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Orthogonal Polynomials



Frobenius’ Theorem

If x = x, Is a regular singular point of the differential equation, then there exists
at least one solution of the form

y=@=x) ) ealr =)' = ) enlx —xq)™T
n=0 n=0

where the number r is a constant to be determined. The series will converge at least on
some interval 0 < x — x5 < R.



Example 1: Solve:3xy" +y" —y = 0 using Frobenius series method

Recall Frobenius theorem

y=(x—x)" z Cp(x — x0)"
n=0
y = Z X —”W

n=0

Indicial roots to
be determined

Unknown coefficients

Regular singular point

to be determined

To begin:  Find out Regular singular points of the given DE

3xy" +y'—y =0 v @y’@yzo

Px) QK)

Xo = 0 is a Singular Point




Whether the SP is a regular SP or irregular SP ?

(x —x,)P(x) |=x <i> = (Not infinity)  Analyticatx =0

1 X e
(x —x0)* Q(x) |= x?2 <—3 ) =3 (Not infinity) ~ Analyticatx =0
X x=0

Analytic X = 0 is a Regular Singular Point

Frobenius Theorem can be applied

Given equation 3xy" +y'—y =0

(0 0]

(0.0)
Assume y = Z cp(x —xo)™" = Z Cpx™T
n=0

n=0



Frobenius Series

oo
z C T

n=0

y
On differentiating,

yr — Z(n + T)Cnxn+r—1;
n=0

(0]

y' = 2(71 +r)(n+r—1)cx™r2
n=0

3xy"+y'—y=0->

3x Z m+r)(n+7r—Dc,x™ 24+ > (n+1)c,x™™ 1 — z Cpx™tT =
n=0 n=0 =0
3 Z m+r)(n+7r—1Dc,x™" 1 + z (n+71)c,x™m 1 — Z c,x™7T =0
\_n=0 ) n=0 )\ n=0 W
N e N
n = variable x" can be taken outside

r = constant the summation




Frobenius Series

(0.0]

3 Z(n +r)(n+r—1Dcx™
n=0

No connection with %’
It can be taken outside

3x” Z(n +r)(n+r—Dcx™ 1+ x" Z (m+71)c,x™ 1 —x" Z Cpx™ =
n=0 n=0 n=0
x" {3 z(n +r)(n+r—Dcx™ 1+ Z(n +1r)cx™ 1t — Z cnx"} =0
n=0 n=0 n=0
\_ /)

. Contradictory We

A+ 0B=0 2x"#0,B=0 Valid choice 7/




Valid Choice

3) (AT = o™+ ) (et = ) et =
n=0 n=0

n=0
The first two terms looks similar.
Z B +rm+r—1)+ @+,

n=0

z(n+r)[3(n+r—1)+1cnx”1 Z x"=0

n=0 n=0

z(n +7)[3n + 3r — 2]cx™ L — Z c,x™ =0
n=0 n=0



Determination of Indicial Roots (r)

* The lowest power of x yields the value of r
» Let us find the lowest power of x

» Expanding

Z(n +7r)[3n+ 3r — 2]c,x™ 1 — z Cn
n=0 n=0

Lowest power of x - Comes out fromn=0

r(3r — 2)c (1+7r)B+3r—2)cx® +2+7r)(6+3r—2)cxt + ...

_[C0+C1x+C2x2 +C3x3 +C4x4+ ..... ] =0

K(37” 2)c0x ? (n+7)[3n + 3r — 2]c,x™ ! z -

n:

Choose such that
this term vanishes

r(3r—=2)=0)—>r= 0;r = E Indicial roots

Indicial Equation For second order ODEs one gets 2 indicial values




Simplifying the summation

r(3r — 2)cox ™1 + Z(n + 7r)[3n + 3r — 2]c,x™ 2 Cpx™

n=1 n=0

Let us rewrite the second and third terms as a single term

2 (n+1)[3n+ 3r —2]c,x™ !

n=1
=[(1+7r)[1+3r]]cix")+ [(2 + )[4 + 3r]] @+( )c@+( YehxSH......

z +cl®+c@+cx + cux* + csx® + cgx®+..

Every term that present in the first sum also present in the second sum

We rewrite the first sum so that the index n starts from 0 instead of 1



Simplifying the summation

co

> (n+n)Bn+3r 2] Letusdefine n—1=1>n=1+1
=l § n=12>1=0
When

Dummy index n=ow=2>[l=ow

N

-» l+1+r)[3l+3r+1]cl+1 2= bl =0
Starts and ends at =
| same value £ ) A+ 1+ 7)[3L+3r + 1, —alx! =0




Values of unknown constants

Recurrence Relation

Cl
Bl+50U+1)

T (16)(5)

Co

" (33)(16)(5)

T U r+ DBI+3r+ 1) 1=01234,...
Case 1: .
— l _
r=20 Cl+1 = (l + 1)(31 + 1)! [ = 0,1,2,3,4,...
Case 2: ¢
r == Cl+1 = (3l + 5)(l + 1)1 [ = 0,1,2,3,4‘,...
= ol 1 =0,1,234
Case 1. Cl+1 - (l+1)(3l+1)) — YU,1,4,0,T,... Case 2: Cl+1 _
Co
l = O Cl = —
[=0
C
l =1 Cz = EO l .
[ =2 Cx =
706G -
=3 ¢ 0

