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Example:

A set is a collection of elements having certain common properties.

@ A set of integers {...,—4,-3,-2,-1,0,1,2,3,4,...}
@® A set of rational numbers {....,—1.5,-0.5,0,0.5,1.5, ....
© A set of even numbers {...,—6,—4,—-2,0,2,4,6, ...}
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Group

Suppose the elements of a set G are denoted by {a, b, c,...}. An
operation combining any two of them is denoted by, say a ® b.
The set G becomes a group if the following properties are satisfied.

@ Closure: If a,b € G, then a® b € G.
@® Associativity: If a,b,c € G then

a®(b®c)=(a®@b)®c
© lIdentity: For every element a € G 3 one e € G such that
e®a=aRe = a.
O Inverse element: For every a € G, 9 a member a1 e G such

that

a®al=al®a=e a! =inverse of a.



Group: Example

The set of all integers constitute a group with respect to addition.

Binary Operation:

G = { 7755747737727715()’1’27374757"'}
® = addition
1. Closure: Let us consider any two elements, a= -2, b=3
—-2+3=1€G

2. Associativity: Let us consider a, b, c € G,

a=-1, b = 2, ¢c=3
-1+(2+3) = (-14+2)+3
4 = 4.



3. Identity: 0 is the identity element.

aQe=e®Ra=a

140=0+(-1)=-1 € G.
4. Inverse: Foreveryac G,3a e G = a®a!

a=1 al=-1
atal=1-1=0=ecG, al=-a
The set of integers forms a group with respect to addition
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Abelian Group

The Group G satisfying the above four properties is called the
Abelian Group with respect to the operation ® if

a®b=>b®a

Example:

@ The set of integers form an Abelian group with respect to the
operation of addition.

@® (i) The of set of real numbers
(ii) The set of rational numbers
(iii) The set of complex numbers
are also examples for Abelian groups with respect to addition.



Field

Definition

Suppose F is a non-empty set equipped with two binary
operations called addition and multiplication and denoted by ‘ +
and ‘." respectively for all a,b € F we have a+ b € F and a.b € F.
Then this algebraic structure (F,+,.) is called a field, if the
following postulates are satisfied.
1. Addition is commutative, that is

a+b=b+a VabecTl.

2. Addition is associative, that is

(a+b)+c=a+(b+c) Vab,ceF.



3. 3 an element denoted by 0 (called zero) in F such that
a+0=a VackF

4. To each element a in F there exists an element —a in IF such
that

a+(—a)=0.
5.Multiplication is commutative, that is
ab=b.a Vabecl.
6. Multiplication is associative, that is

(a.b).c = a.(b.c) Va,b,ceF.



7. 3 a non-zero element denoted by 1 (called one) in F such that
al=a Vack.

8. To every non-zero element a in [F there corresponds an element
a~t (or %) in IF such that

aal=1
9. Multiplication is distributive with respect to addition, that is

a(b+c)=ab+ac Vab,ceF



Field: Example

The set R of all real numbers is a field, the addition and
multiplication of real numbers being the two field compositions.
Consider the real numbers a=1,b=05and c=2 a,b,c € F

Property:1
at+b = b+a Vabel.
1405 = 05+1
15 = 15
Property:2
(a+b)+c = a+(b+c) Vab,cel.
(1+05)+2 = 1+(25+2)
1542 = 1+25

35 = 35



a+0 a Vaekl.
1+0 = 1
1 =1

The additive inverse —a = —
+(—a) = 0 VabePF
1+(-1) = 0

ab = ba VabekPF.
1.(0.5) = (0.5).1
05 = 05



(a.b).c = a.(b.c) Vab,cePF.
1.((0.5).2) = (1.(0.5)).2
11 = (05).2
1 =1

al = a VaeeF.
1.1 = 1
1 =1
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The multiplicative inverse a1 =1

=1

aal

1.1
1

1
=1
1

Property:o
a.(b + C) _

1.(05+2) = 1.0.5+1.2
125 — 0542
2.5

2.5

ab+ac Vab,cecF
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Example of Field-contd

Example: 2

The set Q of all rational numbers is a field, the addition and
multiplication of rational numbers being the two field
compositions. Since @ C R, therefore the field of rational numbers
is a subfield of the field of real numbers. The rational numbers 0 is
the zero element of this field and the rational number 1 is the
unity of the field.



