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Properties of v operator

If ¢ and y are differentiable scalar functions and A and B are differentiable
vector point functions, then

() V(p+9) =V +Ty

(i) V.(A+B)=V.A+V.B

(iiy)Vx (AxB)=VxA+VxB

(W V.(p4)=(V¢)Ad+¢ V.4

WMV x(pA)=(Vo)x A+ ¢V x 4)

iV (A.B) =(B.V)A+ (A.V)B+B x (VxA) +Ax (VxB)
ii)V.(AxB)=B.(VxA)—A.(V x B)

iii)V x (AxB)=(B.V)A —B(V.A) - (AV)B+A(V.B)



Proof:(iv) V.(¢pA)=(Ve).A+¢ (V.A)

LetA=A 1+ 4,]+ 45k V.(pA) =V .(pA i+ A f+PpAs k)
a+ 9 a A+ Aj+dAsk
ax ]ay aZ (d) 1l ¢ 2] ¢ 3 )

=5 @A)+ (9 42) 45 (9 43)

_g—fA1+q§ax1+g(£142+¢a§,2+aaf'43+¢%

=g_<£A1+‘;_‘£A2+Z—fA3 +¢<aai1 aalif%aai?j)

R

=<1£+1£+E65_¢> (A1+]A2+kA3)+¢<zaa—x+f% +I€%> (Aql
+ Ayj+ Ask)

V(pA)=(Vo)A+¢ V.4




Second order ¥ operator

() 7.(Vp) = 72¢
(i Vx(Ve¢)=0 (H-W)

i) V.(VpxVep)=0



Second Order V Operator

If ¢ is a differentiable scalar point function and V a differentiable vector point
function, then |7qb and V x V a vector point functions and 7.V isascalar point
function. Hence, (i) div and curl of l7qb or 7 x V and (i1) grad 7.V can be defined.

Let us derive some important formulae, applying the operator twice.

(i) div Vo or V. (V ¢)

N . ’¢p 0d*¢p 0%¢
Thus _ U2 —
V.(Vo) = V29 oxz T a2 P a2




(i) curl Vg or 7 x (V ¢)

L 9 8 .0 b  dd .0
VX(V¢)—<lax+] +kaz)x<lax+]ay kaz)gb

o =

¢ 09
dx 0dy 0z

(0% 9%¢ ny 0°p  0%¢ Tk 0°p  0%¢
~''\oyaz ~9zay) "/ \azox ~ oxoz 9xdy  Oyox




Examples

Evaluate () V (™) and (i) V2 (™), where r = (x2 + y2% +

1
z%)z

- .0 0 ~ 0 . d dar  .d dr  ~d d
et =ign (M i M kg () =g GG O R 0

=nir"‘lgﬁ-I—7’Ljr"'_1——7:+nl?r”‘lilZ
dx dx dz
o Adr_l_Adr_H;dr
T e ay Tz
dr d 1 b X
EZE((xz-l_yz-l_Zz)z): 1:;
(x2 + y?% + z2)2
.. dr y dr z
Similarly o= and — =



() V2(r™) = V.Va™) =V.(nr 2 ) =V.[nr" % (ix+jy+kz)
9

0 0
— n-—2 n-—2 n-—2
=5, x)+ay(nr y)+aZ (nr"~“z)
=N (n-]— 1) Tn_z H.W

(i) ¢ = 222y — x y?, find V¢ and the directional derivative of ¢ at (2,1,1) in
the directionof 31+ 67 + 2 k

ANSs:

Vo=1(—y2)+j (222 —2xy) +k(4zy) V| =-1-2]+k®

Directional Derivative v cp.@ Unit vector in the
direction which has to

be calculated

o_31+6j+2k _ 3146j+2k
3t+6j+2k 7

3l+6]+2k _D3-1248

§¢.(32+67j+2k) (_1 —2]+4k) 7




H.W

f p=xyz, A=2yzi —x2yf+xz2k andB=x%2i+yzj —xyk
find the value of

HA.Vep  (iiYAx (Vo) and (i) (4.V)B
ANS: (I) 2y222 —x3yz+x2y22
(i) — (x3 y? —x22®)i+ (xyz® —2xy%2)j+ (2xyz? —x%y?2)k
(iidxyzi+ (xyz? —x%2y2)j+ (x3y —2y22)k