~ @) (7)(8)(10)

12



Two independent solutions

Case 1: r = 0 (first indicial root)

(0 0] (0]
— n+r — n
y1(x) = z CnX = z CnX" = o+ c1x + cx% + c3x3+ ...

n=0 n=0
Co Co Co 4 o
= Cp + Ccox + —x + 3(7)(8) 3(4)(7)(8)(10) CoX™ % 3(4)(5)(7)(8)(10)(13)

cox5+. .

2 3 4 5

X X

3@ 3ONEA0)  3HED@®A0I3)

y1(x) = ¢ [1+x+

Case2: r= % (second indicial root)

yz(x) — z Cnxn+r — Z Cnxn+2/3

n=0 n=0
(0 0]
y,(x) = x2/3 z Cax™= x23[cox® + cyx + cyx% + c3x3 + cuxt+ .. ... ]
n=0

Y2(x) =Cox2/3[ 16)5 " x* + (33)(16)5x3+ .....

13

1 1 1 ]




General Solution

r=02y=y(x)
Vgs = Ay, (x) + By, (x)

r=2>y =y

X2 x3 x4 x°
Yes = 14[1-+'x'+ 3(7)(8) 3(4)(7)(8)(10)'+'3(4)(5)(7)(8)(10)(13)"']
+Bx?3 |1 42 P S S
165" T (E3)ae)s”

Note:
» rq — 1o # Integer.

> In this case, we get two independent solutions.






Frobenius Method

Type | : (my, mp=distinct, m;—m, = not an integer)

( Roots of Indicial equations are unequal and not differing by an integer)
Example 2:  Solve:9x(1 —x)y" —12y' + 4y =0

Step 1. Write the given DE in the form y”' + P(x)y’ + Q(x)y = 0 and identify P(x) & Q(x)

1 4 !/ 4 —_ 0
Y _3x(1—x)y +9x(1—x)y_
P = 3x(1—x) e = 9x(1 — x)

Step 2: ldentify Singular points and its nature.
P(x) goesto infinityatx = 0,x = 1 : :
Q(x) goes to infinityatx = 0,x =1 Singular points
Nature of Singular points

Case 1:x,=0
4 4

(x = x)P(x)= (x — 0) 3x(1—x) 3(1—x) 3(1)

= Constant

16



(=% Q) = (x = x0)' o

4 x2 4x

Tox(l—x) 9(1-7x) =0

x=0
Both (x — x,)P(x) and (x — x,)? Q(x) are analyticat x, = 0

x, = 0 is a Regular Singular Point

Case 2 :x, =1

(x — x0)P(x)= (x—1) 3x(14— ) = % = Constant
x=1
(= %) QU) = (r = Do
41 =x)
"7 |7
x=1

Both (x — x,)P(x) and (x — x,)? Q(x) are analytic at x, =1

x, = 1is a Regular Singular Point

17



Frobenius Series

Step 2: Let us construct a series solution.

Indicial roots to

y = i x — @ nW be determined
n=0

Singular Point at which we

Unknown coefficients are expanding the solution

to be determined

co

(00
In the presentcase x, =0 .. ¥ = Z cn(x — x)™ = Z Cpx™T™
n=0

n=0

y' = z (n + m)cx™tm-1 y'' = z (n+m)(n+m — 1)c,x"m2
n=0 n=0

The given equation : 9x(1 — x)y” — 12y* + 4y = 0

9xy" —9x?y" —12y" +4y =0



Recall : 9xy" —9x?%y"" —12y' + 4y =0
Substituting the expressions for derivatives,

: On solving powers

On solving powers ;
’ +m—2+2 _

xtm=2+1 _ ,nt+m-1 X" = x"*m

9% ) n+m)(n+m—1Dc,x™m 2 —-9x2 Y (n+m)(n+m— 1)c,x™t™M2

n=0 n=0

—12 2 (n + m)c,x™™M1 4 4 z Cpx™M =0
n=0 n=0

—9z(n+m)(n+m—1)cnx tm +9Z:(n+m)(n+m—1)C,,Lx’”‘+7”’”"_1

—12 E(n +m)c,x™ T + 4 z Cpx T =
I\/Iultlply all terms by (—)

+9 Z(n +m)(n+m—1)c,x™m -9 z(n +m)(n+m— 1)c,x"tm1

n=0 n=0

+12 Z(n + m)c,x™t™m 1l — 4 2 c,x™t™M =0
n=0 n=0

19



92(11 +m)(n+m—1)c,x"*"Mm — 9Z(n +m)(n+m — 1)an@
n=0 n=0

+12 Z(n + m)cn@— 4 z cpx™tm =0
n=0 n=0

9 Z(n +m)(n+m — 1)cn@— z [O(n+m)(n+m—1) —12(n + m)]c,x™™m1
n=0 n=0 " -

On taking (n + m) commonly
we get
m+m)[9n +9m —9 — 12]

