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UNIT — 11

RANDOM SAMPLING OF MULTIVARIATE NORMAL DISTRIBUTION

Random Sampling from multivariate normal distribution

To generate a random sample from a multivariate normal distribution, use the

following formula:

1

X =p+Zx3?
where:

e X s the random sample
e puis the mean vector
e Zisa vector of independent standard normal random variables

e X is the covariance matrix
Maximum likelihood estimators of the parameters of multivariate normal distribution

When a distribution such as the multivariate normal is assumed to hold for a
population, estimates of the parameters are often found by the method of maximum
likelihood. This technique is conceptually simple: The observation vectors Xi, Xz, « - -, X are
considered to be known, and values of p and X are sought that maximize the joint density of
the x's, called the likelihood function. For the multivariate normal, the maximum likelihood

estimates of i and X are

(i) Maximum likelihood estimate of the mean vector

Let X1, X2, - - -, Xn be @ random sample of size n (> p) from Np(w, X). The likelihood
function
§=106) £ ) f (x )=;exp{—1i(x ) (x —u)}
1 2 n (27[)np/2|2|n/2 2 o a a

n

n n 1 _
og ¢ =~ log(27) - 2 log[z] 2 > (x, — )" = (x, )

a=1
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Differentiating with respect to p and equating to zero

dlog ¢ 13 o
=0=0-0-=) 2% —X
» 2; (1—%,)

=213 (u-x,) =0

(it) Maximum likelihood estimate of variance covariance matrix

Let " =(cy)and T=(o;) then the [£7|=c"S"+.-+ 5" Z? where XV is the
i

b
=7

cofactor of ¢ in X, therefore, =(i j)" elements of (Z*)*=(ij)" elements of

=0

Now, the logarithm of the likelihood function is

n n g 1 _
log ¢:_7p|og(2ﬂ)+§|og\z 1‘—52(xa — )" E(x, — w)
a=1

— =P log(27) + T g0 X b 0T ek 0 T = TS (x, — )X, - )

a i,

UR |

Since, x'Ax = Za. XX
¥

Differentiating with respect to ¢' and equating to zero, we get

dlog ¢ n i 19 0 f'(x)
—=U=—"——-= X —u)(X. —u.), because —log f(x) =
ao_lj 2 ‘2_1‘ 2;( la lul)( ja luj) 8X g ( ) f(X)

n 13
Eo-ij = EZ(Xia _lui)(xja _ﬂj)
a=1

A 13 N .
Oj = Ez_l(xia _:ui)(xja _ﬂj)

>

Hence, = = —.

>
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Distribution of sample mean vector

n
2%
For the distribution of X = % distinguish two cases:

(a) When X is based on a random sample xi, X2, - - -, Xa from a multivariate normal
distribution Np(p, %), the X is Np(p, X/n).

(b) When X is based on a random sample X1, X2, - - -, Xn from a non-normal
multivariate population with mean vector u and covariance matrix X, then for
large n, X is approximately Np(p, X/n).

More formally, this result is known as the multivariate central limit theorem: If X is

the mean vector of a random sample X1, X2, - - -, X» from a population with mean vector u and

covariance matrix £, then as n — oo, the distribution of v/n(X — z) approaches Ny(0, ).
Sample dispersion mean vector

The sample dispersion (or sample covariance) of the sample mean vector from a

multivariate normal distribution is given by:

S :i(xi -X)Z(x —X)'
n-1

S is the sample covariance matrix

xi is the i observation

X is the sample mean vector

n is the sample size
The sample covariance matrix S has the following properties:
e [t is an unbiased estimator of the population covariance matrix X.
e ltis a consistent estimator of X (i.e., it converges to X as n — ).
e |t follows a Wishart distribution (a multivariate extension of the chi-squared
distribution).
The Wishart distribution has the following properties:
e Itisa multivariate distribution
e It has two parameters: n-1 (degrees of freedom) and X (scale matrix)

e |t is used to model the distribution of sample covariance matrices
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Necessary condition for a quadratic form to be distributed as chi-square