Vector space

Internal composition

Let Abeanyset. Ifaxb € AVa, b € Aand ax b is unique then
* is said to be an in the set A. Here both a
and b are the elements of the set A.

Example: i) Addition of two matrices, (ii) Addition of two complex
numbers.

External composition

Let V and I be any two sets. If a ® a € V forall a € I and for
all @ € V and a® « is unique then ® is said to be an

in V over IF. Here a is an element of the set
F and « is an element of the set V' and the resulting element
a® « is an element of the set V.
Example: i) Multiplication of a matrix with a scalar,
(ii) Multiplication of a complex number with a real number.



Vector space

Definition:

Let (F,+,.) be a field. The elements of IF will be called scalars.
Let V be a non-empty set whose elements will be called vectors.
Then V be a vector space over the field I, if

1. There is defined an internal composition in V' called addition of
vectors and denoted by ‘ + ‘. Also for this composition V is the
abelian group, that is

() a+p € Vioralla, 5 € V
) a+B=B+aforalla,B € V
(iii) a+(B+v)=(a+p)+~foralla, B,y € V
) To every vector ac € V there exists a vector —a € V
such that
a+(—a)=0



Vector space

2. There is an external composition in V over [ called scalar
multiplication and denoted multiplicatively i.e., acc € V for all a € F and
for all @ € V. In other words V is closed with respect to scalar
multiplication.
3. The two compositions that is, scalar multiplication and addition of
vectors satisfy the following postulates:

(1) ala+pB)=aa+apVacF andVa,B € V.

(i) (a+ b)a = aa+ ba Va,b € F and Vo € V.

(iir) (ab)a = a(ba) Ya,b € F and Vo € V.

(iv) la = aVa € V and 1 is the unity element of the field F.
When V is a vector space over the field F we shall say that V/(F) is a
vector space. If the field F is understood we can simply say that V is the
vector space. If I is the field R of real numbers, V is called a Real
Vector Space; If F is C, it is Complex Vector Space.



Example-Vector space

Example

The set V of all m x n matrices with their elements as real number
is a vector space over the field F of real numbers with respect to
addition of matrices as addition of vector and multiplication of a
matrix by a scalar. Here we consider the vector space 1 x 2
matrices. Let

a=(10), =21, =01 1) apyeV

Property-1(i)
at+pB € VVa eV

(1 0)+(2 1) =33 1) eV



Example-contd

Property-1(ii)
at+pf=pF+aVa,B €V

(1 0)+(2 1) =(2 1)+ (1 0)
3 1)=061
Property-1(iii)
at+(B+y)=(a+B)+y Ve, B,y € V
(1T O+[2 D+ ]=[2 D)+ 0]+(1 1)
(1 0)+(3 2) =3 1)+ 3)

42 =2



Property:1(iv)

a+(—a)=0—aceV.
_az(_l 0)
at(Ca)=( 0+ (-1 0)=0

aeF;

Property-2

wEV: awE V.
aa=5( 0)=(5 0)eV

(Where 3= 5)

Q>



Property-3(i)
ala+p)=aa+aBVaeF andVa,B € V.
5[(1 0)+ (2 1)]=5(1 0)+5(2 1)
53 1)=(5 0)+ (10 5)
(15 5) = (15 5)
Property-3(ii)
(a+ b)a=aa+ ba Va,b € F and Va € V.
(5+2)(1 0)=5(1 0)+2(1 0)
7(1 0)=(5 0)+(2 0)

7 0=0 o



Property-3(iii)
(ab)a = a(ba) Va,b € F and Vo€ V. (let b= 2)
(5x2) (1 0)=5[2(1 0)]
10(1 0)=5(2 0)
(10 0) = (10 0)
Property-3(iii)
laa = aVa € V and 1 is the unity element of the field F.

1(1 0)=(1 0



Vector sub-space

Let V be a vector space over the field IF and let W C V. Then
W is called a subspace of V if W itself is a vector space over F
with respect to the operations of vector addition and scalar
multiplication in V.

