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We have discussed how to calculate the heat capacity of an ideal gas. Now we shall try to
understand the heat capacity of a solid using statistical mechanics.

Let us summarize the experimental facts.

(i) Around room temperature ordinary simple solids have a molar heat (heat capacity / mole)
of about 3NK =25 J/ mol. This that is called Dulong - Petit law.

(ii) At low temperatures, the molar heat decreases in proportional to T'3.
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 Just as the motion of atoms contributes to the heat capacity of a gas, we expect that the
motion of atoms (or) ions will contribute to the heat capacity of a solid.

« The ideal solid is a crystal, where atoms are arranged periodically in a lattice.

« Inasimple cubic lattice, eight neighbouring atoms sit at the corners of a cube.

« The atoms can move around their equilibrium positions which are called of lattice points.

« Owing to the surrounding atoms, the potential energy of an atom is lowest at its lattice
point.

» We can depict the situation schematically as one which atoms are connected by springs as

shown in the figure.

In this model, the motion of each atom is a harmonic oscillation. Let the angular frequency of

the oscillation be w in all three directions, x, y and z. Each atom then has an energy

Enynym, = (xtny + 1, 1 5) 0 Ground state energy

> Quantum numbers 5



Partition Function:

The energy levels of a crystal containing N atoms are the same as those for a set of
3N independent simple harmonic oscillators having a frequency y. The possible energy levels

associated with this frequency are given by the quantum theory of simple harmonic oscillator

as
1
E, = (n + E) hy , n =01,2,.. (1)
The energy of the crystal
3N
1
Enj = z (nj + E) h]/j ) (2)
j=1

The partition function is a sum over all micro states and is given by

z= z e PEnj (3)

micro
states



« Summing over are all microstates means that the sum is to be performed over all possible
sets of integers. That is, for each normal mode of frequency v; , the sum is carried out over
all integers from zero to infinity.

 Substituting (2) into (3), we find

2= ) ) e Z e P2 (4)

* Now let us define E, by

1
E, = 5 z hv;  (zero point energy) (5)
j=1
Rewriting (4)

z = e PEo z z ...... 2 - B XjZinjhy;j (6)



Equation (6) looks complicated but it can be easily simplified.

Since we can write the exponential of a sum is the product of the exponentials of the
factors.

Hence we can reduce the multiple sum to a product of sums all of which are a like except
for the subscript ‘j’ on the frequencies.

So equation (6) be comes

(00) (0 0) (0 0)

7 = e~ BEo z e~ Bnihvy Z e~ Bnzhvy z e —Bnsnhvsy (7)

n,=0 n,=0 nany=0

Since all the sums have the same form, the subscript on the n can be thrown away and (7)

can be written as a product of similar sums with one factor for each frequency.

3N o

z = e~BFo ﬂz ~fnhv; (8)

j=1n=



« The infinite sum over n can be easily performed.

* Ifx; is defined by

x] = e_ﬁhvj (9)
Then
z e~ Bnhvj z X7 (10)
n=0 n=0
n _ 1 2 3 _ 1
Xj = +xj+xj +xj + ....= —
n=0 ]
e - (11)
1 _ e—ﬁhvj
n=0

Substituting this into (8) , we obtain the partition function as

3N o

1
_ E hvi _ E
pmeti | [ Qe i

j=1n= j=1



« Recall the connection between Helmholtz free energy and the partition function

F =—KTlogz
3N
logz = lo e'ﬁEol_[ !
g 1 — e—,Bth
j=1
3N 1
_ ~ BE
logz = logle™#%o| + log 1_[1 — e Fhv;
j=1
] = —pE ] I ! k :
ogz = —fE, + log 1 — e~ Bhvy X 1 — e~ Bhvy X X 1 — e~ Bhvsn
1

- 1 1
logz = —fEo + log|3— e—ﬁhV1] +log [1 _ e—ﬁth] o logll R e‘f”""3N]

logz = —fE, — log(l — e_ﬁhvl) — log(l — e‘ﬁhvz) 4o — log(l _ e—ﬂhvgN)

3N
logz = —BE, — Zlog(l — e~ Py
j=1

3N
F=E,+ KTZ log(1 — e~ i) 0



Einstein Model

Einstein treated the nature of the atoms in the solid as if they will oscillate as N

independent oscillators. We expect a contribution to the free energy in the form

F = NEy, + KT Zlog(l — e~ P,
J

where the sum is over the 3N vibrational modes.

The term NEis energy of interaction between atoms in their equilibrium positions and

indeed the zero point energy of the oscillators.

In Einstein model all the frequencies are taken to be the same and given the value v, the

Einstein frequency. The free energy becomes
F = NEy+ KT|[log(1 — e A") + log(1 — e A") + - + log(1 — e~ AW)]
F = NEy+ KT|3Nlog(1 — e~ )]

F = NE, + 3NKT log(1 — e~ FW)



Derivation of Cy: Home work
The heat capacity is obtained by differentiating twice the free energy respect to T.