Given xl‘l),xff),---,xfj),---,xfhl) be a random sample from Npyu®, X) and

x1<2>,xg2>,...,xg>,...,xg> from Np(u®, Z). Ho : pn® = @ | then the test statistic is

nn, (X® — @y 33 (xW _ x@) ~ Z;
n, +n,

Proof
We know that,

z h)
g® ~ &) 7@ &) <@ 7(2)
X Np(,u ,njand X Np(,u , ] Further x* and X' are

1 I(']2

i 7@ _ @ w_,oL 1
independent and (X* —X*) ~ N | &7 = p*7,| —+— [Z|.

n1 n2
Make the transformation (nonsingular)

()—((l) _ )—((2)) — Cy =y= Cfl()—((l) _ )—((2))
Since C is a non-singular matrix such that
csic =1, where =" =2 2 5 _ e and Ey =C'E(X® —x®) =0 under Ho.
r]1r]2

E, =E(y-Ey)(y - Ey)'=CE(x" -x?)(x® -x?)yC™

_ciyct = (CcTc)t=1
Therefore,

y~N,(O1),ie,y; ~N(02), foralli=1,2,...,p.
Now,

Wy (g0 _g@ys1g® _g@) = (x® —x@Y (CC)H(x® — x?)
n, +n,

p
[C™ (X =x)CHR® XN = yy =2y ~ 77
i=1

Let y:(cr) be the number such that Pr[;gf) > 2 (a)]za, then for testing Ho, we use

the critical region

Wy (g0 _g@ys1x® _x@) - 7i@).
n +n,

Hence proved.
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Sufficient condition for a quadratic form to be distributed as chi-square
The joint density function of x1, . . ., Xa With Xs ~ Np(, 2) 1S

1 13 _
Wem{_iz(xa -1 Z7(x, —,U)}

Consider
(%, )T E 00, — ) =Y (x, — 1) E X, - )
—trY 2 (x, ) (x, )

Y (x, — 0 (X, - ).

We can write,

>0, =" (¢, =)= 2[00, =)+ (- o, )+ (- ]
_ Z[(xa ), — X+ (x, = X)X = 2 + (K= pa)x, = %) + (X - )X )" |

Y DI (R SR YCRR, (R L)

a

= A+n(X— p)Xx — u)', because D" (x, —X)= > X, —nx =0.

Thus the density of xq, . . ., Xn Ccan be written as

1 1 . B B
L Tl

1 1, T/ -1 j|
= _exp|—-=(n(X—u) THX—u)+trz"A
(27Z_)np/2|z|n/2 Xp_ 2( ( ’u) ( ’u) )
1 i 1 — T w-1(< :| 1 |: 1 -1 j|
e R— v o | [P | v XX — Xx——— = exp| ——trZ A |
(27[)np/2|2|n/2 Xp_ 2 ( lLl) ( lLl) (27[)np/2|2|n/2 Xp 2

1 ) o ) .
Thus, Xxand — A form a sufficient set of statistics for p and X. If X is known, X is a
n

sufficient statistic for p. However, if p is known — A is not a sufficient statistic for X, but
n

%Z(xa — u)x, — u)" is a sufficient statistic for .
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Inference concerning the sample mean vector when covariance matrix is known

Given a random sample X1, X2 , , X« , , Xn from Np(p, Z). The hypothesis of interest is
Ho : p = po, where po is a specified vector, then, under Ho, the test statistic is
N(X— 1) 27 (X = t45) ~ Z§
Proof

Let C be a non-singular matrix such that

C'>*1C = | and CC'= 2" = X/n. Make the transformation
(X—1)=C,=>y= C™(X— 1), and
Ey=C'E(X— ) =C ™ (y — 14,) = 0, under Ho.
2, =E(y—Ey)(y—Ey) =CTE(X — s4,) (X — 14,)'C™
clz'ct =T o)t =1.