Example

The set of all n x n diagonal matrix is a proper subspace S, of the
vector space V),», formed by the set of all n X n matrices.



Linear dependence

Definition

A set of vectors xi, x2, ..., X, in a vector space V over a field F is
said to be linearly dependent if there exist scalars a1, as, ..., a, not
all zero,in F such that

n
Z QiXji = a1x1 + aaxp + ..., +apx, = 0. (1)
i=1

If on the other hand, (1) implies that o; = 0 for each i,then the
set of vectors x1, x2, x3..., X, is said to be linearly independent.



Linear dependence: Example

The vectors

1 0 0
x1x=|-1], =1, x3=10
0 —1 1

are linearly dependent since

X1+ 3xo + 6x3 — x4 = 0.
X4 = X1 + 3xp + 6x3

X4 can be expressed interms of x1, x» and x3.
If we consider x1, xo and x4 then

a1x) + anxo + azxg =0

fandonlvifaor = o —m ava — 0O



Linear combination

Let X be a vector in a vector space V over a field . If there
exist vectors xi, X2, X3..., X, in V and scalars ay, ag, ..., ap, in F such
that

X = a1x) + aoxo + ..., Fapxp

then X is said to be a linear combination of the vectors
X1, X25 X35 -0y Xn-

Example:

X=11 then X =3x1 + 2x0 + 2x3 + Xa



Linear combination: contd

Alternatively, we can represent X as
X =5x1 +8x0 + 14x3 — x4

X = 4x1 + 5x0 + 8x3.

In fact X admits infinitely many representations in terms of
X1, X2, X3 and x4 which are linearly dependent.

But representation of X in terms of x3, x> and x3 which are
linearly independent is unique.

X = 4x1 + 5x> + 8x3.

1 0 0 1

X4 =

=S
|
|
—
5
\
[Ey
o
\
o
N

o
|
—
—
w



Basis and Dimensions

Basis

In a vector space V over a field IF, a basis is a set of linearly
independent vectors {x1, X2, X3..., X,} given in a definite order such
that every vector X in V is a linear combination of the vectors in
this set.

Dimensions

A dimension in a vector space V is the maximum number of
linearly independent vectors in the space.

The set of there independent vectors is called a basis for that
space.

Example:

The unit vectors 1, jA k are linearly independent vectors in the
Euclidean space. Dimensions = 3.

=1 00", j=0 10", k=(0 0 1)7,



Inner product space

Definition

Let v(F) be a vector space where F is either the field of real
numbers or the field of complex numbers. An inner product on v is
a function from v x v into F which assigns to each ordered pair of
vectors X, Y in V a scalar (X, Y) in such a way that

@ (X,Y) = (Y, X)

® (aX +bY,Z)=a(X,Z)+ b(Y,2Z)

@ (X, X)>0and (X, X)=0=X=0forany X,Y,Z € vand
a,bcl.

The vector space v is then said to be an inner product space with
respect to that specified inner product defined on it.



Inner product space: Example

On v,(c) there is an inner product which we call the standard inner

product.
If X =(X1,X%,...,X,), Y=(Y1,Ys...,Y,) € vs(c) then
we define o o o
<X7Y>:X1Y1+X2Y2+...+X,7Yn227:1)(,'\/,'
Proof:
(i) (X, Y)=(Y,X)
(Y, X) =1 X1+ Y2 Xo + ... + Yo X,
(Y, X) =1 X1+ Yo Xo + ... + Yo X,
=Y1 X1+ Yo Xo + ...+ Yo X,
=YX+ Yo Xo + ...+ VX,
=X V1 +Xo Yo+ .+ X, Y,

(Y, X) =(X,Y)



Inner product space: Example: contd

(ii) Let Z = (21, 2o, ..., Zn) € va(c)

aX + bY =a(Xy, Xo, ..., Xn) + b(Y4, Yo, ..., Yn)
=aXi + bY1,aXo + bYs, ..., aX, + bY,

(aX + bY,Z) =(aX1 + bY1)ar + ...+ (aX, + bY,)Tn
=(aXie + ...+ aX,G,) + (bYici + ... + bYnch)
=a(Xicr + ...+ XuGp) + b(Y1EL + ... + YaCn)
=a(X,Z) + b(Y,Z)



Inner product space: Example: contd

(i) (X, X) = XX 4. + X Xn = [ Xa|P 4 ..+ [ X

X, is a complex number.

|Xa|? >0.
X124 ... +|Xa2 >0
Each |Xi?=0=X=0

Example:2
If X = (Xl,Xz), Y = (Yl, Y2) € VQ(F).