/

POn+mn+m-—1) — 4]cnx"% z(n +m)[9n + 9m — 21]c,x™" W1 =0
0 n=0

Summation involves Independent We can take x™
only n Parameter outside the summatiorn®




Let us pull out the term x™ outside the summation

X { [O(n+m)(n+m —1) — 4]c,,x™ — Z(n+m)[9n+9m 21]c,x™" 1t =0
n=0

N /
N

Product of two terms =0

AN

. Terms inside
Eitherx™ =0
lx curl bracket = 0
Not sensible Go for it

2[9(71 +m)(n+m—1) —4]c,x" — Z(n +m)[9n +9m — 21]c,x"" 1 =0

n=0

Z(n+m)[9n+9m 21]cx™t Z [9(n +m)(n+m—1) — 4]c,x™ =
n=0 =

n=0

21



co

z(n +m)[9n + 9m — 21]c,,x" ! — 2[9(71 +m)(n+m—1) —4]c,x" =0

n:O/ n=0
No change

By substituting n = 0 Lowest power of x Summation starts
we get the first term from n=0

n+m)[9n + 9m — 21cn"1 m+mn+m-—1) —4]c,x?=0

Thhe COZmC'IentS tﬂx These two terms can be
the indicial roots written as a single term

Since we separated
the first term n=0
Summation starts

from n=1

22



A o0
m(Om — 21)co x~ 1 + z (n+m)[9n + 9m — 21]c,x™ ! z [O(n+m)(n+m—1) —4]c,x" =0

\n=1 /
Y
- Let us make it as a single summation
A y (n+m)[9n + 9m — 21]c,x™ ™ = (1 + m)[9m — 12]c;x° + (2 + m)[9m — 3]cyx?
n=1 g +(3 +m)[9m+6]63x2+...y
Y
Powers Match with each other

o /\

z [O(n+m)(n+m—1) — 4]c,x™ = [Gm(m — 1) — 4]cox® + [9(1 + m)m — 4]cyxt D
n=0

+[9(2 + m)[1 + m] —4]c, x*+......

Let us relabel | A| Define n — 1 = [ and express in terms of |
n—-1=[0->|\n=11=0 n=o;[ =00

A 7 (I+m+ 1)[9]+9m — 12]c;; 1 x

[=0

o Note we relabelled with | instead of n
Z[9(l +m)(I+m—1) — 4]c;x*

1=0 23



m(9Om — 21)cyx~ 1 + z (l+m+ DOl +9m—12]cppxt — D OU+m)(U+m—1) —4]cxt =0
1=0

m(Om — 21)cy x~ 1 + Z {(I+m+DOl+9Im—12]c;y; —[9U+m)(I+m—1) —4]c}x' =0
1=0

()x ™ P+ Ox%+C)xP+()x?2+( )x?+( )x?+....=0

Unknown coefficients
Cop, C1,Cp,C3, ..
can be determined from these

Indicial equation

Yields the value of m

24



As usual the LHS can be solved by equating the coefficients of various powers of x to zero

Indicial 3 terms we can choosem =00or9m — 21 =0

equation /
21

7
m=20 — - —
m 3

N 7

Indicial roots

U+m+D9N+9IMm—12]c;11 —[9U+m){+m —1) — 4]c

W+t m)l+m—1) -4
T U rm+DOl+9m—12]"

Recursion relation connects c; with ¢;4

25



Meaning of Recursion Relations

> If we know ¢;, we can get ¢;41
It recursively gives
» If we know ¢, 1, We can get ¢, The values of the

coefficients
> If we know ¢, ,, We can get ¢, 3

v Recurrence Relation

3 9U+m)(l+m—-1)—4
T O m+ DOl +9m—12] | g

Allowed values of |

s 7
We have two m S,m=0andm=§

First go for the case m = 0.

Substitute m = 0 in the above equation and determine the values of ¢y, ¢4, 5, C3, ..

Then for the case m = g

Substitute m = g in the above equation and determine the values of cy, ¢y, ¢y, C3, ..



9l(l-1) -4

Case:l m=0 1T FDOI—12]

¢ 1=0,12,34,.....

- 42 2
- 2T 33 T3 T g

o, ox2x1(—4) 14 7 72 14
N ‘3 3(6) % 182 92 Tgrgf T g

co
y = z c M = 2 CnX™ = Co + 1% + Cx% + c3x3 + cuxt + cgx® 4+ cox®+...

n=0
_ 1 2 14 3 4 5
—co+§x+§cox +ﬁcox + (7 )eox®+ (7 )eox>+...

x 2 14
y=co[1+§+§x2+ax3+( 7x*+ (7 )x+..



OUl+m)(Il+m—-1)—4

Recurrence Relation Cl41 = Grm+DPl+9m—12] C

[=0,1,234,.....

Home Work:

» Substitute m = g in the above equation and determine the values of cy, ¢4, ¢y, C3, ..