Therefore,

y~N,(O1),ie,y; ~N(02), foralli=1,2,...,p.
Now

n ()_(_ﬂo)T 271()_(_!10) = ()_(_ﬂo)T (CC’)il()_(_ﬂo)
= [Cil()_(_;uo)]r [Cil()_(_:uo)]: yTy = Zf: yiz ~ Z;

Let x5 (cx) be the number such that Pr[;gf) > 2 (a)]za, then for testing Ho,
we use the critical region
N(X— )" T (X = 146) = 75 (@).
For computational purpose use
(X — 4,) =d, then solve
>4 =d (by Doolittle method)
= A1=3x"d and
nd'2Z=n(X— )" (X - 1)
Note: If Ho is not true, then

Ey =C71E()_(_/Uo) = Cil(ﬂ_ﬂo) =& (say), X, =1, and
P
(X = 1) (X = p15) = 27 ~ 252 Where
i=1 i

p
D 57 =668" =n(u— pty)'S ™ (u - pty) = non-centrality parameter.
i=1

The confidence region for p is the set of possible values of p satisfying

N(X— )" (X — p4,) < x5 (), this has confidence coefficient 1—o.
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1. Method of obtaining Variance, Covariance and Correlation Matrix

SCL PROBLEMS

Find variance, covariance and correlation matrix from the following information.

Sample No. 1 2 3 4 5 6 7 8 9 10
X1 24 27 28 23 25 32 33 24 23 25
X2 41 44 44 40 43 49 52 47 44 45
X3 55 52 56 50 51 56 48 55 56 55
X4 36 39 38 30 37 34 31 32 38 35
Sample No. 11 12 13 14 15 16 17 18 19 20
X1 24 23 26 23 27 21 34 24 26 32
X2 41 47 46 41 43 37 42 56 53 44
X3 56 48 56 55 43 57 56 56 53 48
Xy 38 32 36 36 39 28 33 38 31 32
Procedure
X,
e Mean Vector = )iz
XS
X,
X2z
[ ] Jlj:O'izzz ! _X|2
n
Z Xixl Y Y
* 0= - XX i
n
. r-Ci
! 0,0
Calculation
Mean Vector
Xlzﬁzze.z >?2:@:44.95
20 20
>?3=@:53.1 >?4=@:34.65
20 0
26.2
44,95
Mean Vector =
34.65
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Sa,\rﬂf'e Xt | X | Xs | X X2 X2 Xa? X | XiXe | XaXs | XaXe | XoXs | XoXa | XsXa
1 24 | 41 | 55 | 36 | 576 | 1681 | 3025 | 1296 | 984 1320 | 864 | 2255 | 1476 | 1980
2 27 | 44 | 52 | 39 | 720 | 1936 | 2704 | 1521 | 1188 | 1404 | 1053 | 2288 | 1716 | 2028
3 28 | 44 | 56 | 38 | 784 | 1936 | 3136 | 1444 | 1232 | 1568 | 1064 | 2464 | 1672 | 2128
4 23 | 40 | 50 | 30 | 520 | 1600 | 2500 | 900 | 920 1150 | 690 | 2000 | 1200 | 1500
5 25 | 43 | 51 | 37 | 625 | 1849 | 2601 | 1369 | 1075 | 1275 | 925 | 2193 | 1591 | 1887
6 32 | 49 | s6 | 34 | 1024 | 2401 | 3136 | 1156 | 1568 | 1792 | 1088 | 2744 | 1666 | 1904
7 33 | 52 | 48 | 31 | 1089 | 2704 | 2304 | 961 | 1716 | 1584 | 1023 | 2496 | 1612 | 1488
8 24 | 47 | 55 | 32 | 576 | 2209 | 3025 | 1024 | 1128 | 1320 | 768 | 2585 | 1504 | 1760
9 23 | 44 | 56 | 38 | 520 | 1936 | 3136 | 1444 | 1012 | 1288 | 874 | 2464 | 1672 | 2128
10 25 | 45 | 55 | 35 | 625 | 2025 | 3025 | 1225 | 1125 | 1375 | 875 | 2475 | 1575 | 1925
11 24 | 41 | 56 | 38 | 576 | 1681 | 3136 | 1444 | 984 1344 | 912 | 2296 | 1558 | 2128
12 23 | 47 | 48 | 32 | 520 | 2209 | 2304 | 1024 | 1081 | 1104 | 736 | 2256 | 1504 | 1536
13 26 | 46 | 56 | 36 | 676 | 2116 | 3136 | 1296 | 1196 | 1456 | 936 | 2576 | 1656 | 2016
14 23 | 41 | 55 | 36 | 520 | 1681 | 3025 | 1296 | 943 1265 | 828 | 2255 | 1476 | 1980
15 27 | 43 | 43 | 30 | 720 | 1849 | 1849 | 1521 | 1161 | 1161 | 1053 | 1849 | 1677 | 1677
16 21 | 37 | 57 | 28 | 441 | 1369 | 3249 | 784 | 777 1197 | 588 | 2109 | 1036 | 1596
17 34 | 42 | s6 | 33 | 1156 | 1764 | 3136 | 1089 | 1428 | 1904 | 1122 | 2352 | 1386 | 1848
18 24 | 56 | 56 | 38 | 576 | 3136 | 3136 | 1444 | 1344 | 1344 | 912 | 3136 | 2128 | 2128
19 26 | 53 | 53 | 31 | 676 | 2809 | 2809 | 961 | 1378 | 1378 | 806 | 2809 | 1643 | 1643
20 32 | 44 | 48 | 32 | 1024 | 1936 | 2304 | 1024 | 1408 | 1536 | 1024 | 2112 | 1408 | 1536

