 9542 | 10982 | 12338 | 14.041 | 30.813 | 33.924 | 36.781 | 40.289 | 42.796
23| 9260 | 10.196 | 11.689 [ 13.001 | 14.848 | 32.007 | 35172 | 38.076 | 41.638 | 44.181
24 | 9.886 | 10.856 | 12401 | 13.848 | 15.659 | 33.196 | 36.415 | 39.364 | 42980 | 45.559
25 | 10520 | 11524 | 13.120 | 14.611 | 16473 | 34.382 | 37.652 | 40.646 | 44.314 | 46.928

26 | 11.160 | 12198 | 13.844 [ 15379 | 17.292 | 35.563 | 38.885 | 41.923 | 45.642 | 48.290
27 | 11808 | 12.879 | 14.573 | 16.151 | 18.114 | 36.741 | 40.113 | 43.195 | 46.963 | 49.645
28 | 12461 | 13.565 | 15308 [ 16.928 | 18.939 | 37.916 | 41.337 | 44.461 | 48.278 | 50.993
29 | 13121 | 14.256 | 16.047 [ 17.708 | 19.768 | 39.087 | 42557 | 45.722 | 49.588 | 52.336
30| 13787 | 14.953 | 16.791 | 18.493 | 20.599 | 40.256 | 43.773 | 46.979 | 50.892 | 53.672

40 | 20707 | 22164 | 24.433 | 26.509 | 29.051 | 51.805 [ 55.758 | 59.342 | 63.691 | 66.766
50 [ 27991 | 29.707 | 32357 | 34.764 | 37.689 | 63.167 | 67.505 | V1420 [ 76.154 | 79.490
60 | 35534 | 37.485 | 40482 | 43188 | 46.459 | 74397 | 79.082 | 83.298 | 88379 | 91.952
70 [ 43275 | 45442 | 48758 | 51739 | 55329 | 85.527 | 00.531 | 95.023 | 100.425 | 104.215

80 | 51172 | 53.540 | 57.153 | 60.391 | 64.278 | 96.578 | 101.879 | 106.629 | 112329 | 116.321
90 | 59.196 | 61.754 | 65.647 [ 69.126 | 73.291 | 107.565 | 113.145 | 118136 | 124.116 | 128.299
100 | 67.328 | 70.065 | 74.222 | 77.929 [ 82.358 | 118.498 | 124.342 | 129.561 | 135.807 | 140.169
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Critical values for Friedman's two-way analysis of Variance by ranks

k=23 k=4 k=25 k=6

b 005 | 001 | 005 | 001 005 | 001 | 005 | D01
2 - - 6.000 - T.600 | 8.000 [ 9.143 | 9.714
3 | 6.000 - T400 | 9.000 | 8533 | 10.13 | 9.857 | 11.76
4 | 6.500 [ 8.000 B00 | 9.600 | 8800 ) 11.20 [ 10.20 | 1271
a | 6.400 [ 8.400 AB00 | 9.960 | 8960 ) 11.68 [ 10.459 | 13.23
6 | 7.000 [ 9.000 00 | 10,20 | 9067 | 11.87 [ 10.57 | 13.62
T | 7.143 [ 8,857 A00 | 1054 | 9143 | 1211

8 | 6.250 [ 9.000
9 | 6.222 [ 9.556

B30 ) 10,50 | 9.200 | 12.30
B6T | 10,73 | 9244 | 12.44

10| 6.200 | 9.600 680 | 10.68
I1 | 6.545 | D455 691 | 10,75
12 | 6.500 | 9.500 00 | 10,80
13 | 6615 | D385 AB00 | 10,85
14 | 6,143 | 9.143 714 | 10.89
15 | 6.400 | 8,933 720 | 10,92
I6 | 6.500 | 8375 A00 | 10,95
T 6118 | 9.204 | T800 | 1103
I8 | 6.333 | 9.000 733 | 10.93

19 | 6.421 | 9.579 | 7.863 | 11.02

200 6.300 | 9300 | 7.800 | 11.10
21 | 6.085 | 9.2358 | 7.5800 | 11.06
22 | 6.091 | 9.091 | 7.800 | 11.07

23 | 6,345 | 9391
24 | 6.250 | 9.250
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