82
c, = T(W)

F = NEy + 3NKT log(1 — e~ F") = NE, + 3NKT log(1 — e~ B"®)

T()em P ()

(1 — e~ Bhw)

oF
= — p— Bhw
o7 = 3NK log(1—e )+

doF hw e~ Bhw
— = 3NK {log(l — g~ Phw) — }

aT KT (1 — e~ Bhw)

— hw — Bh hw
0°F INK — e Fhe W+ ho e~ Phw ho €7 w<KT2)
oT? 1—e-Bho 7 KT2 ] _—e-Bho KT 1 — e~ Bho

hw
h h
how e —F a)( )e p w(KTz)

T KT (1 — e~ Bhw)2




0%F —h2 w2 e—ﬁhw A2 2 e—Z,Bha)
—— 3 —
dT? { K2T3 (1—e-Bhw) — K2T3(1— e—ﬁhw)z}

02F —3NKh?w?2e™ Phe e~ Bhw
- 1
aT2 ~ K2T3(1 — e Fro) { 1o e—ﬁhw}

02F  —3NKh*w?e~ Fhe y 1
T2  K2T3(1 — e~ Bhw) 7 1 — ¢= Bhw

The heat capacity is obtained by differentiating twice the free energy respect to T.

d%F hw\’ ehhw
=-T|==| =3NK
o <0T2>v > (KT) (ePhw — 1)2

(i) Athigh temperatures KT > hw C, = 3NK.

Limiting Cases:

(ii) At low temperatures KT < Aw C, = e~ o,



High Temperature Limit :

hw

¢, = 3NK (hw>2 il
v KT ( he

eKT — 1)2

Case KT > hw

hw
C, = 3NK<

(i)

C, = 3NK 1+hw = 3NK
v KT | '

Failure ;

KT 2
how 1 [(hw
[1+ﬁ+7(ﬁ) +'“—1]

Low Temperature Limit :

Case KT < hw
A\’ ehhw
C, = 3NK
v (KT) (eﬁh“) — 1)2

hw

hw e Kt

C, = 3NK KT X e

e KT

 Experimental results show that at low temperatures C,, « T3.
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» Consider a system consisting of N non interacting atoms in a substance at absolute
temperature T and placed in an external magnetic field H pointing along the z-direction.
« Then the magnetic energy of an atom can be written as
e=—(.H - (1)
« Here /i is the magnetic moment of the atom. It is proportional to the total angular
momentum #J of the atom and is conventionally written is the form
i = guo/ - (2)

eh

Uo — magnetic moment lusually Bhor magnetic ug = pommenl

g — g factor of the atom.
By combining (1) and (2) one obtains
e=—guy] .H=-guHl - (3)
Since H points in the z-direction. In a quantum mechanical description the values which J,

can assume are discrete and are given by
15



Jz=m
Where m can take on all values between —J and + J in integral steps (i.e.,)
m=-—/,—]+1,—-]+2,.]—-1] =4

(2] + 1) possible values of m corresponding to that many possible projections of the angular
momentum vector along the z-axis.
So the possible magnetic energies of the atom are then

€m = —gHoHM - (5)
The probability B,, that an atom is in a state labeled as ‘m’ is given by

Pm o0 e_.Bgm — eﬁgﬂon
The z component of its magnetic moment in this state is by (2) , equal to

Uz = GUoM

The mean z component of the magnetic moment of an atom is therefore

The numerator can conveniently be written as a derivative w.r.to the external parameter H,
that is



J
1 dZ
Z ePIroH™ (guom) = B dH

m=—J

J
where Z = Z ePgiolm 5 (7)
Partition function of one atom.

Hence (6) becomes

110z 1 dlogz

Hz =37 8H 8 ~oH

- (8)
To calculate z, let us introduce the abbreviation

guoH
n=PBgucH = KT - (9)

which is a dimensionless parameter which measures the ratio of the magnetic energy guyH to

thermal energy KT.



J
7 = z eﬂm = e_n] + e_n(]_l) _|_ e + en]

m=—J
which is simply a finite geometric series where each term is obtained from the preceding one

as a result of multiplication by e™. This can immediately be summed to give

e—n] . e.n(]+1)

1—en

-3a _ ,L4a

—-3a -2a -a a 2a 3a € €
+ e +e “+14+e““+e““+e

(1—e9)

(e73% — %) (1 4+ % 4 22 4 3% 4 p4a 4 5@ 4 p6a | ...)

7 =

=e 3% te e+ 1+e? +e*? +edt +et + e +e% + -
—_edad _ p5a _ p,6a _ ..

734 L o720 L om0 4 1 4 o 4 20 4 30
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This can be brought to more symmetrical form by multiplying both numerator and

n
2

denominator by e

Then

(or)



sinh (] + %) n

. w1
sinh >

7 =

- (11)

1
logz = logsinh (] + E)n — log sinhg - (12)

_1dlogz 1dlogz dn
“B oH B oy oH 9
Substituting (12) into (10)

dlogz
on

U

- (10)

(/+7)cosn(/+7)n  Leosn?
+ 5] cosh|/ +5 = n
(] 5| cosh{] +5]n - 2cosh2

H+ = GHo 1 . n
(4 D)y s

(or)
Hz = guol -B;(n) - (13)

1 1 1 1 n
B;(m) —7[<] +§> coth (] +§>n _ECOthEI - (14)

Qometimes called ¢ Brillotiin fimetion’’



Paramagnetism:

If there are N, atoms per unit volume, the mean magnetic moment per unit volume

(or magnetization) becomes

M, = Ny it, = Noguo/B;(m)
Limiting cases: CASE 1.

guoH
KT

M, - NygueJ (goes to a constant level).

> 1

n >1, that is

Explanation

coshy eY+e™”
We know cothy = — = —
sinhy ey —e VY

y > 1,bothe™ « eY socothy =1
So that

B 1 1 h 1 1 hl 1
](U)—YKJ‘I'E)CO’C <]+§>77 — 5 cot EU]—yK]‘l‘—

M = Nogpo] - (4)
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Limiting cases: CASE 2:
y « 1, both e and e™ can be expanded in power series retaining all terms quadratic in y,

the result is




Nog?ugJ(J + 1)
3KT

¥ xT~!' - Known as Curic law

Susceptibility =



Dependence of the Brillouin function B;(n) on u,, argument n for various values of |

B](U) 4
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