Total | 524 | 899 | 1062 | 693 | 13998 | 40827 | 56676 | 24223 | 23648 | 27765 | 18141 | 47714 | 31156 | 36816

Covariance Matrix
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0, =0, = 13998 _ (26.2)* =13.46
0,,=0;= 40827 _ (44.95)* = 20.85
Oy =0% = 0676 _ (53.1)° =14.19
Cu=0.= 24223 _ (34.65)* =10.53
o :%‘048—(26.%44.95) =4.71
Oy = 21765 _ (26.2x53.1) =-2.97

Oy :%1041—(26 2x34.65)=-0.78
Ops = 4rria _ (44.95x53.1) = —1.145
O,y = 31156 (44.95x34.65) = 0.2825
O = 30816 _ (53.1x 34.65) = 0.885




13.46 471 -297 -0.78
] . 471 2085 -1.145 0.2825
Covariance Matrix =
—-297 -1.145 1419 0.885
-0.78 0.2825 0.885 10.53
Correlation Matrix
oy, 471

r= - =0.2812

¥ 50, ~/13.46x+/20.85

ro= T 29 _ g9
0,05 13.46 x/14.19

r=Cu 0l _ 44655
0,0, +/13.46 x~/10.53

= o 1 50666
0,05 20.85x+/14.19

(= Ou 02825 4101
0,0, +/20.85x+/10.53

r,, =% 088 _ 40724

040, B \14.19 x~/10.53

1 0.2812 —0.2149 -0.0655
. . 0.2812 1 -0.0666 0.0191
Correlation Matrix =
-0.2149 -0.0666 1 0.0724

—-0.0655 0.0191 0.0724 1
Result

26.2
44.95
53.1
34.65

e Mean Vector =

[13.46 471 -297 -0.78
471 20.85 -1.145 0.2825
-2.97 -1.145 1419 0.885
|-0.78 0.2825 0.885 10.53

e Covariance Matrix =

1 0.2812 -0.2149 -0.0655
0.2812 1 —0.0666 0.0191
—-0.2149 -0.0666 1 0.0724
-0.0655 0.0191 0.0724 1

e Correlation Matrix =
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2. Gauss Doolittle’s Method
Solve the following linear equation using Gauss Doolittle method:

12X1+ 5Xo- 7TX3+ 2X4= 27

5X1+3Xo+ X3-4Xs=14

- TX1+ Xo+ 9X3+ 6X4= 46

2X1-4Xo+ 6X3+ 2Xs=24
Procedure

e Doolittle method for Upper(U) and Lower (L) decomposition

A=LxU
1 0 0 0 ull u12 u13 u14
| 0 0 wu u u
Where, L =| * and U = 22 T T
13 |23 l O O O u33 u34

VRN PYR PR 0 0 0 uy
e The given linear equation can be written n matrix form, AX = B.