> Write down the second independent solution y, (x).

» Write down the general solution.

28



Indicial equation
am?+bm+c=0

A

Roots
mqiand m,
v | ! l
ml#—'mz ml;tmz m; =m;
m,—m, # not an integer m;—m, = an integer
yi(x) = Z Cp X y1(x) = z Cp X y1(x) = z Cp XM
n=0 n=0 n=0
" y2(x) = cy,(x) logx -
y2(x) = z by xT M2 + z by X" y2(x) = 2 bn xT M2
n=0 n=0 n=0 v

(0]

B =3 e

n=0

yo(x) = y;(x)logx + z b,, x™t™M2

n=0







Frobenius’ Theorem

If x = x, is a regular singular point of the differential equation, then there exists
at least one solution of the form

y=@=x) ) ealr— )" = ) el — 1)
n=0 n=0

Where the number r is a constant to be determined. The series will converge at least on
some interval 0 < x — xy < R.

31



Method of constructing the solution

Singular Points

Solve in series: x(1 — x)y"" — 3xy’ — y = 0 near x=0

(i) Comparing with y"" + P(x)y’ + Q(x)y = 0, we infer

—3x —3 —1

Px) = x(1—x) N (1—x) Q) = x(1—x)

(i) x = 0 and x = 1 are singular points

—3
(i) A (= xo)P() :"<<1_x>> -
x=0 P(x) & Q(x)
don’t go
, B -1 _ "X _ infinity at x=0
(x — x,) Q(x)—x<1_x> (1—2x) 0

x =0

X, = 0is a Regular Singular Point

32



Singular Points

-3
(i)B (= x)P@) = (x— 1) <(1 - x)> -3

e x000 = e () 2

x(1—x) X

X, = 1 is a Regular Singular Point

Question asked: At x = 0 we have to develop a series solution.

P(x) &
Q(x) don’t
go infinity

atx =1

33



Frobenius’ Series

y() = ) en(x—x™T = ) cuxm
n=0 n=0
y'(x) = Z (n + m)c,xntm-1 ;Y (x) = z (n+m)(n+m— 1)cx™tm2
n=0 n=0

Given Equation: xy" —x?y"”" —3xy'—y =10

(0.0]

(n+m)(n+m—1)c,x"TM/ — Z(n +m)(n+m—1)c,x™t™

n=0 n=o(<)) .
-3 z(n + m)c,x™ — z cpx™tm =
n=0 n=0
Same exponent (n +m)
We can group these 3 -
terms into 1 term. All three summations

start and end at same
numbers 34




co

z(n +m)(n+m— 1)cnx"*€@'1 — Z[(n +mn+m—-1)+3(n+m) + 1]cnx"@ =0
n=0 \ )

n=0 Y
nm+m)(n+m—1+3) (n+m)(n+@

(0 0) (0 0) /’
/m {z m+m)(n+m—Dcx™ 1 - z[(n +m)(n+m+2) + 1]cnx"} =0
\n=0

n=0 /
\/

#0 =0

o0 o0 (n+m+ 1)?
m(m — 1)cy Z(n +m)(n+m—1)c,x" 1 — Z [W@Fﬁﬂ*ﬁ?ﬁ]& 0
n=1 =

‘ n=0

n—1=I1l2>n=101+1 Dummy index
Lowest power of x /\ ‘
n=1>1=0 n=0>] = oo Can be replaced
by |

35



m(m — Dcox~1 + Z(l +m+ 1D+ m)cpq x* z (Il+m+1?%ext=0
1=0

@@ Z[(l +m+ DU +m)ey, —(U+m+1)3%qlxt =0
1=0

Indicial

equation | owest
power of x

Cross Check C x4+ (C XY +C dx +(C Ix? +( I)x? +....

m(m—1)c, =0 Indicial equation

m;=1m, =0 Indicial roots

Lesson: Equating the coefficients of different powers of x to zero we can determine the
coefficient values

36



The coefficients of all other powers of x can be identified from

U+m+ 1)U +m)cpq —(

+me+ 1% =0, (TZ01.23%3
Allowed

U+m)cy—U+m+1) =0, 1=01,234,... values of |
¢ =(l+m+1)cl [=0,1,234,.... Recursion
H l+m) ™~ T relation.

For [ = 0, we can determine|c;

For [ = 1, we can determing c, |in terms of c;

For [ = 2, we can determine|cs

in terms of ¢,

in terms of ¢,

Coefficients can
be determined
recursively

37



We have,

[+m+1
Ci+1 = ( (l Tm) )Cl ,l = 0,1,2,3,4,....
+1
=0 1=(mm )0
(m+2)  (m+2)(m+1) _(m+2)
[=1 C2 (m+1)1 m(M Co =7 0
=2 o (m + 3) (m+3)£r/n/I45C _(m+3)

38



We have,

co (0.0]

YO = ) ealr =X = ) ™
n=0 n=0
m+1 m+ 2 m+ 3 m+ 4
=xm[c0+( )cox+( )cox2+( )cox3+( )cox4+....]
m m m m
m+1 m+ 2 m+ 3 m+ 4
=xmc0[1+( )x+( )x2+( )x3+( )x4 ]
m m m m

Substituting | m = 0 provide y,(x) and m = 1 provide y, (x)

Casem =0

» Substituting m = 0 in the solution we get y(x) = oo (not admissible solution)
* \We can easily overcome this obstacle

39



We have,

y(x)=coxm[1+(m+1) (m+2)

m + 3 m+ 4
x + x2+( )x3+( )
m m m m

x*+

= Mm+ m+ Dx+(m+2)x*+ (m+3)x* + (m+4)x*+....]

d = another
constant

Co
d=—
m

yi(xX)=dxmm+m+Dx+(m+2)x?+(m+3)x3+ (m+4)x*+....]