By deﬁning <X, Y) = X1 Y1 — X2 Yl — X1 Y2 I 4X2 Y2. Check all
postulates of an inner product.



Norm or length of a vector in an inner product space

Let v be an inner product space. If X € v, then the norm of
the vector X, written as || X|| is defined as the positive square root
of (X, X), that is

IXI = VX, X)

Example:

Consider a vector X = ai + bj + ck.
The inner product of the vector (X, X) = a® + b? + 2.
Norm or length of a vector || X| = Va2 + b2 + 2

Example:
Consider a matrix
X=(2 1 1) (1)

The inner product of the matrix (X, X) =22+ 12+12=6
Norm or length of the matrix || X| = v/6



Unit Vector:

Let v be an inner product space. If X € v such that || X| =1
then X is called a unit vector.

In an inner product space a vector is called a unit vector if its
length is 1.

Example:

X=010v=()s 7 9 2)
The matrices X and Y are found to have unit norm. Thus they are
unit vectors.



Schwarz Inequality

In an inner product space v(F) we can prove
11X YA < XY
The inequality holds when X = 0.

Application:

Cauchy-Schwartz inequality can be applied to obtain a solution for

a complex problem.

(i) If x, y, z are three positive real numbers such that x+y +z <3
1,1 ,1:

then we can prove 3 + ytzis always greater than or equal to 3.

Triangle inequality

If X, Y are vectors in an inner product space v, then

X+ Y < [IX] + [IY]]-



Normed Vector Space

Let v(IF) be a vector space where F is either the field of real
numbers or the field of complex numbers. Then v is said to be a
normed vector space if to each vector X there corresponds a real
number denoted by || X|| called the norm of X in such a manner
that

(i) llaX] = |al.|X]| Vae F.
(i) X+ Y| <IXI+1IYI] YX,Y € v.

Distance in an inner product space

Let v(F) be an inner product space. Then we define the
distance (X, Y) between two vectors X and Y by

dX,Y) = X = Y| = V{X=-Y,X-Y)



Orthogonality

Let X and Y be vectors in an inner product space V. Then X is
said to be orthogonal to Y if

(X,Y)=0

Example

Let us consider the matrices

2 1
X=1|1] Y=|-1
1 -1

The inner product of the matrices

(X, Y)=2(1)+1(-1) +1(~=1) =0



Orthogonal set

Let S be a set of vectors in an inner product space V. Then S is
said to be an orthogonal set provided that any distinct vectors in S
are orthogonal.

Example
Consider the matrices

1 1 0
0 0 1

These matrices forms orthogonal set as they satisfy

(X,Y)=(Y,Z)=(X,Z) =0



Orthonormal set

Let S be a set of vectors in an inner product space V. Then S is
said to be an orthonormal set if

(i) X eS=|X||=1thatis (X,X)=1 and

(i) X,YeSand X Y = (X,Y)=0.

Thus an orthonormal set in an orthogonal set with the additional
property that each vector in it is of length 1. In other words a set
consisting of mutually orthogonal unit vectors is called an
orthonormal set.

Example:
consider the matrices

X=(% v 9).v=(% v 9).2=(0 0 1),

These matrices found to have unit norm and they are orthogonal
to each other. Thus forms the orthonormal set.