2. If d is a constant vector, show that ¥ x (ar—f) = —— + — ( a.r), where 7 and r
have usual meanings.

Hint: dxr l(azz —azy) +j(azx—a;2) +k (a;y —ayx)
r3 r3
X&x?__, 9, (aly —azx) :; (agx —alz> i 0 (azz —a3y) 0 (aly —azx)
3 dy r3 0z r3 EP r3 ox r3
> |10 (azx —aqz 0 (ayz —azy
+k[£( r3 )_E( r3 )]
a; 3x(ayx+a,y+aszz)
@ =~ 3+ 5
r r
3 n n a3z 3z(ayx+ayy+azz)
@ =_a2+ y(ayx+ayy+asz) @ __r3+ —

r3 rS

D@ - -4 4GP
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3.Provethat V x (7 x F) = (V.F)# —(#.V)F —2F

Proof: 7 (7.7) = 7 x (7 x V) + 72V

5 (77 = 00 L0\ (Vi oV, vy
= \Max 9z) \oax "oy ' oz

0%V, 0%V, 0%V3\ . [0V, 0%V, 9%Vy\. [(0%V, 0%V, 0%V3)\ -~
= + + P+ + +  + + + k
dx? 0xdy 0x0z dydx 0dy? 0ydz 0x0z 0zdy  0z?



N

V X

L o favs AV, [V, avs\ . (aV, aV
(VXV)_1<6y-_az>+J<az__&x Tk éh-_ay
5 9%V 0%V, 0%V, 0%V 0%V, 02V 9%V 0%V
(VxV)= Lt | it |t ——— ——
dy dx  0zdx 0y? 0z? d0zdy 0dxdy  0z? dx?
0%V,

0%V, 9%V
4_< 1, 9"

0x0z

% 0%

0zdy

2 aZZ

0%V, 7
dx?  dy?

) (Vil+ Vo + Vik)

)



Directional Derivative

1. IfF(x,y,2) = xy?2 +3x% — 23, find V F at (2, —1,4)

—>

VE=(@%+6x)i+2xyf —32%k ~VE 2_14=13i_4i_48k

2. Find the directional derivative of f(x,y) = 2 x%2y3 + 6 x y at (1,1) in the direction
of a unit vector whose angle with the positive x —axis is /6.

Vf(xy) = (4xy3 +6y)i+ (6x2y2+6x)f Vf(1,1) =101+ 12]

Suppose it = cosB 1+ sin@ jis a unit vector in the xy — plane that makes an
angle 8 with the positive x — axis.

Nowat%,ﬁ=c05302+sin30 \/; %f
V3 1
Duf(1,1)=(102+12j)<7i +5])=5V3+6



Maximum and minimum values of Directional Derivative

1. The maximum value of the directional derivative is ||\7f||and it occurs when i has
the same direction as ¥ f.

2. The minimum value of the directional derivative is ||\7f|| and it occurs when i and
7 f have opposite directions.

Example:
Find the directional derivative of F(x,y,z) = x y? — 4 x%y + z% at (1,—1,2) in

the direction of 61 + 2 j + 3k. Also determine the maximum and minimum values
of directional derivative.

VF(xy,z) = (y2—8xy)l + (2xy —4x2)j + 2 zk VF(1,-12) =91 - 6]+ 4k
1 ~
a=7(6i+2j+3k)

~ 1 R 54
D, F(1,-1,2) = (91 —6j+4k).7 (6i+2j+3k) =—

The maximum value of D, F(1,—1,2) = ||V £(1,-1,2)|| = V133

The minimum value of D, F(1,—1,2) = ||V f(1,—1,2)|| = —V133



Example 1:
Find the maximum value of the directional derivative of ¢ = x3 y z at the point (1,4,1).