Atm =0
y1(x) = d[x + 2x% 4+ 3x3 + 4x*+....]

Atm =1:
y,(x) = dx[1 + 2x + 3x?% + 4x3 + 5x*+....]

y,(x) = d[x + 2x?% + 3x3 + 4x* + 5x°+....]

y,(x) is NOT AN INDEPENDENT SOLUTION

Note: We have obtained only one solution (Read Frobenius Theorem Carefully) ,,

How to Obtain Second Solution?



Frobenius’ Theorem

If x = x, is a regular singular point of the differential equation, then there exists
at least one solution of the form

y=@=x) ) ealr— )" = ) el — 1)
n=0 n=0

Where the number r is a constant to be determined. The series will converge at least on
some interval 0 < x — xy < R.

41



m4q * m,
m,;—m, = an integer

!

How to determine the second solution

v

v

Method of Reduction of Order

1
y2(x) = y1(x) f

~ [ pax
e dx
yZ(x)

v

Method of partial differentiation

0
y2(0) = = {(m = M)y (&, M) e,

Method of substitution
Y2 (x)=c Y1 (x) logx + z bnx"+m2

A 4

yZ(x) = Cyl(X) lOgX + z bn xntm;

co

@ =Y e amem

n=0

n=0

42




A Note on Differentiation

Suppose we have y = x™ then d_i] — m M1
— X dy
Suppose we have y =m* then 22 _-9,
dx

Answer :
y=m* mmm [ogy=Ilogm* =xlogm

Differentiating on both sides

1 dy
—=logm+x.0 =logm

;dx

d
= ylogm| = m*logm

dx

43



Method of Partial Differentiation

Obtaining: Second independent solution

d
Y2 (x) = 6_{(m —my)y(x,m)} —
m m, — Lowest indicial root

In our case, my =1, m, =0
d
y2(x) = 5 {(m)y (e, m)}
y,(x) = i{mc—o xmm+m+Dx+m+2)x2+(m+3)x?+(m+ 4)x4+....]}
om m m=0
= i{co[m +(m+Dx+m+2)x2+(m+3)x?2+(m+DHx*+....]}
am \ T m=20

N

Y R e T
_I_Coxm@)ﬂ + x3 +XD]m=0




yo(x) = log x + z x™
n=0

Yes = Ay1(x) + By, (x)

Ves = A[x + 2x?% + 3x3 + 4x*+ ... ]+ Blogx [x + 2x? + 3x3 + 4x*+

45




m4q * m,
m,;—m, = an integer

!

How to determine the second solution

v

v

Method of Reduction of Order

1
y2(x) = y1(x) f

~ [ pax
e dx
yZ(x)

v

Method of partial differentiation

0
y2(0) = = {(m = M)y (&, M) mem,

Method of substitution
Y2 (x)=c Y1 (x) logx + z bnx"+m2

A 4

yz(X) = Cyl(X) lOgX + z bn xntm;

co

@ =Y e amem

n=0

n=0

46




Method of Reduction of Order

Recall

, x(1—x)y" —3xy'—y =0

dx =3log(x —1) =log(x —1)3

y2(x) H y1(

x—1
1
Step2: e [PU —erloger? =y
1 1 (A -x)*
(1—x)?
—[Pdx 4 4
- e 1 1-— -1
Step 4: _ax - G=07 — (EZD ,
yi(x) (x —1)3 x2 (x —1)3x?

:j(x_l)dx =—j(1_x)dx=—jg+jg =l+logx 47

x?2 x2 x?2 X X



Step 5 e e_fpdxdx= X (1 + xlogx)
1 y2(x) (1— x)2 X

_1+xlogx  xlogx 1

TTa-0? A0 d-x2

Yes = Ay;(x) + By;(x)logx + B Z(n + 1)x™

n=0

Same result as obtained through first method
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m4q * m,
m,;—m, = an integer

!