e After converting the diagonal elements to zero, we obtain the solution for linear

equations.
Calculation
12X1+ 5X2- TX3+ 2Xa=27 - ---- 1)
5X1+3Xo+ X3-4Xy=14 - ---- (2)
STXi+ Xo+9X3+6X4=46 00 ----- 3)
2X1-4Xo+ 6X3+ 2X4=24 - ---- (4)

Now converting given equation into matrix form

12 5 -7 27[x,] [27

5 3 1 -4||X,|_|14
-7 1 9 6 X, 46
2 -4 6 2 X, 24
Now
12 5 -7 2 X, 27
5 3 1 -4 X, 14
A= . X = and B=
-7 1 9 6 X, 46
2 -4 6 2 X, 24

Doolittle method for Upper(U) and Lower (L) decomposition
Let, A=LxU
0 Uy Up Uy Uy
5 3 1 -4 l, 1 0 O 0 Uy, Uy Uy,
0 0 0 uy U,
1 0 0 0 wu,



ull u12 u13
— I21ull I21ulZ + u22 |21u13 + u23
|31ull |31u12 + |32u22 |31u13 + |32u3l + u33
I4lull I41u12 + |42u22 I4lu13 + |42u23 + |43u33

Here, ui;1 = 12, u12 =5, uiz = -7 and us = 2.Then,

5
lLLu,=5=1,x12=5= IZl:E

5
l,,u, +U,, =3:E><5+u22 =3
5
I21u13+u23:1:>E><—7+u23 =1

5
l,,u, +U,, :Ex2+u24 =-4

-7
LU, =—7=l,x12=-7=1,, =
31¥11 31 =],
-7 11
Lu.+l.uU,=1=—x5+1 =1
31412 32922 12>< 32><12
—7 47 47
LyyUps + LUy + Uy =9 = — X (=7) + — X —+U,, =9
31413 T I3z T Uss T (-7 TR
-7 47 -29
lL.u,+l.u,+U,=6=>—x2+—x—+U,, =6
31%14 T f32424 34 12 11 5 y
1
I41u11:2:|41><12=2:>|41:g
1 11
l,u, +l,u,, =—4==x5+l,x—=-4
41912 42Y22 6 12 0o
-58 47

X — +

1
|yUys + LU +145U55 =6 = E x (=7)+

Now, AX=Band A=LxU
Let, UX =Y, thenLY =B

1 0 0o o]y,] [27
04167 1 0 ofY,| |14
~05833 42727 1 0||Y,| |46
0.1667 —-5277 —-2.358 1||Y,| |24
Y, =27

0.416Y, +Y, =14
—0.5833Y, +4.272Y, +Y, = 46
0.1667Y, —5.2727Y, — 2.3538Y, + Y, = 26
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—-130
lox = =
11 12 11

Uy

6;

IZlul4 + u24
|31ul4 + |32u24 + u34

I4lul4 + I42uZ4 + u34 + u44

11
Uy, = E
47
23 — E
-29
=g
47
32 :H
130
ST
306
STy
_ -58
2=
-153
|43 = 65




Now, use forward substitution method
Q Y, =27
2 Y, =275
(€)) Y, =50
4) Y, =151.69
Now, UX =Y
12 5 -7 2
0 0.9967 3.9167 —-4.83

0 0 -11.8182 2781
0 0 0 41.6613

27
2.75
50
151.69

-

X X X X

o~

12X1+ 5Xo- 7X3+ 2X4= 27
0.9967X>+3.9167 X3—4.83X4=2.75
-11.818X3+ 27.81X4=50
41.6613X4=151.69
Now, use back substitution method
41.6613X4 = 151.69
Xs=3.641
-11.818X3+ 27.81x3.641=50
X3=4.3397
0.9967X>+3.9167 (4.3397) — 4.83(3.641) = 2.75
X2=3.6558
12X1+ 5(3.6558) — 7(4.3397) + 2(3.641) = 27
X1=2.6514
Result
The solution for linear equation using Gauss Doolittle method:
X1=2.6514
X2 = 3.6558
X3=4.3397
X4=3.641
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