Ans:  The directional directive is maximum in the direction of ¥ ¢ and the
maximum value is |V ¢|

Vo =121+]+4k, IV ¢| = V161 (H.wW)

Example 2:

In what direction from (3,1, —2) in the directional derivative of ¢ = x%y?z*
maximum? Find also the magnitude of this maximum?

Ans: b = x2 y2z*t |7¢|31 =96 (t+37-3k). (HW)
The directional derivative is maximum in the direction 96(% + 3 j — 3k).

Maximum value |[V¢| = 96 V19
Example 3:

In what direction from (1,1, —2) is the directional derivative of ¢ = x? —2y? +4z*
maximum? Also find the maximum directional derivative.
ANS:

Volig-2 =2(i—27-8Kk), 7ol =2v65 (HW)



Example 4:

What is the greatest rate of increase of ¢ = x y z2 at (1,0,3)?

Ans: The greatest rate of increase is the maximum value of the directional

derivative and it is equal to |V ¢|. Ans: 9 (H.W)

Example 5:

Find the angle between the surfaces x* + y% + z>2 =9 and x? + y* —z =
3 at the point (2, —1,2).

Ans: The given surfaces are x* + y? + z2 =9 and x% + y? — z = 3.
P(2,—1,2) is the common point.

7 =41 — 2]+ 4k Vg =41 -2) -k
2,-1,2 2,-1,2
. Vfﬁg 8
Let 6 be the angle. Then cos @ = Tr7g]  3vzi

8
0 = cos™ 1 <—>
3v21
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Example:

Find the angle between the normal to the surface x y = z? at the points (1,4,2) and
(—3,—3,3).

Ans: ¢=xy—zz \7q§1| =4’l\+]’\—4i€ §¢2|

Example:

Find the directional derivative of the function ¢ = x y? + y z3 at the point
(2,—1,1) in the direction of the normal to the surface xlogz —y? +4 =0
at the point (—1,2,1).

. B _~_ar_ad v =—47 — k
Ans: e oy = 3j -3k f—1,2,1 J

_ d _ (s _9s _2p) 4 _15

D.D=V¢ lal—(l 3j —3k) = ==

18



Tangent Plane

Let P(xq, Yo, Z9) be a point on the graph of F (x,y,z) = c, where VF is not
0. The tangent plane at P is that plane through P that is perpendicular to VF
evaluated at P.

Equation of a tangent plane

Let P(xy, Vo, Zo) be a point on the graph of F(x,y, z) = ¢, where VF is not 0.
Then an equation of the tangent plane at P is

F (%0, Y0, 20)(x —xg) + Fy(xolyo»zo)(y —¥o) + F;(x0,¥0,20)(z — zp) = 0.

1€



Example 1 : Find an equation of the tangent plane to the graph of x? — 4 y? +
z? =16at(2,1,4).

Ans: Recall F(x,y,z)=c - F =x? —4y? + 72
F(x0, Y0, 20)(x — xo) + F,(x0,¥0,20) Yy — ¥o) + F;(x0,Y0,20)(z — 25) = 0.
FF= (iaa—x+]ay+k—)(x —4y? + 72)
=2x1-8yj+2zk and VF(214) =41 —8j+8k=#0
Then F, =2x, F,= -8y, E, = 2z.
E.(2,1,4) = 4, E, = (2,1,4) = -8, F,(2,1,4) =8

4(x —2)—8(y—1)+8(z—-4)=0

or

4x — 8y + 8z = 32 - x—2y+2z=8



2 2
Example 2 : Find an equation of the tangent plane to the graph at z = = + 2~ + 4
at (1,—1,5).
Ans:

Recall:  F(x¢, Y0, 2o) (x — x0) + F,(X0,Y0,20) (Y — Yo) + F(x0,¥0,20)(z — zo) = 0.
FF=x1+y] —k and VF(1,-15) =1 —j—k
Fo(1,-15) =1 F,(1,-15) =1 F(1,-15) =—1

x—-1D+@+1)—-(=z-5)=0

xX+y—z=-3

|

Equation of Tangent Plane: —x+y+2z=3
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Example: 6  Find the equation of the tangent plane and the equation of the normal to the
surface x? — 4 y% + 3 z% + 4 = 0 at the point (3,2, 1).