How to determine the second solution

!
! v
Method of Reduction of Order

Method of partial differentiation
1
y2(x) = y1(x) f

yZ(x) ©

— [ pdx dx

0
y2(0) = = {(m = M)y (&, M) mem,

A 4

Method of substitution
Y2 (x)=c Y1 (x) logx + z bnx"+m2

A 4

co

@ =Y e amem

n=0

yz(X) = Cyl(X) lOgX + z bn xntm;

n=0

49




Method of Substitution

00 m = ml — mz > O )
y2(x) = ky;(x)logx + z a,x™ Mz =1>0 Y2(x) = ky1(x) logx + z anx

n=0

n=0

I _ I kyl n—1
y2(x) = ky;(x)logx + ==+ annx

2kv. k
Yy (0) = ky'|(x) logx + xyl 24 +Zann(n—1)x" 2

Substituting in the given equation x (1 — )y —3xy'—y=0

@ ,
2k k
x(1 —x) {k)h”(x) logx + x)’1 yl + z a,n(n — 1)x™" 2}
®
@ ky, @
— 3x yky;(x) logx + —x + a,nx™ 1t —{ky, (x)logx + a,x"t =0
n=0 n=0
@ ® ©)

k
klogx{x(1—x)y" —3xy'—y}+2(1 — x)ky; — % — 2ky,
\ J

|
= O 0 00

+ z a,n(n—1)x" 1 - z a,(n+1)%x" =0
=0 =0 50



oo

2(1 — x)ky; — — — 2ky, + z a,n(n — Z a,(n+ 1)%x" =

n=0

Ay () = x+2x2 4303 + 4xt 4 = Y1(0) = 14+4x+9x% + 1657 +...

k
2(1 — x)k[1 + 4x + 9x% + 16x3+... ] —;[x+ 2x% + 3x3 + 4x* + -+ ]

—2k[x 4+ 2x% + 3x3 + 4x* + - 1 +{ 2a,x + 6a3x? + 12a4x3 + -}
—{ay + 4a;x + 9a,x* + 16a3x>+..} = 0

x_o a():k

. 2k +2ay—4a; =0 =) a,=2a;—a
2 3k+6ag — 932 =0 @ as = 3a1 — Zao

x® 4k +12a,—16a; =0 =) a4 = 4a; — 3q,

|><

=

=

Substituting back in v, (x) = ky, (x)logx + z a4, %"
n=0

y,(x) = agy;(x) logx + ay + a;x + a,x? + azx3 + -

y2(x) = agy1(x) logx + ag + ayx + 2a,x? — agx? + 3a;x° — 2a,x> +...
= ay y,(x) logx + ag(1 — x% — 2x3 — ) + a; (x + 2x% + 3x3 + )
=y, () logx + (1 +x + x% +x3 + )
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v, (X)=y, () logx + (1 +x+x%2 +x3+ )
Ve.s = Ay, (x) + By, (x)

= Ay, (x) + By;(x)logx + B[1+x+x*>+x3+.......

= Ay, (x) + By;(x)logx + B Z x™

n=0



m4q * m,
m,;—m, = an integer

!

How to determine the second solution

!
! v
Method of Reduction of Order

Method of partial differentiation
1

)
y2(x) = y1(x) f V20 e I PI% dx | | y,(x) = %{(m — M)y (X, M)} m=m,
A 4 ’

Method of substitution

Note :
Y2 (x)=c Y1 (x) logx + 2 bnx”+m2

(i) All methods pre not equally suitable for g DE.

(i) One method may find a second solution
more easily than the other two methods.v

co

@ =Y e amem

n=0

yZ(x) = Cyl(X) lOgX + z bn xntm;

n=0
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Summary

x(1=x)y" —3xy'—y=0 Indicial roots ™My =1,m; =0

Atm=20

1(x) =d[x + 2x?+3x3+4x*+....]  (First Solution)
y

y,(x) = cologx [x + 2x?% + 3x3 + 4x*+..... l+co[1+x+x2+x3+x*+..... ]

Ves = A[x + 2x% 4+ 3x3 + 4x*+ ..., ]+ Blogx [x + 2x? + 3x3 + 4x*+..... | +BE

We have constructed the second solution y, (x) through three different series
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Use the method of Frobenius to obtain the series solution about x=0

xy" + 2y —xy=0

Step 1: X, = 0 is a Regular Singular Point

co

Step 2: substituting y(x) = z cn(x = x0)™™ in the equation, we obtain

n=0 .
y'(x) = Z(n +m)c,x™tm-1 y'(x) = Z(n +m)(n+m— Dcpx™ M2

=0 n=0
E(n +m)(n+m—1c,x"tm"1 +2 z(n + m)c,x™tm1 — z cyxttmtl =
n=0 =0 n=0

Z(n+m)(n+m+1)cnx" 1 2 x"1l =0

m(m + Dcogx~1 + Z(n +m)(n+m+ 1)c,x™ ! Z x"tl =0

n=1

Indicial roots m; = 0,m, = —1.



co co

(m+1)(m+2)cl+Z(n+m)(n+m+1)cnx” 1 x™1 =0

n= 2 n=0

(m+1)(m+2)cl+z(l+m+1)(l+m+2)cl+1x —ch xt=0

Case 1:
[=1
[ =2
[=3

I=1 1=1
oo = fi-1 [ =1,2,3,4
T 0t m+DU+m+2)
m, =0 =) Cly1 = €1 c;=0
1 T U+ DU+ 2)
Co
=) €2 =73 =4 mmp cs =0
= = [ =5 mmmp C6—7,
—) C4—a