Ex.1:
The vectors

X=( i 0" and Y=( 10
are orthogonal.
(X,Y) =x11 + x2y2 + x3y3 = L(—i) +i(1) + 0=10

Ex. 2:
Find (i)(X, Y), (i))(Y, X), (iii)||X||, (iv)|| Y|l and (v) the
normalized X and Y are orthogonal, where

2 1+2i
X=|il, v=|[ 2
3 1



() (X, Y)

= xiy1t+xye+x3y3 =2(1—2i)+i(—-2i)+3x1
2—4i+243=7—4i

(i) (Y, X) = ymxa+yxe+ysxz=(1+2)2+2i(—i)+1x3
= 244i+2+3=T7+4
(aif) | X VX, X)

= Vx1X1 + X250 + x3X3

(M) IV

\/2><2+:(—:)+3><3:\/4+1+9_\/_
=10
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(v) normalized X and Y

2
X 1 (2 V14
—_— — _— 1 =
R Ol
Vi
142i
Y o
Iyl — | Ve
V10

(i)d(X, ¥) = (X = V)l = /la = 12 + Ixz — yal2 + [xs — 32
:\/|1—2i|2+|—i|2+22:\/ﬁ.




Any orthonomal set of vectors in an inner product space is linearly
independent.

A basis of an inner product space that consists of mutually
orthogonal unit vectors is called an orthonormal basis.

«O0>» «Fr «=» <
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Orthonormal Set
The set of vectors

1 0 0
0 0 1

is an orthonormal set with respect to innner product defined above.

(e10) =1x0+0x14+0x0=0
(e1e3) =0, (ene3) =0



Gram-Schmidt process of orthogonalization

Given a set of n linearly independent vectors in an inner product
space Vvp, it is always possible to construct an orthonormal basis by
what is known as the G-S process.

(An orthonomal basis has several advantages).

For a set of m linearly independent vectors xi, x2, ..., Xp, in an inner
product space v, there exists a set of orthonormal vectors

Y1, Y2, ..., Ym defined by

yi = x (3)
1

Xk7yl
Yk = Yi, k:2,...,m.
,Z; {vi,yi) ™




Example

Use the Gram-Schmidt orthonormalization process to determine an
orthonormal basis in R3 for the given set of independent vectors.

=1 01", x=(-1 10", xsx=(-3 2 0.

We have, <X2 }/1>
yi=Xx1, Y2=X2— <y1’y1>’

B (x3, 1) (x3, y2)
Y3 = X3 — y1— 2
<)’1a)/1> <}’2a)’2>




Example: Contd

y1:X1:(1 0 1)T, <y1,y1>:2.

. x—<X2’y1> _ T 1 T
2. = X <y1,y1>y1_( 1 1 0) x(z)(l 0 1)

3
(-1 2 17, (e =3

N

v = x— <X3,Y1>y1 _ <X3,Y2>y2
(y1,y1) (y2, y2)
T 3 T 7 T
- (32974200 0 141 Y
1

= 3(—1 -1 1), (s =

S



Y1 1
o= = 1

0 1)T

_ oy L2 .
_||y2||—2\[3( LT

3
€3 Y

1

Q>



Using Gram-Schimdt process, orthogonalize the basis

x1 = (1,2,2), x2 = (~1,0,2), x3 = (0,0, 1).

n o= m=022) Il =3
R s i ) Iyl =2
N
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Orthonormal basis

341 1

w = 2= 2(1,2,2)
Iyall 3
2 1

w2 = Y2 = 2(-2,-1,2)
ly2ll 3
Y3 1

ws = B = 22,-21)
lysl| 3

Properties of Gram-Schimdt process
O V.= x— (041X1 + ... —i—ak,le,l), 1< k<n.

® The span of vy,..., v, is same as the span of xi, ...

© vy is orthogonal to xq, ..., xk_1.

5 Xk -



Realization in physics
Let us consider a particle in a box of width 2L extending from

x=—Ltox=L.
The eigenstates are

1 innx
) = in(x) = @

These eigenstates have orthonormal properties.

L
/_ () =15 (nln) = 1
and

L
/_ VR = 0. n# m = (rlm) =0



The linear combination of all wave functions

fx) = an¢n(x):

= Z bn[n)
n=0

Thus the eigenfunction 1,(x) (or |n))

1 inTx
——N " hpet, n=0,£1,42
VoL &=

n

@ are normalized to unity ({n|n) = 1)

@® are orthogonal to each other ((n|m) =0, n # m)

© are able to express any function |f(x)) in terms of their linear
combination.

The eigenfunction |n) may be treated as basis in the hypothetical
finite/infinite dimensional space - linear vector space.