Vop=2x1—8yj+6zk
¢x:2x; ¢y=_8y; ¢Z=6Z

=6, = —16, =6
Px 3.2,1 Py 321 ¢z 321

Equation of the tangentplane 6 (x —3) —16(y—2)+6(z—1)=0

Equation of the normal at (x, v, Zg) 1S

X =X Y =Yoo Z—2

Px by bz
Equation of the normal at (3,2,1) is

(x—=3) y—-2 =z-1
3 -8 3




Example: 7

1. Find the equation of the tangent plane and normal to the surface x? + y? + z% = 25
at (4,0,3).

Equation of tangent plane 4 x + 3 z = 25 (H.W)

Equation of the normal to the surface at (4,0,3) is
x—4 'y z

4 0 3

(H.W)

2.1fthe of p = a(x+y) + b(y + z) + c(z + x) has a maximum value 12 at

(1,2,1) in the direction parallel to the line xll = y;Z = 2;1, find the value of

ab,c.

Ans. a=0 b

!
-
RE

(H.W)

[EEY
=y
RIs
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Home work:

Find an equation of the tangent plane to the graph of the given equation at the
indicated point.

1. x*+y?+2z%2=9; (-2,2,1)

2. x> —y? —=3z°=5; (6,2,3)

3.z=25—-x*—y*; (3,—-4 0)
4. z=-cos(2x +y); (% %' _\/ii)
5 z =1In(x*+y*%); (\/_15 \/if O)



Homework
1. Show that 7/ . [F7] =3fr)+7rf'(r) whereF=xi+yj+zk

2. Find a unit vector perpendicular to the surface x? + y2 + z% = 11, at the point
(4,2,3).
Hint: Determine |7</) then evaluate at the point 4,2,3. Then find directional derivative

3. Find the angle between the surfaces x? + y? + z? = 9 and x? + y? — z = 3 at the
point (2, —1,2).
Hint: 7 b1, v ¢, atthe point (2,—1,2)

Then (‘7451)- (‘7 P;) = |‘7 1| |‘7 ¢z cos 6, Ans:0 = cos~! (3%/5)
from the above find 6.

4. Calculate the directional derivative of the function ¢ = xy? + y z3 at Ansi— 11
the point (2, —1,1) inthe direction of (14 2j+ 2 k). 3

5. Find the directional derivative of ¢ = x? — 2y? + 4z2 at (1,1,-1) in the
direction (2 1 +j — k). In what direction is the directional derivative from the
point (1,1, —1) is maximum and what is its value?

6. Find the constants a and b, so that the surface ax? — by z = (a + 2)x will be
orthogonal to the surface 4x2y + z3 = 4 at the point (1, —1,2).



Line Integral - Examples

Example: 1

IfF=3xyi —y?], evaluate fcﬁ .d#, where c is the arc of the parabola y = 2 x?
from (0,0) to (1,2).

Given F=3xyl —vy%j, #=xi+yj di=dxi+dy]j,

(1,2)
y =2 x? sdif=dxi+4x]

[F.d7 = j[3x(2x2)i — (4x")f]. [dx T + 4x ]]
(0,0) 11

- fol (6x3 —16x°)dx




Example: 2 Line Integral - Examples

If F = (Bx%+6y)i —14yz ]+ 20 x z2 k, evaluate [ F . d# from (0,0,0) to

(1,1,1) along the curve c by x = ¢, y = t%,z = t3,

x=t,y=t%z=1t3 — dx =dt, dy = 2t dt, dz = 3 t? dt.