= [co + %2 + c4x* +cg x0+... ]

57



y2(x) =

x* x* x _ Co x> x° x G X
st tar) T\ Tt ) TR
2: m,=—1 mm) Cl4+1 i [=1,234,...
' 2 I(L+ 1)
Co i
1 - C2=§ | = 4 ‘ C5—5'
C1
2 ‘ C3=§ l—5 ‘ C6—_
Co
3 ‘ (;4__Z
- Co Co Co
chxn 1 —[—+C1+C2X+C3x +.. ] = ;+C1 EX+§X2+4'X3
n=0
1 x x5 ) x% x*
— +2'+E+ + +§+§+

C

0 C1 .
—coshx + —sinh x
X X

58
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Let us determine the second solution y, using METHOD -1:

[pax Recall:

e 12 I _

yo(x) = yl(x)j Z(x) dx xy' + 2y ) xy =0
V1 y1(x) = ;sinhx

2
Step 1: jP(x) dx = j;dx = 2logx = logx?

1
StEQ 2: e_fp dx _ e—logxz = ﬁ
1
-/ Pdx 2 1 cosh x
: e _ —xZ _ _
SteQ 3 j ylz(x) dx - Sinhz X dx = fSinth X Sinhx
JZ’

e~/ Pax sinhx coshx coshx

Step 4: }’Z(x)=3’1(x)f yi (x) dx = x sinhx  x

sinh x cosh x

+ B
X X

Yos = Ay1(x) + By,(x) =4
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Method of Substitution:

v, (x) = ky,(x)logx + Z a,x"tm2 y2(x) = ky;(x) logx + Z apx™!

n=0 n=0

/ _ ! kyl n-—2
y,(x) = ky;(x)logx + ~ + a,(n —1)x

n=0
2kyl k =
Y ) = ky'i () logx + =22 =~ 4 ) a(n— D(n —2)x"
n=0
Substituting in the given equation xy” + 2y’ —xy = 0
! 2ky; k2 C
x{kyl”(x) logx + AY1 — ;;1 + Z a,(n—1)(n — 2)x”‘3}
A
1 2 . n=0 1 o
k
+ 2 {ky{ (x)logx + % + Z a,(n — 1)x"‘2} — {xkyl (x)logx + Z ”+1}
4 n=0 2 (:
klogx {xy” +2y" —xy} + 2keys + —+ z apn(n — 1)x"2 Z

—0
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x% x* 3

: _ , X X
R TR HOREE RS

4

x  x3 k x?  x 2
2k[§+5+...]+;[1+?+a+~- ]+{2a2+6a3x+12a4x + -}

—{ag+ ayx + a,x* + azx3+..3 =0

Ao
x- 20, —ag =0 :> a2 =51

a
x—l 6a3—a1=0 @ a3=3_T

2 a
X~ 12a4—a2:O @ a4=4—(!)
Substituting back in y,(x) = ky;(x)logx + Z a,x"t = % + a; + a,x + azx? +...
n=0
B 1 x x3 x2  x*
=G\ttt ta Lttt

0% a; |
= —coshx + —sinhx
X X

sinh x cosh x
Ves = Ay1(x) + By,(x) =¢C +

61
X X



Method of partial differentiation:

d
Vo (x) = %{(m —my)y(x,m)}

In our case, my =0, m, = —1

0
y2(x) = %{(m + Dy(x,m)}

Cl-1
U+m+ 1) +m+ 2)

,1=1,234,....

Recursion relation ——| Cj4+1 =

_ Co ] . C1 o= Co
“mr)m+3) P m+3)m+4) r (m+2)(m+3)(m+4)(m +5)

Co

0 x? + 1 X
(m+2)(m+ 3) (m+3)(m+4)

y(x,m) =cq+cix + 34 ...

Substituting y(x, m) in y,(x), we obtain

Co o)
(m + 2)(m + 3)x2 I3 m+ 4)x3 e ”

0
Yy, (x) = %{(m +1) x™ [co + cix +



Co cq
(np+2xﬁz+3)x2+(np+3xmz+4)x3+'"]}

m=-—1

" m?+2m-1) Y (m*+2m-5) .
eoX (1_(m+2)2(m+3)2x _> P\ T mE)2m+ 42”7

Yo (x) = {xm logx(m + 1) [co +cix +

m=-—1 m=-1
o 1+x2+x4+ 4 +x3+x5+x7
= — —+ —+... — | x
X 21 41 X 31 51 7]
Co €1 .
= —coshx + —sinh x
X X

Ye.s = Ay1(x) + By,(x)

sinh x cosh x
= A + B
X X




Indicial equation
am?+bm+c=0

A

Roots
mqiand m,
v | ! l
m1¢m2 mlimz m; = mj
m,—m, # not an integer m;—m, = an integer
y1(x) = z Cp XM y1(x) = cp XM y1(x) = z Cp X
n=0 n=0 n=0
_ y2(x) = ¢ y;1(x) logx _
y2(x) = z by x"TM2 + Z by x™3 y2(x) = 2 by, x"M2
n=0 n=0 n=0 4

(0]

@ = eanm

n=0

yo(x) = y;(x)logx + z b,, x™t™M2

n=0







Case 3:  Roots of Indicial equation equal.