F=(3t2+6t2)i—14 23]+ 20 (0)(tO)k
=9t21—14t57+20t7 k
P=xi+yj+zk =ti+t?j+t3k
di=({+2¢tj+3¢t%k)dt

F.di=9t2 —28t° +60t°

1 1
jﬁ.d?=f (9t2 —28t6+60t%)dt =5
0 0
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Line Integral - Examples
Example: 3

Evaluate the line integral [ y% dx — x? dy around the triangle whose vertices are
(1,0),(0,1), (—1,0) in the positive sense.

- - - - X—X
Equation of straight line Y=r1 X7 4
y1—Y2 X1—X2

C
Eq. of ABisy = 0. (0,1)
. y—0  x-1 _
Eqg. of BC Is L1 Y= x+1
A B
Eq.of CAis Y= =%2 R (-1,0) (1,0)
' 1-0  0+1 y

Jl 11 N

0 -2/3 0

fﬁ.d?=f y2dx —x*dy + f y2dx —x?dy +j y2dy —x?dy
c AB BC



Example: 4

Show that the vector field f, where f =(y+y?+z)i+(x+z+2xy)j+
(y + 2 x z) k is conservative and find its scalar potential.

Q =~

Vxf=

ax

‘Potential:  F =¥ ¢(x,y,2)

~ 0
(y+y2+Zz)i+(x+z+2xy)j+(y+2xz)k=£i+

d¢
ox

J
9

ay

y+y2+z? x+z+2xy y+2xz

k
9
0z

~ F 1S conservative.

o 9 -

d¢ d¢
-r 2 2 Y i
y+y?2+z2= (1) 5, =X tzt2xy —=(2) e

dy

k
]+az

y+2xz = @

Integrating (1) = ¢ =xy+xy2+x22+ ¢, (v,2) —= (@)

/

Arbitrary function
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Substituting @ in @ Arbitrary

ﬂ function
3¢ 3 Integrating /
x+2xy+E=x+Z+2xy.—> ¢1_Z . s P =yz+ P, (2)

dy \
Substituting @ N ¢=xy+xy>+xz%+ ¢, (y,2)

/ Differentiating

p=xy+xy’*+xz:+tyz+ ¢, (z2) = 2—f=2xz+y+%
0, a0, Integrating
2xz+y+ E=y+2xz — aZ=O — ¢, =c

cp=xy+xy*+xzi+yz+c

30



Example: 5

Showthat F = (2xy +z3)i+x2j+ 3 x z2 k is a conservative vector field.
Find the scalar potential and the work done in moving an object in this field
from (1,—2,1) to (3,1,4).

dp=x*y+xz3+c (H.W)
F=V¢p = ﬁ—“a¢+“a¢+ka¢- F=xi+yj+2;di=dxi+dyj+dzk
= —Lax ]ay Py r=xt+yj+2z;adr =dxl v] Z
., (.09 ¢ 0P ) ) S dop 0
F.dr—(ax ]ay+kaz>.(dxl+dy]+dzk) axdx+aydy+azdz—d¢
Integrating

fﬁ'.d?=jdgb(x,yz) — ¢ 2)

Work done by the Force from (1,—2,1) to (3,1,4) is

3,1,4 3,1,4
o (x, y,z)| =x?y+x2z3 = 202
1,-2,1 1,-2,1



Example:
Show that surfaces 5x? — 2 yz —9x = 0 and 4 x?y + z3 — 4 = 0 are orthogonal at

(1,—1,2).

. Vf =1 —-47+2Kk v = -81+47+12k
Ans: 12 1 J 8 12 1 J

Vf. \7g =0 The surfaces are orthogonal.

Example:
Find a and b if the surfacesa x2 — by z = (a + 2)x and 4x2%y + z3 = 4 cut
orthogonally at (1, —1,2).

Ans: > ~
Ve =(@-21-2bj+bk, ~ Vg| = -8i+4j+12k

1,-1,2

VfVg=0 = 2a—b=4

Since (1, —1,2) is a point on the surface f = 0,weget a+2b —(a+2)=0

32
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