Solve using xy"' + y' + xy = 0 Frobenius series method
- . 1
Solution: an (}) Y +y =0

Step 1: P(x) = and Q(x)=1 —=» x=0 isa Singular point.

SY

—_

Both are analyticat x =0
-.x = 0 isa Regular Singular point.

x2Q(x) = x?
We can apply Frobenius series method
Step 3: - B _ n+m
Y00 = ) (n+ m)eyam yx) =) enx
n=0 n=0

yll(x) — Z (n + m) (Tl 4+ m — 1)Can+m_2

n=0 . ] ]
Substituting in +y')+ 0 o0



co

X Z (m+m)(n+m— 1c,x™™M 2 + Z (n+m)c,x™™M 1 + x z Cpx™tm =

n=0 n=0 n=0

(00] (00] co
Z(n +m)(n+m— Dcx™™m 1 + Z(n + m)cpx™ ML 4+ 2 Cpx™MHl =0
n=0 n=0 n=0

Upon Simplification,
1 m2cox 1+ (m+1?%c; + ) [(m+ 1+ 1D?ciyq +c_1]xt =0
=1

Lowest power of x

2 Indicial roots m? =0 - m=0,0 Equal roots

3 C1:O

il = — Cl-1
M7 (m+ 14+ 1)2

4 Recurrence relation [=1,23,...

Verify all the steps (H. W) 67



Cl-1
= — , 1=1,23,...
‘141 (m+ 1+ 1)2

—c
=1 —_ 0
2T (m+2?
—c
l = 2 C3 — —1 — O
— (m + 3)2
[ =3 S G2 _ Co
YT m+ 4?2 (m+4)2(m+2)?
—c
l = 4 C5 = 3 = 0
I (m+5)?
=5 6~ tm + 2)2(m + H2(m + 6)?
y(x) =x™ ) cpx™
n=0
— m _ % 2 Co 4 _ Co 6
Y= (C" m+22" T+ 2m+22"  mt22m+ HIm+ 62

First solution:
m=20

x%  x* x®
y(x) = co (1 TR 2 e +">




Second solution

0
y2(0) = =—{y(x,m)}

x4 x6
T2 Tt aim+ 22 T mt 2)2(m + 4)2(m + 6)2 +)}

y(x,m) = u(x,m).v(x,m)

1 2
dy _ Ou N dv
om (x,m) = om’ T om"

ou
1 u=xm :>%= x™log x

4 6

X X
m+ 22 T mt02m+22  m+2)2(m+4)2(m+6)2
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x? x* x®

Vel Y e Dm0 mt 2m + DE(m 6 T
v 2x° . —2 2
om (m+2)3 T (m+2)3(m+ 4)2 B (m+2)2(m+4)3
) —2 2
X [(m 23 (m+ )2(m+6)2  (m+ 2)2(m +4)3(m + 6)2
-2
_(m+2)2(m+4)2(m+6)3]+
2x2 2x4
S mt2? miimraplmt A+t
2x°

+_(n1+-2)3(n1+-4)3(n1+-6)3

ov  2x? 2x*(2m + 6) N 2x6(3m? + 24m + 44)
om (m+2)3 (Mm+2)3m+4)3 (Mm+2)2(m+4)3(m+6)3

[(m +4)(m +6) + (m +2)(m + 6) + (m + 2)(m + 4)] + ---



dy ou dv

%(x,m) =%v+%u

dy n 1 X2 . X x© N

am = OB Tt 22 mtr DEm+ 22 (m+ 2)2(m+ )2(m+6)2
m 252 2x*(2m + 6) N 2x8(3m? + 24m + 44) 4

T2 m+ 2P+ 47 (m+23m+ D (m+6)3

dy 2 4 6 2 6

—(x,m)| _ X X b , |1 6x 44x

dm i R T P i P R B P e E e E e

52 4 x© , 1 6x2 440
yz(x) ZIng 1_22+22.42_22.42.62 +.o.p +2x 23_23,43+23.43.63+“

General Solution: y(x) = Ay,(x) + By, (x)

x2 x4 x® )

2t 22 242 g2 T

1 6x? 446
+B (logx yq (%) +2x2 {23 s atnpat })

YGs =A<1—




am?+bm+c=0

Indicial equation

A

Roots
mqiand m,
m1¢m2 mlimz m1=m2
m,—m, # not an integer m;—m, = an integer

y1(x) = z Cp X yi(x) = Cp XM y1(x) = z Cp XM

n=0 =0 n=0

_ y2(x) = cy;(x) logx _

YZ(X) = z by, XM + Z by, XM 3’2(-’5) = 2 by X2

n=0 n=0 n=0 4

(0]

@ = eanm

n=0

yo(x) = y;(x)logx + z b,, x™t™M2

n=0
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